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Abstract. It is proven that, for a wide range of integers s (2 < s < p − 2), the exis-
tence of a single wildly ramified odd prime � �= p leads to either the alternating group or the
full symmetric group as Galois group of any irreducible trinomial X p + aX s + b of prime
degree p.
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1. Introduction. Let f (X ) = X p + aX s + b be a trinomial of prime degree p, with
integral coefficients, and N the splitting field of f (X ) over the field Q of rational numbers.
When a = b, the prime p is the only prime which can be wildly ramified in the extension
N/Q. This fact means in particular that inertia groups at other places � �= p are cyclic
and so makes it easier to determine the Galois group of f (X ). It is therefore of interest to
elucidate whether other wild ramifications can occur in more general circumstances and
how this kind of information can be used in order to find the Galois group of f (X ). This is
the main goal of this paper.

So we are driven to analyse the inertia groups of all the primes which ramify in N .
To get precise information concerning the prime p, we suppose that p does not divide the
p-adic valuation vp(b) of the constant term b of our trinomial. We are able to entirely deter-
mine the inertia group (even the decomposition group in the case of wild ramification) at
p and also the inertia groups at almost all other primes. The only exceptions are the primes
dividing s( p − s). Hence, only the primes dividing ps( p − s) can be wildly ramified. This
study completes our previous results [2] in the case a = b. Complementing earlier work of
Plans and Vila [23], we also give a condition which suffices to ensure wild ramification at
a prime � �= p (Proposition 2.8).

Let us note that the determination of the Galois group of an irreducible trinomial with
integral coefficients X n + aX s + b is far from being entirely established, even though it
has been studied since at least the beginning of the twentieth century, as testified by the
paper [16]. From the seventies on, many authors renewed interest in the topic (see, e.g.,
[14, 22, 27]). In the special case of prime degree n = p and s = 1, it is conjectured [5, 13]
that the Galois group of the Eisenstein trinomial X p + aX + a is always the full symmetric
group, if p divides a exactly once. To date, this is only known for p ≤ 5 [11] . Special cases
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were known, such as the case where a/p is a perfect square integer [15]. In fact, if the prime
p divides the integer a exactly once, the Galois group G of the trinomial X p + aX + a is
isomorphic to either Sp or to the affine group Aff(Fp) [19, Theorem 3.1]. The latter occurs
precisely when the splitting field of f (X ) contains the p-th roots of unity [19, Theorem 2.2].
More generally, if gcd( p − 1, s) = 1, then the Galois group of an Eisenstein (with respect
to p) trinomial X p + aX s + a is once again isomorphic to either Sp or Aff(Fp) [2, Theorem
3.3]. We stress that the knowledge of inertia and decomposition groups of primes ramified
in the splitting field of a trinomial, as determined in this paper, narrows accordingly the
area which can be searched for possible examples of Eisenstein-type trinomials with affine
group as Galois group.

Our paper is organised as follows.
Section 2 is devoted to the detailed analysis of different inertia groups of the primes

ramified in N . Our method is based on Newton polygons which turn out to be efficient
for the study of factorisations of polynomials over a local field. We distinguish three kinds
of ramification of a prime � according to the sign of the integer pv�(a) − ( p − s)v�(b),
giving rise to three different types of polygons for f (X ). For a prime � such that pv�(a) −
( p − s)v�(b) = 0 which is ramified in N , its inertia group is generated by a transposition.
As far as the prime p is concerned, it is wildly ramified in N if and only if the integer
pvp(a) − ( p − s)vp(b) is positive.

In Section 3, we show how the precise local study in Section 2 can be used for the
determination of the Galois group G. This is done with the help of Feit’s list of degree p
permutation groups that can arise as the Galois group of a degree p trinomial [10, Section
4]. We pay special attention to the possibility of wild ramification and prove the following:

THEOREM (Theorem 3.13). Let p be a prime number and f (X ) = X p + aX s + b a trino-
mial of degree p with integer coefficients. If 2 < s < p − 2, the existence of a single wildly
ramified odd prime � �= p leads to either the alternating group or the full symmetric group
as Galois group of f (X ) over Q.

2. Local study. Let p be an odd prime number, f (X ) = X p + aX s + b be an irre-
ducible trinomial with a and b two non-zero rational integers, and 1 ≤ s ≤ p − 1 be a
natural number. Denote by θ := θ1, θ2, . . . , θp the different roots of f in an algebraic clo-
sure of Q. Let K := Q(θ) be the field obtained by adjoining the root θ to the field Q and
N := Q(θ ,θ2, . . . ,θp) be the normal closure of K over Q.

2.1. Local study at a finite prime. Let � be a prime number. In order to get infor-
mation about the inertia at �, we consider the (Q�, X )-polygon [8] of f (X ). We are driven
to analyse three cases depending on the sign of ( p − s)v�(b) − pv�(a), where v� denotes
the �-adic valuation. We use the notations a� := a

�v�(a) and b� := b
�v�(b) .

2.1.1. The case ( p − s)v�(b) < pv�(a)

In this case, we have two different possible behaviours for the ramification depending
on whether the two prime numbers � and p are equal or not. If � �= p, the extension K/Q is
indeed tamely ramified at �, as we are going to see.

