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Abstract The theory of Fatou and Julia is extended to include the dynamics of functions
f which are meromorphic iff outside a totally disconnected compact B&) at whose
points the cluster set of is C. The Julia set is defined not only by the standard approach
but is also characterized in terms of the set of points whose orbits approach a point of
E(f). For the subclass whet( /) has a complement of clag¥sp and the inverse of

has a finite set of singular points it is shown that neither wandering components nor Baker
domains occur inF(f). As an application, functions of a certain general class are shown
to have a totally disconnected Julia set.

1. Introduction
Iteration of rational maps of originated essentially with the work of Fata2d] and Julia
[27], nearly a century ago.

Fatou R3] extended the discussion to transcendental entire functions. Fatou remarks
that for a transcendental meromorphic functipthe iterates”, n € N, defined byf! =
f, f" = f o f"Lin general have infinitely many essential singularities, whereas rational
and entire functions are analytic maps@br C, respectively, into itself, whose iterates
are of the same type. This was a discouragement from considering the meromorphic case.
Itis, however, natural to consider the iteration of meromorphic functions, which arises in
such practical problems as the attempt to solve an equatiyn= 0 with transcendental
entireg by Newton’s method. Indeed in the last decade or so a theory of the dynamics of
transcendental meromorphic functiongimas developed. The main features of this theory
are described in the surve§]{ many results turn out to be similar to those for rational or
entire maps but require different proofs. The iteration of meromorphic functions at once
leads us out of a closed system: if we iterate meromorpliicC we are also iterating?,
which is not in general meromorphic, so there must be a more general version of the theory.
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This suggests trying to extend the ‘classical’ theory of Julia and Fatou as far as possible
while retaining its basic results. An early step in this direction was takerelogt®in [39]

who also pointed out that the Fatou—Julia approach is appropriate for analytic maps of the
punctured plan€* = C\ {0} to itself. The case of the punctured plane has been developed
by various authors, for example ia,[12, 28, 29, 30, 31, 33

It is of more than purely aesthetic interest that the class of functions to be studied in an
extended theory should be closed under iteration or even arbitrary functional composition.
One reason is that in the classical theory it is often very convenient in proofs to replace a
function by its iterate of some higher order. For example points of pegriofl f can be
discussed as fixed points ¢P. Also f, f? have the same Fatou and Julia sets (see below
for definitions).

The smallest class which obviously includes the meromorphic functions with one
essential singularity and which is closed under composMﬁﬁs {f :there is a compact
countable seE(f) C C such thatf is meromorphic inC \ E(f) but in no larger sét
This class has been studied by Bolsdl3,[14. Independently, broader generalizations
have been given ir2f).

This paper will give a simplified presentation of some parts28.[ §2 discusses
the classes of functions considered, which are functions meromorphic outside a totally
disconnected seE, of essential singularities, subject to some further assumptions. At this
stage the Fatou sét(f) and the Julia sef (f) of such a function are defined. These are
the basic objects of the theory and in §3 the standard properties are obtained for functions
of our classes.

In 84 we extend a result obtained first by Eremenk§] [for transcendental entire
functions and later in1[7] for functions meromorphicift: under fairly general conditions
on the functions treated in 82, for arye E the set/(f,e) = {z : f"(z) is defined
and different frome for all n € N and f"(z) — e asn — oo} iSs hon-empty and
J(f) = dl(f, e). This gives an alternative way to defid¢f).

In 85 we note the classification of the different types of components of the open set
F(f) according to the behaviour of the sequence of iterate§iafthem. In particular a
component such that for each € N, f"(G) is contained in a different componefit 1)
is called wandering.

The result of Sullivan42] that a rational function cannot have wandering domains
solved a major problem which had remained open from the time of Fatou and Julia. It
was a major cause of the subsequent progress in rational iteration. A number of authors
perceived that the finiteness of the number of critical values of a rational function is a
crucial ingredient of Sullivan’s proof and obtained extensions of the no wandering domains
theorem to classes of transcendental entire functi®2@sd4, maps ofC* [10, 28, 30, 3B
or even transcendental functions meromorphi€if8], such that the inverse function has
a finite set of singularities.

In 86 we introduce the subclaBtSR of functions f whose totally disconnected set of
singularitiesk ( ) satisfies a technical condition (the complemenkEgf) is a set of type
Oap, defined in Appendix A) and which are such that the invefsé has singularities
over a finite set of pointS(f). This class is closed under composition and contains many
members of the clags mentioned above, for example taf), R(e*) whereRr is rational.
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We extend Sullivan’s theorem to show that for functiondM8R the Fatou set has no
wandering components.

In 87 we note that the method of Eremenko and LyubR(j pives conditions under
which the set/ (f, ¢) defined above has empty interior. In particular we show that for
the functions ilMSR there are no Fatou components in which a limit function of iterates
belongs toE(f) (no ‘Baker domains’). Hence for such functions all Fatou components
are eventually periodic and these cyclic components are those related to an attracting or
parabolic cycle of points or are cycles of Siegel discs or Herman rings.

In 88 we note the relation between singular orbits and Fatou domains. This allows us
to determine the dynamics of a map of the clsk&R in many cases. In particular, in 89,
Theorem G we give a class of functions for which the Julia set is totally disconnected, that
is all the components of (f) are singletons. These provide interesting new examples even
in the class of transcendental meromorphic functiorfs.in

Finally an appendix contains a number of definitions and results from complex analysis
which are used in the paper.

Notation. We shall frequently us® (a, r) for an open disc of centeg radius- andC (a, r)
for its circumference.

2. The classM of functions

If E is any compact totally disconnected set@ if zo € E and f is a function
meromorphic INE¢ = C \ E, the cluster seC(f, E, zo) is defined afw : w =
lim, f(z,) for somez, € E€ with z,, — zo}.

Denote byM (E) the class of functiong which are meromorphic itk¢ and have an
essential singularity at every point &f, that is f has no meromorphic continuation over
any point in E. Further we introduce the cladd = {f : there is a compact totally
disconnected sef = E(f) such thatf is meromorphic inE€ andC(f, E€, zo0) = C for
forall zo € E. If E = # we make the further assumption th&tis neither constant nor
univalent in@}.

For any choice off we may construct functions iM for which E(f) = E. For
example, take a sequenpe;} dense inC, and sequences;, ... A,, ... in E€ such that
the A, are mutually disjoint, and the set of limit points of eagh and of B = U, A,
is preciselyE. (One may construct thel,, inductively to be mutually disjoint and
d(A,, E) < 1/n). Mittag—Leffler's theoremZ5, p. 196] allows the construction of two
functionsg, - meromorphicinE¢ and such that the poles gfare at the points € B where
the principal part igz — »)~1, while those of: are at point$ € B such that when € A,
the principal part isw, (z — b)~X. Thenf = h/g is meromorphic inE¢ and f (z) = wy
whenz € A,,. HenceC(f, E€, z0) = C for everyzo € E. Of course,f € M has essential
singularities precisely at the points Bf /) so thatf € M(E(f)). As a partial converse of
this statement we note that for any compact totally disconnectdd wéiose complement
is of classO4p defined in Definition A.2 and in particular any compdtthose linear
measure is zero, a function M(E) necessarily belongs td, see Theorem A.7.

LEMMA 1. Let f € M, E = E(f) and let B be compact totally disconnected. Then
A = E U f~1(B) is compact and totally disconnected.
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Proof. We know thatE is compact. Take a sequengein f~1(B). We may, without loss
of generality, assume that convergesta, say. Thenf(z,) = t, € B and again we may
assume that, — ¢, wherer € B sinceB is compact. Eithet € E orz € E€. In the latter
casef is continuous at so thatf(z) = r andz € f~1(B). Thusin all cases, — z € A.
HenceA is compact.

Take anyx € A. If o € f~1(B) thena € C \ E and f(@) = B € B. Then thereis
a discU = D(a, p), p > 0, such that/ C C \ E andU — f(U)is ad to 1 branched
cover, branched at mostatand withd equal to the valency of atw.

We may find a Jordan curve in D(8,0) C f(U) which does not meeB or pass
throughp but winds aroung. Thendy lifts by f to a closed Jordan cury€ in U which
does not meefA and winds around. Sincep is arbitrarily small,{«} is a component
of A. Now if A has some componelk which is not a singleton the® C E. But
the only connected subsets Bfare singletons by assumption. The proof of Lemma 1 is
complete. ]

LEMMA 2. If f andg belongtoM, thenf og e M andE(f og) = E(g) U g X(E(f)).

