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This paper develops a new test statistic for parameters defined by moment conditions
that exhibits desirable relative error properties for the approximation of tail area
probabilities. Our statistic, called the tilted exponential tilting (TET) statistic, is
constructed by estimating certain cumulant generating functions under exponential
tilting weights. We show that the asymptotic p-value of the TET statistic can provide
an accurate approximation to the p-value of an infeasible saddlepoint statistic, which
admits a Lugannani-Rice style adjustment with relative errors of order n~! both
in normal and large deviation regions. Numerical results illustrate the accuracy of
the proposed TET statistic. Our results cover both just- and overidentified moment
condition models. A limitation of our analysis is that the theoretical approximation
results are exclusively for the infeasible saddlepoint statistic, and closeness of the
p-values for the infeasible statistic to the ones for the feasible TET statistic is only
numerically assessed.

1. INTRODUCTION

This paper is concerned with inference on moment condition models and proposes
anew test statistic that shows desirable tail behaviors in terms of relative errors. For
this problem, there are various test statistics available in the literature, such as the
Wald, empirical likelihood (Owen, 1988), exponential tilting (ET; Efron, 1981,
1982; Kitamura and Stutzer, 1997; Imbens, Spady, and Johnson, 1998), power
divergence (Baggerly, 1998), and saddlepoint statistics (Robinson, Ronchetti, and
Young, 2003; Ma and Ronchetti, 2011), among others. In particular, it is known
that the empirical likelihood statistic admits the Bartlett correction, a higher-order
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refinement for the absolute error of the type I error probability (DiCiccio, Hall,
and Romano, 1991). This refinement in the absolute error is typically not achieved
by other statistics, such as ET (Jing and Wood, 1996; Baggerly, 1998).

For statistical inference, researchers are commonly interested in the accuracy
of approximations for tail area probabilities or p-values of test statistics. For this
purpose, the relative error rather than the absolute one delivers a more relevant
measure of accuracy, and various procedures typically based on saddlepoint
approximations are developed (Tingley and Field, 1990; Daniels and Young, 1991;
Jing and Robinson, 1994; Robinson et al. 2003; Kolassa and Robinson, 2011,
among others). In particular, Robinson et al. (2003) considered the situation where
the cumulant generating function is known to the researcher and developed a novel
saddlepoint statistic that is asymptotically chi-square distributed with a relative
error of order n~! even in the large deviation region. Although this statistic is
generally infeasible due to the requirement on the knowledge of the cumulant
generating function, Robinson et al. (2003) and Ma and Ronchetti (201 1) proposed
some feasible versions of the saddlepoint statistic by using the ET weights (Efron,
1981, 1982).

The basic idea of our statistic is to note that the conventional ET statistic
is constructed from estimating the cumulant generating function by the sample
average, and to modify the cumulant estimation by using the ET weights instead
of the uniform weights. In other words, we tilt the ET statistic. Thus, the new
statistic is called the tilted exponential tilting (TET) statistic.

We show that the TET statistic is asymptotically chi-square distributed, and
demonstrate that its asymptotic p-value provides an accurate approximation to
the p-value of some ideal (but infeasible) saddlepoint statistic, which admits a
Lugannani—Rice style adjustment with a relative error of order n~! both in normal
and large deviation regions. Thus, as far as the p-value for the TET statistic is well
approximated by the one for the ideal statistic, we can argue that the asymptotic
p-value approximation for the TET statistic using the chi-square distribution is
very accurate even in the tails. Due to technical difficulty, however, this paper
only establishes the theoretical approximation results for the ideal saddlepoint
statistic, and admittedly, the approximation property between the ideal saddlepoint
and feasible TET statistics is only numerically investigated. We note that both the
TET and ideal statistics are new in the literature, and different from the saddlepoint
statistics discussed above. Furthermore, our results on the TET statistic cover both
just- and overidentified moment condition models.

We emphasize that accuracy of p-values in tail areas for testing moment
condition models is a substantial issue in applied research. In practice, researchers
are concerned with accuracy of relatively small p-values (say, less than 10%)
which will be typical borderlines to decide whether the null should be rejected or
not. As our simulation studies below indicate, the empirical quantiles of the TET
statistic are very close to the ones of the limiting chi-square distribution for the
tail areas. Furthermore, we note that moment condition models are widely used in
empirical economic analyses, and it is well known that the (first-order) asymptotic
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approximations for those models may not provide accurate inference methods in
small to moderate samples (see, e.g., the special issue in the Journal of Business
& Economic Statistics, vol. 14).

