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Abstract. The theory of Fatou and Julia is extended to include the dynamics of functions
f which are meromorphic in̂C outside a totally disconnected compact setE(f ) at whose
points the cluster set off is Ĉ. The Julia set is defined not only by the standard approach
but is also characterized in terms of the set of points whose orbits approach a point of
E(f ). For the subclass whereE(f ) has a complement of classOAD and the inverse off
has a finite set of singular points it is shown that neither wandering components nor Baker
domains occur inF(f ). As an application, functions of a certain general class are shown
to have a totally disconnected Julia set.

1. Introduction
Iteration of rational maps of̂C originated essentially with the work of Fatou [22] and Julia
[27], nearly a century ago.

Fatou [23] extended the discussion to transcendental entire functions. Fatou remarks
that for a transcendental meromorphic functionf the iteratesf n, n ∈ N, defined byf 1 =
f , f n = f ◦ f n−1 in general have infinitely many essential singularities, whereas rational
and entire functions are analytic maps ofĈ or C, respectively, into itself, whose iterates
are of the same type. This was a discouragement from considering the meromorphic case.
It is, however, natural to consider the iteration of meromorphic functions, which arises in
such practical problems as the attempt to solve an equationg(z) = 0 with transcendental
entireg by Newton’s method. Indeed in the last decade or so a theory of the dynamics of
transcendental meromorphic functions inC has developed. The main features of this theory
are described in the survey [9]: many results turn out to be similar to those for rational or
entire maps but require different proofs. The iteration of meromorphic functions at once
leads us out of a closed system: if we iterate meromorphicf in C we are also iteratingf 2,
which is not in general meromorphic, so there must be a more general version of the theory.
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This suggests trying to extend the ‘classical’ theory of Julia and Fatou as far as possible
while retaining its basic results. An early step in this direction was taken by R˚adström [39]
who also pointed out that the Fatou–Julia approach is appropriate for analytic maps of the
punctured planeC∗ = C\{0} to itself. The case of the punctured plane has been developed
by various authors, for example in [4, 12, 28, 29, 30, 31, 33].

It is of more than purely aesthetic interest that the class of functions to be studied in an
extended theory should be closed under iteration or even arbitrary functional composition.
One reason is that in the classical theory it is often very convenient in proofs to replace a
function by its iterate of some higher order. For example points of periodp of f can be
discussed as fixed points off p. Also f , f p have the same Fatou and Julia sets (see below
for definitions).

The smallest class which obviously includes the meromorphic functions with one
essential singularity and which is closed under composition isK = {f : there is a compact
countable setE(f ) ⊂ Ĉ such thatf is meromorphic in̂C \ E(f ) but in no larger set}.
This class has been studied by Bolsch [13, 14]. Independently, broader generalizations
have been given in [26].

This paper will give a simplified presentation of some parts of [26]. §2 discusses
the classes of functions considered, which are functions meromorphic outside a totally
disconnected set,E of essential singularities, subject to some further assumptions. At this
stage the Fatou setF(f ) and the Julia setJ (f ) of such a function are defined. These are
the basic objects of the theory and in §3 the standard properties are obtained for functions
of our classes.

In §4 we extend a result obtained first by Eremenko [18] for transcendental entire
functions and later in [17] for functions meromorphic inC: under fairly general conditions
on the functions treated in §2, for anye ∈ E the setI (f, e) = {z : f n(z) is defined
and different frome for all n ∈ N and f n(z) → e as n → ∞} is non-empty and
J (f ) = ∂I (f, e). This gives an alternative way to defineJ (f ).

In §5 we note the classification of the different types of components of the open set
F(f ) according to the behaviour of the sequence of iterates off in them. In particular a
componentG such that for eachn ∈ N, f n(G) is contained in a different componentF(f )
is called wandering.

The result of Sullivan [42] that a rational function cannot have wandering domains
solved a major problem which had remained open from the time of Fatou and Julia. It
was a major cause of the subsequent progress in rational iteration. A number of authors
perceived that the finiteness of the number of critical values of a rational function is a
crucial ingredient of Sullivan’s proof and obtained extensions of the no wandering domains
theorem to classes of transcendental entire functions [20, 24], maps ofC∗ [10, 28, 30, 33]
or even transcendental functions meromorphic inC [8], such that the inverse function has
a finite set of singularities.

In §6 we introduce the subclassMSR of functionsf whose totally disconnected set of
singularitiesE(f ) satisfies a technical condition (the complement ofE(f ) is a set of type
OAD, defined in Appendix A) and which are such that the inversef−1 has singularities
over a finite set of pointsS(f ). This class is closed under composition and contains many
members of the classK mentioned above, for example tan(ez), R(ez) whereR is rational.
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We extend Sullivan’s theorem to show that for functions inMSR the Fatou set has no
wandering components.

In §7 we note that the method of Eremenko and Lyubich [20] gives conditions under
which the setI (f, e) defined above has empty interior. In particular we show that for
the functions inMSR there are no Fatou components in which a limit function of iterates
belongs toE(f ) (no ‘Baker domains’). Hence for such functions all Fatou components
are eventually periodic and these cyclic components are those related to an attracting or
parabolic cycle of points or are cycles of Siegel discs or Herman rings.

In §8 we note the relation between singular orbits and Fatou domains. This allows us
to determine the dynamics of a map of the classMSR in many cases. In particular, in §9,
Theorem G we give a class of functions for which the Julia set is totally disconnected, that
is all the components ofJ (f ) are singletons. These provide interesting new examples even
in the class of transcendental meromorphic functions inC.

Finally an appendix contains a number of definitions and results from complex analysis
which are used in the paper.

Notation. We shall frequently useD(a, r) for an open disc of centrea, radiusr andC(a, r)
for its circumference.

2. The classM of functions
If E is any compact totally disconnected set in̂C, if z0 ∈ E and f is a function
meromorphic inEc = Ĉ \ E, the cluster setC(f,Ec, z0) is defined as{w : w =
limn f (zn) for somezn ∈ Ec with zn → z0}.

Denote byM(E) the class of functionsf which are meromorphic inEc and have an
essential singularity at every point ofE, that isf has no meromorphic continuation over
any point inE. Further we introduce the classM = {f : there is a compact totally
disconnected setE = E(f ) such thatf is meromorphic inEc andC(f,Ec, z0) = Ĉ for
for all z0 ∈ E. If E = ∅ we make the further assumption thatf is neither constant nor
univalent inĈ}.

For any choice ofE we may construct functions inM for which E(f ) = E. For
example, take a sequence{wk} dense inC, and sequencesA1, . . . An, . . . in Ec such that
theAn are mutually disjoint, and the set of limit points of eachAn and ofB = ∪nAn
is preciselyE. (One may construct theAn inductively to be mutually disjoint and
d(An,E) < 1/n). Mittag–Leffler’s theorem [25, p. 196] allows the construction of two
functionsg, hmeromorphic inEc and such that the poles ofg are at the pointsb ∈ B where
the principal part is(z− b)−1, while those ofh are at pointsb ∈ B such that whenb ∈ An
the principal part iswn(z − b)−1. Thenf = h/g is meromorphic inEc andf (z) = wn

whenz ∈ An. HenceC(f,Ec, z0) = Ĉ for everyz0 ∈ E. Of course,f ∈ M has essential
singularities precisely at the points ofE(f ) so thatf ∈ M(E(f )). As a partial converse of
this statement we note that for any compact totally disconnected setE whose complement
is of classOAB defined in Definition A.2 and in particular any compactE whose linear
measure is zero, a function inM(E) necessarily belongs toM , see Theorem A.7.

LEMMA 1. Let f ∈ M , E = E(f ) and letB be compact totally disconnected. Then
A = E ∪ f−1(B) is compact and totally disconnected.
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Proof. We know thatE is compact. Take a sequencezn in f−1(B). We may, without loss
of generality, assume thatzn converges toz, say. Thenf (zn) = tn ∈ B and again we may
assume thattn → t , wheret ∈ B sinceB is compact. Eitherz ∈ E or z ∈ Ec. In the latter
casef is continuous atz so thatf (z) = t andz ∈ f−1(B). Thus in all caseszn → z ∈ A.
HenceA is compact.

Take anyα ∈ A. If α ∈ f−1(B) thenα ∈ Ĉ \ E andf (α) = β ∈ B. Then there is
a discU = D(α, ρ), ρ > 0, such thatU ⊂ Ĉ \ E andU → f (U) is ad to 1 branched
cover, branched at most atα and withd equal to the valency off atα.

We may find a Jordan curveγ in D(β, σ) ⊂ f (U) which does not meetB or pass
throughβ but winds aroundβ. Thendγ lifts by f to a closed Jordan curveγ ′ in U which
does not meetA and winds aroundα. Sinceρ is arbitrarily small,{α} is a component
of A. Now if A has some componentK which is not a singleton thenK ⊂ E. But
the only connected subsets ofE are singletons by assumption. The proof of Lemma 1 is
complete. 2

LEMMA 2. If f andg belong toM , thenf ◦ g ∈ M andE(f ◦ g) = E(g) ∪ g−1(E(f )).

Proof. Write A = E(g) ∪ g−1(E(f )). ThenA is compact and totally disconnected.
Further,f ◦ g is meromorphic inAc: clearly analytic continuation withinAc is single-
valued.

If z0 ∈ g−1(E(f )) \E(g), then for every sufficiently small neighbourhoodU of z0 the
setf ◦ g(U ∩ Ac) = f {g(U) \ E(f )} is dense inC.