Proof. Write A = E(g) U g~ Y(E(f)). ThenA is compact and totally disconnected.
Further, f o g is meromorphic inA¢: clearly analytic continuation withid¢ is single-
valued.

If zo0 € g NE(f)) \ E(g), then for every sufficiently small neighbourhobdof zg the
setfog(UN A = flg(U)\ E(f)}isdenseirC.

On the other hand, suppose thate E(g) and note that for € C, ¢ > 0, there is
somewg in C \ E(f) ands > 0 such that for everw with |w — wp| < § we have that
f(w) is defined andf (w) — 7| < €. By assumption there is somgin C \ E(g) which is
arbitrarily close tazp and such thalfg(z1) — wo| < 8, which implies| f(g(z1)) — t] < €.
Thus for allzo € A we have shown thaf (f o g, A¢, zg) = C and the proof is complete.
(We remark that in the case when= ¢ neither f nor g is univalent so thaif o g is a
non-univalent function.) |

For any f € M we may now definef© to be the identity function withEg = ¢,
and, inductively, f1 = f, f* = fo f"1. We obtainf* € M, n € N, with
E, = E(f") = U3 f 7/ (E) = {singularities off ~}. Clearly if we set

J1(f) = {U;2oEn} 1)
and

Fi(f) =C\ Ji(f), )

thenFy(f) is the largest open set in which gl are defined. Furthey,(F1) C Fi.

We obtain an extension of standard Fatou and Julia theories by defining the Fatou set
F(f) = {the largest open set in which (i) aft’, n € N, are meromorphic and (i{)f"} is
a normal family, and the Julia set(f) = C \ F(f).

If the setJi(f) is either empty or contains one point (without loss of generality,
J1(f) = E1(f) = {oo}) or two points (without loss of generalityy(f) = {0, co})
we are dealing with maps which are rational or (conjugate to) entire functions or analytic
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maps of the punctured plad&. In this case the condition (i) above is trivial and the Fatou
and Julia sets are determined by (ii). In all the other cases Montel's theorem shows us that
F(f) = Fi(f) andJ(f) = J1(f) as defined above.

It will be useful to consider two subclassesMf both of which are easily seen to be
closed under composition. The first class comprises the ‘Picard’ functionst hetan
integer not less than two and set:

MP, ={f e M : E(f) # ¢ and for eacho € E(f) and operl/ which containg,
f takes inU \ E(f) every value inC with at mostk exceptions

Next we say thatf € M has thek-islands property atp € E(f) if, given any
neighbourhoodJ of zo andk simply-connected domaing; in C which have disjoint
closures and which are bounded by sectionally analytic Jordan curves, there is a simply-
connected subdomaim in U \ E(f) which forms a schlicht island over one of the, that
is f mapsD univalently ontoA;. We define the ‘Ahlfors’’ functions:

MA; ={f e M : E(f) # ¢ and for eachig € E(f)
the functionf has thek islands property aip}.

ClearlyMA; € MPy_1.

Example 1.If the compact totally disconnected getontains a dense set of isolated points
then it follows from Picard’s theorem and the Ahlfors five islands theorem (see,£&4g., [
Ch. VI]) respectively that every function M (E) belongs tavIA 5 andMP .

In the particular case whefi is a countable compact set category arguments show that
isolated points are dense i Thus Bolsch’s clask ¢ MP> N MAss.

Example 2.Given a sequence of positive numbégs), n € N, such that O< &, < 1/3
and the unit intervalp 1, construct a Cantor sd€f by excluding at the:th subdivision
an open segment of length — 2&,,)1‘[’;;11&,, from the middle of each segmenht_1 «,
k=1,2,...,2"1 toget 2 closed segments ;, each of lengtt§1&, .. . &,.

Let E = N (Ugly k). Matsumoto 84 showed that i, 1 = 0(£2) asn — oo then
every f € M(E) is in MP». This result was further improved by Toppik3 p. 14] who
showed that i€,1 = 0(&,) thenE has the followindocal Picard property there exist no
open setV with E NV # ¢ and no functionf meromorphic inV \ E with an essential
singularity at each point of N V such thatf omits three values iiv \ E. The condition
&,+1 = 0(&,) allows E to have positive capacity. On the other hand, Eag: 0 does not
by itself guarantee the Picard property.

Example 3.Toppila [43, Theorem 3] showed that for any totally disconnected compact
set A there exists a perfect totally disconnected compactBsstich thatB > A and
E(f) = B, f € M imply that f € MP,. Note that it is possible for sucB to have
positive two-dimensional Lebesgue measure.

Example 4.The authors in38] describe for eaclt > 2 a geometric condition on the
totally disconnected séf in terms of exhaustions di¢ which imply thatM (E) c MPy.
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Example 5.Herring [26] obtains analogous conditions to those of Example 4 which imply
thatM (E) C MAs.

The somewhat complicated conditions under which Examples 4 and 5 are valid include
the special case wheh is a k-fold arbitrary linear Cantor seB = B(k, &,), wherek
is an integer greater than one afdis a sequence of real numbers(® 1/k), and we
suppose further th&, — 0 asn — oo. We recall thatB is constructed from collections
B,, n € N U {0}, of k" closed-disjoint subintervals of [0, 1] = Bo, the length ofl; is
dy, =&1...&,,do = 1. B, is constructed inductively: iB, has already been constructed,
then from eacH; remove(k — 1) disjoint equal intervals so as to leake&losed intervals
LD, ..., Li(k), each of lengthl,11 = &,41d,. DefineB, 1 = U U'}=1 I;(j) and
B(k, &) = NF By.

In the next section certain properties of Julia sets will be proved under the assumptions
MP; or MA . The above examples show that these are fulfilled for many cld46ES.

3. Standard properties of Julia sets

We have defined (f) andF (f) for f € M in the preceding section. We collect the main
properties of these sets in the following Theorem A. First we introduce the backward orbit
O~ (w) of a pointw € @, defined by{z : f"(z) = w for somen € N} and thex-limit
seta(w) of w which is the set of limit points 00~ (w). Recall that a generic property

of points in a complete metric space is one which holds for all points outside a set of first
category.

THEOREMA. Supposethat € M as defined in §2. Then

(1) F(f)is completely invariantin the sense that F(f) ifand only if f (z) € F(f).
Thusz € J(f) \ Eifandonlyif f(z) € J(f);

(2) for every positive integep, F(f?) = F(f) andJ(f?) = J(f);

(3) if ¥ is a Mobius transformation andfy, = vyl thenfy, € M, F(fy) =
V(F(f)andJ(fy) =¥ (J ()

(4) J(f)is perfect;

(5) for a generic pointw € C, the seta(w) containsJ(f). If f € MPy, then the
exceptional seX (f) = {z : O (z)is afinite sef contains at mosk elements
and forw not in X (f), a(w) containsJ (f), while if w € J(f) \ X(f) we have
0~ (w) =J(f);

(6) if J(f) has a non-empty interior theR(f) = ;

(7) if f e MAy for somek(> 5) € N, then repelling periodic points are densediif);

(8) if E(f) hasthe local Picard property in the sense of Example 2 of §2 then every point
of J(f) is a limit point of periodic points of . (We do not assert that the periodic
points are repelling.)

Proof. We note here that Bolsch’s claks C MA so that repelling periodic cycles are
densein/ (f) for f € K. In[13 this resultis proved by an elegant argument which avoids
the use of Ahlfors’ islands theorem and uses results on normal families and consequences
of Nevanlinna’s fundamental theorem. For an interesting discussion of relations between
these theorems se&1]. In our general context wherE(f) may be perfect and totally
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disconnected we do not see how to achieve the result of property (7) without using a
theorem of Ahlfors’ type. It seems of some interest to prove the result (8) by different
means.

Since the results of Theorem A are known for nonlinear rational functions,
transcendental entire functions and for maps of the punctured plane we ignore these cases
and assume that(f) = Ji(f) is given by equation (1) and it contains at least three
points. From (1) and Picard’s theorem it then follows thi&f) is in fact infinite. We
remark that the general meromorphic functions discusse8,if][and [7] are a special
case. Property (1) follows at once from the fact thatf) is the largest open set where all
f™ are meromorphic. Property (2) follows from equation (1).

By Lemma 2, fy, € M with E(fy) = ¥ (E(f)). From ff = yfPy~1 we get
E(fj) = Y (E(f?)) and from equation (1) it follows that(fy) = ¥ J(f).