Finally, we study through Monte Carlo simulations the accuracy of the proposed
TET statistic. In addition to a benchmark setup for inference on means, we
consider both just- and overidentified instrumental variable regression models. The
numerical results highlight a desirable accuracy of our test statistic. In particular,
the empirical quantiles of the TET statistic are extremely close to those of the
limiting distribution even for small sample sizes.

This paper is organized as follows. In Section 2, we consider a benchmark case,
simple parameter hypothesis testing for just-identified moment conditions, and
present basic theoretical results illustrated by a small simulation study. Section 3
extends our method to testing problems for composite hypotheses (Section 3.1),
and overidentifying restrictions (Section 3.2). Finally, Section 4 presents sim-
ulation results for the general case. All proofs are presented in Appendix A.
Appendix B contains figures for simulation results in Section 4.

2. BENCHMARK CASE

In this section, we present the basic idea of the new test statistic and its theoretical
and numerical properties under a benchmark setup. Section 2.1 introduces our TET
statistic. Section 2.2 illustrates its finite sample accuracy through Monte Carlo
simulation. In Section 2.3, we discuss that the TET statistic has desirable relative
error properties for the approximation of tail area probabilities.

2.1. Tilted Exponential Tilting Statistic

Suppose we observe an i.i.d. sample {X;}"_, of X. Let F' be the distribution function
of X and E[-] be the expectation under F. Consider the (just-identified) moment
conditions

E[g(X,60)] =0,

where g is a p-dimensional vector of moment functions and 6 is a p-dimensional
vector of true parameter values. In this section, we focus on hypothesis testing
for the null Hy : 6y = 0 against the two-sided alternative H; : 6y # 0. Since we
do not specify the parametric distribution form of X, testing methods based on
parametric likelihood theory, such as the likelihood ratio and score tests, are not
applicable. However, there are several ways to test Hy in this setting. For example,
we can implement the Wald test based on some estimator of 6y. Also, based on
some nonparametric likelihood, we can conduct likelihood ratio or score type tests
(see, e.g., Owen, 2001).

We propose a new test statistic for Hy, which exhibits a desirable finite sample
accuracy. Our test statistic is constructed by evaluating the ET statistic (Efron,
1981, 1982; Kitamura and Stutzer, 1997; Imbens et al. 1998) under the ET weights
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based on the restriction E[g(X,0y)] = 0 under the null Hy : 6y = 0. Let A bea
solution of Y7, ¢*'8X-0 g(X;,0) = 0. The conventional ET statistic for Hy : 6y =0
is written as

1 " I
T — _92] - Mg(Xi,0) | 1
= —2log (n > e M

It is known that nT¢' converges in distribution to the x [% distribution under Hy. This
statistic is obtained by minimization of the empirical relative entropy

nlmlr}rn Xn:nnilog(nni), s.t. Xn:mg(X,-,O) =0, 12:1:715 =1.

i=1 i=1
By applying the Lagrange multiplier method, the solution is written as

. o' 8(Xi.0)
=,
S &80

for i = 1,...,n. Note that by construction these optimal weights are positive
and satisfy the moment condition ) »_ 7;g(X;,0) = 0. Indeed, the empirical
distribution using the weights {7;}"_, is an asymptotically efficient estimator of
the distribution function of X under the restriction E[g(X,6y)] = O subject to the
null Hy : 6y = 0 (Brown and Newey, 1998).

Intuitively, the ET statistic 7¢' is constructed by taking expectation of e

under the empirical distribution with weights % Our proposal is to replace the
A g(X;,0)

2g(X;,0)

uniform weights by the optimal ones under H, and to take expectation of e
under the filted empirical distribution with weights {7;}1_,, i.e.,

I~ 2log (an) s [log (Zeﬁ/m) o (Zei’gw)] |
i=1 i=1 i=1
2

We call this statistic the TET statistic. As shown in the proof of Theorem 1, the
reason for the positive sign of 7T+' can be seen from a second-order expansion

around i/g(Xi, 0)=0,

nT' = nj! |:Z 7,8(X;,0)g(Xi, 0)/] hotop(D),

i=1

under Hy, where we used Y »_, 7;¢(X;,0) = 0. It will be shown that the right-
hand side converges in distribution to the sz distribution under Hy. To make the
argument rigorous, we impose the following assumption.

Assumption 1. {X;}_, is i.id., E[|g(X,0p)|°] < oo, for some ¢ > 2, and
Elg(X,6p)g(X,6p)’] is nonsingular.
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FI1GURE 1. Empirical quantiles of the TET statistic (dashed red line), ET statistic (solid blue line),
and Wald statistic (dash-dotted green line) against quantiles of the X|2 distribution for (a) n = 20, (b)
n =40, and (c) n = 80.

All conditions are standard. Based on these conditions, the limiting null distri-
bution of the TET statistic is obtained as follows.

