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A continuum approach to predicting
electrophoretic mobility reversals
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We present a continuum approach to predicting the electrophoretic mobility of a
charged dielectric colloidal particle in a concentrated multivalent electrolyte. Our
model takes into account steric (excluded volume) hindrance between ions via
Bikerman’s approach (Philos. Mag., vol. 33, 1942, p. 384) and ion–ion electrostatic
(Coulombic) correlations via the work of Bazant et al. (Phys. Rev. Lett., vol. 106,
2011, 046102). The latter can result in the prediction of an electrophoretic mobility
reversal, that is, the migration velocity of a particle switches direction with increasing
ion concentration. Our model predictions compare favourably with experiments that
observe mobility reversals in multivalent electrolytes.
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1. Introduction

Electrophoresis refers to the motion of a charged colloidal-scale particle in an
electrolytic solution under an applied electric field. Electrophoretic transport is used
extensively in analytical chemistry (Elbashir & Aboul-Enein 2013), microfluidics
(Squires & Quake 2005) and DNA sequencing (Dorfman 2010). A central quantity
of interest is the electrophoretic mobility, which relates the migrative velocity of a
charged particle, U, to the uniform applied field, E∞. The electrophoretic mobility for
a uniformly charged spherical colloid is a scalar quantity (Me), such that U=MeE∞
(Russel, Saville & Schowalter 1989).

Charged surfaces and particles in electrolytic solutions attract a diffuse region
of net charge around them – a ‘Debye layer’. In dilute solutions, the thickness
of this layer is characterized by the Debye length, κ−1: for a binary electrolyte
κ−1 = √εkBT/e2n∞+ z+(z+ − z−), where ε is the dielectric permittivity, kB is the
Boltzmann constant, T is temperature, e is the fundamental charge, n∞+ is the
bulk number density of counterions, and z+ and z− are the charge numbers of
the counter and coions, respectively, assuming a negatively charged surface. For a
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1 mM monovalent salt at T = 298 K, κ−1 ≈ 10 nm. Thus, for a colloidal particle of
radius R∼O (µm), κR� 1 and the Debye layer is said to be ‘thin’.

In this thin-Debye-layer limit, Me = εζ/η (where η is solution viscosity), as
shown by Smoluchowski (1903) for a uniformly charged dielectric spherical particle
with a surface ‘zeta’ potential (ζ ) that is small compared with the thermal voltage,
kBT/e ' 25 mV. Hückel (1924) predicted Me = 2εζ/3η for thick Debye layers
(κR� 1). These limits were bridged by Henry (1931), who calculated a monotonic
increase in the magnitude of Me with increasing κR. Importantly, Me remains the
same sign with varying κR for a fixed sign of ζ . For example, a negatively charged
particle (ζ < 0) has Me < 0 for any κR and thus moves against E∞ (to higher
potentials).

O’Brien & White (1978) numerically solved the Poisson–Nernst–Planck (PNP)
equations for point-like non-interacting ions to compute Me over a wide range of
ζ and κR. For κR� 1 and ζ > 0, Me initially increases linearly with ζ according
to Smoluchowski’s result, then attains a maximum value for ζ ≈ (5 − 10)kBT/e
and subsequently decreases to a finite value as ζ → ∞ (see also Dukhin &
Deryaguin 1974; O’Brien 1983). More precisely, Smoluchowski’s result holds until
ζ ∼O[(kBT/e) ln(κR)] (Schnitzer & Yariv 2012). The departure from Smoluchowski’s
prediction arises from surface conduction of ions in the Debye layer as a consequence
of the exponentially large counterion concentration predicted by the PNP model at
moderately large ζ . Khair & Squires (2009) showed that surface conduction can be
reduced, and hence the mobility maximum can be delayed to unphysically large ζ ,
by inclusion of steric hindrance between finite sized ions using Bikerman’s model
(Bikerman 1942; Kilic, Bazant & Ajdari 2007a,b). Nonetheless, Me retains the same
sign with varying κR for a fixed sign of ζ .