To prove property (4) we need to show that a paigptof J(f) cannot be isolated.
Suppose thatg is an isolated point of (). Thenzg € E, and it is an isolated essential
singularity for f”* for some smallest € N. By our assumptions/E,, contains infinitely
many points and so there is somec Ej, say, such thay”(z) = « has a sequence of
solutionsz,, such thatz,, — zo, zm # zo. Butz, € J(f) andzo cannot therefore be
isolated.

To prove property (5) note that sindé f) is compact inC we can find a countable set
of discsD, = Dy, (zu, pn), zn € J(f), pn — 0 such that every point of (f) belongs to
arbitrarily smallD,. Now D, meets somé&, (f) andV, = = fK0(Dy \ Ex@) is open
and dense it since the cluster set gF™ atz, is C. HenceV = N>, V, is a dense
set whose complement is a set of first category. Supposetkay . Now foreachn e N
we havew € V,, and some poin® ~(w) lies in D,,, so thatO~(w) contains all points of
J(f) among its accumulation points.

Now suppose thaf € MP; and thata € X(f). Thena must be a Picard value at
each point ofE(f) so X (f) contains at most elements. IfD,, V, are as above then
V¢ contains at most points. Thusf(V, \ E) containsC \ X(f). It follows that for
w € X (f) the setO~ (w) meets eactD, andO—(w) D J(f). If w € J(f) \ X(f) then
0~ (w) = J(f).

To prove property (6) note that if( /) has a non-empty interior and #( f) # @ then
by property (5) we may choosee F(f) so thatO~ (v) contains points in the interior of
J(f), which contradicts the complete invariancefaff).

In proving property (7) first notice that € MA; C MP;_; so that by property (5)
the setX (f) contains at mostk — 1) elements. Since we are considering only the case
when in equation (1Y (f) = J1(f) = O~ (E) is a non-empty perfect set we have some
e € E(f)\ X(f) and by property (5) we hav@—(e) = J(f). (For, if E(f) is finite it
clearly cannot be contained i(f).)

Now takep € J(f) and an open set with p € T. There exists a positive integat
and az € T such thatf" (z) = e. There is a neighbourhodtlof z such that§ ¢ 7 and
£ is meromorphic inS with (V)" # 0 except perhaps at We shall show thas (and
henceT’) contains some repelling periodic points fof

Now z belongs to the perfect sét /) = O~ (e), SOS contains infinitely many points of
O~ (e) and in particular some € O~ (e) which is not one of the (at mogt — 1)) Picard
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£(s)

N+ |

f (D)

1

FIGURE 1. The neighbourhood contains some repelling periodic points.

values of f ate. Thus in the neighbourhoog" (S) of e there is a sequence of different
valuese, such that, — ¢ and f(e,) = w. There is a corresponding sequengén S
such that, — z andf¥ (z,) = e,. There is an integérsuch thatf'~1(w) = e. Thus we
have fN*!(z,) = e, see Figure 1.

Choosek of the pointsz, which lie in S and label them ap1, p2, ..., px. Let D; be
a disc centred agp; such thatD; ¢ S, D; N D; = ¢ fori # j, and letD; be so small
that (f¥*!y £ 0andfN* +£ e onD; \ {p;}. Sincef € MA; there is at least ong
1 < i < k, such that in any neighbourhood ethere is a simply-connected domdih
which is mapped univalently by onto one of theD;. We may assume that= 1.

Since fN*(Dy) is a neighbourhood of there is a domain of the typg, which we
call vV with V- c fN*(D;). Recall thatfVN*/(p1) = e, that f¥N* is locally univalent in
D1 except perhaps at; and thate ¢ V. There is some simply-connected subdomi&in
with W ¢ D1 such thatfN*! : W — V is a univalent cover, so that" *++1 . w — D,
is a univalent cover. If is the inverse off ¥t/*1 such thatg : D1 — W, using Rouck’s
theorem and Schwarz’s lemma shows thats a fixed pointin W c S with |g'(7)| < 1.
Thusr is a repelling fixed point off Y +/+1,
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Now prove property (8). Iff satisfies the stated assumptions then in partigilaMP 2
so that by property (5X (f) contains at most two points. We may assume that E(f)
is uncountably infinite, since if is countable we hav¢g € MA 5 and the result follows
from property (7). (If we wish to avoid the use of (7) we may refer to the ‘elementary’ proof
of Bolsch [L3] for the clasK.) Since the critical values of the iterates form a countable set
we may choose € E so thate is not exceptional and is not a critical value of any iterate.
From (5) we have/ () = O~ (e).

If p € J(f) andT is an open set which contains then there i € T andN € N
such thatfV (z) = e. SinceJ (f) is perfect we may ensure thats not a Picard value of
f ate. Sincez is not a critical point off "V there is a dis§ = D(z, r) C T such thatfV
mapssS univalently to a neighbourhood = fV(S) of e with inverseg : V. — S. We
take two different solutions in V of f(t;) = z, wheref’(¢;) # 0. Then there is a disc
S1 = D(z,r1) C S such that the branches of £~ with ¢;(z) = 1 are analytic inSy
and for allu in S1 we havep1(u) # ¢2(u), ¢; (u) # u, ¢;(S1) C V. This is possible since
z #e.

The function defined i§, \ £~V (E) by

(VW) — 1 (w) (u — da(w))
(V) — pa(u)) (u — p1(u))
is meromorphic. If2(x) = 0 or oo, thenu is a point wheref N *2(u) = f;i(u) = u. If
h(u) = 1, thenfN+1(y) = u. Thus, if T contains no periodic points of, it follows that
homitsQ1,00in S1\ f~N(E)andh o g omitsQ 1, 00 in fV(S1) \ E. But
_ (f —¢108)(g —p20g)
(f —¢208)(g—p108)
is meromorphicinf™N (S1)\ E and has essential singularities at all the point§®tS1)NE.

SinceE has the local Picard propenty ¢ cannot omit 01, oo and7 must contain periodic
points of f, as required. ]

h(u) =

hog

4. Orbits which approach a singular point
For transcendental entire functiofisEremenko 18] studied the set

I(f)={z€C: f"(z) > ocoasn — o0}. 3)

He proved that for such functions (&) /) # ¥ and indeed (by (f) = 31 (f) and (c)
J(f)NI(f) # 0. It has been observe®,[2]] that if f is a map ofC* to itself with
essential singularities at 0 and then the same results hold, and by symmetry we could
replaceso by 0 in the definition off ( f).

In [17] it is shown that Eremenko’s result also applies to transcendental meromorphic
functions if one replaces the definition (3) by

I(f)={zeC: f"(z) > oo asn — oo and f"(z) # oo}.

See also41].
Consider nowf € M and fore € E(f) define

I(f,e) ={z € C: f"(z) is defined for alk and f"*(z) — e asn — oo}.

https://doi.org/10.1017/50143385701001328 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001328

656 | .N. Baker et al

THEOREMB. If for somek € N we havef € MPy, then fore € E(f) we have:
1) I(fie) #9;

(2 J(H)=20l(f e);

R) JNHNI(f.e) #.

The proof will use the following result proved i T].

LEMMA 3. There is an absolute constansuch that iff is analyticin0 < R < |z] < o0

andif M (r) = Max; = | f(z)| — oo asr — oo, then for all sufficiently large the image
f(Ap) of A, = {z: R < |z| < p} contains some circl€ (0, r) = {z : |z| = r}, where
r>cM(p/2).

Proof of Theorem B(1)(a) First we consider the case wher E(f) is an isolated point
of E(f) and is also a Picard exceptional valuefofite. By conjugating with a Mbius
transformation we may assume that oo and thatf is analyticin O< R < |z]| < oo with
an isolated essential singularityat. In this caseM (r)/r2 — oo asr — oo so that there
is somes > 0 such that for alp > o we havecM (p/2) > 2p, wherec is the constant in
Lemma 3. The argument in this case is aslif] put we give it for completeness.

Now let r1 be greater than Max, M (R)), y1 = C(0,r1) and B the region between
C(0, R) andC (0, r1). It follows from Lemma 3 thatf (B) containsC(0, r) for somer
such thatr > ¢M(r1/2) > 2r1 > M(R). Sincef is analytic inB we havedf(B) C
f(@@B) = f(C(O, R)) U f(y1), wheref(C(0, R)) C D, M(R)) andM (R) < r1.

The boundary off (B) contains the boundany of the unbounded component of the
complement off (B). Thusy, is a part off (y1) and is a continuum which lies ia| > 2r;
and indeed outsids.