On the other hand, suppose thatz0 ∈ E(g) and note that fort ∈ C, ε > 0, there is
somew0 in C \ E(f ) andδ > 0 such that for everyw with |w − w0| < δ we have that
f (w) is defined and|f (w)− t| < ε. By assumption there is somez1 in C \E(g) which is
arbitrarily close toz0 and such that|g(z1) − w0| < δ, which implies|f (g(z1)) − t| < ε.
Thus for allz0 ∈ A we have shown thatC(f ◦ g,Ac, z0) = Ĉ and the proof is complete.
(We remark that in the case whenA = ∅ neitherf nor g is univalent so thatf ◦ g is a
non-univalent function.) 2

For anyf ∈ M we may now definef 0 to be the identity function withE0 = ∅,
and, inductively,f 1 = f , f n = f ◦ f n−1. We obtainf n ∈ M , n ∈ N, with
En = E(f n) = ∪n−1

j=0f
−j (E) = {singularities off−n}. Clearly if we set

J1(f ) = {∪∞
n=0En} (1)

and

F1(f ) = Ĉ \ J1(f ), (2)

thenF1(f ) is the largest open set in which allf n are defined. Further,f (F1) ⊂ F1.
We obtain an extension of standard Fatou and Julia theories by defining the Fatou set

F(f ) = {the largest open set in which (i) allf n, n ∈ N, are meromorphic and (ii){f n} is
a normal family}, and the Julia setJ (f ) = Ĉ \ F(f ).

If the set J1(f ) is either empty or contains one point (without loss of generality,
J1(f ) = E1(f ) = {∞}) or two points (without loss of generality,J1(f ) = {0,∞})
we are dealing with maps which are rational or (conjugate to) entire functions or analytic
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maps of the punctured planeC∗. In this case the condition (i) above is trivial and the Fatou
and Julia sets are determined by (ii). In all the other cases Montel’s theorem shows us that
F(f ) = F1(f ) andJ (f ) = J1(f ) as defined above.

It will be useful to consider two subclasses ofM , both of which are easily seen to be
closed under composition. The first class comprises the ‘Picard’ functions. Letk be an
integer not less than two and set:

MPk = {f ∈ M : E(f ) 6= ∅ and for eachz0 ∈ E(f ) and openU which containsz0,

f takes inU \ E(f ) every value in̂C with at mostk exceptions}.
Next we say thatf ∈ M has thek-islands property atz0 ∈ E(f ) if, given any

neighbourhoodU of z0 and k simply-connected domains1i in Ĉ which have disjoint
closures and which are bounded by sectionally analytic Jordan curves, there is a simply-
connected subdomainD in U \E(f ) which forms a schlicht island over one of the1i , that
is f mapsD univalently onto1i . We define the ‘Ahlfors’ ’ functions:

MA k = {f ∈ M : E(f ) 6= ∅ and for eachz0 ∈ E(f )
the functionf has thek islands property atz0}.

ClearlyMA k ⊆ MPk−1.

Example 1.If the compact totally disconnected setE contains a dense set of isolated points
then it follows from Picard’s theorem and the Ahlfors five islands theorem (see, e.g., [44,
Ch. VI]) respectively that every function inM(E) belongs toMA 5 andMP2.

In the particular case whenE is a countable compact set category arguments show that
isolated points are dense inE. Thus Bolsch’s classK ⊂ MP2 ∩ MA 5.

Example 2.Given a sequence of positive numbers(ξn), n ∈ N, such that 0< ξn < 1/3
and the unit intervalI0,1, construct a Cantor setE by excluding at thenth subdivision
an open segment of length(1 − 2ξn)5

n−1
p=1ξp from the middle of each segmentIn−1,k ,

k = 1,2, . . . ,2n−1, to get 2n closed segmentsIn,j , each of lengthξ1ξ2 . . . ξn.
Let E = ∩∞

n=1(∪kIn,k). Matsumoto [34] showed that ifξn+1 = o(ξ2
n ) asn → ∞ then

everyf ∈ M(E) is in MP2. This result was further improved by Toppila [43, p. 14] who
showed that ifξn+1 = o(ξn) thenE has the followinglocal Picard property: there exist no
open setV with E ∩ V 6= ∅ and no functionf meromorphic inV \ E with an essential
singularity at each point ofE ∩ V such thatf omits three values inV \ E. The condition
ξn+1 = o(ξn) allowsE to have positive capacity. On the other hand, CapE = 0 does not
by itself guarantee the Picard property.

Example 3.Toppila [43, Theorem 3] showed that for any totally disconnected compact
setA there exists a perfect totally disconnected compact setB such thatB ⊃ A and
E(f ) = B, f ∈ M imply that f ∈ MP2. Note that it is possible for suchB to have
positive two-dimensional Lebesgue measure.

Example 4.The authors in [38] describe for eachk ≥ 2 a geometric condition on the
totally disconnected setE in terms of exhaustions ofEc which imply thatM(E) ⊂ MPk.
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Example 5.Herring [26] obtains analogous conditions to those of Example 4 which imply
thatM(E) ⊂ MA 6.

The somewhat complicated conditions under which Examples 4 and 5 are valid include
the special case whenE is a k-fold arbitrary linear Cantor setB = B(k, ξn), wherek
is an integer greater than one andξn is a sequence of real numbers in(0,1/k), and we
suppose further thatξn → 0 asn → ∞. We recall thatB is constructed from collections
Bn, n ∈ N ∪ {0}, of kn closed-disjoint subintervalsIi of [0,1] = B0, the length ofIi is
dn = ξ1 . . . ξn, d0 = 1. Bn is constructed inductively: ifBn has already been constructed,
then from eachIi remove(k − 1) disjoint equal intervals so as to leavek closed intervals
Ii(1), . . . , Ii (k), each of lengthdn+1 = ξn+1dn. DefineBn+1 = ∪kni=1 ∪kj=1 Ii(j) and
B(k, ξn) = ∩∞

0 Bn.
In the next section certain properties of Julia sets will be proved under the assumptions

MPk or MA k. The above examples show that these are fulfilled for many classesM(E).

3. Standard properties of Julia sets
We have definedJ (f ) andF(f ) for f ∈ M in the preceding section. We collect the main
properties of these sets in the following Theorem A. First we introduce the backward orbit
O−(w) of a pointw ∈ Ĉ, defined by{z : f n(z) = w for somen ∈ N} and theα-limit
setα(w) of w which is the set of limit points ofO−(w). Recall that a generic property
of points in a complete metric space is one which holds for all points outside a set of first
category.

THEOREM A. Suppose thatf ∈ M as defined in §2. Then
(1) F(f ) is completely invariant in the sense thatz ∈ F(f ) if and only iff (z) ∈ F(f ).

Thusz ∈ J (f ) \ E if and only iff (z) ∈ J (f );
(2) for every positive integerp, F(f p) = F(f ) andJ (f p) = J (f );
(3) if ψ is a Möbius transformation andfψ = ψfψ−1, thenfψ ∈ M , F(fψ) =

ψ(F(f )) andJ (fψ) = ψ(J (f ));
(4) J (f ) is perfect;
(5) for a generic pointw ∈ Ĉ, the setα(w) containsJ (f ). If f ∈ MPk, then the

exceptional setX(f ) = {z : O−(z) is a finite set} contains at mostk elements
and forw not inX(f ), α(w) containsJ (f ), while if w ∈ J (f ) \ X(f ) we have
O−(w) = J (f );

(6) if J (f ) has a non-empty interior thenF(f ) = ∅;
(7) if f ∈ MA k for somek(≥ 5) ∈ N, then repelling periodic points are dense inJ (f );
(8) if E(f ) has the local Picard property in the sense of Example 2 of §2 then every point

of J (f ) is a limit point of periodic points off . (We do not assert that the periodic
points are repelling.)

Proof. We note here that Bolsch’s classK ⊂ MA 5 so that repelling periodic cycles are
dense inJ (f ) for f ∈ K . In [13] this result is proved by an elegant argument which avoids
the use of Ahlfors’ islands theorem and uses results on normal families and consequences
of Nevanlinna’s fundamental theorem. For an interesting discussion of relations between
these theorems see [11]. In our general context whereE(f ) may be perfect and totally
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disconnected we do not see how to achieve the result of property (7) without using a
theorem of Ahlfors’ type. It seems of some interest to prove the result (8) by different
means.

Since the results of Theorem A are known for nonlinear rational functions,
transcendental entire functions and for maps of the punctured plane we ignore these cases
and assume thatJ (f ) = J1(f ) is given by equation (1) and it contains at least three
points. From (1) and Picard’s theorem it then follows thatJ (f ) is in fact infinite. We
remark that the general meromorphic functions discussed in [5, 6] and [7] are a special
case. Property (1) follows at once from the fact thatF(f ) is the largest open set where all
f n are meromorphic. Property (2) follows from equation (1).

By Lemma 2,fψ ∈ M with E(fψ) = ψ(E(f )). From f
p
ψ = ψfpψ−1 we get

E(f
p
ψ ) = ψ(E(f p)) and from equation (1) it follows thatJ (fψ) = ψJ(f ).

To prove property (4) we need to show that a pointz0 of J (f ) cannot be isolated.
Suppose thatz0 is an isolated point ofJ (f ). Thenz0 ∈ En and it is an isolated essential
singularity forf n for some smallestn ∈ N. By our assumptions,∪Em contains infinitely
many points and so there is someα ∈ Ek, say, such thatf n(z) = α has a sequence of
solutionszm such thatzm → z0, zm 6= z0. But zm ∈ J (f ) andz0 cannot therefore be
isolated.