However, ‘mobility reversals’ have been observed in experiments involving
multivalent electrolytes with increasing salt concentration (Strauss, Gershfeld &
Spiera 1954; Elimelech & O’Melia 1990; Martín-Molina et al. 2003; Quesada-Pèrez
et al. 2005; Martín-Molina et al. 2009; Semenov et al. 2013). For example, at low
ionic strength (small κR) a negatively charged particle (ζ < 0) has Me < 0 and
migrates against E∞ (to higher potentials). As ionic strength increases, Me crosses
zero and becomes positive – the particle migrates with E∞ (to lower potentials). The
abovementioned theories lack a key physical trait for capturing mobility reversals.
Here, we present a continuum framework capable of predicting electrophoretic
mobility reversals.

Concentrated electrolytes are known to exhibit ‘overscreening’, where the charge
on a surface is overcompensated by a first layer of counterions, that first layer is
overcompensated by a second layer consisting of coions, and so on; the ionic charge
density oscillates in sign away from the surface (Mezger et al. 2008). A purported
cause of overscreening is ion–ion electrostatic (Coulomb) correlations, beyond
mean-field Debye screening (Grosberg, Nguyen & Shklovskii 2002; Levin 2002).
Molecular dynamics (MD) and Monte Carlo (MC) simulations (Torrie & Valleau
1980; Fedorov & Kornyshev 2008), integral equation approaches (Gonzales-Tovar,
Lozada-Cassou & Henderson 1985; Kjellander & Marcelja 1986; Attard, Mitchell
& Ninham 1988; Ennis, Marcelja & Kjellander 1996; Martín-Molina et al. 2003)
and density functional and statistical field theories (Netz & Orland 2000; Hatlo &
Lue 2010; Gillespie et al. 2011) have predicted overscreening in equilibrium Debye
layers. These techniques often adopt the primitive model of electrolytes as charged
hard spheres in a dielectric continuum. Although they offer an accurate picture of
the equilibrium Debye layer around simple geometries such as a flat plate or sphere,
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calculation of electrophoretic mobility is challenging since the Debye layer is driven
away from equilibrium by the imposed electric field. Martín-Molina et al. (2008)
calculated the mobility of a spherical colloid using Smoluchowski’s formula with ζ
determined from an MC simulation for a flat plate that included Coulombic potentials
for ion–ion and ion–wall interactions. Lozada-Cassou, González-Tovar & Olivares
(1999) used the weak-field linearization of O’Brien & White (1978) along with
an integral equation description of the equilibrium Debye layer around a spherical
particle. Raafatnia et al. (2014) also utilized the weak-field linearization combined
with MD simulation of the equilibrium Debye layer over a flat plate. While these
approaches can predict electrophoretic mobility reversals, the first (Martín-Molina
et al. 2008) does not account for surface conduction, and all three can become
computationally intensive in complex geometries. Our approach below utilizes an
entirely continuum framework, which could be applied to a wide range of particle
geometries and is not restricted to the thin-Debye-layer limit.

Bazant, Storey & Kornyshev (2011) recently derived a modified Poisson equation
(MPE) to capture ion–ion electrostatic correlations in equilibrium Debye layers (see
also Santangelo 2006; Hatlo & Lue 2010). The MPE introduces a correlation length,
`c, which is expected to be bounded from below by the ion diameter, a, and from
above by z2

+`B, where `B = e2/4πεkBT is the Bjerrum length, which signifies the
distance at which the electrostatic energy between a pair of monovalent ions equals
the thermal energy; in water, `B ≈ 0.7 nm. Ions separated by a distance greater than
`c predominantly experience mean-field (screened) electrostatics; ions closer than `c
experience (Coulombic) electrostatic correlations. The MPE reads ε(`2

c∇4ϕ−∇2ϕ)=ρ,
where ϕ is the electrostatic potential and ρ = e(z+n+ + z−n−) is the ionic charge
density, with n+ and n− the number densities of cations and anions, respectively.
As suggested by Bazant et al. (2011), the MPE can be interpreted in terms of a
permittivity operator ε̂ = ε(1− `2

c∇2) resulting from non-local dielectric responses of
correlated ion pairs. The MPE can predict overscreening and an electro-osmotic flow
reversal over a flat plate (Storey & Bazant 2012).