One may now repeat the argument wBhreplaced byB2, the region betwee@ (0, R)
andy». Certainly B> contains the annuluR < |z| < 2r;. Then f(B2) has an ‘outer’
boundaryys which is a continuum lying i{|z| > 4r1}, ¥3 C f(y2) C f2(y1). By
repeating this argument we see that there is a contingum C f"(y1) which lies in
{z:|z| > 2"r1}. Thusy1 N f"(vu+1) = A, is a decreasing family of compact sets whose
intersection is inyy N I (e = o0). Eachy,, lies outside the correspondiy_;.

(b) It remains to consider the cases when eithisrisolated but not Picard exceptional
ate, or when there is a sequence of differepte E such that, — ¢. We assume that
k = 2. The general case is similar. In the case whas isolated let us set, = e.
Without loss of generality, we may takeo be finite. Then in either case there is a point
71 € D1 = D(e1, 1) such thatf (z1) = e, wheree), = e1, ez ores. If r2 > 0 is sufficiently
small then there is a simply-connected neighbourhigaaf 71 in D1\ {e1} which is mapped
locally univalently, except perhaps at, onto D, = D(e/z, r2). Repeating the argument
we see that there is somg € Dz \ {e5} such thatf (z2) = e; wheree; = ¢, for some
n > 3. Further, there is some simply-connected neighbourfgad z, in D2\ {e5} which
is mapped locally univalently by (except perhaps ab) to D3 = D(ej, r3), for some
sufficiently small positive3. By takingr2 small enough we achieve that there is a branch
of f~1analytic inV> which satisfied/1 = f~1(V,) c V1. We certainly make, < r1/2.

Now continuing inductively we obtain disd3, = D(e},, r,) wheree], is somee; with
j>n+1r, >0, pointsz, € D, \ {e,} such thatf (z,) = e, , and simply-connected
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neighbourhood¥,, of z, in D, \ {e,} which are mapped locally univalently (except at
Zn) 10 Dp41. We also have, 1 < r,/2. Further, there is an analytic branch o in
Vg1 so thatf~1(V,41) € V,. ThenU, = f"(V,41) C V1 C Di. SinceU, is
compact and decreases withthe intersectiord = N,U,, # ¥ and forg € H we have
f"(B) € Vi1 C Dyyqforeveryn € N. Thusp e I(f,e).

(2) There is some € I(f,e). All f*(z) are different and belong tb(f, ¢). Thus
I (f, e) contains at least + 1 different values; all in { /" (z)}.

Take any pointx € J(f) and any neighbourhood of «. By property (5) of 83 one
of B;, saypB1 is not in X (f). Thus some pre-imag€ of g1 liesinV. Butg’ € I(f, e).
We conclude thatf (f) C I(f, e). The interior ofI/ (f, e) is an open set in which ajf”
are defined and hence Ihtf,e) C F(f) providedE contains at least three points. If,
however,E contains only one or two points it is known that periodic points are dense in
J(f) and since periodic points are notif, ¢) it again follows that Inf (f, e) C F(f).
Thusin all cased (f) C dI(f, e).

To prove the opposite inclusion take= 91 (f, ¢) and suppose thate F(f), sothatin
F(f) all f* are defined meromorphically and hence do not take the vallirea compact
neighbourhood’ of «, V C F, suppose that we have some subsequgiitainiformly
convergent to a meromorphic functign Since there is a poirg € I(f,e) NV we have
g(B) = e. By Hurwitz's theoremg = e. Thus is true for every convergent subsequence
[, soinfactf™ — ein V. But this contradicts the fact thate 9/ (f, ¢). The proof of
(2) is complete.

(3) In the general case (b) in the proof of Theorem B(1) thenay be chosen so
small thatH reduces to a single point. Sinég, = f~"(V,41) contains a pre-image
f*"*l(e;lJrz) of a point in E(f) < J(f) it follows that the point constructed as
{B} = N, U, belongs tal (f, e) N J(f).

We return to the case (a) of Theorem B(1) and resume the notation of that proof. The
compactseK = N, A, isin I(e) N y1. If K meetsJ(f) we are finished, so assume that
K C F(f). K is covered by some finite séD;, ..., D,} of components of'(f). The
setsA, are decreasing compact sets so for semeve haveA,, C Ui’Dp C F(f). It
follows thaty,, = f(A,,) C F(f) andindeed, C F(f) for alln > ng. Recall also that
eachy, winds around zero and lies{a : |z]| > r1}.

Let G, be the component af (1) which containg, for n > ng. Thusf(G,) C Gn+1
and f"(z) - coasm — 00, z € G,. If all G, are different, then each is bounded since
f0G,) = 9(f(Gy)) and we gevG, € 1(e) N J(f).

It remains to consider the case when not@j! are different, which can only occur
if someG, = G,+1 = G (say), whereG is an unbounded component 6% /) with
f(G) C G, f" — ooin G. Applying Lemma A.13 from the appendix witki = A,,, we
see that there are constantsC, n and a curvd” which runs toco in G with f(I') c T’
such that for alk onT" we have| f (z)| < |z|* while for anyz, z’ in anyy,, n > n1, we
have|z|"/€ < |2/ < |z|€.

Letu, be a point ory, with minimum|z|, v, be a point ony,, 1 with maximum|z| and
tn @ POINtINT Ny,. ThenM (ju,|) < Maxy, | £(2)| = [val < 1 £ (@) < 16a]A€ < Juy|A°C.
Since this holds for a sequenig | which tends tao asn — oo we have a contradiction
to the assumption that= oo is an essential singularity gf. The proof is complete. O
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5. Components of (f)

If U is a component of<(f) then for eachk € N, fK(U) is contained in a unique
componentUy of F(f). If Uy # U, for k # n thenU is called ‘wandering’. Otherwise

U is preperiodic: there exigt andp € N so thatU;y = U,4«. To know the behaviour

of iterates in the preperiodic components it is enough to know the behaviour in periodic
components. Sinc&(f) = F(fP?) itis enough to know the properties for an invariant
component such that(U) c U. With little change the discussion i8%, §3, 13] yields

the following.

THEOREMC. If f € M and U is a component of (f) such thatF(U) c U then

precisely one of the following is true.

(i) U contains an attracting fixed poigb, that is £ (z0) = zo, | f'(z0)| < 1. Forz e U
we havef”"(z) — zo asn — oo. U is called the immediate attractive basinzpf

(i) U is a domain of attraction of a parabolic fixed poiff € dU, that is f(z0) = zo,
f'(z0) = 1andforz € U we havef"(z) — zo asn — oo.

(i) There is an analytic homeomorphigm U — D, whereD is the unit disc, such
thaty (f (¥ ~1(z))) = e%*%z for somex € R\ Q. In this caseU is called a Siegel
disc.

(iv) There is an analytic homeomorphigim U — A whereA is an annulusA = {z :
1< |z| <r},r > 1, such thaty (f (v 1(z))) = e¥®z for somex € R\ Q. U is
called a Herman ring.

(v) There existgg € dU such thatf"(z) — zo, forz € U asn — oo, but f is not
meromorphic atg. There exists a path C U leading tozg such thatf (y) C y
and the spherical distance betwegrr) andz tends to zero as — zp ony. In this
caseU is called essentially parabolic ap or alternatively a Baker domain.

Remark.The only point which calls for comment is that when we are not in cases (i), (iii)
or (iv) of the theorem we have that all limit functions ¢f"(z)) in U are constant and
that f"(z) — oU asn — oo. If we fix z € U and join it to f(z) by yp in U, setting

vn = f"(v0) we have that the curve = U, y,, approache8U and diamy,, — 0 (sincey,

is bounded in the Poincarhetric). If lim supy, is not a point, it is a continuurfi which
contains uncountably many points Bf /)¢. For any such point we havef (e) = e since
diamy,, — 0. But this is impossible. Hence approaches a unique poifg € aU. If

zo € E° we have case (ii) by the usual arguments whilg)iE E we have case (v).

We note here a result on the connectivity of invariant and periodic components in the
case wherE (f) is compact and countable, thatfise K.

THEOREMD. [14]If f € K andU is a periodic component di(f), then the connectivity
of U is 1, 2 or oo.

The proof depends on an application of Ahlfors’ theory of covering surfactd] [
also contains the interesting result that/ifand U1 are components of (f) such that
f(U) c U, thenforf € K the setU1\ f(U) contains at most two points, while the more
general condition cap (f) = 0 implies thatU1 \ f(U) has capacity zero.
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6. A nowandering domains theorem
If f €M, f(zo) = wo andg is an analytic branch of =1 at wo, g(wo) = zo, and if we
continueg analytically along some a path = y (¢), t € [0, 1], y(0) = wp, y(1) = w1
until we meet a first singularity at1, then eitheg (y (¢)) has a limit point in C \ E(f)
ast — 1, in which casef(z1) = w1 andws is an algebraic singularity of, or g(y (¢))
has no limit point inC \ E(f) ast — 1. Inthis case(y(¢)) approaches a unique point
e € E(f), sinceE(f) is totally disconnected and any two distinct poiatg’ of E(f) are
separated by a closed cur¥@vhose distance front (1) is positive. In this second case
we say thatw1 is an asymptotic value of ate corresponding to the pag(y).