THEOREM 1. Under Assumption 1 and Hy : 6y = 0, the TET statistic nT"
converges in distribution to the le distribution.

Therefore, under Hy, the TET statistic n7~" is asymptotically equivalent to the
ET statistic nT;'. We can also show that they have the same local power function
under local alternatives.

2.2. Simulation for Benchmark Case

To illustrate finite sample accuracy of the TET statistic, we provide a preliminary
simulation result. We generate random samples {X;}!"_, of sizes n = 20, 40, and 80
according to X; ~ N(0, 1). The parameter 6, is defined by the moment condition
Elg(X,00)] = E[X —6y] = 0. We are interested in testing the null hypothesis Hy :
6o = 0 against the alternative H, : 6y # 0, and compare the proposed TET statistic
nT'*" with the ET statistic nT¢" and the conventional Wald statistic. All the statistics
converge in distribution to the x; distribution under H. Figure | reports the q—
q plots of the empirical quantiles of these test statistics against those of the Xlz
distribution. The number of Monte Carlo replications is 20, 000.

As this figure shows, the empirical quantiles of the TET statistic are closer to
those of the limiting x; distribution even for relatively small sample sizes. The
accuracies of the ET and Wald statistics increase as the sample size increases,
although the TET statistic outperforms for all cases. In the next subsection, we
provide some explanation for this excellent finite sample performance of the TET
statistic.

2.3. Relative Error Properties

2.3.1. Overview. The main purpose of this paper is to provide some theoretical
justification for the desirable accuracy of the TET statistic n7"" using x> asymp-
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totic approximation particularly in the tail area as observed in the q—q plots in the
last subsection. Based on the statistics literature of saddlepoint approximations
(see, e.g., Jensen, 1995, for a review), an ideal goal for this purpose is to evaluate
the order (say, g,) in the relative error for the x> asymptotic approximation:

Pr{nT," > nt: F} = {1—F,(n)}(1+0(0,)), 3

and compare the approximation error O(p,) with the ones for other statistics,
where F, is the cumulative distribution function of the sz distribution.
However, the existing techniques for saddlepoint approximations are mostly
confined to smooth function models for finite dimensional sample means and
parametric models, and it is difficult to establish the approximation result
for the TET statistic as in (3) under moment condition models. To the best
of our knowledge, there is no relative error approximation results for the
Generalized Method of Moments (GMM) or generalized empirical likelihood-
based statistic under general moment condition models.

To circumvent this technical difficulty, we consider an infeasible version of the
TET statistic, called T, in (5) below, by replacing the weighted average in (2)
using {7;}%_, with the population mean. Although T}, is infeasible, it is possible to
establish certain relative error approximation results for Pr{nT, > nt : F} as in (3)
(see, Theorem 2 below).

Based on these considerations, we assume that the p-value p*' = Pr{nT'*" >
nt'®t° : F} for the TET statistic is well approximated by its infeasible version
pl4edl = Pr{nT, > nt® : F}, where #°° and ° are observed values of T'" and T,,,
respectively. Then, under this assumption, we concentrate on the relative error
properties to approximate the p-value of the proxy p'% for p'. Our main results
(Theorems 2 and 3 below) establish the relation between p'%* and the asymptotic
p-value p*Y = 1 — F,(n'"°) for our TET test as

pideal =pas}’(] +rn(};0))(1 + O(I’l_l))s (4)

where A° is an observed value of A and r,(+) is a function defined in (19). Based on
this relative error approximation, we argue that r,(-) exhibits a desirable property
not shared by the conventional ET test.

A major limitation of this paper is that due to technical difficulty in analyzing
T'™, we cannot provide any theory to characterize the quality of the approximation

for p' by pidedl The original object of interest, the ratio of the p-value p'® of the
TET statistic to its asymptotic approximation p*Y, can be decomposed as

tet

p

P>y

=+ p)+p02),

where pL = (ptet _pideal)/pideal and 02 = (pideal _pasy)/pasy. Our result in (4)
only characterizes p,. For the benchmark simulation in Section 2.2, we evaluate

the magnitudes of the component p; by the ratios ‘ﬁ—;‘ for 1,000 Monte Carlo
replications, and find that their interquartile ranges are: [0.49,1.71] for n = 20,
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[0.53,1.47] for n =40, and [0.57, 1.45] for n = 80. Thus, at least for the benchmark
simulation setup, the approximation error p; is comparable to p,, which will be
characterized by our theorems. Theoretical analysis on p; is a substantial challenge
and should be left for future research.