In § 2, we utilize the MPE to compute the mobility of a weakly charged (small
ζ ) particle. In § 3, we compute the mobility at larger ζ , using the MPE to describe
electrostatic correlations and Bikerman’s model to capture steric hindrance between
ions. Conclusions are offered in § 4.

2. Electrophoretic mobility at small ζ

Consider a uniformly charged spherical colloid of radius R in a binary electrolyte.
The charge density ρ ≈ −e2n∞+ z+(z+ − z−)ϕ/kBT for |ζ | . kBT/e. Normalizing ρ by
z+en∞+ and ϕ and ζ by kBT/e, we obtain ρ̃ =−(z+ − z−)ϕ̃, where we use a tilde to
denote the dimensionless counterpart of a dimensional quantity. The radial distance, r,
from the centre of the colloid is scaled by R and the dimensionless correlation length
is δc = `cκ . The MPE thus reduces to a modified Debye–Hückel equation (for δc = 0,
the standard Debye–Hückel equation is recovered),

(κR)2∇̃2ϕ̃ − δ2
c ∇̃4ϕ̃ = (κR)4ϕ̃. (2.1)

As in Bazant et al. (2011) and Storey & Bazant (2012), ϕ̃ and its derivatives vanish
as r̃→∞; ϕ̃ = ζ̃ and n̂ · ∇̃(∇̃2ϕ̃) = 0 at r̃ = 1, where n̂ is the unit vector normal
to the surface. This last boundary condition assumes that correlations at the particle
surface are negligible and yields predictions in agreement with molecular simulations
(Bazant et al. 2011; Bazant, Storey & Kornyshev 2012; Storey & Bazant 2012).
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Since the equilibrium potential is spherically symmetric, let ϕ̃ = ζ̃ f (r̃)/r̃. Thus,
(2.1) reduces to (κR)2f ′′ − δ2

c f ′′′′ = (κR)4f , where primes denote derivatives in r̃. An
analytical solution is readily obtained whose features are similar to the solution over
a charged plate (Storey & Bazant 2012). Two distinct solutions exist based on the
value of δc. For δc < 1/2 (‘weak correlations’), we arrive at

f (r̃)= Ae−n1(r̃−1) + (1− A)e−n2(r̃−1), (2.2a)

where

n1 = κR
δc

√
1+√1− 4δ2

c

2
, n2 = κR

δc

√
1−√1− 4δ2

c

2
, A= n2

2(n2 + 1)
n2

2(n2 + 1)− n2
1(n1 + 1)

,

(2.2b–d)
and for δc > 1/2 (‘strong correlations’), we arrive at

f (r̃)= e−k1(r̃−1)[cos(k2(r̃− 1))+ B sin(k2(r̃− 1))], (2.3a)

where

k1 = κR
√

2δc + 1
2δc

, k2 = κR
√

2δc − 1
2δc

, B= k2
1(k1 + 1)− k2

2(3k1 + 1)
k1k2(3k1 + 2)− k3

2
. (2.3b–d)

For weak correlations (2.2a–d), f (r̃) is the sum of exponentially decaying terms,
resulting in a potential whose decay is monotonic with increasing r̃ yet predicts a
greater potential near the surface than the case of δc = 0. For strong correlations
(2.3a–d), the potential has decaying oscillations, signifying charge inversion and
stronger overscreening. From the definition of k1 and k2 in (2.3b–d) it is seen that√
`c/κ is a more appropriate length scale to characterize charge density variation in

a Debye layer with strong electrostatic correlations.
Figure 1 shows the dimensionless charge density ρ̃ versus r̃ for four combinations

of κR and δc. For δc= 0 and κR= 10, ρ̃ decays monotonically to zero with increasing
r̃. For δc = 5 and κR = 10, ρ̃ is larger (compared with δc = 0) near the surface,
indicating overscreening. To balance this excess counterion charge, coions are brought
into the Debye layer and result in charge inversion – net negative charge density
(ρ̃ < 0) – seen at r̃ ∼ 1.5. At κR = 50, a smaller Debye length, the same trend is
observed, although the charge density decays more rapidly with r̃.