We say thatf € M belongs to the clagdS if the set of singular values gf 1 is finite,
C(f) ={ay, ..., ap}. Thisis equivalent to saying that

FCNEWN U ) » TACW)

is a regular cover. For example, tarand sing are in MS with E(f) = {oco} and
C(f) = {%i}, {1}, respectively. Any rational function is iMS.

LEMMA 4. If f andg belong toMS so doesf o g.

Proof. Lemma 2 shows that o g € M with E(f o g) = E(g) U g L(E(f)). We see at
once that any critical value @ = f o g is either a critical value of or has the forny (b)
whereb is a critical value of.

Any other singularity o~ is an asymptotic valukof 4 along a pathy (1), 0 < ¢ < 1,
which lies m(C \ E(h), such thaty () tends to some € E(h) ast — 1. Also
gly(@) € C \ E(f). If g(y(¥)) has alimit pointg € C \ E(f)ast — 1lthenl = f(B)
whereg is an asymptotic value qf. Otherwiseg(y (¢)) approaches a unique poiltof
E(f)ast — 1landf — I ong(B). ThusC(h) C C(f)U f{C(g)} whichis finite. O

Lemma 4 allows us to construct many examples of functiod$ In particular, the
examples exfR(z)), whereR is rational, and exftanz) are inMS and the latter is not
conjugate to any meromorphic function@ We may also find examples ¢f € MS with
E(f) compact countable which are not iterates of any meromorphic functi@éh i@ne
may ask whether, for any countable compactaeghere is somg € MS with E(f) =

Sullivan’s result 2] that for rationalf the setF'( ) has no wandering components is of
enormous help in studying dynamics pf since the preperiodic cases have been classified
as in 85. This has been extended to the functiord$for which E(f) = {oc}, that is
critically finite entire and meromorphic functions. The proof given8hdxtends much
more generally.

Before we state the next theorem we need a notion which originates in the classification
theory by Riemann surfaces.

If W is a domain in the plane anfd is a function analytic iV, the Dirichlet integral
of F is defined byDy (F) = [[,, |F'(z)[>dx dy.

An analytic function with finite Dirichlet integral is said to be of the clasp. The
domainW is said to be of clas® 4 p if the only functions of clasgd D on W are constants.

A closed setE in the plane whose complemelit is connected and of clas3,p is
‘removable’ in some ways described in Theorems A.3 and A.6 and in Definitions A.1
and A.5.
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THEOREME. DefineMSR to be the subset of those functiofise MS such that the
complemenE(f) is of classO4p. ThenF (f) has no wandering components.

The condition thatC \ E(f) is of classO4p is somewhat abstract. A sufficient
condition to ensure this is that the linear measureE6f) is zero, see Theorem A.4.
We do not assert tha¥ISR is closed under composition. A subset which is closed
under composition iMSy = {f : f € MS and E(f) has capacity zelo since
f,g € MSq implies CagE(g) U g Y(E(f))} = 0, see, for example4p, p. 69]. The
most immediate application, for which we have many examples ig for the clasK.
ClearlyMS N K c MSp c MSR. The first step in the proof of Theorem E is a lemma.

LEMMA 5. If f € MS and if F(f) has a wandering component, théf(f) has a
wandering componertf such that, for eaclt = 0,1,..., f : Uy = ko) - Uk+1
is a bijection andJy is simply-connected.

Proof. Let the setW = C(f) = {a1,...,a,} and suppose that/p is a wandering
component ofF'(f). Denote byU, the component of' (/) which containsf” (Up). We
may suppose thal/p is chosen so that eadli,, n € N, contains no value;. Hence
f(@) : U, — U,y1is aregular cover. It will suffice to show th&k is simply-connected
(as then eaclt/,,, n > 1, which satisfies the same assumptions is also simply-connected
andf : U, — U,+1 is a bijection).

Suppose thal/g is not simply-connected, so that we may find a Jordan curwéich
is not null-homotopic inp. If any y, = f"(y) were null-homotopic irU,, the homotopy
would lift back by the regular covef” : Uy — U, andy would be null-homotopic i/.
Thus eachy, is non-null-homotopicirU,. If any subsequence ¢f"} has a non-constant
limit function in a Fatou componerit, then it follows thatV must be preperiodic. The
proof given by Fatoug2, Il, p. 55] for rational functions remains applicable. Thudjs
all limit functions are constant and are approached locally uniformly. Henge-asoco
the spherical diameter of,, d, say, approaches zero.

Let e be a positive number such thateli8 less than the greater of one and the minimum
spherical distance between any paiugfand further 4 < diamE(f) (we may suppose
that E(f) contains at least two points since the result is already knou jf) # @ or a
singleton).

Forn > npdiamy, < e. Thus eithen, 1 lies in some spherical disD = D(a, €)
which contains no points d¥ or there is some;, a1 say, such thag,+1 C D(az, 2¢) \
{a1} = Ds.

Take p € y, and denote by the branch off~1 such thatg(f(p)) = p. In the first
case above whe® = D(a,¢€), g is analytic and univalent iD andg(D) = Ais a
simply-connected domain bounded by a Jordan cae= g(d D).

In the second case aboy&ontinues analytically throughoft*. Now [36] g either has
an algebraic branch point af (we have to include here the possibility tizais analytic at
a1) or g has a logarithmic branch point. df is an algebraic branch poirg,returns to its
initial value after some numberof circuits roundz;. There is a Jordan cundésuch that
f(T") covers the circl&€ (a1, 2¢) justd times. One of the componemsof the complement
of I' contains a poin& such thatf («¢) = a3 andf : A\ {«} — D*is ad to 1 cover.
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H— " 4

a1+2¢ee’ f

D*

FIGURE2. f is the universal covering map.

If, on the other handy; is a logarithmic branch point, the mapdefined inH = {z :
Ret < 0} by (1) = g(a1 + 2¢e’) is univalentinH and indeed o0 H. Ast =iy, y € R,
y — 00, SO f (h(t)) = a1 + 2¢e¢” shows thak(r) must leave each compact sethid f)¢.
Thus (sinceE is totally disconnected)(iy) must tend to a uniquec E(f) asy — +oo.
Sinceh(H) omits an open set of values it follows thatyas> —oo, A(iy) must tend to the
same limite by Lindelof’'s theorem (see Theorem A.10). We deduce §{@*) = h(H)
is a simply-connected domaif bounded by a Jordan cur¥eand that, except fas, f is
analyticinA U T, and thatf : A — D* is the universal covering map, see Figure 2.

Thus in all the cases treated above there is a dom&iounded by a Jordan curve, such
thaty, € A andE C A¢. Thus the componemt, of ¥ which containsA® must also
containE so that diam\,, > 4e¢. Since diany, < ¢ we see that for every component,
say B, of y¢ which is different fromA, we have dianB < ¢. Further,dB C y, and f
is meromorphic o so f(B) is a domain bounded byf (B) C f(dB) C yu+1. Since
f(B) C f(A) we have diany (B) < 4¢. Therefore,f(B) does not meed,, 1.

Thus all such componentsandy, clearly map onta\; ;. By inductionf is analytic
in all the open set¥,, = (A,)¢, n > ng, with values in(A,+1)€ soV, C F(f). Thus
v, UV, C F(f)andindeed is a subset bf,. Theny, must be contractible to a point in
U, . But this contradicts what we have proved above. The proof is complete. o

For future use we note the following.

LEMMA 6. [37, p. 120]If E is a totally disconnected compact plane set whose complement
is of classO4p and ¢ is a quasi-conformal map df, then¢(E) has a complement of
classOyp.

LEMMA 7. [32 Ch.V, 3.6]If G is a domain andE a compact set such th&t \ E is a
domain and ifE belongs to the clas® 4 p, in particular if E has linear measure zero, then
any conformal map of; \ E can be extended to a conformal mapf

Proof of Theorem EThis follows from the proof given ing] with slight modifications.
See also19].