PROPOSITION 2.1. Let � �= p be a prime number such that ( p − s)v�(b) < pv�(a).

(i) If p divides v�(b), then the prime number � is unramified in N/Q.
(ii) If p does not divide v�(b), then the prime number � ramifies in N/Q and the inertia

group of an �-adic place of N is cyclic of order p.

https://doi.org/10.1017/S001708952000004X Published online by Cambridge University Press

https://doi.org/10.1017/S001708952000004X


108 BOUALEM BENSEBAA ET AL.

Figure 1. The (Q�, X )-polygon of f (X ) when ( p − s)v�(b) < pv�(a).

Proof. Under the condition ( p − s)v�(b) < pv�(a), the (Q�, X )-polygon of f (X ) has
a unique side S joining (0, 0) to ( p, v�(b)) as illustrated in Figure 1. The associated
polynomial of the side S is a binomial of the form

F(Y ) = Y m + b�,

where m = p or 1, depending on whether p divides v�(b) or not. Since F(Y ) is separable
modulo �, by [8, Theorem 1.5], the ramification index of the local extension Q�(θ)/Q� is
equal to p/m, an integer coprime to �. So the extension K/Q is tamely ramified at � if p
does not divide v�(b), and otherwise unramified at �. By Abhyankar’s Lemma [21, p. 236],
the extension Q�(θ, θ2, . . . , θp)/Q�(θ) is unramified so, in this case, the inertia group is
either trivial or cyclic of order p depending on whether p divides v�(b) or not.

In the more intricate case � = p, we assume that p does not divide vp(b), so that, as in
Proposition 2.1(ii), the prime number p is totally ramified in K = Q(θ). The slope of the
unique side of the (Qp, X )-polygon of f (X ) is equal to vp(b)

p . Therefore π := θα

pβ is a prime
element of the completion Qp(θ) of K with respect to its p-adic place, where α ∈ [1, p − 1]
and β ∈ [0, vp(b)] are integers defined via the Bézout identity αvp(b) − βp = 1. Moreover,
we have

θp

pvp(b)
= −appvp(a)θ s − bppvp(b)

pvp(b)
= −appvp(a)−vp(b)θ s − bp .

As the π -adic valuation of pvp(a)−vp(b)θ s is p(vp(a) − vp(b)) + svp(b) > 0, this proves that
θp

pvp(b) is a unit of the local field Qp(θ), with

θp

pvp(b)
≡ −bp (mod π) . (2.1)

Hence π vp(b) = θαvp(b)

pβvp(b) = θ
(

θp

pvp(b)

)β

, so that we get from (2.1)

θ ≡ π vp(b)(−bp)
−β (mod π vp(b)+1) . (2.2)

Similarly πp = θαp

pβp = p
(

θp

pvp(b)

)α

and so, once again by (2.1)

p ≡ πp(−bp)
−α (mod πp+1) . (2.3)

We will now determine the inertia and the decomposition groups of a p-adic place ℘ of N .
We recall our notations ap = a

pvp(a) and bp = b
pvp(b) .
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Figure 2. The (Qp(θ), X )-polygon of g(X ) when pvp(a) − ( p − s)vp(b) > p.

PROPOSITION 2.2. Assume that pvp(a) > ( p − s)vp(b) and that p does not divide vp(b).
The inertia group of a prime ℘ of N above p in N/Q is isomorphic to:

– the affine group Aff(Fp), if pvp(a) − ( p − s)vp(b) > p,
– the subgroup of the affine group of index gcd( p − 1, vp(abs−1)), if 0 < pvp(a) −

( p − s)vp(b) < p.

The decomposition group of ℘ is isomorphic to:

– Aff(Fp), if pvp(a) − ( p − s)vp(b) > p,
– the subgroup of Aff(Fp) of order p( p−1)r

gcd( p−1,vp(abs−1))
, if 0 < pvp(a) − ( p − s)vp(b) < p,

where r is the order of the class of (−1)ssapbs−1
p in the factor group F∗

p/F∗
p

vp(abs−1).

Proof. Consider the polynomial

g(X ) = f (θ(X + 1))

θpX
= X p−1 +

p−1∑
i=1

ciX
p−1−i,

in Q(θ)[X ], where the coefficient ci is given by

ci =
⎧⎨
⎩

(p
i

)
if 1 ≤ i ≤ p − s − 1

(p
i

) + ( s
i+s−p

)
a

θp−s if p − s ≤ i ≤ p − 1.

The π -adic valuations vπ (ci) of the coefficients ci are given by

vπ (ci) =
⎧⎨
⎩

p if 1 ≤ i ≤ p − s − 1

min(p, pvp(a) − ( p − s)vp(b)) if p − s ≤ i ≤ p − 1
,

since vπ (θ) = vp(b) and vπ (x) = pvp(x) for any rational x. So, the (Qp(θ), X )-polygon [8]
of g(X ) has a unique side S joining the point (0, 0) to the point ( p − 1, min( p, pvp(a) −
( p − s)vp(b)).