2.3.2. Ideal Statistic T,. We now introduce the ideal statistic 7,. In the
definition of the TET statistic (2), we propose to take expectation of ¢* ¢%-9 under
the tilted weights {77;}_, satisfying lel 7;¢(X;,0) = 0. The ideal (but infeasible)
statistic is given by evaluating this expectation under the population:

T, =2K(0), %)

where K(A) = logE[e’vg (X.97 is the cumulant generating function of g(X,0), and X
solves Y1, ¢*'8Xi:0g(X; 0) = 0. Observe that T, is infeasible, because it involves
the expectation [E[-] to evaluate the cumulant. Furthermore, T, is different from
the saddlepoint statistic proposed in Robinson et al. (2003), because it does not
involve any estimators of 6.

To study the relative error property of 7,, we introduce further notation. Let
g(x) =E[g(X,0)g(X,0)']"!/>¢(x,0) be a normalized counterpart of g(x,0), so that
Var(g(X)) =1, and define % =E[g(X,0)g(X, 0y’ 1123 Based on the definition of A,
X can be written as a solution of Y7, ¥(X;, 1) = 0, where ¥ (x,y) = —e"2®@g(x).
Thus, ¥ (x,y) may be interpreted as an estimating function for 1. Also, let K (£, y) =
logE[e’,'/’(X’y)] and #(y) be a solution of W = 0. We impose the following
high-level assumption.

Assumption 2. The density f; of X exists and has the saddlepoint approximation

det B(y)

eV -1
m(l + 0@ )), (6

n \r/2 hey
L (v) = [ — —nh(y)
50 =(5;)" e
where

h(y) = K(t(y),y),

B(y) = "KUOVE et(y)/w(x,)v)w
ay ’
() = enK(t(}')qy)]E[et(y)/W(X,y)w(x’y)w(xy),].

Assumption 2 requires existence of the usual form of the saddlepoint approxi-
mation of the density of . We note that the saddlepoint approximation error in
(6) is typically of relative order O(n~"). For primitive conditions under which
this assumption holds, we refer to Field (1982); Skovgaard (1990); Jensen and
Wood (1998); Almudevar, Field, and Robinson (2000). For example, suppose
E[g(X,0)g(X,0)] is invertible and all components in v (x,y) and their first four
derivatives with respect to y are bounded and continuous as functions of x at each y.
Then, certain smoothness conditions that enable the development of an Edgeworth
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expansion are sufficient to guarantee Assumption 2 (see, Ma and Ronchetti, 2011,
pp. 154-155).12

Let F), be the cumulative distribution function of the le distribution. The relative
error property for the approximation of the tail area probability of 7, is established
as follows.

THEOREM 2. Suppose that Assumptions | and 2 hold. Then, under Hy : 6y = 0,
Pr{nT, > nt: F} = {1 — F,(nE())}(14+ 0(n™ ")), )

. logG(/D |
uniformly over t € (0,¢), for some ¢ > 0, where £(t) = (ﬁ— 7) and G(+)
is defined in (17) in Appendix A.

Theorem 2 provides a Lugannani—Rice style accurate approximation formula for
the tail area probability of 7). This approximation holds not only for the normal
region (i.e., nt is bounded) but also for the large deviation region (i.e., ¢ is bounded).
This theorem shows that the ideal statistic 7, admits a relative error of order
O(n~') up to the large deviation region. Note that relative error orders typically
deliver a more useful measure of the quality of tail area approximation compared
to absolute ones. Robinson et al. (2003) established an analogous desirable relative
error property for their saddlepoint statistic, which is also infeasible in the present
setup. Also, Huber and Ronchetti (2009, Chap. 14.6) argued that for parametric
models the three classical hypothesis tests (i.e., likelihood ratio, Wald, and score)
do not satisfy the relative error property as in (7).

The adjustment by the transform & (¢) to achieve relative error refinement is anal-
ogous to the one in Kolassa and Robinson (2011) for the (parametric) likelihood
ratio statistic. In general, the function G(-) requires numerical integration over a

"More precisely, let U = (U}, Uy, Uy), where U] = ¢(X,y), U} is the vector formed by the elements of
3y (X,y)/9y and ¥ (X,y)¥(X,y), and Uj is the vector formed by the elements of 3U5/dy. Then, let F}, be the
distribution function of U” and define a random vector U” with the distribution function

F‘Z—,(Ml Jup,u3) = / VMKW GFY (ay,a3,a3),

(ay,a2,a3)=(uy,uz,u3)

and the characteristic function ¢¥(§) = E[eig,[]‘ ]. Based on this notation, the smoothness condition is stated as: for
each y, there exist positive constants ¢, C, and ¢; such that (i) ¢ < det(Var(D?)) < C, and (ii) |¢Y (&) < 1—cy, forall
¢ < |g| < CpimT+D/2,

2To be specific, consider the (just-identified) instrumental variable regression model, where g(X,Y,Z,60) = Z(Y —
X'6p) for a dependent variable Y, endogenous regressors X, and instrumental variables Z. Assumptions 1 and 2 are
satisfied if {X;, ¥;, Z;}}_, isiid., E[g(X,Y,Z,60)g(X,Y,Z, 00)'] invertible, and the random variable W = g(X, Y, Z, )
is continuously distributed on some compact support VW, which is typically guaranteed by the compact support of
the observables (Y, X', Z). Although this is a rather restrictive sufficient condition, our simulation studies in Sections
2.2 and 4 do not impose compact support for the data and we can still observe desirable performances of the TET
statistic.