We suppose thaf € MSR with C(f) = W = {a1,...,qa,} and thatF(f) has
a wandering componertf as in Lemma 5. Thus there is a conformal miap D =
D(0,1) — U with inversek. Let M be an integer exceeding2- 8. Then we construct in
[8]some0< 8, T ={t e RM : ;| < 8,1 <i < M} and explicit mapg;(z) : T x D —
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D such that for fixed the mapp = ¢, is a quasi-conformal homeomorphismfo itself
whose dilatation inD, v, (z) = ¢z/¢., satisfied|v; (2)|lco < €/3. Furtherg,(z) isC*int
and, for each, ¢;(z) fixesz = 0 and also an open subset &P which is independent of
t. If ¢ = ¢, on9D thent = 5.

Just as in§] we takey; = h¢yk : U — U which is quasi-conformal with dilatation
e = v (k)k'/ k' which is measurable ity with ||, [lee < €/3.

With B = O~ (E(f)) we define the equivalence relationon C \ B byx ~ yifand
only if f™(x) = f"(y) for somem, n € N. By Lemma 5 each iteratg” is univalent in
U so that a claspc] meetsU in at most one point. We can extepg(z) to C by push and
pull back, that is:

1@ '@/ (@) = we (D)™ () /(f™) (x) 4

if ze Uandf"(z) = f™(x),m,n € N,whiley, =0if [z]NU =@ orz € B.
Theny; is measurable i€ with [|u; |l < €/3,C> int and

we(f(@) = pef @)/ f(2) (5)

forz ¢ E, thatis for almost alt.

Pick different finitebs, bp, b3 ¢ W andapy1, ap42, ap43 so thatf(a,4;) = b;. By
direct computation it is found as i8], see also J], that u,(z) satisfies the conditions of
the measurable Riemann mapping theorem (Theorem A.12), so there is a unique quasi-
conformal homeomorphisr; of C which fixesby, by, bz and has dilatatiop,; almost
everywhere. Sincg,(z) is in C1(T) it follows from [1] that @, (z) is in C1(T) for each
fixedz.

From (4) and (5), the functiorf; = <I>Lf<1>,‘1 is meromorphic inR; = ®;(R),
R=C\E because; ®; = @, f has the same dilatation &s. Also if W; = ®;(W) then
foi R\ @(fFTI W) — C\ W; is an unbranched cover.

Nowt — {®;(a1), ..., D;(ap+3)} is aCt map of T into CP*+3 = R2P*+3 SinceT is
an M-dimensional cube antff — 2(p + 3) > 1 there is a hon-constantarc ¢ = t (o),

o € I =[0, ogl, in T on which the map — {®;(a1), ..., P;(ap4+3)} is constant.

We shall simplify notation by writingb, for ®;(4), f5 for fis), ai(c) = ®4(a;) and

Ry = Ry(5).

LEMMA 8. (Generalized from1[9]) We havef, = f; and®, = &, foro, 7 € 1.
Proof. For fixedr ando in I

fod 1 R\ Pe(fTHW)) - C\ W,

fod7l 1 R\ (fTHW) — T\ W,

are unbranched coverings. For ang I, cl>;1cl>g is a quasi-conformal self-map @\ w
which fixesb1, b2, bz anday, az, . . ., ap4+1. By the homotopy lifting theoremﬂp;ld)(r lifts
to a homeomorphism

Vor 1 Re \ @o(fTHW)) — R\ @ (f 1 (W))
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which fixes®; (ap11) = ®1(ap+1) in the commuting diagram

-1

/ _ f o -
R, = R, \ & (fL(W)) ————=C\W (6)

Vo o lo,

@71 -
R\ &, (fL(W) — = B\ W
(we note that botly & and f &, mapa = @, (a,+1) to b1).

Now for anyi, o € I ®j(ap+2) = Po(ap+2), i(b2) = O (b2) and f(ap+2) = bo.
Thus from (6) f ®; o3 o (ap+2) = @ Po f(ap+2) = bz, SO thaty; By (ap2) €
@, f~1(b2), which is a discrete subset df,. Since the left-hand side is continuous
in A it must be constant foh € [ and, in particular, setting = o and noting
Voo = O 05, Y53 Pp(ap+2) = Voo Polapia) = Pr(api2) = Pplapiz). Similarly,
YorPo (ap+3) = ®, (ap+3)-

Taking A = t in the commuting diagram (6) giveg, = fr¥sr. ThuSv,, IS
meromorphic and injective iR, \ f; 1®.(W) = R, \ &, f~1(W), that is conformal
in C \ K wherek is the compact seb, (E U £ ~1(W)). Recall thatf ~1(W) is countable
with limit points in E. We claim thatk has a complement of clags, p. FirstK is totally
disconnected. Suppose that the functfois univalent in the complement & U f ~1(W).
Then each poing ~1(W) is a removable singular point @f and the extension df to the
complement of£ is univalent. By Theorem A.3 is then linear. Thu& U f~1(W) has
complement of clas® 4 p and Lemma 6 implies that the same is true karBy Lemma 7
Y,7 has an extension to a conformal map@;fa Mébius transformation. Sinag, . fixes
the three point®, (p + i), it is the identity. Thusb, = &, and Lemma 8 is proved. O

For eacho € I all images®,(U) = V are the same. Lel be a conformal map
H : D — V. Then bothH ~1®, 1 andg¢,,) mapD to D with the same dilatation, since
®, and x,o) = h¢y(o)h~1 have the same dilatation iii. Hence there is a bbius map
L, : D — Dsuchthati 1®,h = Lo ¢y (o).

Since®, = ®q for o € I we haveLy ;o) = H 1®sh = H 1doh = Log(0) in D.
Both sides are continuous I so that the equalitf.; ¢ () = Logx (o) holds also o D, in
particular on the open subsetab which is fixed by allp; ). This implies that, = Lo,

o € I, and hencey ) = ¢:( on the whole ofd D which contradicts the construction.
The theorem is proved. a

7. Baker domains
The method of Eremenko and Lyubic®( pp. 993—-994] gives the following.

THEOREMF. If f € M andife € E(f) is not a limit point of singularities of ~* then
there is no invariant component &% /) in which /" — e.

Proof. Suppose thab is such a component. We may suppose that co and takeR so
thatinA = {z : R < |z| < oo} there is no singular point of 1. We may also suppose
that0¢g E(f), |f(0)] < R.
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exp

H

FIGURE 3. The analytic homeomorphisin.

Now f (D) C D sooco € dD. By Theorem C thereis a pajhz), 0 <t < 1,in D such
that f(y) C y, y(®) — ocoandf(y(t)) — oo ast — 1. Fort near 1 we have () € A,
f(y(1) € y N A and, takingg to be the branch of ~1 such thatg(f (¥ (1)) = y (@),
we may continug without restriction inA. Theng has either an algebraic branch point
or a logarithmic branch point ab. But if oo is an algebraic branch point we must have
g(00) = oo which conflicts with the assumptionthat € E(f). Hencex is a logarithmic
branch point ofs.

Thus if H = {z : Rez > In R} we haveg(e) univalent inH with values in a simply-
connected unbounded regichsuch that Qoo ¢ G. We take a branch of the logarithm
to mapG to a simply-connected domali. Sincef ocexp: W — Aandexp: H — A
are both universal covers there is an analytic homeomorpismW — H such that
expoF = f oexpinW. Note thatW contains no disc of diameterz2and the sets
W, = W + 2nri are disjoint. We may defing in U, W,, to be periodic with period2i,
see Figure 3.

Applying Koebe’s 3-theorem to F~* : H — W shows that|F'(z)] >
(1/47)(ReF(z) —InR) in U, W,.

Now by assumption there is i a discDg = D(zo,r), r > 0, centred at some
z0 € y(t), such thatforalk e N, D, = f*(D(zo0,7)) C A. Sincez, = f"(z0) € D, Ny
andf (z,) = zy+1 We haveg(z,+1) = zn, g(Dpy1) = Dy andso allD,, n > 1, inG. Next
we putC, = hD, in W. We have ex@,+1 = Dy+1 = fD, = fexpC, = expFC,.
HenceC,, 11 is F(C,) + 2rvi for somev.

Now let d, be the radius of the largest disc centred,at= hz, which is contained
in C,. By the -theoremd,+1 > 7d,|F'(t,))|. Since Re, — oo asn — oo we have
|F'(t,)| — oo and we obtain a contradiction with the fact tidgtcan havel,, at mostr. O

COROLLARY. If f € MS, then it has no Baker domains.
For otherwise, there is some € N, componentG of F(f) with f?(G) C G,

fP" — e dGNE(fP). But f? € MS also anck cannot be a limit point of singularities
of f~P, so the result follows from Theorem F.
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COROLLARY. If f € MSR, then every component &f( f) is eventually periodic and the
only periodic components are associated with attracting or parabolic periodic points or
are part of a cycle of Siegel discs or Herman rings.