If pvp(a) − ( p − s)vp(b) > p, then S joins (0, 0) to ( p − 1, p) as in Figure 2; hence, as
the integers p − 1 and p are coprime, by [8, Theorem 1.5] we see that the ramification index
of the local extension Qp(θ, θ2)/Qp(θ) is equal to p − 1. Thus, the extension Qp(θ, θ2)/Qp

is totally ramified of degree p( p − 1). Moreover, the inertia group of ℘ in the extension
N/Q being a transitive solvable permutation group of prime degree p, it is necessarily
isomorphic to the affine group Aff(Fp). This is also the case for the decomposition group.
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Figure 3. The (Qp(θ), X )-polygon of g(X ) when pvp(a) − ( p − s)vp(b) < p.

In the case where u := pvp(a) − ( p − s)vp(b) < p, the side S joins (0, 0) to ( p − 1, u)

as in Figure 3; by [8, Theorem 1.5, (i)] the ramification index of the local exten-
sion Qp(θ, θ2)/Qp(θ) is divisible by ( p − 1)/ gcd( p − 1, u). The unique side S of the
(Qp(θ), X )-polygon contains as only points of the form (i, vπ(ci)) the two points (0, 0) and
( p − 1, u). Therefore, to compute the associated polynomial F(Y ) [8, Definition 1.4] of
the side S, we only need to consider the leading term X p−1 and the constant coefficient

cp−1 = πu

(
p

πu
+ asθ s

θpπu

)
= πu

(
p

πu
− as

bπuθ−s + aπu

)

= πu

(
p

πu
− aps

bpπupvp(b)−vp(a)θ−s + apπu

)
,

of the polynomial g(X ). Thus,

F(Y ) = Y ε −
(

aps

bpπupvp(b)−vp(a)θ−s + apπu
− p

πu

)
,

with ε = gcd( p − 1, u) = gcd( p − 1, vp(abs−1)).
We have by (2.2) and (2.3) the congruence

πupvp(b)−vp(a)θ−s ≡ (−bp)
α(vp(a)−vp(b))+βs (mod π).

As vπ

( p
πu

) = p − u > 0, and vπ (apπ
u) = u > 0, we have verified the congruence

F(Y ) ≡ Y ε + sap(−bp)
−αvp(a)+αvp(β)−βs−1 mod πZp[π ][Y ].

As ε divides p − 1, we see that the associated polynomial F(Y ) is separable modulo p.
From [8, Theorem 1.5, (ii)], we conclude that the ramification index of the local extension
Qp(θ, θ2)/Qp(θ) is precisely ( p − 1)/ε. Since every finite extension of the local field Qp is
solvable, and as f (X ) is irreducible over Qp, the decomposition group of ℘ in the extension
N/Q is a transitive solvable group of degree p, hence isomorphic to a subgroup of Aff(Fp).
As the identity is the only permutation in Aff(Fp) keeping two elements fixed, we have
Qp(θ, θ2, . . . , θp) = Qp(θ, θ2). Accordingly, the ramification index of the local extension
Qp(θ, θ2, . . . , θp)/Qp is precisely p( p−1)

ε
. So the inertia group of ℘ in N/Q is in this case

a transitive solvable permutation group of degree p and order p( p−1)

ε
.

In order to get the decomposition group, we have to factorise the reduction F(Y )

modulo π of the associated polynomial F(Y ) over the residue field Fp of the local field
Qp(θ). As

−αvp(a) + αvp(b) − βs − 1 = −αvp(abs−1) + s(αvp(b) − βp) + sβ( p − 1) − 1
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satisfies the congruence

−αvp(a) + αvp(b) − βs − 1 ≡ s − 1 (mod ε),

the number and the degrees of irreducible factors of F(Y ) are the same as those of the
polynomial

F1(Y ) = Y ε − (−1)ssapbs−1
p .

By Kummer Theory [4, Remarque, p. A V.87], the factorisation of F1(Y ) into
irreducible factors over Fp is given precisely by

F1(Y ) ≡
∏

(Y r − ζ ) ,

where the product is taken over the set of elements ζ of Fp, such that ζ
ε
r = (−1)ssapbs−1

p .
From this factorisation, we deduce that the local extension Qp(θ, θ2)/Qp(θ) is of

degree ( p−1)r
ε

. As Qp(θ, θ2, . . . , θp) = Qp(θ, θ2), this shows that the decomposition group
of ℘ is isomorphic to the subgroup of Aff(Fp) of index ε

r [8, Theorem 1.5, (i)]. This
concludes the proof.

The following corollary in the particular case of an Eisenstein trinomial is worth being
mentioned.

COROLLARY 2.3. Suppose vp(a) ≥ vp(b) = 1. Then :
the inertia group of a prime ℘ of N above p in N/Q is isomorphic to:

– the affine group Aff(Fp) if vp(a) > 1,
– the subgroup of the affine group of index gcd( p − 1, s) if vp(a) = 1 ;

and the decomposition group of ℘ is isomorphic to:

– Aff(Fp) if vp(a) > 1,
– the subgroup of Aff(Fp) of order p( p−1)r

gcd( p−1,s) if vp(a) = 1, where r is the order of the

class of aps
bp

in the factor group F∗
p/F∗

p
s.

2.1.2. The case ( p − s)v�(b) = pv�(a)

PROPOSITION 2.4. Let � �= p be a prime number such that ( p − s)v�(b) = pv�(a). Then
the prime number � is ramified in the extension N/Q precisely when v�( ppbp−1

� + ss( p −
s)p−sap

�bs−1
� ) = v�( ppbp−s

� + ss( p − s)p−sap
�) is odd. In the case of ramification, the inertia

group of an �-adic place of N is generated by a transposition.