‘We note that most existing results using the saddlepoint approximation require finite moment generating functions
(around zero) for the estimating equations (i.e., ¥ (X,y) in our notation). A notable exception is Jing, Shao, and
Zhou (2004) who established the saddlepoint approximation for tail probabilities of the ¢ statistic with no moment
conditions. Although it is beyond the scope of this paper, it is interesting to see whether their theoretical development
can be adapted to our context.
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sphere of dimension p, but a Monte Carlo approximation to any degree of accuracy
required can be obtained; see Kolassa and Robinson (2011) for details.

2.3.3. Relative Error Property of the TET Statistic. Motivated by the desirable
relative error property of the ideal statistic 7,,, we now establish the result in (4)
and argue that the TET statistic 7' provides an accurate approximation to the tail
area probabilities of the ideal statistic 7),. To this end, we introduce the function

n
Ktet(}\.) — log (Z ﬁioe)hfg(x?,o)> ,

i=1
where {x?}?_, and {77}, are the observed values of {X;}/_, and {7;}!_,, respec-
tively. We can see that the observed values of T, and T*" are given by t, = 2K (2

and 7' = 2K"(1°), respectively, where A° is the observed value of i. Taylor
expansions of K(1) and K**'(1) around A = 0 yield

1
K@) = ENE[g(X, 0)g(X,0) 124+ 0(Al%),

l n
K0 =5 (Z £28(x2,0)g(x, 0)/> rtO(AP). ®)
i=1

These expansions highlight some interesting analogies between T, and T'*'. By
the argument in the proof of Theorem 1, the sample counterpart of the difference
K (1) — K™()) is of order O,(n~'/?|1|?).

On the other hand, if we consider an analogous function K*(A) = —log
(% p e’vg("?'o)> for the ET statistic so that 7 = 2K°(1°), then an expansion
yields

1.~
K*() = —)»’E’O—ENVO?»JFO(I?»P), )

where 2° = 13 2(x%,0) and V° = 137 (¢(x?,0) — 2°)(g(x?,0) — £°). In
this case, the sample counterpart of the difference K(A) — K®'(1) is of order
O,(max{n~'/2|1|,|1|*}). Also, we can see that the same comment applies to
the function K“(A) = —A'g° — %)Jf/")\ for the continuous updating GMM,
i.e., the sample counterpart of the difference K(1) — K“(X) is of order
OP(max{n‘1/2|A|,|k|2}). Note that K°“(A) evaluated at A = (\70)—1g° is the
conventional Wald statistic.’

3Similarly, even if we consider the class of generalized empirical likelihood criterion by Newey and Smith (2004) (i.e.,
K&l = % S g(x?,0)) for a concave function p), we can see that the sample counterpart of the difference
K(1) —K&(3) is of order Op (max{n~1/2|%|,|1|?}). However, we conjecture that a “tilted” version of the generalized
empirical likelihood K'¢'() = Y7, 75 i0(3'g(x?,0)) will exhibit a similar property as K®()) in Theorem 3,
where ﬁ;.i =p1 ():g’g(x;’,O))/ el (ig’g(x;’,O)) is the generalized empirical likelihood implied probability with
p1(v) = dp(v)/dv and 5\2 = argmax;, ) _j—; p(A'g(x?,0)). We note that in contrast to the (observed) TET statistic
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The following theorem shows that K'**'(1) can provide an accurate approxima-
tion to the tail area probabilities of T,.

THEOREM 3. Suppose that Assumptions [ and 2 hold true. Then, under Hy :
6o = 0, it holds

1= Fp(nE(K(1))) = {1 = F, (iK' O)}(1 +r, W) (1 + 0 ")),

for each realization {x?}!_,, where r,(X) is a nonrandom function of A defined in
(19) and its sample counterpart, obtained by replacing {x}}_, with {X;}}_,, is of
order Op(n1/2|k|2).