8. Relation between the singular orbits and the Fatou domains
The results which hold for rational maps generalize with little change in the proofs.

LEMMA 9. If £ € M and if g, are branches of the inverses gf"® which are
meromorphic in the domaill, k € N, then{g, )} is normal inU.

Proof. If E(f) contains fewer than three points, Theorem A(7) shows that repelling
periodic points are dense in the perfect €if). Since the solutions of”(z) = z
have limit points only at the countable sBtf?) = EU f~YW(E)U ... U f~?=D(E)
it follows that there are different integeys ¢ (> 3) and (distinct)p andg cycles: A =
{o, a1, ..., ap} @andB = {Bo, B1, ..., By}. INU \ A we haveg,u(z) # o, 01, ...,
so that{g, )} is normal inU \ A. The same is true itV \ B and hence ir¥/.

If, however,E contains three points,, e, e3 theng, ) # e1, e2, e3 in U so the result
follows.

LEMMA 10.

(i) If f eMandGy,...,G, is a periodic cycle of Fatou components in which the
iterates converge to either an attracting or parabolic periodic cycle of points then
G1U---U G, contains the forward orbit of some singular pointofl.

(i) 1fGa,...,G,isacycle of Siegel discs or Herman rings (i.e. eathis a Siegel disc
or Herman ring off ?), then each point af; (0G;) is a limit of points in the orbit of
singularities of f 1.

Proof. It suffices to consider the cage= 1; G1 = G is then an invariant component.

(i) Suppose thaG contains no singular points gf~1. If G contains an attracting fixed
point p with A = f/(p) we havea| < 1 and may suppose that# 0, since otherwisg is
the required singular point witt? (p) = {p} C G.

Let ¢ denote the branch of ~! such thatg(p) = p, ¢ (p) = A~1 Then if
D = D(p, R) C G we haveg analytic inD. Further, for any: € N, g™ is analytic at
least in some neighbourhood pfand then by analytic continuation, noting the complete
invariance ofF' (f), in at leastD. Thus by Lemma 9¢"} is a normal family inD which
contradicts the fact that" (p) = p, (g")'(p) = 17" — oc.

If G is a component in whiclf” converges to a parabolic fixed point, which we may
assume to be @ dG, then we have for some € N that the Taylor expansion gof near

zerois
f@) =z+apzP ™+, ap41#0,z€ DO, R)
and we denote by the local inverse
8(2) =Z—ap+1zp+l+~' , z€D(,p),p>0.

We may assume that,1 < 0 and thaiG contains

T T
W:D(O,R)ﬂ{z:largz|<——e}, where O< e < —.
p 4p
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For small positivex € W we haveg(x) € W andg(g(x)) € W. By analytic
continuation we fing¢?(z) = z—2a,+1z” 1+ - - andfurther” (z) = z—nay41z°+ 14 -
analytic and normal inV. By the local behaviour near parabolic poirg%,are defined and
normal inW, = D(0,s) N{z : |argz = = /p| < 3w /4p} for somes > 0 withg" — 0
in W’ uniformly. Since{g"} is normal inW U W’ we haveg” — 0 uniformly on the rays
ay :{argz = 3n/2por—3n/2p,0< |z] <t}andonC; = {z: |z| = ¢, |argz| < 37/2p}.
Henceg” — 0 uniformly in the finite regionV bounded by these rays at. Now
zn = f"(¢) is insideV for all n andg" (z,) = ¢ which contradicts the claim thgt’ — 0
in V. Thus the proof of (i) is complete.

(i) If G is, for example, a Siegel disc apgle 9G, suppose that some digi(zo, R) =
U contains no singular points of any". Denote byg the inverse of the univalent map
f1G. Theng is defined at some points &f and has analytic continuation throughaut
The same is true for all iteratg$ of g. For some sequeneg — oo we havef™ — Id
in G andg"™ — Idin G. Since{g"*} are normal iU we haveg"* — Idin U. Thus for all
sufficiently largek, ¢g"« (U) covers a fixed neighbourhodd of zg and f (V) c U. But
this contradicts the factthag € J(f) N V. O

9. Totally disconnected Julia sets
In simple cases the results of 88 may allow us to determine the dynamics of a map in our
class. As an example we have the following result.

THEOREMG. Suppose thaf € MSR and suppose that there is an attracting fixed point
whose Fatou component contains all the singular points of 1. ThenJ(f) is totally
disconnected.

Remarks.(1) In dealing with a transcendental entire function we must remember that the
singular pointco € E(f) C J(f) so thatf cannot possibly satisfy the conditions of
the theorem and there can be no conflict with the known fact tligd is never totally
disconnected for this class of functions.

(2) The theorem is, however, interesting even in the case of transcendental meromorphic
functions where the only known examples with totally disconnegtgt) seems to be the
functioni tanz, |A| < 1, or their conjugates.

Example 6.Let R(z) = p(z)/q(z) wherep andq are polynomials of degree (exactly)
without common zeros and such that:
(1) all zeros ofp andq are simple;
(2) q(0) #0;and
) p=0.

Then if the constant is sufficiently small,f (z) = AR(e%), which is meromorphic ifC
with essential singularitgo, has totally disconnected Julia set.

To justify the above claim note that the singularities of1 < 1S whereS =
{critical values ofR} U {R(0), R(c0)} = AU B (say).

By assumption (1) Oco ¢ A. By assumption (2R(0) # co. Since deg = degqg we
haveR (co) # 0o, 0. ThusS is a finite subset (of at most 2 degoints) ofC.
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Further, f(0) = AR(1) = 0. Taker > 0 so thatR(e?) is analytic inD(0, 2r), and so
bounded inD = D(0,r). Then if Ag is sufficiently small we have for aJih| < Ag that
f : D — D sothatD belongs to a component of F(f), zero is an attracting fixed point
andrS c D. Thus Theorem G applies to prove our claim.

Example 7.For sufficiently small constants, © the function f = tan(Atanuz) has
totally disconnected Julia set. Fgre K N MS with an attracting fixed point at zero if
] < 1. The singular points arei and+ tan(Ai). For sufficiently smal|i|, || we have
[tanri| < 1 and for all|z| < 1 that|f(z)| < 2|Aullz] < %Izl. The functionf therefore
satisfies the assumptions of Theorem G.

Proof of Theorem GWe suppose thaf € MSR and that zero is an attracting fixed point
of f which belongs to the compone6t of F(f). The set of singular points is finite,
{ai,...,ap} C G. Clearly f(G) C G.

First we show thaG is completely invariant. Take in G such thatzy = f(z) is
different froma;, 1 < j < p, and denote by the branch off ~* such thatg(z1) = z. If h
is an arbitrary branch of 1, defined and hence analytic in a neighbourhooghothere
is some closed pathin Q = C \{aa, ..., ap} starting and ending at, such that alongr
the brancly continues analytically ta. Buty is homotopic in to a pathy’ which starts
and ends at; and hasy’ ¢ G. Continuation ofg alongy’ yields but the continuation
mapsy’ into F(f) and hence remains ii. ThusG is completely invariant.

By Theorems E and F there are neither Baker domains nor wandering components in
F(f). Further, eaclO(a;) lies in G and has only zero as a limit point. It follows from
Lemma 10 that the only periodic components This is indeed the only component of
F(f) since any componetf of F(f) must map by somg” into G, which is completely
invariant.

Now let ® denote the analytic universal covering map from the unit diso G such
that®(0) = 0, and¥ the local inverse o> which is analytic in a neighbourhood of zero
with ®(0) = 0. ThenF = ¥ f® is analytic in a neighbourhood of zero witf0) = 0,
F’(0) = f/(0). Analytic continuation of is possible throughou® andF is then analytic
in Dwith F : D — D.

We choose such that O< p < 1 holds and the circumferen€g0, p) contains none
of the countable set of pointB*l(aj), 1 < j < p,while the discD(0, p) contains at least
one of®~1(a;) forevery 1< j < p.

