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Abstract

Letting M denote the space of finite measures on N, and ;€ M denote the Poisson dis-
tribution with parameter A, the function W: [0, 112 > M givenby W(x, y) = Uclogxlogy
is called the PAG graphon with density c. It is known that this is the limit, in the
multigraph homomorphism sense, of the dense preferential attachment graph (PAG)
model with edge density c. This graphon can then in turn be used to generate the so-
called W-random graphs in a natural way, and similar constructions also work in the
slightly more general context of the so-called PAG, models. The aim of this paper is to
compare these dense PAG, models with the W-random graph models obtained from the
corresponding graphons. Motivated by the multigraph limit theory, we investigate the
expected jumble-norm distance of the two models in terms of the number of vertices
n. We present a coupling for which the expectation can be bounded from above by
O( log3/ 2p.-n~ 12, and provide a universal lower bound that is coupling-independent,
but without the logarithmic term.
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1. Introduction

Preferential attachment graphs (PAGs) form a group of random growing graph models
that have been studied for a long time ([2], [9], and [12]). The main motivation is modelling
randomly evolving large real-world networks, such as online and offline social networks, the
internet, or biological networks (e.g. protein—protein interactions). The basic PAG models have
been extended by various features, for example duplication steps, weighted edges, vertices
with random fitness. The study of this wide family of models provided information about
several phenomena in real-world networks (asymptotic degree distribution, clustering, relation
of local and global properties, epidemic spread). The limiting behaviour of PAG models has
also been investigated from various points of view, depending somewhat on the edge density
along the graph sequences. For instance, in [3], Berger, Borgs, Chayes, and Saberi consider
a sparse version of the process, with a linear number of edges compared to the number of
vertices, and prove convergence in the sense of Benjamini and Schramm to a Pélya point
graph. A variation with added randomness is considered by Elwes in [10] and [11], where the
preferential attachment model is amended in such a way that the number of edges added at
each stage itself is a random variable, but in expectation still preserves linear growth. The limit
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On the dense preferential attachment graph models 591

here is the infinite Rado graph, or a multigraph variant of the same, depending on whether
multiple edges are allowed during the process.

At the dense end of the spectrum, when the edge density along the sequence is essentially
constant c (i.e. the number of edges is approximately cn?/2), the PAG model corresponds to a
Pdlya urn model where each urn starts with one ball in it. If, instead of speaking of the number
of balls in each urn, we speak of the ‘weight’ of an urn, it becomes natural to consider an initial
state with each weight being equal to a parameter « € (0, co) (restricting to equal weights
preserves symmetry and exchangeability), giving rise to the so-called PAG, model (see [17]).

Borgs, Chayes, Lovasz, Sés, and Vesztergombi [6] considered the model PAG; under the
convergence notion of injective graph densities. They showed that with probability 1 the graph
sequence converges to the graphon W: [0, 1]> — R given by W(x, y) = c Inx Iny. Later, Rith
and Szakdics considered in [17] convergence of a more general family of processes with
respect to induced multigraph densities, showing that the limit object of the PAG, model is
a graphon that now takes Poisson distributions as values instead. Hence the corresponding
graphs (generated randomly from this limit object) contain multiple edges with no uniform
upper bound on the multiplicity, and the original notions for limits of simple graphs cannot
be used any longer. The paper [14] by Kunszenti-Kovacs, Lovdsz, and Szegedy provides a
framework for handling homomorphism densities in the context of multigraphs, and makes
use of the so-called jumble norm to measure distance between graphons.

All of the papers [6], [14], and [17] also deal with W-random graph sequences induced by
the limit objects W, and show that with probability 1, the resulting graph sequence converges
to W in the respective densities sense. These W-random graph models are thus very similar to
the classical graph sequences that gave rise to the limit W, but also exhibit some significant
differences.

The specific models we work with are the following. First, we fix two constants ¢, x > 0.

