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NUMERICAL INTEGRATION BY SYSTEMATIC SAMPLING
By P. A. P. MORAN
Received 19 February 1949; and in revised form 7 May 1949

Recent investigations by F. Yates (1) in agricultural statistics suggest a mathematical
problem which may be formulated as follows. A function f(x) is known to be of bounded
variation and Lebesgue integrable on the range —co <« <0, and its integral over this
range is to be determined. In default of any knowledge of the position of the non-
negligible values of the function the best that can be done is to calculate the infinite sum

St)=8 3 flt+sd)

g=—00

sur suno suwawie 8 and an arbitrary origin ¢, where s ranges over all possiblz positive
and negative integers including zero. S is evidently of period ¢ in £ and ranges over all
its values as ¢ varies from 0 to 6. Previous writers (Aitken (2), p. 45, and Kendall (3))
have examined the resulting érrors for fixed ¢. (They considered only symmetrical
functions, and supposed one of the lattice points to be located at the centre.) Here we
do not restrict ourselves to symmetrical functions and consider the likely departure
of S(t) from'J (the required integral) when t is a random variable uniformly distributed in
(0,8). It will be shown that S(¢) is distributed about J as mean value, with a variance
which will be evaluated as a function of &, the scale of subdivision.

As our interest is here in the results, in view of their application we shall not attempt
to find conditions of validity more general than those stated, from which it follows
in particular that '

N
> f(t+s0)
g=—N
is bounded uniformly with respect to.t and N. Writing E(S) for the expected value of
S in the above circumstances, we have

B(S) =3 K zft+sa Vdt = j ftyd. (1)
We also have yva.r(S) = E(8%) —{E(S)}%,
8 o 2
where E(S?) = 3“2 f(t+sé‘)] dt
~ _E f F0) f(t+s8)dt. @)

These integrals exist since f(z) is clearly also of class L?(—00,00). Formula (2) may
be evaluated directly in particular cases, but it is often more convenient to use a formula
involving the Fourier transform

#0) = Tz | S (3
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Consider the function hHly) = fjw f(@) fx+vy)dz.

It is easy to see that this is an even continuous function of bounded variation, inte-
grable L(—o0,00). Its Fourier cosine transform is

£ = J(3) [“nweosyray

- 7(27) |7 nwremay

_ T/(;_w) 7 eay f " f@) fery)de

1 -] @
i —ixt Uz+yM
(2,,)f f@)e dxf f@+y)elerntdy
= J/(2m)$(2) = y(2m)|g(t) |*.

Then from the theorem on Poisson’s formula given by Titchmarsh ((4), p. 61), we have

@ 3 fna) = B 5. Fnf),
where aff = 27. Putting a = & we get

(2n7r)

() Efl (nd) = 27 Z
(2n7r)
)

This formula is often more convenient than (2). Mr D. G. Kendall has pointed out to
me that the above result can also be obtained by Fourier series. For 8(t) is periodic
with period ¢ and we can write

S(t) = Z C,n €Xp ( — 2mimt/$),

=~oo

3

and thus E(S?) =27 Z (4)

where _ Cm = EJOS(t) exp (2mimt/8) dt
= J(2m)$(2mm/8).

Also Parseval’s theorem gives

1 @
5 sopa= % jenls

and | ¢y |2 = J2, so that

H

2
var (S(t)) = 27 Z %¢(2%n_z)

m=—cw

the dash implying the omission of the term for which m = 0. The equivalence of the
two methods is thus a result of Poisson’s formula.
We now consider some typical cases. If f(z) is the normalized Gaussian function

1 izt
me t=*, (5)
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we have E(S) = 1. Now

) f(x) f(x + 88) dzx = %wa e—tz3—kz+88)? o

—

s
2) — —35282
and so E(8?) 2Jﬂ§°e . (6)
But we also have
1 s
¢(t) = 4(27’) e—“ H
© 2.r2
and so ESH)= 3 exp[-—-q;z" ] (7)
p=—®

The equivalence of this to (6) is a well-known formula in the theory of theta functions.