To prove property (5) note that sinceJ (f ) is compact in̂C we can find a countable set
of discsDn = Dn(zn, ρn), zn ∈ J (f ), ρn → 0 such that every point ofJ (f ) belongs to
arbitrarily smallDn. NowDn meets someEk(n)(f ) andVn = f k(n)(Dn \ Ek(n)) is open
and dense in̂C, since the cluster set off k(n) at zn is Ĉ. HenceV = ∩∞

n=1Vn is a denseGδ
set whose complement is a set of first category. Suppose thatw ∈ V . Now for eachn ∈ N

we havew ∈ Vn and some pointO−(w) lies inDn, so thatO−(w) contains all points of
J (f ) among its accumulation points.

Now suppose thatf ∈ MPk and thata ∈ X(f ). Thena must be a Picard value at
each point ofE(f ) soX(f ) contains at mostk elements. IfDn, Vn are as above then
V cn contains at mostk points. Thusf (Vn \ E) containsĈ \ X(f ). It follows that for
w 6∈ X(f ) the setO−(w) meets eachDn andO−(w) ⊃ J (f ). If w ∈ J (f ) \ X(f ) then
O−(w) = J (f ).

To prove property (6) note that ifJ (f ) has a non-empty interior and ifF(f ) 6= ∅ then
by property (5) we may choosev ∈ F(f ) so thatO−(v) contains points in the interior of
J (f ), which contradicts the complete invariance ofF(f ).

In proving property (7) first notice thatf ∈ MA k ⊂ MPk−1 so that by property (5)
the setX(f ) contains at most(k − 1) elements. Since we are considering only the case
when in equation (1)J (f ) = J1(f ) = O−(E) is a non-empty perfect set we have some
e ∈ E(f ) \ X(f ) and by property (5) we haveO−(e) = J (f ). (For, if E(f ) is finite it
clearly cannot be contained inX(f ).)

Now takep ∈ J (f ) and an open setT with p ∈ T . There exists a positive integerN
and az ∈ T such thatf N(z) = e. There is a neighbourhoodS of z such thatS ⊂ T and
fN is meromorphic inS with (f N)′ 6= 0 except perhaps atz. We shall show thatS (and
henceT ) contains some repelling periodic points off .

Now z belongs to the perfect setJ (f ) = O−(e), soS contains infinitely many points of
O−(e) and in particular somew ∈ O−(e) which is not one of the (at most(k − 1)) Picard
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FIGURE 1. The neighbourhoodS contains some repelling periodic points.

values off at e. Thus in the neighbourhoodf N(S) of e there is a sequence of different
valuesen such thaten → e andf (en) = w. There is a corresponding sequencezn in S
such thatzn → z andf N(zn) = en. There is an integerl such thatf l−1(w) = e. Thus we
havef N+l (zn) = e, see Figure 1.

Choosek of the pointszn which lie in S and label them asp1, p2, . . . , pk . LetDi be
a disc centred atpi such thatDi ⊂ S, Di ∩ Dj = ∅ for i 6= j , and letDi be so small
that (f N+l )′ 6= 0 andf N+l 6= e onDi \ {pi}. Sincef ∈ MA k there is at least onei,
1 ≤ i ≤ k, such that in any neighbourhood ofe there is a simply-connected domainVi
which is mapped univalently byf onto one of theDi . We may assume thati = 1.

SincefN+l (D1) is a neighbourhood ofe there is a domain of the typeVi , which we
call V with V ⊂ f N+l (D1). Recall thatf N+l (p1) = e, thatf N+l is locally univalent in
D1 except perhaps atp1 and thate 6∈ V . There is some simply-connected subdomainW

with W ⊂ D1 such thatfN+l : W → V is a univalent cover, so thatf N+l+1 : W → D1

is a univalent cover. Ifg is the inverse off N+l+1 such thatg : D1 → W , using Rouch´e’s
theorem and Schwarz’s lemma shows thatg has a fixed pointt in W ⊂ S with |g′(t)| < 1.
Thust is a repelling fixed point off N+l+1.
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Now prove property (8). Iff satisfies the stated assumptions then in particularf ∈ MP2

so that by property (5)X(f ) contains at most two points. We may assume thatE = E(f )

is uncountably infinite, since ifE is countable we havef ∈ MA 5 and the result follows
from property (7). (If we wish to avoid the use of (7) we may refer to the ‘elementary’ proof
of Bolsch [13] for the classK .) Since the critical values of the iterates form a countable set
we may choosee ∈ E so thate is not exceptional and is not a critical value of any iterate.
From (5) we haveJ (f ) = O−(e).

If p ∈ J (f ) andT is an open set which containsp, then there isz ∈ T andN ∈ N

such thatf N(z) = e. SinceJ (f ) is perfect we may ensure thatz is not a Picard value of
f at e. Sincez is not a critical point off N there is a discS = D(z, r) ⊂ T such thatf N

mapsS univalently to a neighbourhoodV = fN(S) of e with inverseg : V → S. We
take two different solutionsti in V of f (ti) = z, wheref ′(ti ) 6= 0. Then there is a disc
S1 = D(z, r1) ⊂ S such that the branchesφi of f−1 with φi(z) = ti are analytic inS1

and for allu in S1 we haveφ1(u) 6= φ2(u), φi(u) 6= u, φi(S1) ⊂ V . This is possible since
z 6= e.

The function defined inS1 \ f−N(E) by

h(u) = (f N+1(u)− φ1(u))(u− φ2(u))

(f N+1(u)− φ2(u))(u− φ1(u))

is meromorphic. Ifh(u) = 0 or ∞, thenu is a point wheref N+2(u) = fφi(u) = u. If
h(u) = 1, thenfN+1(u) = u. Thus, ifT contains no periodic points off , it follows that
h omits 0,1,∞ in S1 \ f−N(E) andh ◦ g omits 0,1,∞ in fN(S1) \E. But

h ◦ g = (f − φ1 ◦ g)(g − φ2 ◦ g)
(f − φ2 ◦ g)(g − φ1 ◦ g)

is meromorphic inf N(S1)\E and has essential singularities at all the points offN(S1)∩E.
SinceE has the local Picard propertyh◦g cannot omit 0,1,∞ andT must contain periodic
points off , as required. 2

4. Orbits which approach a singular point
For transcendental entire functionsf , Eremenko [18] studied the set

I (f ) = {z ∈ C : f n(z) → ∞ asn → ∞}. (3)

He proved that for such functions (a)I (f ) 6= ∅ and indeed (b)J (f ) = ∂I (f ) and (c)
J (f ) ∩ I (f ) 6= ∅. It has been observed [9, 21] that if f is a map ofC∗ to itself with
essential singularities at 0 and∞ then the same results hold, and by symmetry we could
replace∞ by 0 in the definition ofI (f ).

In [17] it is shown that Eremenko’s result also applies to transcendental meromorphic
functions if one replaces the definition (3) by

I (f ) = {z ∈ C : f n(z) → ∞ asn → ∞ andf n(z) 6= ∞}.
See also [41].

Consider nowf ∈ M and fore ∈ E(f ) define

I (f, e) = {z ∈ C : f n(z) is defined for alln andf n(z) → e asn → ∞}.
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THEOREM B. If for somek ∈ N we havef ∈ MPk, then fore ∈ E(f ) we have:
(1) I (f, e) 6= ∅;
(2) J (f ) = ∂I (f, e);
(3) J (f ) ∩ I (f, e) 6= ∅.

The proof will use the following result proved in [17].

LEMMA 3. There is an absolute constantc such that iff is analytic in0< R ≤ |z| < ∞
and ifM(r) = Max|z|=r |f (z)| → ∞ asr → ∞, then for all sufficiently largeρ the image
f (Aρ) of Aρ = {z : R ≤ |z| ≤ ρ} contains some circleC(0, r) = {z : |z| = r}, where
r ≥ cM(ρ/2).

Proof of Theorem B(1).(a) First we consider the case whene ∈ E(f ) is an isolated point
of E(f ) and is also a Picard exceptional value off at e. By conjugating with a M¨obius
transformation we may assume thate = ∞ and thatf is analytic in 0< R ≤ |z| < ∞ with
an isolated essential singularity at∞. In this caseM(r)/r2 → ∞ asr → ∞ so that there
is someσ > 0 such that for allρ > σ we havecM(ρ/2) > 2ρ, wherec is the constant in
Lemma 3. The argument in this case is as in [17] but we give it for completeness.

Now let r1 be greater than Max(σ,M(R)), γ1 = C(0, r1) andB the region between
C(0, R) andC(0, r1). It follows from Lemma 3 thatf (B) containsC(0, r) for somer
such thatr ≥ cM(r1/2) > 2r1 > M(R). Sincef is analytic inB we have∂f (B) ⊂
f (∂B) = f (C(0, R)) ∪ f (γ1), wheref (C(0, R)) ⊂ D(0,M(R)) andM(R) < r1.

The boundary off (B) contains the boundaryγ2 of the unbounded component of the
complement off (B). Thusγ2 is a part off (γ1) and is a continuum which lies in|z| > 2r1
and indeed outsideB.

One may now repeat the argument withB replaced byB2, the region betweenC(0, R)
andγ2. CertainlyB2 contains the annulusR ≤ |z| ≤ 2r1. Thenf (B2) has an ‘outer’
boundaryγ3 which is a continuum lying in{|z| > 4r1}, γ3 ⊂ f (γ2) ⊂ f 2(γ1). By
repeating this argument we see that there is a continuumγn+1 ⊂ f n(γ1) which lies in
{z : |z| > 2nr1}. Thusγ1 ∩ f−n(γn+1) = An is a decreasing family of compact sets whose
intersection is inγ1 ∩ I (e = ∞). Eachγn lies outside the correspondingBn−1.