Theorem 3 shows that the TET statistic can provide an accurate approximation
to the tail area probability formula 1 — F,(n&(K(1))) for the ideal statistic T,
in (7). The error of this approximation is relative and of (stochastic) order
n'/2|x|?. Therefore, in the normal region, for A = O(n~'/?), the relative error is
of order n~'/2. Beyond the normal region, e.g., A = O(n~'/?), the relative error
approximation is of order n~!/%. On the other hand, it is clear from (9) that the
function K (A) for ET does not have such a relative error property.

Combining Theorems 2 and 3 (evaluated at A = )A»O), we can establish the
equality in (4). Therefore, as far as the p-value p* for the TET statistic is well
approximated by the one p'% for the ideal statistic T}, we can argue that the
asymptotic approximation for the TET tends to be accurate particularly in the tail
area as illustrated in Figure 1 for the benchmark simulation.

3. GENERAL CASE

In this section, we generalize the theoretical results obtained in the last section
for testing composite hypotheses (Section 3.1) and overidentifying restrictions
(Section 3.2).

3.1. Composite Hypothesis Test

In this subsection, we extend the results for the benchmark case to composite
hypothesis testing. We first consider just-identified moment conditions, and then
discuss how to adapt our results for overidentified models.

3.1.1. Just-Identified Case. Consider just-identified moment conditions
Elg(X,6010,020)] = 0, where 6,9 and 6,y are p;- and p,-dimensional parameters,
respectively, and g is a p = p; + p, dimensional vector of moment functions.
Suppose we wish to test the null hypothesis Hy : 659 = 0 against the two-sided
alternative H; : 659 # 0. In this case, the conventional ET statistic may be written

et = 2K (2°), its generalized empirical likelihood counterpart tﬁa =2K'1(3°) involves two Lagrange multipliers,

5\; and A°. Full investigation of such an extension is left for future research.
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as

1 500y

T = —2maxlog| ~ 01 8(X;,01.0) ) 10

me 01€0, g n Zl ¢ ( )
=

where A(6;) solves Yo HMO'8Xi01.0) 60X, 0, 0) =0, for each ). It is known that

nT;‘C converges in distribution to the szz distribution under Hy : 0,9 = 0. Let 671 be

a solution of the above constrained maximization for 6; and 6 = (6/,0')’. The TET
statistic for the composite hypothesis is constructed as

TitletC =2log (Z ﬁieixg(xi,é)> -2 |:10g (Z egi/g(xi,§)> —log (Z e,"vg(x,-,é))j| ,
i=1 i=1 i=1
(48 Y)

~ 2 e(X;,0) > 3 (X B ~ .
where 7; = % and A solves Y | ¢80 g(X; 6) = 0. Similar to the last
Y T
section, we consider the ideal but infeasible statistic

oo = 2K (%, 60, (R)),

where K (1,0;) = log E[¢* ¢*-#1-0] and §; (1) solves E [e*/g(x'él 3,00y <W)]
1

= 0, for each A. To analyze the relation between the T,tf; and T, ., consider

the function K*(1,0,) = log (Z?:] ﬁi"e’vg("?’e"o)), where {7°}, are the

observed values of {7;}7_,. Note that the observed value of T, is given by

= 2K (32,0 (1°)), where A° is the observed value of A and 6*(%) solves

/.00 Ate a 9,9~tet)»,0 :
s 867,017,001 (M) =0, for each A. To analyze the properties

a6]
of the TET statistic 7", we modify Assumption I as follows.

Assumption 3. {X;}! , is iid., 6o € int®; is the unique solution of
Elg(X,010,620)] = 0, ®p is compact, g(x,61,65) is continuous at each 6; € ®;
and is continuously differentiable in a neighborhood A of 8y, for almost every
x, E[sup|g(X,01,0)|°] < oo, for some ¢ > 2, E[sup|ag(X,01,0)/06;|] < oo,

61€0, 916/\/
E[9g(X, 010,6020)/26;] is full column rank, and E[g(X, 6y)g(X,6)'] is nonsingular.

The relative error properties of T, . and Tt are presented as follows.

N

THEOREM 4. Suppose that Assumption 1’ holds true and that Assumption 2 is
satisfied with g(X,60y) in (21) instead of g(X,0). Then, under Hy : 6,9 = 0,

() the ideal statistic T, . satisfies
Pr(nT,, . > nt : F} = {1 — Fp, (n&())}(1 + O(n” ")),

uniformly overt € (0, ¢), for some ¢ > 0, where §.(¢) is defined as in §(t) (by
replacing g(X,0) with g(X,6p)),
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(i1) K"™(A,0,) satisfies

1 — Fy, (n€(K (1,01 (1))))
= {1 —F,, K" (A, 01" QN1 + 7, W) (1 +O0m™1Y),

for each realization {x{}_,, where 1y, () is a nonrandom function of A and

its sample counterpart, obtained by replacing {x{}!_, with {X;}_,, is of order
Op(n' 11 2).