2.1. Electrophoretic mobility
An applied electric field, E∞, sets the colloid into motion with an electrophoretic
velocity U. For small zeta potentials, |ζ̃ | . 1, polarization of the Debye layer can
be neglected to a first approximation (Russel et al. 1989). Hence, the imposed
field exerts an electrical force FE on the colloid equal to QE∞, where Q = 4πRεζ
[ f (1) − f ′(1)] is the colloid surface charge. This expression for Q follows from
the modified electrostatic boundary condition n̂ · D = q, where D = −ε̂∇φ is
the displacement field and q is the surface charge density, and the assumption
n̂ · ∇(∇2φ) = 0 at the particle surface (Bazant et al. 2011). The fluid within the
Debye layer undergoes an electro-osmotic flow, imparting a hydrodynamic force on
the colloid, FO =

∫
ρP ·EdV , where E = [(1 + R3/2r3)I − (3R3/2r3)r̂r̂] · E∞ is the

field around the insulating particle, P = (3R/4r+R3/4r3)I + (3R/4r− 3R3/4r3)r̂r̂ (I is
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FIGURE 1. The dimensionless charge density, ρ̃, calculated from (2.1) for a monovalent
electrolyte around a negatively charged sphere with |ζ̃ | . 1. Ion–ion electrostatic
correlations (δc = 5) lead to overscreening and charge oscillations.

the identity tensor and r̂ is a radial unit vector) and the integral is over the electrolyte
volume. It should be noted that the expression for FO is derived using the Lorentz
reciprocal theorem in which the primary flow of interest is that due to a body force
density ρE, resulting in the hydrodynamic force FO on the colloid. The secondary
flow in the reciprocal theorem is that due to an uncharged sphere translating at unit
velocity, for which the tensor P relates the fluid velocity field to the velocity of the
particle (see, e.g., Kim & Karrila 2005). The migration of the colloid results in a
drag force, FD = −6πηRU. Since the colloid is freely suspended, FE, FO and FD

sum to zero; hence U = MeE∞ and the dimensionless mobility, M̃e = 3ηMe/2εζ , is
given by

M̃e =− d
dr̃

(
f
r̃

) ∣∣∣∣
r̃=1

− (κR)2
∫ ∞

1
f (r̃)

(
1− 1

4r̃3
+ 1

4r̃5

)
dr̃, (2.4)

where the first term in (2.4) is a measure of the electrical force, FE, and the second
term represents the electro-osmotic force, FO. After substituting the expressions for f
given by (2.2a–d) into (2.4), we obtain for δc < 1/2

M̃e = (1+ A(n1 − n2)+ n2)− (κR)2(AG1 + (1− A)G2), (2.5a)

where

Gx = 1
nx
+ enx

4
(E5(nx)− E3(nx)), (2.5b)

and for δc > 1/2

M̃e = (1+ k1 − Bk2)− (κR)2
(

k1 + Bk2

k2
1 + k2

2
+ 1

8
[(1− Bi)H1 + (1+ Bi)H2]

)
, (2.6a)

where
Hx = emx(E5(mx)− E3(mx)). (2.6b)
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FIGURE 2. The electrophoretic mobility, M̃e=3ηMe/2εζ , versus κR for various δc at small
ζ̃ . The insets illustrate the direction and relative magnitudes of the electrical (FE), electro-
osmotic (FO) and drag (FD) forces on a spherical colloid for M̃e>0 and M̃e<0 (reversals).
At the point (∗) along the δc = 2.5 curve, κR= 2.92, and the mobility is close to zero,
M̃e = 0.00020, while the charge is of order unity, Q/4πRεζ = 2.72. Thus, the points of
zero charge and zero mobility do not coincide.