Proof. As p must divide v�(b), we put k = v�(b)

p and we replace our trinomial f (X ) by
f (�kX )

�kp = X p + a�X s + b�, whose discriminant is given by

(−1)
p−1

2 [ppbp−1
� + ss(p − s)p−sap

�bs−1
� ].

As � does not divide a�b�, by [17, Theorem 2] or [18, Theorem 1], the �-adic valuation of
the absolute discriminant dK of the field K = Q(θ) is either 0 or 1 according to the parity

of the �-adic valuation of the discriminant of f (�kX )

�kp (or of f (X )). The rest of the proof is
similar to that of Lemma 5 of [20]. Namely, in the case of ramification, as v�(dK) = 1,
the prime number � admits a factorisation such as � = l21l2 · · · lg, where the lis are distinct
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prime ideals in K and the residue class field of l1 is isomorphic to F�. Thus, the factorisation
of f (X ) as product of distinct irreducible elements of Q�[X ] is of the form

f (X ) = f1(X )f2(X ) · · · fg(X ),

where the roots of f1(X ) generate a ramified extension of Q� of degree 2 and the roots
of the other factors fj(X ) (j ≥ 2) generate unramified extensions of Q�. Then, the inertia
group of a place of N above l1 is the group of order 2 generated by the transposition which
exchanges the two roots of f1(X ).

When � = p, replacing once again f (X ) by f (pk X )

pkp = X p + apX s + bp, leads to a prime-

to-p discriminant (−1)
p−1

2 [ppbp−1
p + ss(p − s)p−sap

pbs−1
p ]. Hence, under the hypothesis (p −

s)vp(b) = pvp(a), the prime p does not ramify in N/Q.

2.1.3. The case (p − s)v�(b) > pv�(a)

It remains for us to deal with the case where (p − s)v�(b) > pv�(a). This case is more
involved, as the (Q�, X )-polygon of the trinomial f (X ) has two sides (Figure 4), namely
a side S1 joining the points (0, 0) and (p − s, v�(a)) and a side S2 joining the point (p −
s, v�(a)) to (p, v�(b)).

Changing f (X ) to �pf
(

X
�

)
if v�(a) = 0, we can suppose that the (Q�, X )-polygon of

f (X ) has no horizontal part. The associated polynomials [8, Definition 1.4] of S1 and
S2 are, respectively, F1(Y ) = Y ε1 + a� and F2(Y ) = Y ε2 + b�

a�
, where ε1 = gcd(p − s, v�(a))

and ε2 = gcd(s, v�(b) − v�(a)).
Let us first recall the following well-known result, which is an immediate consequence

of [9, Theorem 1.6.A(i)].

LEMMA 2.5. Let I be a cyclic normal subgroup of order e of a transitive permutation
group D. Then I is generated by a product of disjoint cycles of equal length e.

PROPOSITION 2.6. (to be compared with [20, Theorem 2]). Let � be a prime number
coprime to s(p − s), such that (p − s)v�(b) > pv�(a). Then N/Q is not wildly ramified at
�. More precisely, the ramification index of an �-adic place L of N is (p−s)s

ε1ε2
, where ε1 =

gcd(p − s, v�(a)) and ε2 = gcd(s, v�(b) − v�(a)). The corresponding cyclic inertia group
is generated by a permutation which is the product of ε1 disjoint cycles of equal length p−s

ε1

and of ε2 disjoint cycles of equal length s
ε2

.

Proof. We use the factorisations of the two reductions Fi(Y ) (1 ≤ i ≤ 2) modulo � of
the associated polynomials Fi(Y ) in product of irreducible polynomials of F�[Y ]. These
factorisations are of the form

Fi(Y ) =
ti∏

j=1

F̄(i)
j (Y ) (1 ≤ i ≤ 2).

From this, we deduce by [8, Theorem 1.5] the following factorisation

f (X ) =
2∏

i=1

ti∏
j=1

�
(i)
j (X ),

where, for each j, the polynomial �
(i)
j (X ) is irreducible over Q� of degree ei degY

(
F̄(i)

j

)
,

with e1 := p−s
ε1

and e2 := s
ε2

. Furthermore, by [8, Theorem 1.5, (ii)], as the associated
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Figure 4. The (Q�, X)-polygon of f (X ) when (p − s)v�(b) > pv�(a).

polynomials are separable modulo �, the ramification index of the extension Q�(θ
(i)
j )/Q�

is precisely ei for every root θ
(i)
j of �

(i)
j (X ). As � does not divide s(p − s), these extensions

are tamely ramified. By Abhyankar’s Lemma, the ramification index of the splitting field
of fi(X ) := ∏ti

j=1 �
(i)
j (X ) over Q� is ei, for each i = 1, 2. So the ramification index of the

splitting field of f (X ) = f1(X )f2(X ) over Q� is precisely e1e2 = s(p−s)
ε1ε2

. As the prime L is
tamely ramified above �, its inertia group IL is cyclic. Let σ be a generator of IL. Introduce
the splitting fields L(i)

j of the factors �
(i)
j (X ) over Q�. Lemma 2.5, applied to the action of

the Galois group of the extension L(i)
j /Q� on the set of the roots of the factor �

(i)
j (X ) and

to its normal subgroup I (i)
j (the restriction of IL to L(i)

j ), shows that σ must act on the roots

of �
(i)
j (X ) as a product of disjoint cycles of equal length ei. This completes the proof.