(b) It remains to consider the cases when eithere is isolated but not Picard exceptional
at e, or when there is a sequence of differenten ∈ E such thaten → e. We assume that
k = 2. The general case is similar. In the case whene is isolated let us seten = e.
Without loss of generality, we may takee to be finite. Then in either case there is a point
z1 ∈ D1 = D(e1,1) such thatf (z1) = e′2 wheree′2 = e1, e2 or e3. If r2 > 0 is sufficiently
small then there is a simply-connected neighbourhoodV1 of z1 inD1\{e1} which is mapped
locally univalently, except perhaps atz1, ontoD2 = D(e′2, r2). Repeating the argument
we see that there is somez2 ∈ D2 \ {e′2} such thatf (z2) = e′3 wheree′3 = en for some
n > 3. Further, there is some simply-connected neighbourhoodV2 of z2 inD2\{e′3} which
is mapped locally univalently byf (except perhaps atz2) to D3 = D(e′3, r3), for some
sufficiently small positiver3. By takingr2 small enough we achieve that there is a branch
of f−1 analytic inV 2 which satisfiesU1 = f−1(V 2) ⊂ V 1. We certainly maker2 < r1/2.

Now continuing inductively we obtain discsDn = D(e′n, rn) wheree′n is someej with
j > n + 1, rn > 0, pointszn ∈ Dn \ {e′n} such thatf (zn) = e′n+1 and simply-connected

https://doi.org/10.1017/S0143385701001328 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001328


Dynamics of functions meromorphic outside a small set 657

neighbourhoodsVn of zn in Dn \ {e′n} which are mapped locally univalently (except at
zn) to Dn+1. We also havern+1 < rn/2. Further, there is an analytic branch off−1 in
V n+1 so thatf−1(V n+1) ⊂ V n. ThenUn = f−n(V n+1) ⊂ V 1 ⊂ D1. SinceUn is
compact and decreases withn the intersectionH = ∩nUn 6= ∅ and forβ ∈ H we have
f n(β) ∈ V n+1 ⊂ Dn+1 for everyn ∈ N. Thusβ ∈ I (f, e).

(2) There is somez ∈ I (f, e). All f n(z) are different and belong toI (f, e). Thus
I (f, e) contains at leastk + 1 different valuesβi all in {f n(z)}.

Take any pointα ∈ J (f ) and any neighbourhoodV of α. By property (5) of §3 one
of βi , sayβ1 is not inX(f ). Thus some pre-imageβ ′ of β1 lies inV . But β ′ ∈ I (f, e).
We conclude thatJ (f ) ⊂ I (f, e). The interior ofI (f, e) is an open set in which allf n

are defined and hence IntI (f, e) ⊂ F(f ) providedE contains at least three points. If,
however,E contains only one or two points it is known that periodic points are dense in
J (f ) and since periodic points are not inI (f, e) it again follows that IntI (f, e) ⊂ F(f ).
Thus in all casesJ (f ) ⊂ ∂I (f, e).

To prove the opposite inclusion takeα ∈ ∂I (f, e) and suppose thatα ∈ F(f ), so that in
F(f ) all f n are defined meromorphically and hence do not take the valuee. In a compact
neighbourhoodV of α, V ⊂ F , suppose that we have some subsequencef nk uniformly
convergent to a meromorphic functiong. Since there is a pointβ ∈ I (f, e) ∩ V we have
g(β) = e. By Hurwitz’s theoremg ≡ e. Thus is true for every convergent subsequence
f nk , so in factf n → e in V . But this contradicts the fact thatα ∈ ∂I (f, e). The proof of
(2) is complete.

(3) In the general case (b) in the proof of Theorem B(1) thern may be chosen so
small thatH reduces to a single point. SinceUn = f−n(V n+1) contains a pre-image
f−n−1(e′n+2) of a point inE(f ) ⊂ J (f ) it follows that the pointβ constructed as
{β} = ∩nUn belongs toI (f, e) ∩ J (f ).

We return to the case (a) of Theorem B(1) and resume the notation of that proof. The
compact setK = ∩nAn is in I (e) ∩ γ1. If K meetsJ (f ) we are finished, so assume that
K ⊂ F(f ). K is covered by some finite set{D1, . . . ,Dp} of components ofF(f ). The
setsAn are decreasing compact sets so for somen0 we haveAn0 ⊂ ∪p1Dp ⊂ F(f ). It
follows thatγn0 = f (An0) ⊂ F(f ) and indeedγn ⊂ F(f ) for all n ≥ n0. Recall also that
eachγn winds around zero and lies in{z : |z| > r1}.

LetGn be the component ofF(f ) which containsγn for n ≥ n0. Thusf (Gn) ⊂ Gn+1

andf n(z) → ∞ asm → ∞, z ∈ Gn. If all Gn are different, then each is bounded since
f (∂Gn) = ∂(f (Gn)) and we get∂Gn ∈ I (e) ∩ J (f ).

It remains to consider the case when not allGn are different, which can only occur
if someGn = Gn+1 = G (say), whereG is an unbounded component ofF(f ) with
f (G) ⊂ G, f n → ∞ in G. Applying Lemma A.13 from the appendix withK = An0 we
see that there are constantsA,C, n and a curve0 which runs to∞ in G with f (0) ⊂ 0

such that for allz on0 we have|f (z)| < |z|A while for anyz, z′ in anyγn, n > n1, we
have|z|1/C ≤ |z′| ≤ |z|C.

Let un be a point onγn with minimum|z|, vn be a point onγn+1 with maximum|z| and
tn a point in0∩γn. ThenM(|un|) ≤ Maxγn |f (z)| = |vn| ≤ |f (tn)|c ≤ |tn|AC ≤ |un|A2C .
Since this holds for a sequence|un| which tends to∞ asn → ∞ we have a contradiction
to the assumption thate = ∞ is an essential singularity off . The proof is complete. 2
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5. Components ofF(f )

If U is a component ofF(f ) then for eachk ∈ N, f k(U) is contained in a unique
componentUk of F(f ). If Uk 6= Un for k 6= n thenU is called ‘wandering’. Otherwise
U is preperiodic: there existk andp ∈ N so thatUk = Up+k. To know the behaviour
of iterates in the preperiodic components it is enough to know the behaviour in periodic
components. SinceF(f ) = F(f p) it is enough to know the properties for an invariant
component such thatf (U) ⊂ U . With little change the discussion in [35, §3, 13] yields
the following.

THEOREM C. If f ∈ M and U is a component ofF(f ) such thatF(U) ⊂ U then
precisely one of the following is true.

(i) U contains an attracting fixed pointz0, that isf (z0) = z0, |f ′(z0)| < 1. For z ∈ U
we havef n(z) → z0 asn → ∞. U is called the immediate attractive basin ofz0.

(ii) U is a domain of attraction of a parabolic fixed pointz0 ∈ ∂U , that isf (z0) = z0,
f ′(z0) = 1 and forz ∈ U we havef n(z) → z0 asn → ∞.

(iii) There is an analytic homeomorphismψ: U → D, whereD is the unit disc, such
thatψ(f (ψ−1(z))) = e2πiαz for someα ∈ R \ Q. In this caseU is called a Siegel
disc.

(iv) There is an analytic homeomorphismψ: U → A whereA is an annulusA = {z :
1 < |z| < r}, r > 1, such thatψ(f (ψ−1(z))) = e2πiαz for someα ∈ R \ Q. U is
called a Herman ring.

(v) There existsz0 ∈ ∂U such thatf n(z) → z0, for z ∈ U asn → ∞, but f is not
meromorphic atz0. There exists a pathγ ⊂ U leading toz0 such thatf (γ ) ⊂ γ

and the spherical distance betweenf (z) andz tends to zero asz → z0 onγ . In this
caseU is called essentially parabolic atz0 or alternatively a Baker domain.

Remark.The only point which calls for comment is that when we are not in cases (i), (iii)
or (iv) of the theorem we have that all limit functions of(f n(z)) in U are constant and
thatf n(z) → ∂U asn → ∞. If we fix z ∈ U and join it tof (z) by γ0 in U , setting
γn = f n(γ0) we have that the curveγ = ∪nγn approaches∂U and diamγn → 0 (sinceγn
is bounded in the Poincar´e metric). If lim supγn is not a point, it is a continuum0 which
contains uncountably many points ofE(f )c. For any such pointe we havef (e) = e since
diamγn → 0. But this is impossible. Henceγ approaches a unique pointz0 ∈ ∂U . If
z0 ∈ Ec we have case (ii) by the usual arguments while ifz0 ∈ E we have case (v).

We note here a result on the connectivity of invariant and periodic components in the
case whenE(f ) is compact and countable, that isf ∈ K .

THEOREM D. [14] If f ∈ K andU is a periodic component ofF(f ), then the connectivity
ofU is 1,2 or ∞.

The proof depends on an application of Ahlfors’ theory of covering surfaces. [14]
also contains the interesting result that ifU andU1 are components ofF(f ) such that
f (U) ⊂ U1, then forf ∈ K the setU1 \f (U) contains at most two points, while the more
general condition capE(f ) = 0 implies thatU1 \ f (U) has capacity zero.
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6. A no wandering domains theorem
If f ∈ M , f (z0) = w0 andg is an analytic branch off−1 atw0, g(w0) = z0, and if we
continueg analytically along some a pathγ = γ (t), t ∈ [0,1], γ (0) = w0, γ (1) = w1

until we meet a first singularity atw1, then eitherg(γ (t)) has a limit pointz1 in Ĉ \ E(f )
ast → 1, in which casef (z1) = w1 andw1 is an algebraic singularity ofg, or g(γ (t))
has no limit point in̂C \ E(f ) ast → 1. In this caseg(γ (t)) approaches a unique point
e ∈ E(f ), sinceE(f ) is totally disconnected and any two distinct pointse, e′ of E(f ) are
separated by a closed curveδ whose distance fromE(f ) is positive. In this second case
we say thatw1 is an asymptotic value off ate corresponding to the pathg(γ ).