Theorem 4(i) highlights the desirable relative error property of the ideal statistic
T,,.. Theorem 4(ii) shows that the TET statistic can be expected to provide accurate
approximations of the tail area probabilities of the ideal statistic 7}, .

We can compare with the saddlepoint statistic introduced in Ma and Ronchetti
(2011). In this case, their statistic is written as

n n
2| log Z o8Xin0) | _ log Z or 8K O) it 8(X1.61.62)
i=1

i=1

where 6 = (4!, éﬁ)’ solves > 1, g(X;, 6) =0, and /i and 6; solve Yo el 8Xi.01.0)
¢(X;,01,0,) =0 and 2/ Y1, 7, ¢%D8g(X;,0,,60,)/860] = 0. Note that this sad-
dlepoint statistic requires to solve several equations to obtain 2 ,0,6,, X, and . In
contrast, the TET statistic nT,. only requires to solve for 6 and 1.*

3.1.2. Overidentified Case. The results in Theorem 4 can be adapted to
overidentified models. For overidentified moment conditions E[g(X, 8,0, 620)] =0,
where 6y and 6, are p;- and p,-dimensional, respectively, and g is d > p; +p>
dimensional, suppose we wish to test the null hypothesis Hj : 6,9 = 0 against the
two-sided alternative H; : 659 # 0. Indeed, this testing problem can be written as
the one for Hy : 659 = 0 in the following augmented moment conditions:

eﬂ{)g(Xﬁloﬁzo)g(X’910’920)
E[h(X, o, 6h0,620)] = E £M08Xi-010.020) <3g(Xq910~920))/M =0.
3(0].65) 0
Note that due to the additional d-dimensional parameters g, this moment
condition model is just-identified. Therefore, the results in Section 3.1.1 for
the just-identified case can be adapted by replacing the moment function
g(-) with h(-), and nuisance parameters 0i9 with o = (0], ug)’. Let % =

4Although the TET statistic nT}f‘C takes a simpler form than Ma and Ronchetti’s (2011), we still need to compute
6= ((5{,0’)’ and % to implement our test. The computation of X (for a given f) can be formulated as a convex
optimization problem, so that Newton iterations can be applied. We use the MATLAB codes provided by Kirill
Evdokimov and Yuichi Kitamura (available at https://www.kirillevdokimov.com/EL_codes.zip) for our numerical
studies. On the other hand, the computation of 1 typically requires a nested optimization algorithm, where the inner
loop computes (61, for each 6y, and the outer loop computes 6 in (10). Similar to 2, the inner loop is typically a
convex optimization problem which can be implemented by Newton iterations. The outer loop is a general nonlinear
optimization problem, and we employ a quasi-Newton method, which works well in our numerical studies. See
Kitamura (2007) for a detailed discussion on the nested optimization algorithm.
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argmaxy, log (— Z P yh(x“’]’o)), where 5»(191) solves Zl’f:] OV K 91.00
(X;,91,0) =0, for each ;. The TET statistic is defined as

n
7-v:l6:tL1 — 2]0g( )Lh(X 19))
i=1

gi’/z(xij)
G 3 0
s D)

=1

where & = (3,0, #; = and A solves Y| XD (X, ) = 0. By

applying the results in Theorem 4, analogous relative error properties for T‘ec1 can
be derived.

3.2. Overidentifying Restriction Test

In this subsection, we consider the case of overidentifying moment restrictions
El[g(X,00)] = 0, where the dimension d of the moment functions g is larger
than the dimension p of the unknown parameters 6. In particular, we focus on
testing overidentifying restrictions, i.e., Hy : E[g(X,6)] = 0, for some 6, against
H, :E[g(X,0)] # 0, for any . This is a specification testing problem for the model
specified by moment restrictions. In this case, the conventional ET statistic may
be written as

T, = —2maxlog< Z 1) 5(Xi 9)> 12)

where ):(9) is defined in the last subsection. Based on Newey and Smith (2004),
we can show that nT}', converges in distribution to the x 3_[) distribution under the

null hypothesis. Let 6 be the maximizer of the above optimization problem. The
TET statistic for the overidentifying restriction test is constructed as

T, =2log (Z ﬁiex/g(xf‘é)> =2 |:10g (Z ezi’g(x,-,é)> —log (Z e’_\/g(x"’é)):| ,
i=1 i=1 i=1
13)

ei’g(X,-ﬁ)
Y 8.0

where 7; = and X solves Y 7, 8% (X, 0) = 0. In this case, the

ideal but infeasible statistic is defined as

Tn,v = 2K(X7 9_()“))
where 6(1) solves E[&’g(&é(k));\/(M)] = 0. Next, consider the func-

=

tion K*(1,0) = log (Z" JT"eA 805 9)), where {7°}]_, are the observed val-
ues of {m;}/_;. Note that the observed value of T, is given by 77 =
2K©(1°,0°(1°)), where A° is the observed value of A and 6“'(A) solves
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, _ g (x0. 33, .
Ly et 8(. 61 (1)) 1 (g(x’aT,())) = 0, for each A. To analyze the properties
of the TET statistic T

nv’

we modify Assumption | as follows.