Here, Ea(z) =
∫∞

1 e−zr̃/r̃adr̃ is the exponential integral, m1 = k1 − ik2, m2 = k1 + ik2

and i = √−1. It should be noted that Ea(z) = za−1Γu(1 − a, z), where Γu(v, z) =∫∞
z e−r̃ r̃v−1dr̃ is the upper incomplete Gamma function. In (2.5b) and (2.6b) the

subscript x stands for either index 1 or 2. Despite the appearance of the imaginary
unit in (2.6), the computed mobility is of course still real.

Because M̃e is normalized by ζ , reversals in mobility are signified by M̃e < 0. The
mobility is shown in figure 2 versus κR for various δc. For δc = 0, M̃e increases
monotonically from 1 to 1.5 with increasing κR (Henry 1931). For a negatively
charged colloid (inset to figure 2), FE is directed against the field and FO is with
the field (due to positive charge density in the Debye layer). There is an imbalance,
|FE| > |FO|, so FD must be with the field to balance the forces; thus, the particle
migrates against the field: M̃e > 0. As δc is increased at fixed κR (say κR = 10 in
figure 2), Q decreases and consequently the total charge in the diffuse layer,

∫
ρ̃dṼ ,

decreases despite the overscreening causing more ions to be present. The lower Q
and reduced diffuse charge result in lower |FE| and |FO|, respectively. More precisely,
|FO| decreases due to a reduction in local charge density within the Debye layer
by excess coions (figure 1), and hence a locally reduced electro-osmotic flow. (The
no-slip condition prevents the excess counterions near the surface from driving a
comparably enhanced electro-osmotic flow.) The rates of decrease of |FO| and |FE|
are unequal, and |FE|< |FO| for sufficiently large δc, in which case FD points against
the applied field. This switch in FD is an electrophoretic mobility reversal, M̃e < 0:
a negatively charged colloid moves with the applied field. For thick Debye layers
(κR → 0), M̃e is independent of δc since the charge density becomes vanishingly
small. It should be noted that M̃e > 0 for δc = 1.5, thus overscreening and charge
oscillation do not necessarily lead to mobility reversals. Importantly, Q is not zero
when M̃e = 0; the mobility reversal does not coincide with the point of zero particle
charge. Another example where the point of zero charge does not coincide with zero
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3 Experiments
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FIGURE 3. Theoretical predictions compared with experimental data taken from figure 5(a)
of Semenov et al. (2013) (squares).

mobility is the non-zero induced-charge electrophoretic mobility of an uncharged
metal particle under a uniform electric field in an asymmetric electrolyte (Bazant
et al. 2009).

Figure 3 compares the mobility from (2.5)–(2.6) with experimental results of
Semenov et al. (2013), who utilized optical tweezers to measure the electrophoretic
velocity of a single polystyrene sulphonate latex colloid with a diameter of
2.23 µm. The colloid surface charge density was found by acid–base titration to
be −0.31 µC cm−2 and is taken as constant at all concentrations. Experiments were
performed in binary monovalent (KCl), divalent (CaCl2) and trivalent (LaCl3) salts;
only the trivalent salt showed a mobility reversal. We chose the correlation length, `c,
to best match the mobility in the high-concentration region for the mono- and divalent
electrolytes, and to best match the concentration at which the mobility is zero in the
trivalent electrolyte. For KCl and CaCl2, `c = 0. For LaCl3, `c = 3.07 nm, leading
to δc = 0.03 at the lowest ionic strength (0.01 mM, κR ∼ 10) and δc = 10.10 at the
highest one (1 M, κR∼ 3500). This estimate of `c falls within the expected bounds of
hydrated counterion diameter (0.49 nm) (Ohtaki & Radnai 1993) and z2

+`B (6.4 nm)
for LaCl3. It is remarkable that our simple analytical theory can capture the mobility
reversal with a physically realistic value of `c. However, the theory overestimates
|Me| at low ionic strengths. For LaCl3 we predict ζ̃ ≈−0.42 at the reversal (Me = 0),
which is a suitably small zeta potential. At ionic strengths lower than O(1 mM), |ζ̃ |
is sufficiently larger than unity to invalidate the small-zeta-potential theory.