Definition 1. We choose independent random variables &; with gamma(k, «) distribution for
every 1 <i<n.Fori <j, let Y;; be a Poisson random variable with parameter c§;;. For every i,
let Y;; be a Poisson random variable with parameter cé,.z /2. Assume that all Y;; are conditionally
independent with respect to the &;. We put Y;; edges between vertices i and j for every 1 <i <
J < n. We obtain the random multigraph G7,(n) in this way.

If, compared to Gy, (n), we do not add the loops (i.e. we set Y;; = 0 for all i), we obtain the
random multigraph G (n).

Remark. Note that using gamma variables instead of the uniform [0, 1]-valued ones is
compensated by the loss of F~! in the parameter.

These are the random models we wish to compare to the following version of the PAG
model.

Definition 2. Given vertices {1, 2, ..., n}, we assign an urn to each vertex, initially with one
single ball in each of them. Then we run a linear Pélya urn process for 2| cn? /2] steps. That is,
at each step we choose an urn with probabilities proportional to « plus the actual number of

balls, and put an extra ball into it. More precisely, forr=1,2, ..., 2Lcn2 /2], at step £, an urn
containing d balls is chosen with probability
d+«
n4+t—14+nk
Then we put a new ball into this urn (each random choice is conditionally independent of the
previous steps, given the actual distribution of the balls). Finally, for k=1, 2, ..., [cn?/2],

https://doi.org/10.1017/jpr.2019.34 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2019.34

592 A. BACKHAUSZ AND D. KUNSZENTI-KOVACS

we add an edge between the vertices where the balls at step = 2k — 1| and at step t = 2k have
been placed. We obtain a random multigraph Gpag(n) in this way; multiple edges and loops
may occur.

To compare these models, we shall use the following distance notion between multigraphs.
It may be defined more generally for graphons (which essentially are weighted graphs with
vertex set [0, 1]), but that will not be needed here, and we refer to [14] for more details.

Definition 3. Let G and H be two (multi-)graphs on the same vertex set [n] := {1, ..., n} for
some positive integer n. Then we define their jumble-norm distance as

> Ui -V

ieS,jeT

1 1
dg(G, H)= -+ max ————
(G H)=" s.TCin /15T 171

where Uj; and Vj; denote the multiplicity of edge ij in G and H, respectively.

)

Our goal in this paper is to show that with probability 1 they are close (but not too close)
in the jumble distance. This result can be interpreted as an upper bound on the speed of
convergence of the PAG, model, in the sense that it is compared to a finite version of the
limit object, and not to the graphon itself. Specifically, we have the following main result.

Theorem 1. Given « and c, there exist K > 0 and a coupling of the preferential attachment
model and the W-random graph on n vertices such that for every n > 1 we have

E(dg(Gpag(n), Gw(n)) <K -log**n-n=1/2.

The idea of the proof of the main result is to define a coupling based on a Poisson process,
which connects the W-random graph and the PAG, model (see Section 3). The proofs can
be found in Section 4. In the discussion part (Section 5), we point out some features of the
W-random version that can make it more useful in certain applications.

2. Motivation

It was proved in [14] that with probability 1, the random graph Gy,(n) converges to the
original function W with respect to multigraph homomorphism densities. As mentioned, this
is also the limit object of the sequence of the preferential attachment random graphs Gpag(n)
with parameter x on n vertices with |cn®| edges. Given that letting n go to infinity, the two
random sequences Gpag(n) and Gy,(n) tend to the same limit, it is natural to ask how close
these two sequences are as a function of n.

In this section we shall go into more detail about the specific choices made concerning the
objects and properties studied. For limits of simple graphs, or even graphs with a uniform
bound on the edge multiplicity, the standard distance notion used is that of the cut norm.
The cut-norm distance d used in many other papers (see e.g. [6] for details) differs from
the jumble-norm distance dig in the factor 1/4/]S]- [T] that is omitted in the former. As such,
our current distance notion magnifies the differences that occur on small sets, and we clearly
have diy > d. The jumble-norm distance turns out to be a more useful tool when introducing a
metric for generalized graphons, in part due to the fact that it can be considered as an L>-version
of the cut-norm distance (since +/|S]- [T] corresponds to the L>-norm of the characteristic
function of the set S x T), leading to simpler expressions for bounds (cf. [5] and [14]).