We say thatf ∈ M belongs to the classMS if the set of singular values off−1 is finite,
C(f ) = {a1, . . . , ap}. This is equivalent to saying that

f : Ĉ \ (E(f ) ∪ f−1(C(f ))) → Ĉ \ C(f )
is a regular cover. For example, tanz and sinz are in MS with E(f ) = {∞} and
C(f ) = {±i}, {±1}, respectively. Any rational function is inMS.

LEMMA 4. If f andg belong toMS so doesf ◦ g.

Proof. Lemma 2 shows thatf ◦ g ∈ M with E(f ◦ g) = E(g) ∪ g−1(E(f )). We see at
once that any critical value ofh = f ◦ g is either a critical value off or has the formf (b)
whereb is a critical value ofg.

Any other singularity ofh−1 is an asymptotic valuel of h along a pathγ (t), 0 ≤ t < 1,
which lies in Ĉ \ E(h), such thatγ (t) tends to somee ∈ E(h) as t → 1. Also
g(γ (t)) ∈ Ĉ \ E(f ). If g(γ (t)) has a limit pointβ ∈ Ĉ \ E(f ) ast → 1 thenl = f (β)

whereβ is an asymptotic value ofg. Otherwiseg(γ (t)) approaches a unique pointe′ of
E(f ) ast → 1 andf → l ong(β). ThusC(h) ⊂ C(f ) ∪ f {C(g)} which is finite. 2

Lemma 4 allows us to construct many examples of functions inMS. In particular, the
examples exp(R(z)), whereR is rational, and exp(tanz) are inMS and the latter is not
conjugate to any meromorphic function inC. We may also find examples off ∈ MS with
E(f ) compact countable which are not iterates of any meromorphic function inC. One
may ask whether, for any countable compact setE, there is somef ∈ MS withE(f ) = E.

Sullivan’s result [42] that for rationalf the setF(f ) has no wandering components is of
enormous help in studying dynamics off , since the preperiodic cases have been classified
as in §5. This has been extended to the functions inMS for whichE(f ) = {∞}, that is
critically finite entire and meromorphic functions. The proof given in [8] extends much
more generally.

Before we state the next theorem we need a notion which originates in the classification
theory by Riemann surfaces.

If W is a domain in the plane andF is a function analytic inW , the Dirichlet integral
of F is defined byDW(F) = ∫∫

W
|F ′(z)|2 dx dy.

An analytic function with finite Dirichlet integral is said to be of the classAD. The
domainW is said to be of classOAD if the only functions of classAD onW are constants.
A closed setE in the plane whose complementW is connected and of classOAD is
‘removable’ in some ways described in Theorems A.3 and A.6 and in Definitions A.1
and A.5.

https://doi.org/10.1017/S0143385701001328 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001328


660 I .N. Baker et al

THEOREM E. DefineMSR to be the subset of those functionsf ∈ MS such that the
complementE(f ) is of classOAD. ThenF(f ) has no wandering components.

The condition thatC \ E(f ) is of classOAD is somewhat abstract. A sufficient
condition to ensure this is that the linear measure ofE(f ) is zero, see Theorem A.4.
We do not assert thatMSR is closed under composition. A subset which is closed
under composition isMS0 = {f : f ∈ MS and E(f ) has capacity zero}, since
f, g ∈ MS0 implies Cap{E(g) ∪ g−1(E(f ))} = 0, see, for example, [40, p. 69]. The
most immediate application, for which we have many examples is forf in the classK .
ClearlyMS ∩ K ⊂ MS0 ⊂ MSR. The first step in the proof of Theorem E is a lemma.

LEMMA 5. If f ∈ MS and if F(f ) has a wandering component, thenF(f ) has a
wandering componentU such that, for eachk = 0,1, . . . , f : Uk = f k(U) → Uk+1

is a bijection andUk is simply-connected.

Proof. Let the setW = C(f ) = {a1, . . . , ap} and suppose thatU0 is a wandering
component ofF(f ). Denote byUn the component ofF(f ) which containsf n(U0). We
may suppose thatU0 is chosen so that eachUn, n ∈ N, contains no valueai . Hence
f (z) : Un → Un+1 is a regular cover. It will suffice to show thatU0 is simply-connected
(as then eachUn, n > 1, which satisfies the same assumptions is also simply-connected
andf : Un → Un+1 is a bijection).

Suppose thatU0 is not simply-connected, so that we may find a Jordan curveγ which
is not null-homotopic inU0. If any γn = f n(γ ) were null-homotopic inUn the homotopy
would lift back by the regular coverf n : U0 → Un andγ would be null-homotopic inU0.
Thus eachγn is non-null-homotopic inUn. If any subsequence of{f n} has a non-constant
limit function in a Fatou componentV , then it follows thatV must be preperiodic. The
proof given by Fatou [22, II, p. 55] for rational functions remains applicable. Thus inU0

all limit functions are constant and are approached locally uniformly. Hence asn → ∞
the spherical diameter ofγn, dn say, approaches zero.

Let ε be a positive number such that 10ε is less than the greater of one and the minimum
spherical distance between any pair ofai , and further 4ε < diamE(f ) (we may suppose
thatE(f ) contains at least two points since the result is already known ifE(f ) 6= ∅ or a
singleton).

For n ≥ n0 diamγn < ε. Thus eitherγn+1 lies in some spherical discD = D(a, ε)

which contains no points ofW or there is someaj , a1 say, such thatγn+1 ⊂ D(a1,2ε) \
{a1} = D∗.

Takep ∈ γn and denote byg the branch off−1 such thatg(f (p)) = p. In the first
case above whenD = D(a, ε), g is analytic and univalent inD andg(D) = A is a
simply-connected domain bounded by a Jordan curve∂A = g(∂D).

In the second case aboveg continues analytically throughoutD∗. Now [36] g either has
an algebraic branch point ata1 (we have to include here the possibility thatg is analytic at
a1) or g has a logarithmic branch point. Ifa1 is an algebraic branch point,g returns to its
initial value after some numberd of circuits rounda1. There is a Jordan curve0 such that
f (0) covers the circleC(a1,2ε) justd times. One of the componentsA of the complement
of 0 contains a pointα such thatf (α) = a1 andf : A \ {α} → D∗ is ad to 1 cover.
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FIGURE 2. f is the universal covering map.

If, on the other hand,a1 is a logarithmic branch point, the maph defined inH = {t :
Ret < 0} by h(t) = g(a1 + 2εet) is univalent inH and indeed on∂H . As t = iy, y ∈ R,
y → ∞, sof (h(t)) = a1 + 2εeiy shows thath(t) must leave each compact set inE(f )c.
Thus (sinceE is totally disconnected)h(iy)must tend to a uniquee ∈ E(f ) asy → +∞.
Sinceh(H) omits an open set of values it follows that asy → −∞, h(iy)must tend to the
same limite by Lindelöf’s theorem (see Theorem A.10). We deduce thatg(D∗) = h(H)

is a simply-connected domainA bounded by a Jordan curve0 and that, except fore, f is
analytic inA ∪ 0, and thatf : A → D∗ is the universal covering map, see Figure 2.

Thus in all the cases treated above there is a domainA bounded by a Jordan curve, such
that γn ∈ A andE ⊂ Ac. Thus the component1n of γ cn which containsAc must also
containE so that diam1n > 4ε. Since diamγn < ε we see that for every component,
sayB, of γ cn which is different from1n we have diamB < ε. Further,∂B ⊂ γn andf
is meromorphic onB sof (B) is a domain bounded by∂f (B) ⊂ f (∂B) ⊂ γn+1. Since
f (B) ⊂ f (A) we have diamf (B) < 4ε. Therefore,f (B) does not meet1n+1.

Thus all such componentsB andγn clearly map onto1cn+1. By inductionf is analytic
in all the open setsVn = (1n)

c, n > n0, with values in(1n+1)
c soVn ⊂ F(f ). Thus

γn ∪ Vn ⊂ F(f ) and indeed is a subset ofUn. Thenγn must be contractible to a point in
Un. But this contradicts what we have proved above. The proof is complete. 2

For future use we note the following.

LEMMA 6. [37, p. 120]If E is a totally disconnected compact plane set whose complement
is of classOAD andφ is a quasi-conformal map ofC, thenφ(E) has a complement of
classOAD.

LEMMA 7. [32, Ch. V, 3.6]If G is a domain andE a compact set such thatG \ E is a
domain and ifE belongs to the classOAD, in particular ifE has linear measure zero, then
any conformal map ofG \ E can be extended to a conformal map ofG.

Proof of Theorem E.This follows from the proof given in [8] with slight modifications.
See also [19].

We suppose thatf ∈ MSR with C(f ) = W = {a1, . . . , ap} and thatF(f ) has
a wandering componentU as in Lemma 5. Thus there is a conformal maph : D =
D(0,1) → U with inversek. LetM be an integer exceeding 2p+ 8. Then we construct in
[8] some 0< δ, T = {t ∈ RM : |ti | ≤ δ,1 ≤ i ≤ M} and explicit mapsφt(z) : T ×D →
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D such that for fixedt the mapφ = φt is a quasi-conformal homeomorphism ofD to itself
whose dilatation inD, vt (z) = φz/φz, satisfies‖vt (z)‖∞ < ε/3. Further,φt(z) isC∞ in t
and, for eacht , φt(z) fixesz = 0 and also an open subset on∂D which is independent of
t . If φt ≡ φs on∂D thent = s.