Now @ : D(0, p) — K which containsuy, ..., ap, 0 and satisfieg’(K) C K since,
by Schwarz’s LemmaF maps D(0, p) into itself. The boundary K is a subset of
' : ®(C(0, p)). The curvel’ crosses itself only at point®(z) wherez € C(0, p) is
such thatTz € C(0, p) for some element of the covering group which is different
from the identity. We shall show that there are at most finitely many such points. If
this is not the case there are sequenges C(0, p) andz, € C(0,p), T, # Id in
the covering group such tha, — «, z, = T,(z,) — B. There is a neighbourhood
A = D(«, n) such thatT A N A = ¢ for every covering transformation other than the
identity. LetA’ = D(«, n/2) and taken so large that,,, z,+1 € A’ and|z), — z,’1+l| <€

/7

wheree is a number such that @ 4¢ < (1 — p)n. SinceTnjrll mapsz,, ,, t0 z,41 and
D(z;lH, 1— p) into the discD(z,+1, 2), we have from Schwarz’s lemma tl“ialtrllz;, isin
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A, which implies thatr,;llTn = Id. Thus for largen all 7,, are the same, sd§. But then
T fixes both circle< (0, p) andC (0, 1) which is possible only iff (0) = 0, or sinceT is

a covering transformation if = Id, which contradicts our assumption ab@yt ThusT

is an analytic curve with at most a finite set of self-intersections.

We have shown thak“ has a finite set of components, each of which must be simply
connected and bounded by a parfofDenote these components Ay, 1 <i < N. We
note thatf = : K¢ — K¢ and indeed for any the branches of " are all analytic in
eachA; and mapA; to disjoint domainsA? . Sincel’ C F(f), each component of (f)
lies in the interior of somet”  (for eachn).

Suppose that some compongnof J(f) contains more than one point. Nof¥ (w) is
in the interior of some4;(,) and we may choose a sequencg) such thaw (k) — oo as
k — oo and eachi(n(k)) is the sameA; (say). Thusu belongs to a component, which
we call A¥ (= someA’l’f;‘)) of f7"® A;. The sequence of branchgsof f~"®) such that
g1 (A1) = AK is normal inA1, and without loss of generality we may assume ghais
locally uniformly convergent im 1 with limit #.

Now J1 = J(f) N Aj is a compact subset of;. Thus ifz is constant we must have
diamgi(J1) — 0 ask — oo which implies that dianp = 0, against our assumption.
Henceh is a non-constant function univalentin. We take a Jordan curdan A1 whose
interior I contains/1. Thush(Jy) is a compact subset @f(7) which is bounded by ().
For sufficiently largek, g« (5) approximates(8) closely and there is an open détsuch
that for all largek we haveu € gi(J1) € U C gi(I). Thus f*® (W) c I c Az. In
particular, allf"® and hence alf” are analytic inU. Further, for any: there is a greater
n(k) so thatn(k) = n + j for somej > 0. Thenf*(U) c f=/ f*® W) c f~7 (A1),
which is a set disjoint fronk. It follows thatU c F(f) which contradicts the fact that
w C U. We have now proved that all components/@ff) are singletons. o

There exist cases where we can guarantee the existence of singleton components
although the Julia set may not be totally disconnectedf I§ a transcendental entire
function thenJ (1) is not totally disconnected (see, for examp8,Theorem 9]), but it is
shown in [LE] that if there exists a multiply-connected componenf@f ), then singleton
components are denseuJi f).

In [17] it was shown that if f is a transcendental meromorphic function (where
E = {o0}) and if there exists a multiply-connected componenk'¢f’) of connectivity at
least three, then singleton components are dengé . This result may be generalized
with only slight changes in the proof.

THEOREMH. Suppose thaf € MA and thatF(f) has a componer! of connectivity
at leastk. Then singleton components are densé (if).
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A. Appendix

For the reader’s convenience we include some less standard results of complex analysis
relevant to the paper. The first results relate to the classifications of Riemann surfaces but
are required only for plane domaimg. See B, Ch. 4]. In 86 we have already given the
definition of the Dirichlet integral of a function analytic I#.

Definition A.1. A plane domairW is of classO 4 p if the only analytic functions i with
finite Dirichlet integral are constants.

Definition A.2. A plane domairW is of classO 4 if the only bounded analytic functions
in W are constants.

It is shown in P] that O 45 is strictly contained irD4p.

THEOREMA.3. [2] A plane domairW¥ is of classO4p if and only if the only univalent
functions inW are linear functions.

THEOREMA.4. [2] If the domainW is the complement of a closed bounded&eind E
has linear measure zero, thévi € Osp C Oap.

Remark. E has linear measure zero if it can be enclosed in a finite number of circular discs
whose radii have an arbitrarily small sum.

Definition A.5. A closed setE is a removable singularity for any functioh defined in
a neighbourhood; of E with bounded Dirichlet integral if any sucfi has an analytic
extension taG.

THEOREMA.6. [2] Aclosed seE is aremovable singularity in the sense of Definition A.5
if and only if its complement in the sphere is a domain of clags.

We remark that Lemma 6 states that plane sets whose complement is abglasse
guasiconformally invariant.

THEOREMA.7. [37, p.10]If E is a closed totally disconnected set whose complement is
of classO4p and f is meromorphic inE¢ with essential singularities at every poift,
thenC(f, E€,z0) =Cforall zo € E.

Ahlfors’ five island theorenihas many uses in dynamics. It is also clearly related to the
theory of normal families. See, e.g., the recent sundly.[ Some extensions to more
general situations are mentioned in §2. One form of the theorem follows.

THEOREMA.8. [44] Let f be a transcendental meromorphic function@ and let
D1, Do, ..., Ds be five simply connected domaingQrwith disjoint closures. Then there
existsj € {1,2,...,5} and, for anyR > 0, a simply connected C {z € C : |z| > R}
such thatf is a conformal mag> onto D;. If f has only finitely many poles, then ‘five’
may be replaced by ‘three’.

THEOREMA.9. (Koebe’s%—theorem f4) If f is a conformal map oD (0, 1) onto the

domainG c C such thatf(0) = 0, f/(0) = 1, thenG contains a discD(0, p) with

1
P =7z
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THEOREMA.10. (Lindebf’s theorem L5, p. 43]) Suppose thaf is analytic in D(0, 1)
and continuous o (0, 1) \ {1}.

If lim f(¢'?) = e, ande_ as® — 0through positive and negative values, respectively,
wheree_ ande, are finite, thene_ # e, implies thatCp(f,1) = C. In particular, if
C \ f(D) contains an open disc, the. = e...

Definition A.11.(Quasiconformal maps3p]) A function u(x, y) is ACL (absolutely
continuous on lines) in a plane domdinif, for every closed rectangl® in D with sides
parallel to thex andy axesu(x, y) is absolutely continuous on almost every horizontal or
vertical line inR.

A topological mapp of the plane domai® into Cis called quasi-conformal if:
(i) ¢isACLIn D;and
(i) thereisaconstarnt, 0 < k < 1, such that anglz| < k|¢;| holds almost everywhere

in D, whereg, = 3(¢x — i), ¢z = 3(dx +igby).

Further,u(z) = ¢z/¢; is called the the complex dilatation ¢f If u(z) = 0 almost
everywhere, the is conformal.

If fis aone-to-one conformal map from a domairto a domainD1 and¢ is a quasi-
conformal map defined oB and D1 whose complex dilatation satisfies

(@) f'(z)

——~_ a.e.inD,
f'(@)

n(f(2) =

theng o f o 1 is conformal ing (D).

THEOREMA.12. (The measurable Riemann mapping theorginGiven any measurable
functionu onC such thatl| || = €Ss sufu| < 1, there exists a unique sense-preserving
quasiconformal homeomorphigtn= ¢* of C ontoC which has complex dilatation and
fixes 0, 1p0.

Ahlfors and Bers ] proved that if u depends continuously and differentially on
parameters, the same is truegdf. Their result includes the following.

Write t = (t1,...,t,) ands = (s1,...,s,). Suppose that for all in some open set
A C R" one has for the: of A.12 thatu(z, z) € L« as a function ot with ||u|lec < 1
and that (suppressing

it $) = p() + Y ai@si + Isle(t, s)
i=1
with |la(z, s)]lec < ¢, ¢ constant ande(¢z,s) — 0 a.e. inz ass — 0. Suppose that
lla; (t + s)]lco are bounded and that(r + s) — a;(¢) a.e. fors — 0.
Theng*® isin C1(A) as a function of for fixed z.

LEMMA A.13. (The rate at which iterates can approach infinity in an unbounded invariant
domain P, Lemma 7])Let G be an unbounded invariant domain @ with at least two
finite boundary points, and lgtbe analytic inG.

Suppose thag(G) C G andg” — oo in G. Then for any compact subsgtof G there
exist constant§’ andng such thatig”(z')| < |g"(z)| forall z,z’ € K, n > no. Further,
there exist a constam > 1 and a curvey in G tending toco which satisfieg(y) C y
such thaz|¥4 < |g(2)| < |z|* forz e y.
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