Next, we turn our attention to Definition 1, and our choice of distribution for the variables
&;. Whilst the first parameter x does very much influence the model, it is not clear why the
second parameter has to be identical. Indeed it is not necessary, but we shall explain why this
particular choice was made, and why no loss of generality incurs.
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Let M denote the space of finite measures on N, and let W: [0, 1]2 — M be the function
given by
W, ¥) = Rep-1r-16)>

“ 1
F(z) :/ K e " dr
o I'(x)

is the CDF of gamma(k, «) and p; denotes the Poisson distribution with parameter A.

This is the graphon that represents the limit of the Gpag(n) sequence, and is well-defined fix-
ing « and c¢. Now the natural way of generating the so-called W-random graph model from it is
as follows. We consider the set [0, 1] as the vertex set of the infinite graph with ‘adjacency func-
tion” W, and sample a random spanned subgraph on n vertices by choosing its vertices indepen-
dently uniformly from [0, 1]. After this first randomization, we obtain a ‘graph’ on n vertices
where each ‘edge’ is a Poisson distribution (or, equivalently, each pair of not necessarily differ-
ent vertices is labelled with the appropriate Poisson distribution). To obtain a true multigraph,
we then independently sample an edge multiplicity for each pair of different vertices from the
corresponding Poisson distribution. As for pairs of identical vertices, if we allow loops, for
technical reasons we first halve the parameter of the Poisson distribution, then double the sam-
pled value (in this way the graphon takes a simpler form; typically changing W on a set of mea-
sure zero does not influence densities if the test-graphs are loopless). This will correspond to
the random graph G{,(n), whereas if loops are disallowed, we obtain the random graph Gy (n).

Note that changing the scale parameter for the & will not change anything: as the values
of W(x, y) do not change, it would merely render the conversion from W to the model in
Definition 1 more complicated, hence our choice of keeping the two parameters equal. As an
added bonus, the distributions I'(«, k) all have expected value 1, simplifying the computations
(and this is certainly also the reason for the specific choice of I' distributions used in the
formula of W in [17]).

In the last section, we provide a universal, coupling-independent lower bound of ©(n~/?)
for the same expectation. The exponents match, but the logarithmic term still leaves room for
improvement.

where

3. Coupling

In order to prove Theorem 1, we need to construct a particular coupling for which the
distance of Gpag and Gy is smaller than the upper bound. We build a coupling of appropriate
realizations of Gpag and G§,, then we find a realization of Gw in the same probability space.

We will use the following well-known fact (which can also be considered as an application
of de Finetti’s theorem on exchangeable random variables). Let (§;)7_, be independent
gamma(k, k)-distributed random variables, as in Definition 1. We consider N random variables
that are independent and identically distributed conditionally with respect to (&;)}_,, and each

of them takes value i with probability

o= &
a Zzzl Sk

fori=1,2,...,n Then we get the joint distribution of the sequence of the first N draws of
the n-colour Pélya urn. Indeed, these N random variables have a Dirichlet joint distribution
(see e.g. [8, Theorem XI.4.1.]), and using the moments of Dirichlet distributions, it can be
seen that this distribution is the same as the joint distribution of the first N draws (see [4], [7],
or [18, Section 2]).
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We construct the coupling based on a sequence of independent random variables (&),
with distribution gamma(x, ). Conditionally with respect to (§;)?_;, we assign independent
Poisson processes to each pair of vertices. For 1 <i < j <n, the rate of the process is 20;p;
for the pair (i, j) (with p; defined above), and for 1 <i < n, the rate is p,~2 for (i, i). We denote
by Ngl]) the number of events until time s in the process assigned to (i, j). The cumulation
of these processes is also a Poisson process. Let t be the time when the total number of
events reaches |cn?/2]. We get a realization of Gpag(n) if we put Ngl] ) edges between i and
jforall 1 <i<j<n. Indeed, all |cn?/2] events are distributed among the pairs of vertices
independently, with probabilities proportional to the rates 2p;p; and ,ol.z. Thus this is the same as
the joint distribution of consecutive pairs of 2|cn? /2| independent elements chosen according
to (p;)7_,, which provides a Pdlya urn by the argument above. On the other hand, we get