Just as in [8] we takeχt = hφtk : U → U which is quasi-conformal with dilatation
µt = vt (k)k′/k′ which is measurable inU with ‖µt‖∞ ≤ ε/3.

With B = O−(E(f )) we define the equivalence relation∼ on Ĉ \ B by x ∼ y if and
only if f m(x) = f n(y) for somem, n ∈ N. By Lemma 5 each iteratef n is univalent in
U so that a class[x] meetsU in at most one point. We can extendµt (z) to Ĉ by push and
pull back, that is:

µt(z)(f
n)′(z)/(f n)′(z) = µt(x)(f

m)′(x)/(f m)′(x) (4)

if z ∈ U andf n(z) = fm(x),m,n ∈ N, whileµt = 0 if [z] ∩ U = ∅ or z ∈ B.
Thenµt is measurable in̂C with ‖µt‖∞ < ε/3,C∞ in t and

µt (f (z)) = µtf
′(z)/f ′(z) (5)

for z 6∈ E, that is for almost allz.
Pick different finiteb1, b2, b3 6∈ W andap+1, ap+2, ap+3 so thatf (ap+i) = bi . By

direct computation it is found as in [8], see also [3], thatµt (z) satisfies the conditions of
the measurable Riemann mapping theorem (Theorem A.12), so there is a unique quasi-
conformal homeomorphism8t of Ĉ which fixesb1, b2, b3 and has dilatationµt almost
everywhere. Sinceµt(z) is in C1(T ) it follows from [1] that8t(z) is in C1(T ) for each
fixedz.

From (4) and (5), the functionft = 8tf8
−1
t is meromorphic inRt = 8t(R),

R = Ĉ \E becauseft8t = 8tf has the same dilatation as8t . Also if Wt = 8t(W) then
ft : Rt \8t(f−1(W)) → Ĉ \Wt is an unbranched cover.

Now t → {8t(a1), . . . ,8t (ap+3)} is aC1 map ofT into Cp+3 = R2(p+3). SinceT is
anM-dimensional cube andM − 2(p + 3) > 1 there is a non-constant arcτ : t = τ (σ ),
σ ∈ I = [0, σ0], in T on which the mapt → {8t(a1), . . . ,8t (ap+3)} is constant.

We shall simplify notation by writing8σ for 8t(σ), fσ for ft(σ ), ai(σ ) = 8σ (ai) and
Rσ = Rt(σ).

LEMMA 8. (Generalized from [19]) We havefσ = fτ and8σ = 8τ for σ , τ ∈ I .

Proof. For fixedτ andσ in I

f ◦8−1
σ : Rσ \8σ (f−1(W)) → Ĉ \W,

f ◦8−1
τ : Rτ \8τ (f−1(W)) → Ĉ \W,

are unbranched coverings. For anyλ ∈ I ,8−1
λ 8σ is a quasi-conformal self-map of̂C \W

which fixesb1, b2, b3 anda1, a2, . . . , ap+1. By the homotopy lifting theorem,8−1
λ 8σ lifts

to a homeomorphism

ψσλ : Rσ \8σ (f−1(W)) → Rτ \8τ (f−1(W))
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which fixes8σ (ap+1) = 8τ (ap+1) in the commuting diagram

R′
σ = Rσ \8σ (f−1(W))

f8−1
σ //

ψσλ

��

Ĉ \W

8−1
λ 8σ

��
Rτ \8τ (f−1(W))

f8−1
τ // Ĉ \W

(6)

(we note that bothf8−1
σ andf8−1

τ mapα = 8σ (ap+1) to b1).
Now for anyλ, σ ∈ I 8λ(ap+2) = 8σ (ap+2), 8λ(b2) = 8σ (b2) andf (ap+2) = b2.

Thus from (6)f8−1
τ ψσλ8σ (ap+2) = 8−1

λ 8σf (ap+2) = b2, so thatψσλ8σ (ap+2) ∈
8τf

−1(b2), which is a discrete subset ofRτ . Since the left-hand side is continuous
in λ it must be constant forλ ∈ I and, in particular, settingλ = σ and noting
ψσσ = 8τ8

−1
σ , ψσλ8σ (ap+2) = ψσσ8σ (ap+2) = 8τ (ap+2) = 8σ (ap+2). Similarly,

ψσλ8σ (ap+3) = 8σ (ap+3).
Taking λ = τ in the commuting diagram (6) givesfσ = fτψστ . Thusψστ is

meromorphic and injective inRσ \ f−1
σ 8τ (W) = Rσ \ 8σf−1(W), that is conformal

in Ĉ \K whereK is the compact set8σ (E ∪ f−1(W)). Recall thatf−1(W) is countable
with limit points inE. We claim thatK has a complement of classOAD. FirstK is totally
disconnected. Suppose that the functionF is univalent in the complement ofE∪f−1(W).
Then each pointf−1(W) is a removable singular point ofF and the extension ofF to the
complement ofE is univalent. By Theorem A.3,F is then linear. ThusE ∪ f−1(W) has
complement of classOAD and Lemma 6 implies that the same is true forK. By Lemma 7
ψστ has an extension to a conformal map ofĈ, a Möbius transformation. Sinceψστ fixes
the three points8σ (p + i), it is the identity. Thus8σ = 8τ and Lemma 8 is proved. 2

For eachσ ∈ I all images8σ (U) = V are the same. LetH be a conformal map
H : D → V . Then bothH−18σh andφt(σ ) mapD toD with the same dilatation, since
8σ andχt(σ ) = hφt(σ )h

−1 have the same dilatation inU . Hence there is a M¨obius map
Lσ : D → D such thatH−18σh = Lσφt(σ ).

Since8σ = 80 for σ ∈ I we haveLσφt(σ ) = H−18σh = H−180h = L0φt(0) in D.
Both sides are continuous inD so that the equalityLσφt(σ ) = L0φt(0) holds also on∂D, in
particular on the open subset of∂D which is fixed by allφt(σ ). This implies thatLσ = L0,
σ ∈ I , and henceφt(σ ) = φt(0) on the whole of∂D which contradicts the construction.
The theorem is proved. 2

7. Baker domains
The method of Eremenko and Lyubich [20, pp. 993–994] gives the following.

THEOREM F. If f ∈ M and if e ∈ E(f ) is not a limit point of singularities off−1 then
there is no invariant component ofF(f ) in whichf n → e.

Proof. Suppose thatD is such a component. We may suppose thate = ∞ and takeR so
that inA = {z : R < |z| < ∞} there is no singular point off−1. We may also suppose
that 0 6∈ E(f ), |f (0)| < R.
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W

F

��

exp //
oo

h

G
f // A

H

exp

::vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv

FIGURE 3. The analytic homeomorphismF .

Now f (D) ⊂ D so∞ ∈ ∂D. By Theorem C there is a pathγ (t), 0 ≤ t < 1, inD such
thatf (γ ) ⊂ γ , γ (t) → ∞ andf (γ (t)) → ∞ ast → 1. Fort near 1 we haveγ (t) ∈ A,
f (γ (t)) ∈ γ ∩ A and, takingg to be the branch off−1 such thatg(f (γ (t))) = γ (t),
we may continueg without restriction inA. Theng has either an algebraic branch point
or a logarithmic branch point at∞. But if ∞ is an algebraic branch point we must have
g(∞) = ∞ which conflicts with the assumption that∞ ∈ E(f ). Hence∞ is a logarithmic
branch point ofg.

Thus ifH = {z : Rez > lnR} we haveg(et ) univalent inH with values in a simply-
connected unbounded regionG such that 0,∞ 6∈ G. We take a branchh of the logarithm
to mapG to a simply-connected domainW . Sincef ◦ exp : W → A and exp: H → A

are both universal covers there is an analytic homeomorphismF : W → H such that
exp◦F = f ◦ exp inW . Note thatW contains no disc of diameter 2π and the sets
Wn = W + 2nπi are disjoint. We may defineF in ∪nWn to be periodic with period 2πi,
see Figure 3.

Applying Koebe’s 1
4-theorem to F−1 : H → W shows that |F ′(z)| ≥

(1/4π)(ReF(z)− lnR) in ∪nWn.

Now by assumption there is inD a discD0 = D(z0, r), r > 0, centred at some
z0 ∈ γ (t), such that for alln ∈ N,Dn = f n(D(z0, r)) ⊂ A. Sincezn = f n(z0) ∈ Dn ∩ γ
andf (zn) = zn+1 we haveg(zn+1) = zn, g(Dn+1) = Dn and so allDn, n > 1, inG. Next
we putCn = hDn in W . We have expCn+1 = Dn+1 = fDn = f expCn = expFCn.
HenceCn+1 is F(Cn)+ 2πvi for somev.

Now let dn be the radius of the largest disc centred attn = hzn which is contained
in Cn. By the 1

4-theoremdn+1 ≥ 1
4dn|F ′(tn))|. Since Retn → ∞ asn → ∞ we have

|F ′(tn)| → ∞ and we obtain a contradiction with the fact thatCn can havedn at mostπ . 2

COROLLARY. If f ∈ MS, then it has no Baker domains.