REMARK 2.7. According to the above propositions, every prime coprime to ps(p − s)
which ramifies in K is tamely ramified. We note that the prime p is wildly ramified in N
as soon as the trinomial f (X ) is Eisenstein with respect to p. For the prime p to be wildly
ramified in N , it is necessary, by the last paragraph in Subsection 2.1.2 and Proposition 2.6,
that pvp(a) > (p − s)vp(b). The next proposition complements results of Plans and Vila
[23] concerning sufficient conditions for the wild ramification of a prime in the splitting
field of a trinomial over the rationals.

PROPOSITION 2.8. (to be compared with [6, Theorem 1.3]). Let � be a prime num-
ber such that (p − s)v�(b) > pv�(a). Then the index of ramification of an �-adic place in
N/Q is divisible by (p−s)s

ε1ε2
, where ε1 = gcd(p − s, v�(a)) and ε2 = gcd(s, v�(b) − v�(a)). If,

moreover, � is wildly ramified in N/Q, then there exists in the corresponding inertia group a
permutation of order � which fixes p − s or s roots according to whether � divides s or p − s.
In particular, � is wildly ramified in N/Q, if v�(s) > v�(v�(

b
a )) or if v�(p − s) > v�(v�(a)).

Proof. By [8, Theorem 1.5], from the factorisations

Fi(Y ) =
ti∏

j=1

F̄(i)
j (Y )a(i)

j (i = 1, 2),

of the reductions modulo � of the associated polynomials Fi(Y ) into irreducible factors in
F�[Y ], we deduce in Q�[X ] the following factorisation

f (X ) =
2∏

i=1

ti∏
j=1

�
(i)
j (X ),
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Figure 5. The (X − 6, Q3)-polygon of X 7 + 7X 3 − 378.

where, for each j, the polynomial �
(i)
j (X ) is of degree λia

(i)
j degY (F̄(i)

j ), with λ1 := p−s
ε1

and λ2 := s
ε2

. Furthermore, the extension generated over Q� by a root of the polynomial

�
(i)
j (X ) has a ramification index divisible by λi. As the integers λ1 and λ2 are coprime, the

ramification index of the splitting field of f (X ) over Q� is divisible by λ1λ2 = (p−s)s
ε1ε2

.
Let us denote, for i ∈ {1, 2}, by fi(X ) the factor of f (X ) given by

fi(X ) =
ti∏

j=1

�
(i)
j (X ) .

If a prime � is wildly ramified in N/Q, then we know by Remark 2.7 that � divides s or
p − s. If � divides s (resp. p − s), then � does not divide p − s (resp. s), so that the asso-
ciated polynomial F1(Y ) (resp. F2(Y )) is separable over F�, hence we have a(1)

j = 1 (resp.

a(2)
j = 1) for every index j ∈ {1, . . . , t1} (resp. j ∈ {1, . . . , t2}). By [8, Theorem 1.5, (ii)],

the ramification index of the extension of Q� generated by a root of the polynomial f1(X )

(resp. f2(X )) is precisely λ1 (resp. λ2). Thus, this extension is tamely ramified. Accordingly,
the �-Sylow subgroup of the inertia group leaves fixed any of the p − s (resp. s) roots of
f1(X ) (resp. f2(X )). As � is supposed to be wildly ramified in N/Q, this �-Sylow subgroup
contains a permutation of order �.

The condition v�(s) > v�(v�(
b
a )) (resp. v�(p − s) > v�(v�(a))) is equivalent to the divis-

ibility by � of λ2 (resp. λ1). Hence, under each of these conditions, the prime � is wildly
ramified in N/Q.

Suppose that � is a prime divisor of s and that (p − s)v�(b) > pv�(a). When the inequal-
ity v�(s) > v� (v�(b/a)) is not satisfied, then the ramification at � could be either wild or
tame as the following two examples (with p = 7 and s = � = 3) show.

EXAMPLES 2.9. (i) If f (X ) = X 7 + 7X 3 − 378, let us show that the prime 3 is wildly
ramified. By Taylor’s formula, we have

X 7 + 7X 3 − 378 = (X − 6)7 + 42(X − 6)6 + 756(X − 6)5 + 7560(X − 6)4+
45367(X − 6)3 + 163422(X − 6)2 + 327348(X − 6) + 281070.

Hence, Figure 5 represents the (X − 6, Q3)-polygon of our trinomial. We observe that
this polygon has a side of slope 4/3 and of horizontal length 3 : by Ore’s Theorem [8,
Theorem 1.5], we conclude that the ramification index over Q3 of the splitting field of
the trinomial X 7 + 7X 3 − 378 is divisible by 3. So the prime 3 is wildly ramified in the
splitting field of this trinomial.
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Figure 6. The (X − 3, Q3)-polygon of X 7 + 7X 3 − 189.