3. Mobility at larger ζ

At larger ζ̃ , the applied field results in polarization of the Debye layer through
ionic surface conduction. At the larger concentrations used in the experiments,
surface conduction is expected to be mitigated by steric hindrance between ions
(Khair & Squires 2009). Hence, we employ Bikerman’s model (Bikerman 1942),
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FIGURE 4. The dimensionless charge density ρ̃ of a monovalent electrolyte around a
negatively charged sphere with κR= 10 and bulk volume fraction ν= 0.1. The counterions
form an overscreening condensed layer, followed by a region of charge inversion due to
coions. The extents of both grow with |ζ̃ |.

such that the electrochemical potential µ±, scaled by kBT , of each ion species
is µ̃± = z±ϕ̃ + ln n± − ln [1− a3(n+ + n−)], where the first two terms are for an
ideal solution and the third term represents steric hindrance. The role of sterics is
controlled by the bulk volume fraction of ions, ν = a3(n∞+ + n∞− ), using a single ion
size a (specified later). At equilibrium, ∇̃µ̃±= 0, which gives an explicit relationship
between ϕ̃ and ñ± (the latter scaled by n∞+ ) (Kilic et al. 2007a) that is combined with
the MPE to yield a ‘Poisson–Fermi’ equation (PFE) (Bazant et al. 2011) governing
the equilibrium electrostatic potential,

δ2
c ∇̃4ϕ̃ − (κR)2∇̃2ϕ̃ = (κR)4β(ϕ̃)

e−z+ϕ̃ − e−z−ϕ̃

z+ − z−
, (3.1a)

where

β(ϕ̃)=
(

1− ν + ν(z+e−z−ϕ̃ − z−e−z+ϕ̃)

z+ − z−

)−1

. (3.1b)

Figure 4 shows the dimensionless charge density, ρ̃ = β(e−z+ϕ̃ − e−z−ϕ̃), computed
from (3.1) for a monovalent electrolyte at κR=10 and ν=0.1, for ζ̃ =−10 and −100.
At such large ζ̃ , the counterions form a condensed layer at the surface due to steric
hindrance. With correlations (δc 6= 0), the condensed layer overscreens the surface
charge and extends further from the surface, despite the Debye length remaining
unchanged. The degree of overscreening by counterions and charge inversion due to
coions increases with ζ̃ .

3.1. Electrophoretic mobility: thin-Debye-layer analysis
The electrolyte dynamics in response to a weak applied field is described by coupled
linear equations governing the perturbations to the equilibrium electrochemical
potentials, µ̃1

±, and fluid velocity, ṽ
1. The superscripts 0 and 1 indicate quantities that

are zeroth or first order in the applied field (they are not meant to represent algebraic

752 R1-8

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
4.

35
4 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2014.354


Predicting electrophoretic mobility reversals

10
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–1 0
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1 2

0

FIGURE 5. The dimensionless electrophoretic mobility, M̃e = ηMe/ε(kBT/e), versus ζ̃ for
various δc with κR= 100 and ν= 0.1. The symbols are from solution of the large-ζ̃ model
(3.1)–(3.2) and the lines are from the small-ζ̃ formulae (2.5a,b)–(2.6a,b) with δc= 0 (top)
and 2.5 (bottom).

powers). These equations are well known and read (O’Brien & White 1978; O’Brien
1983; Khair & Squires 2009)

∇̃2µ̃1
± + ∇̃ ln ñ0

± · ∇̃µ̃
1
± = 1

2 mṽ
1
· ∇̃ ln ñ0

±, (3.2a)

∇̃2(∇̃× ṽ
1
)= (κR)2

Z
(∇̃ñ0

+ × ∇̃µ̃1
+ + ∇̃ñ0

− × ∇̃µ̃1
−), (3.2b)

where Z = z+(z+− z−), and ñ0
+=βe−z+ϕ̃ and ñ0

−=−(z+/z−)βe−z−ϕ̃ are the equilibrium
cation and anion density, respectively, calculated from (3.1). The velocity field ṽ