For otherwise, there is somep ∈ N, componentG of F(f ) with f p(G) ⊂ G,
f pn → e ∈ ∂G∩E(f p). Butf p ∈ MS also ande cannot be a limit point of singularities
of f−p, so the result follows from Theorem F.
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COROLLARY. If f ∈ MSR, then every component ofF(f ) is eventually periodic and the
only periodic components are associated with attracting or parabolic periodic points or
are part of a cycle of Siegel discs or Herman rings.

8. Relation between the singular orbits and the Fatou domains
The results which hold for rational maps generalize with little change in the proofs.

LEMMA 9. If f ∈ M and if gn(k) are branches of the inverses off n(k) which are
meromorphic in the domainU , k ∈ N, then{gn(k)} is normal inU .

Proof. If E(f ) contains fewer than three points, Theorem A(7) shows that repelling
periodic points are dense in the perfect setJ (f ). Since the solutions off p(z) = z

have limit points only at the countable setE(f p) = E ∪ f−1(E) ∪ · · · ∪ f−(p−1)(E)

it follows that there are different integersp, q (≥ 3) and (distinct)p andq cycles:A =
{α0, α1, . . . , αp} andB = {β0, β1, . . . , βq }. In U \ A we havegn(k)(z) 6= α0, α1, . . . , αp

so that{gn(k)} is normal inU \ A. The same is true inU \ B and hence inU .
If, however,E contains three pointse1, e2, e3 thengn(k) 6= e1, e2, e3 in U so the result

follows.

LEMMA 10.
(i) If f ∈ M andG1, . . . ,Gp is a periodic cycle of Fatou components in which the

iterates converge to either an attracting or parabolic periodic cycle of points then
G1 ∪ · · · ∪Gp contains the forward orbit of some singular point off−1.

(ii) If G1, . . . ,Gp is a cycle of Siegel discs or Herman rings (i.e. eachGi is a Siegel disc
or Herman ring off p), then each point of∪i (∂Gi) is a limit of points in the orbit of
singularities off−1.

Proof. It suffices to consider the casep = 1;G1 = G is then an invariant component.
(i) Suppose thatG contains no singular points off−1. If G contains an attracting fixed

pointp with λ = f ′(p) we have|λ| < 1 and may suppose thatλ 6= 0, since otherwisep is
the required singular point withO(p) = {p} ⊂ G.

Let g denote the branch off−1 such thatg(p) = p, g′(p) = λ−1. Then if
D = D(p,R) ⊂ G we haveg analytic inD. Further, for anyn ∈ N, g(n) is analytic at
least in some neighbourhood ofp and then by analytic continuation, noting the complete
invariance ofF(f ), in at leastD. Thus by Lemma 9{gn} is a normal family inD which
contradicts the fact thatgn(p) = p, (gn)′(p) = λ−n → ∞.

If G is a component in whichf n converges to a parabolic fixed point, which we may
assume to be 0∈ ∂G, then we have for somep ∈ N that the Taylor expansion off near
zero is

f (z) = z+ ap+1z
p+1 + · · · , ap+1 6= 0, z ∈ D(0, R)

and we denote byg the local inverse

g(z) = z− ap+1z
p+1 + · · · , z ∈ D(0, ρ), ρ > 0.

We may assume thatap+1 < 0 and thatG contains

W = D(0, R) ∩
{
z : |argz| < π

p
− ε

}
, where 0< ε <

π

4p
.

https://doi.org/10.1017/S0143385701001328 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001328


666 I .N. Baker et al

For small positivex ∈ W we haveg(x) ∈ W and g(g(x)) ∈ W . By analytic
continuation we findg2(z) = z−2ap+1z

p+1+· · · and furthergn(z) = z−nap+1z
p+1+· · ·

analytic and normal inW . By the local behaviour near parabolic points,gn are defined and
normal inW ′± = D(0, s) ∩ {z : |argz ± π/p| ≤ 3π/4p} for somes > 0 with gn → 0
in W ′ uniformly. Since{gn} is normal inW ∪W ′ we havegn → 0 uniformly on the rays
α± : {argz = 3π/2p or−3π/2p, 0 ≤ |z| ≤ t} and onCt = {z : |z| = t , |argz| ≤ 3π/2p}.
Hencegn → 0 uniformly in the finite regionV bounded by these rays andCt . Now
zn = f n(t) is insideV for all n andgn(zn) = t which contradicts the claim thatgn → 0
in V . Thus the proof of (i) is complete.

(ii) If G is, for example, a Siegel disc andz0 ∈ ∂G, suppose that some discD(z0, R) =
U contains no singular points of anyf−n. Denote byg the inverse of the univalent map
f |G. Theng is defined at some points ofU and has analytic continuation throughoutU .
The same is true for all iteratesgn of g. For some sequencenk → ∞ we havef nk → Id
inG andgnk → Id inG. Since{gnk } are normal inU we havegnk → Id in U . Thus for all
sufficiently largek, gnk (U) covers a fixed neighbourhoodV of z0 andf nk (V ) ⊂ U . But
this contradicts the fact thatz0 ∈ J (f ) ∩ V . 2

9. Totally disconnected Julia sets
In simple cases the results of §8 may allow us to determine the dynamics of a map in our
class. As an example we have the following result.

THEOREM G. Suppose thatf ∈ MSR and suppose that there is an attracting fixed point
whose Fatou componentG contains all the singular points off−1. ThenJ (f ) is totally
disconnected.

Remarks.(1) In dealing with a transcendental entire function we must remember that the
singular point∞ ∈ E(f ) ⊂ J (f ) so thatf cannot possibly satisfy the conditions of
the theorem and there can be no conflict with the known fact thatJ (f ) is never totally
disconnected for this class of functions.

(2) The theorem is, however, interesting even in the case of transcendental meromorphic
functions where the only known examples with totally disconnectedJ (f ) seems to be the
functionλ tanz, |λ| < 1, or their conjugates.

Example 6.Let R(z) = p(z)/q(z) wherep andq are polynomials of degree (exactly)n
without common zeros and such that:
(1) all zeros ofp andq are simple;
(2) q(0) 6= 0; and
(3) p(1) = 0.

Then if the constantλ is sufficiently small,f (z) = λR(ez), which is meromorphic inC
with essential singularity∞, has totally disconnected Julia set.

To justify the above claim note that the singularities off−1 ⊆ λS where S =
{critical values ofR} ∪ {R(0), R(∞)} = A ∪ B (say).

By assumption (1) 0,∞ 6∈ A. By assumption (2)R(0) 6= ∞. Since degp = degq we
haveR(∞) 6= ∞,0. ThusS is a finite subset (of at most 2 degp points) ofC.
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Further,f (0) = λR(1) = 0. Taker > 0 so thatR(ez) is analytic inD(0,2r), and so
bounded inD = D(0, r). Then if λ0 is sufficiently small we have for all|λ| < λ0 that
f : D → D so thatD belongs to a componentG of F(f ), zero is an attracting fixed point
andλS ⊂ D. Thus Theorem G applies to prove our claim.

Example 7.For sufficiently small constantsλ,µ the functionf = tan(λ tanµz) has
totally disconnected Julia set. Forf ∈ K ∩ MS with an attracting fixed point at zero if
|λµ| < 1. The singular points are±i and± tan(λi). For sufficiently small|λ|, |µ| we have
|tanλi| < 1 and for all|z| ≤ 1 that|f (z)| ≤ 2|λµ||z| ≤ 1

2|z|. The functionf therefore
satisfies the assumptions of Theorem G.

Proof of Theorem G.We suppose thatf ∈ MSR and that zero is an attracting fixed point
of f which belongs to the componentG of F(f ). The set of singular points is finite,
{a1, . . . , ap} ⊂ G. Clearlyf (G) ⊂ G.

First we show thatG is completely invariant. Takez in G such thatz1 = f (z) is
different fromaj , 1 ≤ j ≤ p, and denote byg the branch off−1 such thatg(z1) = z. If h
is an arbitrary branch off−1, defined and hence analytic in a neighbourhood ofz1, there
is some closed pathγ in � = Ĉ \ {a1, . . . , ap} starting and ending atz1, such that alongγ
the branchg continues analytically toh. But γ is homotopic in� to a pathγ ′ which starts
and ends atz1 and hasγ ′ ⊂ G. Continuation ofg alongγ ′ yieldsh but the continuation
mapsγ ′ into F(f ) and hence remains inG. ThusG is completely invariant.

By Theorems E and F there are neither Baker domains nor wandering components in
F(f ). Further, eachO(aj) lies inG and has only zero as a limit point. It follows from
Lemma 10 that the only periodic component isG. This is indeed the only component of
F(f ) since any componentH of F(f )must map by somef n intoG, which is completely
invariant.

Now let8 denote the analytic universal covering map from the unit discD toG such
that8(0) = 0, and9 the local inverse of8 which is analytic in a neighbourhood of zero
with 8(0) = 0. ThenF = 9f8 is analytic in a neighbourhood of zero withF(0) = 0,
F ′(0) = f ′(0). Analytic continuation ofF is possible throughoutD andF is then analytic
in D with F : D → D.

We chooseρ such that 0< ρ < 1 holds and the circumferenceC(0, ρ) contains none
of the countable set of points8−1(aj ), 1 ≤ j ≤ p, while the discD(0, ρ) contains at least
one of8−1(aj ) for every 1≤ j ≤ p.