(ii) If f (X ) = X 7 + 7X 3 − 189, then the prime 3 is tamely ramified. Indeed, Taylor’s
formula gives

X 7 + 7X 3 − 189 = (X − 3)7 + 21(X − 3)6 + 189(X − 3)5 + 945(X − 3)4

+2842(X − 3)3 + 5166(X − 3)2 + 5292(X − 3) + 2187.

Therefore, Figure 6 represents the (X − 3, Q3)-polygon of X 7 + 7X 3 − 189. It has two
non-horizontal sides: the first is of slope 3/2 and of horizontal length 2, the second is of
slope 4 and of horizontal length 1. By Hensel’s Lemma and Ore’s Theorem [8, Theorem
1.5], we conclude that, in the ring Z3[X ], the trinomial X 7 + 7X 3 − 189 is the product
f4(X )f2(X )f1(X ) of a polynomial f4(X ) ∈ Z3[X ] of degree 4 such that

f4(X ) ≡ X 4 + 7 (mod 3Z3[X ])
by two irreducible polynomials f2(X ) and f1(X ) of degrees, respectively, 2 and 1. As the
polynomial X 4 + 7 has no repeated root modulo the prime 3, the roots of the factor f4(X )

lie in an unramified extension of Q3. As the roots of f2(X ) have a 3-adic valuation 3/2,
the splitting field of f2(X ) is a totally ramified extension of Q3 of degree 2. Finally, the
unique root of f1(X ) is in Q3. Thus, we see that the ramification index of the splitting field
of our trinomial over Q3 is 2. So the prime 3 is tamely ramified in the splitting field of
X 7 + 7X 3 − 189.

Likewise, for a divisor � of p − s such that (p − s)v�(b) > pv�(a), when the inequal-
ity v�(p − s) > v�(v�(a)) is not satisfied, we can verify in an analogous way that the
ramification at � can be either wild or tame. Namely, with p = 5 and � = 3, the ramifi-
cation at 3 is wild for the Eisenstein trinomial f (X ) = X 5 + 5X 2 + 15; but it is tame for
f (X ) = X 5 − 5X 2 + 15.

2.2. Local study at the infinite prime. By Descartes’ rule of signs, it is known that
our trinomial f (X ) has one or three real roots. On the other hand, the discriminant D of
f (X ) has the same sign as (−1)r2 , where 2r2 is the number of complex embeddings of K.
Accordingly, the inertia group I∞ above the infinite prime is generated by a product of p−1

2

transpositions if (−1)
p−1

2 D > 0 and by the product of p−3
2 transpositions if (−1)

p−1
2 D < 0.
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3. Galois group. As a consequence of the classification of finite simple groups, Feit
[10] drew up the list of possible non-solvable Galois groups of prime degree trinomials
over the field Q of rational numbers:

1. the symmetric group Sp or the alternating group Ap;
2. the projective linear group PSL3(2) of degree 7;
3. the groups PSL2(11) or M11 (Mathieu group) of degree 11;
4. the projective semi-linear groups G between PSL2(2e) and P�L2(2e) of prime

degree p = 1 + 2e > 5.

We are going to apply our local study to determine the Galois group of trinomials
f (X ) = X p + aX s + b with integral coefficients. The discriminant D of f is [26, Theorem 2]

D = (−1)(p−1)/2[ppbp−1 + (p − s)p−sssapbs−1]. (3.1)

Let δ := min(pvp(a), (p − s)vp(b) + p), so that

D = (−1)(p−1)/2bs−1
p pδ+(s−1)vp(b)

[
p(p−s)vp(b)+p−δbp−s

p + ss(p − s)p−sppvp(a)−δap
p

]
,

where we recall that ap = a
pvp(a) , bp = b

pvp(b) .

THEOREM 3.1. Let f (X ) = X p + aX s + b, with 0 < s < p, be an irreducible trinomial
such that p does not divide vp(b). Suppose either pvp(a) − (p − s)vp(b) > p or vp(abs−1) is
odd. Then the Galois group G of f (X ) over Q is either solvable or the symmetric group Sp.

Proof. If pvp(a) − (p − s)vp(b) > p, then the p-adic valuation of the discriminant D is
the odd integer (p − 1)vp(b) + p. If vp(abs−1) is odd and pvp(a) − (p − s)vp(b) < p, then
δ = pvp(a) and vp(D) = pvp(a) + (s − 1)vp(b) = vp(abs−1) + (p − 1)vp(a) is again odd.
Hence under either of the above two conditions, the discriminant is not a square in Q and
the Galois group G is an odd permutation group. Apart from the full symmetric group Sp,
all the non-solvable Galois groups appearing in Feit’s list are even permutation groups (for
the projective semi-linear group P�L2(2e), see [7, Lemma 3.1]). Therefore, the theorem
follows.

COROLLARY 3.2. Let f (X ) = X p + aX s + b be a trinomial of Eisenstein type with
respect to a prime number p, with 0 < s < p. Suppose either vp(a) > 1 or s is odd. Then
the Galois group G of f (X ) over Q is either solvable or the symmetric group Sp.

REMARK 3.3. By Proposition 2.2, if the Galois group in the above Theorem 3.1 is
solvable, it can only be the affine group Aff(Fp) in each of the following two cases:

(1) vp(abs−1) and p − 1 are coprime;
(2) pvp(a) − (p − s)vp(b) > p.