a realization of Gy, (n) if we put N( 9 , edges between i and j, because the number

_1807/2
of edges between the pairs of Vert1ces are independent Poisson random variables with the

appropriate parameters:

n 2 n 2
%C(Z Ek) -2pipj =c&i§; and %C<Z Ek) o7 =& /2.
k=1 k=1
Hence this provides a coupling of the two models.
Proposition 1. In the coupling above, for some K » > 0 we have
E(dg(Gpac(n), Giy(n)) < Kip-n~ /% log?/? n=12,....

As for Gy(n), we can use the same probability space as before, generate Gy, (n), and then
delete the loops.

Proposition 2. There exists K> 3 > 0 such that
E(dg(Gy(n), Gwn) <K»3-n*,  n=1,2,...
holds when Gy is obtained from G, (n) by deleting the loops.

4. Proofs
Proof of Theorem 1. The statement follows from Propositions 1 and 2. O

We shall therefore now turn our attention to proving the bounds connecting each pair of
models. Since the jumble-norm distance is not always easy to work with, we shall make use of
the following lemma.

Lemma 1. Let G and H be two (undirected) multigraphs on the vertex set {1,2,...,n}.
Let Ujj be the number of edges between i and j in G, and Vjj the same quantity in H. Then
the following holds:

teS JeT

Proof. Leto; = Zjnzl |Ujj — Vij|. Notice that if |S| =, |T| =t¢, and s < ¢, then

Z Uj— V| < Z IUl;/—VUISZa,-Ssmax o;.

PP i X 1<i<n
ieS,jeT ieS,jeT ieS
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Hence
S maxXj<j<p 0; \/E
<—=— max o0; < max oj,
«/s_t t 1<izn I<i<n

Yo U=V

ieS,jeT

1
st
as we assumed that s <¢. In the reverse case s > t, we get the same with the bound

n

max U;i — Viil.
i, 21Uy = Vil
i=1
Since U;j=Uj; and V;;=Vj;, this is equal to the previous maximum. This finishes the

proof. U

4.1. Models Gpag and Gy,

Proof of Proposition 1. Let Uj; be the number of edges between i and j in the random
graph Gpag, and let Vj; be the number of edges between them in model GY,. By using the
notations introduced for the coupling of the two models, we have U; — V;; = §’f) — ((,U),
where o = ¢( ZZZI Ek)z /2.1f t > o, then all these differences are nonnegative, and all of them
are negative if t < o. Thus
n

Z NSJ) _ N((,U)
Jj=1

1<i<n.

k]

n
A=) 1Uj=Vyl=
j=1

We will use the fact that by cumulating the independent Poisson processes assigned to the
pairs of vertices we get a Poisson process with rate 2 ij pip;+ ;i ,oi2 = 1. Let N; be the

total number of events until time s, that is, Ny = Ziﬁ N§U), which has Poisson distribution

with parameter s. Since there are |cn”/2] events in the cumulated process until 7, there are
|Lcn?/2] — N, | events between 7 and . On the other hand, independently of each other, all
these events increase A, ; by 1 with probability p; = p;(0; +2 > i pj) < 2p;, because we can
think of the process as the cumulated Poisson process with the types of the events chosen
independently with probabilities proportional to the rates. We conclude that, conditionally
with respect with respect to N, and (§;)!_,, the quantity A, ; has binomial distribution with
parameters || cn?/2] — Ny | and p;.