Now 8 : D(0, ρ) → K which containsa1, . . . , ap,0 and satisfiesf (K) ⊂ K since,
by Schwarz’s Lemma,F mapsD(0, ρ) into itself. The boundary∂K is a subset of
0 : 8(C(0, ρ)). The curve0 crosses itself only at points8(z) wherez ∈ C(0, ρ) is
such thatT z ∈ C(0, ρ) for some elementT of the covering group which is different
from the identity. We shall show that there are at most finitely many such points. If
this is not the case there are sequenceszn ∈ C(0, ρ) and z′n ∈ C(0, ρ), Tn 6= Id in
the covering group such thatzn → α, z′n = Tn(zn) → β. There is a neighbourhood
1 = D(α, η) such thatT1 ∩ 1 = ∅ for every covering transformation other than the
identity. Let1′ = D(α, η/2) and taken so large thatzn, zn+1 ∈ 1′ and|z′n − z′n+1| < ε

whereε is a number such that 0< 4ε < (1 − ρ)η. SinceT −1
n+1 mapsz′n+1 to zn+1 and

D(z′n+1,1− ρ) into the discD(zn+1,2), we have from Schwarz’s lemma thatT −1
n+1z

′
n is in
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1, which implies thatT −1
n+1Tn = Id. Thus for largen all Tn are the same, sayT . But then

T fixes both circlesC(0, ρ) andC(0,1) which is possible only ifT (0) = 0, or sinceT is
a covering transformation ifT = Id, which contradicts our assumption aboutTn. Thus0
is an analytic curve with at most a finite set of self-intersections.

We have shown thatK
c

has a finite set of components, each of which must be simply
connected and bounded by a part of0. Denote these components byAi , 1 ≤ i ≤ N . We
note thatf−1 : Kc → Kc and indeed for anyn the branches off−n are all analytic in
eachAi and mapAi to disjoint domainsAni,s . Since0 ⊂ F(f ), each component ofJ (f )
lies in the interior of someAni,s (for eachn).

Suppose that some componentµ of J (f ) contains more than one point. Nowf n(µ) is
in the interior of someAi(n) and we may choose a sequencen(k) such thatn(k) → ∞ as
k → ∞ and eachi(n(k)) is the same,A1 (say). Thusµ belongs to a component, which
we callAk (= someAn(k)1,s ) of f−n(k)A1. The sequence of branchesgk of f−n(k), such that

gk(A1) = Ak, is normal inA1, and without loss of generality we may assume thatgk is
locally uniformly convergent inA1 with limit h.

Now J1 = J (f ) ∩ A1 is a compact subset ofA1. Thus ifh is constant we must have
diamgk(J1) → 0 ask → ∞ which implies that diamµ = 0, against our assumption.
Henceh is a non-constant function univalent inA1. We take a Jordan curveδ in A1 whose
interior I containsJ1. Thush(J1) is a compact subset ofh(I) which is bounded byh(δ).
For sufficiently largek, gk(δ) approximatesh(δ) closely and there is an open setU such
that for all largek we haveµ ∈ gk(J1) ⊂ U ⊂ gk(I). Thusf n(k)(U) ⊂ I ⊂ A1. In
particular, allf n(k) and hence allf n are analytic inU . Further, for anyn there is a greater
n(k) so thatn(k) = n + j for somej > 0. Thenf n(U) ⊂ f−j f n(k)(U) ⊂ f−j (A1),
which is a set disjoint fromK. It follows thatU ⊂ F(f ) which contradicts the fact that
µ ⊂ U . We have now proved that all components ofJ (f ) are singletons. 2

There exist cases where we can guarantee the existence of singleton components
although the Julia set may not be totally disconnected. Iff is a transcendental entire
function thenJ (f ) is not totally disconnected (see, for example, [9, Theorem 9]), but it is
shown in [16] that if there exists a multiply-connected component ofF(f ), then singleton
components are dense inJ (f ).

In [17] it was shown that iff is a transcendental meromorphic function (where
E = {∞}) and if there exists a multiply-connected component ofF(f ) of connectivity at
least three, then singleton components are dense inJ (f ). This result may be generalized
with only slight changes in the proof.

THEOREM H. Suppose thatf ∈ MA k and thatF(f ) has a componentH of connectivity
at leastk. Then singleton components are dense inJ (f ).
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A. Appendix
For the reader’s convenience we include some less standard results of complex analysis
relevant to the paper. The first results relate to the classifications of Riemann surfaces but
are required only for plane domainsW . See [2, Ch. 4]. In §6 we have already given the
definition of the Dirichlet integral of a function analytic inW .

Definition A.1. A plane domainW is of classOAD if the only analytic functions inW with
finite Dirichlet integral are constants.

Definition A.2. A plane domainW is of classOAB if the only bounded analytic functions
in W are constants.

It is shown in [2] thatOAB is strictly contained inOAD.

THEOREM A.3. [2] A plane domainW is of classOAD if and only if the only univalent
functions inW are linear functions.

THEOREM A.4. [2] If the domainW is the complement of a closed bounded setE andE
has linear measure zero, thenW ∈ OAB ⊂ OAD.

Remark.E has linear measure zero if it can be enclosed in a finite number of circular discs
whose radii have an arbitrarily small sum.

Definition A.5. A closed setE is a removable singularity for any functionf defined in
a neighbourhoodG of E with bounded Dirichlet integral if any suchf has an analytic
extension toG.

THEOREM A.6. [2] A closed setE is a removable singularity in the sense of Definition A.5
if and only if its complement in the sphere is a domain of classOAD.

We remark that Lemma 6 states that plane sets whose complement is of classOAD are
quasiconformally invariant.

THEOREM A.7. [37, p.10]If E is a closed totally disconnected set whose complement is
of classOAB andf is meromorphic inEc with essential singularities at every pointE,
thenC(f,Ec, z0) = Ĉ for all z0 ∈ E.

Ahlfors’ five island theoremhas many uses in dynamics. It is also clearly related to the
theory of normal families. See, e.g., the recent survey [11]. Some extensions to more
general situations are mentioned in §2. One form of the theorem follows.

THEOREM A.8. [44] Let f be a transcendental meromorphic function inC, and let
D1,D2, . . . ,D5 be five simply connected domains inC with disjoint closures. Then there
existsj ∈ {1,2, . . . ,5} and, for anyR > 0, a simply connectedG ⊂ {z ∈ C : |z| > R}
such thatf is a conformal mapG ontoDj . If f has only finitely many poles, then ‘five’
may be replaced by ‘three’.

THEOREM A.9. (Koebe’s1
4-theorem [44]) If f is a conformal map ofD(0,1) onto the

domainG ⊂ C such thatf (0) = 0, f ′(0) = 1, thenG contains a discD(0, ρ) with
ρ ≥ 1

4.
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THEOREM A.10. (Lindelöf’s theorem [15, p. 43])Suppose thatf is analytic inD(0,1)
and continuous onD(0,1) \ {1}.

If lim f (eiθ ) = e+ ande− asθ → 0 through positive and negative values, respectively,
wheree− and e+ are finite, thene− 6= e+ implies thatCD(f,1) = Ĉ. In particular, if
Ĉ \ f (D) contains an open disc, thee− = e+.

Definition A.11.(Quasiconformal maps [32]) A function u(x, y) is ACL (absolutely
continuous on lines) in a plane domainD if, for every closed rectangleR in D with sides
parallel to thex andy axes,u(x, y) is absolutely continuous on almost every horizontal or
vertical line inR.

A topological mapφ of the plane domainD into Ĉ is called quasi-conformal if:
(i) φ is ACL in D; and
(ii) there is a constantk, 0 ≤ k < 1, such that and|φz| ≤ k|φz| holds almost everywhere

in D, whereφz = 1
2(φx − iφy), φz = 1

2(φx + iφy).
Further,µ(z) = φz/φz is called the the complex dilatation ofφ. If µ(z) = 0 almost

everywhere, thenφ is conformal.
If f is a one-to-one conformal map from a domainD to a domainD1 andφ is a quasi-

conformal map defined onD andD1 whose complex dilatationµ satisfies

µ(f (z)) = µ(z)f ′(z)
f ′(z)

, a.e. inD,

thenφ ◦ f ◦ φ−1 is conformal inφ(D).

THEOREM A.12. (The measurable Riemann mapping theorem [1]) Given any measurable
functionµ onC such that‖µ‖∞ = ess sup|µ| < 1, there exists a unique sense-preserving
quasiconformal homeomorphismφ = φµ of Ĉ ontoĈ which has complex dilatationµ and
fixes 0, 1,∞.

Ahlfors and Bers [1] proved that ifµ depends continuously and differentially on
parameters, the same is true ofφµ. Their result includes the following.

Write t = (t1, . . . , tn) ands = (s1, . . . , sn). Suppose that for allt in some open set
1 ⊂ Rn one has for theµ of A.12 thatµ(t, z) ∈ L∞ as a function ofz with ‖µ‖∞ < 1
and that (suppressingz)

µ(t, s) = µ(t)+
n∑
i=1

ai(t)si + |s|α(t, s)

with ‖α(t, s)‖∞ ≤ c, c constant andα(t, s) → 0 a.e. inz as s → 0. Suppose that
‖ai(t + s)‖∞ are bounded and thatai(t + s) → ai(t) a.e. fors → 0.

Thenφµ(t) is inC1(1) as a function oft for fixedz.

LEMMA A.13. (The rate at which iterates can approach infinity in an unbounded invariant
domain [9, Lemma 7])LetG be an unbounded invariant domain inC with at least two
finite boundary points, and letg be analytic inG.

Suppose thatg(G) ⊂ G andgn → ∞ in G. Then for any compact subsetK ofG there
exist constantsC andn0 such that|gn(z′)| ≤ |gn(z)|C for all z, z′ ∈ K, n ≥ n0. Further,
there exist a constantA > 1 and a curveγ in G tending to∞ which satisfiesg(γ ) ⊂ γ

such that|z|1/A ≤ |g(z)| ≤ |z|A for z ∈ γ .
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