REMARK 3.4. To our knowledge, no example of an irreducible solvable trinomial X p +
aX s + b of prime degree p ≥ 7 is known, though degree 8 irreducible trinomials can be
solvable: it is well known that the Galois group of X 8 − 5X − 5 is the wreath product S4 
 S2

of order 1152 = 27· 32. For p = 5, there exist explicit parametrisations for general solvable
trinomials X 5 + aX + b, dating at least back to Weber [28, p. 704] (see also [24, 25] and
[12, chapter 2]). In view of Corollary 2.3, such an irreducible solvable trinomial cannot
have a cyclic or dihedral Galois group if it is Eisenstein with respect to 5. An example of a
solvable Eisenstein trinomial is provided for p = 5 by X 5 − 52 · 413X + 5 · 22 · 32 · 7 · 414,
whose Galois group is the affine group Aff(F5).

From Feit’s result and equation (3.1), we obtain the following result.
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THEOREM 3.5. Let f (X ) = X p + aX s + b be an irreducible trinomial of prime degree
p, with 0 < s < p and abs−1 > 0, and suppose that its Galois group G over Q is not solvable.

1. If the discriminant of f (X ) is not a square, then the Galois group G is the symmetric
group Sp.

2. If the discriminant of f (X ) is a square, then G is either the alternating group Ap,
or a projective semi-linear group between PSL2(2e) and P�L2(2e). The projective
semi-linear groups can only occur when p = 2e + 1 is a Fermat prime.

By combination of Corollary 3.2 and Theorem 3.5, we can get the following interesting
statement.

PROPOSITION 3.6. If p is not a Fermat prime, and if ab > 0, then the Galois group
of an Eisenstein-type trinomial f (X ) = X p + aX s + b is either solvable or contains the
alternating group Ap.

THEOREM 3.7. Let f (X ) = X p + aX s + b be an irreducible trinomial of prime degree
p, with 0 < s < p − 2. Suppose that there exists an odd prime number � dividing s which
is wildly ramified in K (or equivalently in N). Then the Galois group G of f (X ) over Q is
either the symmetric group Sp or the alternating group Ap.

Proof. By Propositions 2.1 and 2.4, the prime � �∈ {2, p} being wildly ramified, we
know that (p − s)v�(b) > pv�(a). By Proposition 2.8, there exists in G a permutation of
order � which fixes p − s roots. As s < p − 1, this permutation stabilises at least two roots
of f (X ). Now the two-point stabiliser in Aff(Fp) is trivial, therefore G is not solvable. As
s < p − 2, we have in G a permutation of order � fixing at least three roots of f (X ). On the
other hand, the group P�L(2, 2e) is a triply transitive group of order (2e + 1)2e(2e − 1)e
[1, p. 20], so that the three-point stabiliser in P�L(2, 2e) is of order e, which is a power of 2.
As � is odd, this proves that G is not a projective semi-linear group contained in P�L(2, 2e).
As the three-point stabiliser in the Mathieu group M11 is of order 8, the group M11 and its
subgroup PSL2(11) are excluded by an analogous argument. Lastly, any permutation in
PSL3(2) fixing three points has an order dividing 2, so PSL3(2) is also not a possible
Galois group. So the theorem follows from Feit’s list.

COROLLARY 3.8. Let f (X ) = X p + aX s + b be an irreducible trinomial of prime degree
p, with 0 < s < p − 2. Suppose that there exists an odd prime number � such that
(p − s)v�(b) > pv�(a) and v�(s) > v� (v�(b/a)) (in particular � is a divisor of s). Then
the Galois group G of f (X ) over Q is either the symmetric group Sp or the alternating
group Ap.

The conclusion of Theorem 3.7 stands also when s = p − 2, once our trinomial is of
Eisenstein type with respect to p. Indeed, Corollary 3.2 shows that the Galois group is
isomorphic to Sp in this case. For s = p − 1, when pvp(a) − (p − s)vp(b) > p, Theorem 3.1
shows that the Galois group is either Sp or Aff(Fp). In the special case where s = p − 1 and
pvp(a) − (p − s)vp(b) = p − 1 < p, we have the following result.

THEOREM 3.9. Let f (X ) = X p + aX p−1 + b ∈ Z[X ] be an irreducible trinomial of
prime degree p �= 2, such that b divides ap and vp(ap/b) = p − 1, and G be its Galois group
over Q.

(i) If the discriminant of f (X ) is not a square, then G � Sp;
(ii) If the discriminant of f (X ) is a square, then p ≡ 1 mod 8 and G � Ap or PSL2(2e).

The latter is only possible when p is a Fermat prime.
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Proof. By the formula (3.1), the discriminant D of f (X ) is

D = (−1)
p−1

2 bp−1
[
pp + (p − 1)p−1(ap/b)

]
.

For p ≡ ±3 (mod 8), we obtain the congruence D/bp−1 ≡ (−1)
p−1

2 p (mod 8) which shows
that D cannot be a square. Similarly, if p ≡ 7 (mod 8), then p − 1 has a prime divisor
� ≡ 3 (mod 4) and we get the congruence D/bp−1 ≡ −pp ≡ −1 (mod �). As −1 is not a
quadratic residue modulo �, this shows that D cannot be a square.