We will give an upper bound on A,; on an appropriately chosen event which has
large probability. First, since each &; is a random variable with distribution gamma(k, «),
and they are independent, the proportion p; =& /( Y ;_, &) has distribution beta(1, n — 1).
Therefore, for n > 2 we have

16 ! n—2
P( pi > —logn :/ n—1DA—x)""*"dx
n 1

6logn/n
1—-16logn/n
=/ (n—Dx"2dx
0

=(1—16logn/n)""!
<exp(— 8logn)
=n8.

Since (&);_, are independent and identically distributed random variables satisfying the
conditions of Cramér’s theorem (or the Chernoff bound), we can choose a > 0 such that

P(Z &—n>a- nl/z\/@> =0(n%)

k=1
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holds. Below, we fix such an a, and define s, = [cn?/2| — 2acn®/?/Togn and 1, = | cn? /2] +
2acn’/?/logn. Then Ny, and N, have Poisson distributions with parameters s, and t,,
respectively. By a standard application of Chernoff’s bound for these random variables, we
find that there exists b > 0 such that N5, — s, < —bny/log n and N;, — t, > bn/log n both have
probability O (n~%).

The arguments above imply that we have

P(Fpi)>1—0@™), (1)

where we define

n
Z & —n|<a- nl/zx/logn}
k=1

N {Ns, > sp — bny/logn} N {N;, < t, + bn,/log n}.
Now we will bound A, ; on this event F, ; (for fixed i). Notice that (for sufficiently large n) the
second condition in this definition implies that

n 2
‘(Z Ek) —n?| <an'?\/logn - 2n+ an'’*\/log n),
k=1

and thus s, <o = ¢( Zzzl ék)2 /2 <t,. Therefore, for sufficiently large n, on the event F,, ; we
have

16
Fni= {,Oi < —10gn} N {
n

Ny — Len?/2] > Ny, — Len?/2) > s, — bny/log n — |cn? /2] = —3acn’/?\/logn
and
Ny — Lcn2/2j <N;, — Lcn2/2j <t —i—bn\/@— Lcn2/2j < 3acn3/2\/@,
and consequently
IN, — Len?/2]| < 3acn®/*\/logn.
Recall that, conditionally with respect to (éi);’: | and Ny, the random variable A, ; has binomial

distribution with parameters |N, — |cn?/2]| and p;, which was at most 2p; < 32logn/n on
Fpi. Let F be the o-algebra generated by (Si)?:l and the process N. Then, since F; is

measurable with respect to F, we have
P({An; > 192ac - n"?log®? n} N F,.;)
eAI‘ll
<E(E F-If, .
- ( (exp (192ac - n'/2 10g3/? n) ) F"")
(14 (e = DppNo—Ler/2]
= E( 32 t)
exp (192ac - n'/2 10g*/? n)
<exp ((e — 1)(321ogn/n) - 3ac - n*/* log!"/? n — 192ac - n'/? log*/* n)
=0@n™d).

Putting this together with equation (1) we conclude that

n
P(Z |Uij — Vijl > 192ac - n'/? log3/2 n> =O(n_8)
j=1

holds for every i with 1 <i <n.
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Finally, let A,, be the event that Z]'-‘zl |Uij — Vijl > 192ac - n'/210g%/* n holds for some 1 <
i <n. This last inequality implies P(A4,,) = O(n~"). By using Lemma 1, the Cauchy—Schwarz
inequality and the fact that N, has Poisson distribution conditionally with respect to o, we
obtain

1
E(dz(Crac(n). Giy(m) < ;E(HAH - max Z Uy~ vl,|>

st (oS )

i,j=1
1
= -192ac - n'/? log*? n+ O (™ H)(E(N, — Len®/2]1)/2
}’l
<192ac-n~'?log? n+ 0™ (2E(0> + o + *n*)'/.