1

is normalized by ε(kBT/e)2/ηR, and m = 2ε(kBT/e)2/ηD, with D a single ionic
diffusion coefficient (specified later). Equation (3.2a) embodies ion conservation and
(3.2b) governs the inertialess fluid flow with an electrochemical body force. It should
be recalled that the experiments (Semenov et al. 2013) have κR � 1. Therefore,
a thin-Debye-layer asymptotic analysis is utilized to solve (3.2) and subsequently
compute the mobility. The analysis is essentially identical to that of Khair & Squires
(2009); details are not repeated here.

Figure 5 shows the dimensionless mobility, now defined as M̃e = ηMe/ε(kBT/e),
versus ζ̃ for a positively charged particle in a monovalent electrolyte at various δc,
for κR = 100 and ν = 0.1; our results agree with those of Khair & Squires (2009)
for δc = 0. The mobility computed from solution of (3.2) is in agreement with
(2.5a,b)–(2.6a,b) at small ζ̃ . For δc = 0, 0.5 and 1 the mobility does not reverse
(M̃e > 0), and surface conduction reduces the mobility relative to (2.5a,b)–(2.6a,b). A
more complicated dependence of M̃e on ζ̃ is observed when δc is sufficiently large
for a mobility reversal to occur (e.g. δc = 1.5).

Comparison of the large-ζ theory with experiments (Semenov et al. 2013) is shown
in figure 3. The ion size a was taken to be the average of the hydrated ion diameters
(Ohtaki & Radnai 1993), and D was calculated from the conductivity at infinite
dilution (Vanýsek 2012). Again, `c= 0 in KCl and CaCl2, whereas now `c= 2.63 nm
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for LaCl3, which is slightly lower than the estimate of 3.07 nm from the low-ζ̃
model. The two models share the same agreement with the experiments at high
concentrations, which is not surprising as |ζ̃ | . 1 there. The large-ζ̃ model predicts
ζ̃ = −0.36 at the mobility reversal in LaCl3, compared with ζ̃ = −0.42 predicted
from the low-ζ̃ model. Notably, the large-ζ̃ model shows better agreement with the
experiments at lower concentration. Thus, Debye layer polarization must be accounted
for to predict the mobility over a wide range of concentrations.

While we have included ion sterics through Bikerman’s model, we note that this
has little effect on the predicted mobility in figure 3, since when |ζ̃ | is large enough
to anticipate a reduction in surface conduction, the volume fraction, ν, is small due to
the low ionic strength. Conversely, at higher ionic strengths when ν ∼O(0.1), |ζ̃ |. 1
and a condensed counterion layer does not form. Hence, we conclude that accounting
for surface conduction is sufficient to improve agreement for large |ζ̃ |, at least for this
range of concentrations and for these ions. Nevertheless, by accounting for correlations
through the MPE, the prediction of electrophoretic mobility reversals is possible in
both models.

4. Conclusions

A continuum framework to predict electrophoretic mobility reversals in concentrated
multivalent electrolytes has been presented which incorporates ion–ion electrostatic
correlations and steric hindrance between ions. Of course, additional effects are
expected in concentrated systems, including local variations in viscosity and
permittivity in the Debye layer (Bazant et al. 2009) and variation in bulk permittivity
due to ion-specific polarizability (Hatlo, van Roij & Lue 2012). It should be
recognized, however, that electrostatic correlations are the essential driver of mobility
reversals. Raafatnia et al. (2014) utilized an attraction energy of 4kBT between the
counterion and the colloid surface to predict the observed mobility reversals in LaCl3

(Semenov et al. 2013). In contrast, our work demonstrates that mobility reversals
can be predicted solely from consideration of electrostatic ion–ion correlations in the
diffuse Debye layer. Finally, the present approach can be adapted to predict a host
of other electrokinetic phenomena in concentrated solutions, including dynamic (AC)
electrophoresis, induced-charge electrophoresis, diffusiophoresis and dielectrophoresis.
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