As b divides ap, for every prime �, we have the inequality v�(b) ≤ pv�(a).
As vp(abs−1) = vp(abp−2) = vp(ap/b) + (p − 1)vp(b/a) ≡ 0 (mod p − 1), we know by
Proposition 2.2 that the inertia group above p is cyclic of order p. By Propositions 2.1
and 2.4, the inertia group above � �= p is either generated by a cycle of order p or by a
transposition. If G contains a transposition, we have G � Sp. Accordingly, we can reduce
the proof to the case where all inertia groups are cyclic of order p. If G were solvable then
G would be cyclic of order p, which is excluded for p > 3 by the local study at the infinite
prime. So G is not solvable if p > 3.

When p = 7 or p = 11, we have just seen that D is not a square; hence, G cannot be
isomorphic to PSL3(2), M11 or PSL2(11).

Finally, if p = 1 + 2e is a Fermat prime number, then the factor group
P�L2(2e)/PSL2(2e) having an order coprime to p, all elements of order p in P�L2(2e)

lie in PSL2(2e). Hence, if the Galois group G is a group between PSL2(2e) and P�L2(2e),
it can only be PSL2(2e).

Theorem 3.9 can be applied for the trinomial f (X ) = X p + aX p−1 + a of Eisenstein
type with respect to p. This case was dealt with in [3]. Namely, for any rational integer a,
the Galois group of the trinomial X p + aX p−1 + a is the full symmetric group, as soon as
this trinomial is irreducible.

EXAMPLES 3.10. In the situation of Theorem 3.9, the case (ii) actually occurs for
p ≡ 1 mod 8. Indeed, when vp(a) = vp(b) = 1, the discriminant of our trinomial is D =
bp−1pp−1D0 with

D0 = p + (p − 1)p−1(ap
p/bp),

where we recall that ap = a/p and bp = b/p. Obviously, p ≡ 1 mod � for every odd prime
divisor � of p − 1. As we also suppose p ≡ 1 mod 8, the residue class of p is a square
in the ring Z/(p − 1)p−1Z. So, there exist infinitely many rational integers c such that
p + (p − 1)p−1c is the square of an integer y. Adding if necessary (p − 1)p−1 to y, we can
suppose that p does not divide c. Now any choice of the two integers a and b such that
ap

p = bpc yields a square discriminant D. Numerically we can take p = 17, denote by q1, q2

the prime numbers q1 = 727892351 and q2 = 863207903, and set c = 23 · q1 · q2, a = 17 ·
2 · q1 · q2 and b = 17 · 214 · q16

1 · q16
2 , for which the discriminant of the trinomial f (X ) =

X 17 + aX 16 + b is a square, and we are in the case (ii) of Theorem 3.9. For this particular
trinomial, it is readily seen that its Galois group is the alternating group A17.

Arguing in a similar way, we get the following statements, analogous to Theorem 3.7
and Corollary 3.8:

THEOREM 3.11. Let f (X ) = X p + aX s + b be an irreducible trinomial of prime degree
p, with 2 < s < p. Suppose that there exists an odd prime number � dividing p − s which
is wildly ramified in K (or equivalently in N). Then, the Galois group G of f (X ) over Q is
either the symmetric group Sp or the alternating group Ap.
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COROLLARY 3.12. Let f (X ) = X p + aX s + b be an irreducible trinomial of prime
degree p, with 2 < s < p. Suppose that there exists an odd prime number � such that
(p − s)v�(b) > pv�(a) and v�(p − s) > v� (v�(a)) (in particular � is a divisor of p − s).
Then, the Galois group G of f (X ) over Q is either the symmetric group Sp or the alternating
group Ap.

Combining Remark 2.7 with Theorems 3.7 and 3.11 yields the following statement.

THEOREM 3.13. Let p be a prime number and f (X ) = X p + aX s + b a trinomial of
degree p with integer coefficients. If 2 < s < p − 2, the existence of a single wildly ramified
odd prime � �= p leads to either the alternating group or the full symmetric group as Galois
group of f (X ) over Q.

Arguing similarly to the case of wild ramification, it is also possible to get results
in some situations when there is a prime number � not dividing s(p − s) such that
(p − s)v�(b) > pv�(a). This is illustrated by the next statement.

PROPOSITION 3.14. Suppose 3 ≤ s ≤ p − 2, and let G be the Galois group of the irre-
ducible trinomial f (X ) = X p + aX s + b. If a prime number � not dividing s(p − s) is
such that (p − s)v�(b) > pv�(a) and gcd(v�(a), p − s) = 1, then the group G contains the
alternating group Ap. Moreover, for s odd, the permutation group G is the symmetric group.

Proof. By Proposition 2.6, we know that the prime � ramifies in N , and that its inertia
subgroup is generated by the product of a cycle of length p − s with a disjoint permutation
of order dividing s. By taking the s-th power of this generator, we find in G a cycle of
length p − s ≥ 2. By Margraff’s Second Theorem [1], we conclude that the group G is
(s + 1)-transitive.

As s ≥ 3, then s + 1 ≥ 4, and this excludes all groups in Feit’s list except Ap, Sp and
the Mathieu group M11. But M11 is also excluded because it does not contain any cycle of
order < 11. Moreover, when s is odd, a cycle of length p − s is an odd permutation, so that
G cannot be alternating.
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