This implies the statement if we calculate the moments of o =c( > j_, £:)?%/2 by using that
the sum has gamma(nk, «) distribution, and hence its #th moment is

I'(ne +r)
k'T(nk)

4.2. Models G}, and Gy
Proof of Propositon 2. We note that Gy,(n) and Gy (n) coincide everywhere but the main

diagonal, and it is then easy to see that

1
dx(Gyy(n), Gy(n) = - - max Yii.
n <i<n

Recall that Y;; has Poisson distribution with parameter cEiz, where & has gamma(k, k)
distribution. Assume first that ¢ > 0 is fixed, and X ~ Pois(¢). Then

o0 o0 o0 ;k B o0 é_
D PNzl ) RPN =R= ) et Se ) meT =P =)
k=y+1 k=y+1 k=y+1 k=z

We will use the factorial moments of the Poisson distribution. We use the notation x®) =
x(x—1)---(x—>b+1). For every fixed i and integers y > b > 0, we have

i P(Y; >k =E ( (Z P(Y>k)'§,>>

k=y+1 k=y-+1
<E(cg?P(Y® > yPg))

LE®
<s(e )

_ K(b)

=5

for some K(b) > 0, because the gamma distribution has finite moments.
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For an arbitrary function f : N™ — N we may apply the above inequality to obtain

o o
K(b)
E( max 17i) = ; B( max Vil = k) <) + k_f%“ AN 2R <)+ g

Now let N € N* be fixed, set f(n) := n'/ and b := 4. For sufficiently large n (such that n — 3 >
n/2 and f(n)® > f(n)*/16), this yields

]E(max |Y,~,-|) <n'5 L 16K@)n' =45 < n K@) + 1)).

1<i<n

Lemma 1 concludes the proof. U

5. Discussion

Our main theorem shows that the classical dense preferential attachment graph model
yields random graphs that are close to the random graph model obtained through the PAG, -
graphon, the limit object in the multigraph homomorphism sense of the random sequence
Gpag. They are not indistinguishable, however (we provide a lower bound on their distance
below), and they each have their own advantages for applications.

The random graphs Gpag have the advantage that the number of edges is deterministic,
but, contrary to the sparse PAG models, one cannot easily generate a growing family of
graphs Gpag(n). For the graphon induced Gy, the number of edges is random, though still
asymptotically concentrated around the expected value. Also, the way it is generated does not
carry the preferential attachment flavour. This may be an advantage from the simulation point
of view: the random variables in the model can be generated simultaneously, without the cn?
steps that have to be performed after each other in the PAG, model.

However, it is possible to couple the elements of the sequence Gy, (n) (or Gy (n)) so that we
obtain a growing sequence (and still keep the convergence with probability 1). Indeed, passing
from n to n + 1 only means that we have to generate the random variable &, 1, independently
of the previous &;, and then generate the appropriate Poisson random variables Yj(,4 1) for 1 <
J <n+ 1. This coupling shows that adding an extra vertex and extending Gy, (n) to GJ,(n + 1)
can be performed easily. It seems that this does not hold for the Gpag model.

The following proposition provides a lower bound for the jumble distance of the Gpag(n)
and Gy, (n) models, which holds for every coupling, and differs from the upper bound of
Theorem 1, i.e. O(n~ /2 log*? n), only in logarithmic terms.

Proposition 3. There exists Ly, Ly > 0 such that for every coupling of the random graph
models Gpag(n) and Gy, (n) we have

E(dg(Gpac(n), G$y(n))) = Lin~ /2,
and for every coupling of the random graph models Gpag and Gy (n) we have
E(dg(Gpac(n), Gw(n))) > Lon™ /2.