Yates (1) gives a numerical investigation of this case. He supposes f(z) given by (5)
and takes § = 2. He then calculates S to seven decimal places for ¢t = 0, 01, ..., 1-9.
The resulting values are, in view of the large value of 8, surprisingly close to unity,
and a numerical estimate of var (S) may be found by calculating the variance of these
values from unit mean. This variance was found to be 0-0001034460. Using (7), we find
that the theoretical value for the variance is

2e ™ 4ot et L), (8)

Taking the value 2¢~"* as a first approximation we obtain 0-0001034476, which agrees

with the above to five significant places, the discrepancy being almost entirely due to

the experimentally obtained variance being based on only twenty values. Formula

(7) is here more useful tham (6), because so long as 6 < 2,/m = 3-5449, the series (7)

converges more rapidly than (6). It is unlikely that we should ever want to use a &

greater than this. Moreover, in most cases (8) is very well represented by its first term.
Similar results hold for other functions. Consider the rectangular function

f@) =17 (—H<z<h),

= 0 elsewhere.
1 (# 1 sin3lt
— it Jf — el e
Then é(t) = @) ettt dt = Jem 3t for t+0,
=1 for t=0,
® 2pm\ |2 262 ® sin?lpm/s
and so 27r_§a]° ¢(T)¥ = 1+l—27—1—ézl‘,-7——. (9)
On the other hand,
on f@) flz+88)dx =1"%1—|s8|) if |s6|<l,
' =0 elsewhere.
Then 83 | f@) fated)dn=5"F 1-2(-|s8]),
—wJ ~o g=—p
PSP 46. 1 R
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where | = pd+¢ and 0 < ¢ <4, so that p is the integral part of [6-*. This equals
§=p
8§ X I¥pd+q—|s|) =1"%I2~q?+q0) , (10)
§=—p
=1 when ¢=0.

The equality of (9) and (10) is the Poisson formula

262 2 sin®lpm o
1+82l‘2[{l8—1}—{l3‘1}2] = 1+l2 ZEsm pm| ,

where {l6-1} is the fractional part of 16-1. In this case (10) is the more convenient-

formula to use.
If f(x) is the probability density in the Cauchy distribution,

fla) = —

m(l+22)’
and the results are even simpler. We then have

1 [® eHde e
0 = 4(2n>f o n(1+a®) Y@
and E(82) = 2n Z l¢(2p")
=1+251‘_,e—4m/8=i—:z;::%:. (11)

Alternatively, we have

© 1 > dx
uwf(x)f (x +s8)dx = o J (1+22) (14 (z +80)?)

-2
T w4427
26 = 1 1+ g4
2y = =
Thus E(S ) = " {% 2 }1: 4+8282} 1 _e-4n/a’

which is another well-known example of Poisson’s formula (Titchmarsh (4), p. 64).

The two-variable analogue of the above problem also has both theoretical and
practical interest. A case which has arisen in practice is that in which f(z,y) is a two-
dimensional Gaussian function,

1
— —  exp|——— _f22_9 2
where p is the correlation coeflicient. Let 0 <4, 6, <00, and consider the sum

et | L
8=848 X X flly+mdy,t,+nd)

M= —PDVN=—DO

an approximation to

|7 ] reyanay =1,
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where £,, ¢, are random variable distributed independently in rectangular distributions
on (0,4,), (0, 8,) respectively. Then, as before,

BS) =" 7 fwyazay=1,

@ ] 2
and BS) =Bty £ E fmb, tand)

m=— 0 nN=—aw

=80 % Zf f fl@x+mdy, y+né,)dxdy. (12)

Mm=—00n=—ow

Write Bl =g [ [ e fia, ) dudy

1
- — Mu2 2
57 ©XP [ — 3(u? + 2puv +v?))].

Then, arguing in the same way as in the proof of Poisson’s formula in the one-variable
case, we find that
no » 3 _ ane[™  2on "L“‘}]
E(8?) m=§lmn=§£wexp[ 4 {é‘§+ 5.5, +8§ , (13)
which, in most practical cases, converges faster than (12).

An interesting theoretical case occurs when f(z, %) is equal to unity (say) at all the
points inside some geometrical figure (e.g. the circle 2%+ y? = R?) and is zero elsewhere.
The theory then connects up with the starting point of D. G. Kendall’s paper (5) on the
estimation of the area of a general oval curve by counting the number of lattice points
which fall in it when a lattice of random position is superimposed on the figure.
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