Proof. If we take S=T ={1, 2, ..., n} in Definition 3, then we obtain a lower bound for
the jumble-norm distance of Gpag and Gw by understanding the difference of the number of
edges. The main point is that the distribution of this quantity does not depend on the coupling.
In Gpag(n), the number of edges is deterministic and it is equal to Lcn? /2, which we denote by
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my,. We denote by £° the number of edges in the Gy, () graph model. It has Poisson distribution

with parameter
C " 2 C " 2
Y EE+ 3 X;Ei =§<_X;Ei>
= i=

1<i<j<n

conditionally with respect to G (recall Definition 1). Therefore, we have

E(IE° —my|) = E(E° — mu))|G)
> E(|EE® — malG)D)

-+(5(x4) )
-5e((ee e (e )
(S

)
T (e )

when 7 is sufficiently large, in particular, when n — 1 < \/2m,,/c = /2| cn?/2]/c < n holds.
Since )7, & has gamma distribution with parameters nk and «, using the formula for the
mean absolute deviation of the gamma distribution, we find that

cn 2
E(E° — my,|) > R \/;.mszM N

holds with appropriate L; > 0. Therefore, we have

> Ui-Vy

1<i,j<n

i —n

E(dx(Gpac(n), Gy, (n)))>— E(

> 12 E(IE° — my) = O~ ?).

On the other hand, since we have

E(E° — € =F ( Zs) A,

a similar statement follows for the graph model Gy (n). U

Remark 1. Although it is not the focus of the present paper, we shall say a few words on the
influence of the constants ¢ and « on the bounds. Since the aim was not to produce the sharpest
possible expressions for the bounds, the explanations will be somewhat heuristic in nature, and
cannot necessarily directly be read off the formulas.

It follows from equation (1) that the larger c is, the larger L; in Proposition 3 is, because
cmy, 18 an increasing function of ¢, while the distribution of & does not depend on c. On the
other hand, the proof of the upper bound also produces an expression which is an increasing
function of c, if we keep every other parameter fixed (for example, the constant @ depends only
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on «). This suggests that, although the upper and lower bounds are not the same, the jumble
distance in the optimal coupling increases as c is larger. Equation (1) also implies that, at least
for the W-random graph model with loops, the lower bound is smaller for larger «.

The ‘monotonicity’ in ¢ and «, though of opposing nature, stems from the same phe-
nomenon. In particular, the effect of ¢ might seem surprising at first, since it governs the edge
density, and thus one might expect that more edges lead to a better concentration. This is true
as n increases due to the degree distribution of the urn model stabilizing and the law of large
numbers becoming applicable, but not as ¢ changes, as that shifts this distribution. If either c is
increased or « is decreased, both the graphon W and the degree distribution resulting from the
urn model become less ‘flat’, and the variance of the X} has more of an impact on the resulting
W-random graph.

Remark 2. The proof of Proposition 3 shows that even the difference in the number of edges
can lead to a positive lower bound on the distance of the two models in the jumble norm.
This raises the question of what happens if we modify the models such that the number of edges
becomes exactly the same. For example, we consider the random graph Gy, (n) conditioned on
the event that it has [cn®/2] edges. However, the coupling of the two models used in the proof
of Theorem 1 answers this. The condition means that the sum of the Poisson random variables
assigned to the pairs of vertices is equal to [cn?/2]. As we have seen, this is the same as if
we choose the types of [cn?/2] edges independently with distribution (p;), and according to
Section 3, we get back the preferential attachment model in this way. Hence the two models
have the same distribution under the condition that both have exactly [cn®/2] edges.

Remark 3. In this paper we considered the jumble distance between the two random models
for the dense PAG, graph, as that is the more natural distance notion for multigraphs generated
by unbounded graphons (in this particular case, this corresponds to the unboundedness of
the parameters of the Poisson distributions). However, as each finite multigraph generated is
bounded per se, one may wonder if it is possible to say anything about the cut distance between
Gpag and Gy, for example.

We recall that the cut distance of two graphs on the same set of n vertices is defined as

Y Ui—Vy

ieS,jeT

1
dn(G, H) = — - max
n

It is easily seen that d < dg, hence the upper bounds given for the jumble distance apply
a fortiori to the cut distance as well. On the other hand, the methods used in this paper do not
yield stronger bounds for the cut-norm distance.
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