Assumption 1”.{X;}"_, isi.i.d., 6y € int® is the unique solution of E[g(X,0)] =
0, ® is compact, g(x,6) is continuous at each 6 € ® and is continuously differen-
tiable in a neighborhood N of 6y, for almost every x, E[sup|g(X,0)|°] < oo, for
0e®
some ¢ > 2, E[sup|dg(X,0)/360'|] < oo, E[dg(X,6y)/00’] is full column rank, and
0eN
E[g(X,60p)g(X,6y)] is nonsingular.

The relative error properties of T, , and T

°, are presented as follows.

THEOREM 5. Suppose that Assumption 1” holds true and the adapted version
of Assumption 2 is satisfied. Then, under Hy : E[g(X,60y)] =0,

(i) the ideal statistic T, satisfies
Pr{nT,,, > nt: F} = {1 — F4_,(n&,())}(1 + O(n™ ")),

uniformly over t € (0,¢), for some ¢ > 0, where &,(t) is defined as in & (),
(i1) K"Y(1,0) satisfies

1 = Fy_p(n&,(K(A,0(1))))
= {1 = Fs_p(nK"' (A, 0" Q)N }(1 + 1, Q) (1 + O™ 1)),

for each realization {x{}_,, where 1y, () is a nonrandom function of A and

its sample counterpart, obtained by replacing {x{}!_, with {X;}}_,, is of order
Oy (' |3%).

Theorem 5 shows that the desirable relative error properties of the TET statistic
continue to hold in overidentified moment condition models.

4. SIMULATION FOR GENERAL CASE

In this section, we evaluate the finite sample performance of the TET statistic
for the general case considered in the last section. We generate random samples
(Wit =1{Y:.Xi, Z{}_, of size n = 40 according to

Yi=01+6X:+ U,

Xi=Znx+V, (14
where 7 = (¢,¢)’ and Z; = (1,Zy;)" with Zy; ~ N(0,1). For each Monte Carlo
replication, we set the value of ¢ to fix the value of the concentration parameter
8% = 7' (Y, Z:Z))7 (given the realized values of Z;). We set (6;,6,) = (0,0) for

the true parameter vector. The error terms are generated as (U;, V;) = (€1;,0.8¢;; +
/1 —0.8%¢y;), where €; and €;; are independent. The number of Monte Carlo
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FIGURE 2. q—q plots for Hy : 6, = 0 with n = 40: (a) Normal, 82 =50, (b) Normal, 82 = 10, and (¢)
2 <2
X3, 87 =150.

replications is 10,000 for all cases. All figures reporting the simulation results
are presented in Appendix B.

4.1. Composite Hypothesis Testing for Hy : 0, = 0

First, as an illustration for the composite hypothesis testing in Section 3.1, we
consider testing the null hypothesis Hj : 8, = 0. For the model in (14), we consider
three cases: (i) €, €2 ~ N(0,1) and 82 = 50, (ii) €);,€x ~ N(0,1) and 82 = 10,
and (iii) €y;, €y ~ (X32 — 3)/\/6 (standardized X32) and 82 = 50. Case (i) is a
baseline setup, (ii) is for investigating the effect of weaker instruments, and (iii)
is for the effect of asymmetric distributions of the error terms. The cases of even
weaker instruments with a weakly identified nuisance parameter are investigated
in Section 4.3.

We compare the proposed TET statistic 7}, in (11) with the Wald statistic based
on the GMM estimator and ET statistic 7;", in (10). All the statistics converge in
distribution to the x; distribution under Hy. Figure 2 reports the q—q plots of the
empirical quantiles of these test statistics against those of the X12 distribution for
the cases (i)—(iii).

Overall, the empirical quantiles of the TET statistic are very close to those of
the limiting distribution. These q—q plots of the TET statistics are not sensitive to
weaker instruments (as shown in Figure 2(b)) or asymmetric error distributions
(as shown in Figure 2(c)). On the other hand, the quantiles of the conventional
Wald and ET statistics tend to be larger than the ones of the limiting distribution.
In particular, the Wald statistic is worse for all the cases. Such patterns of the g—q
plots for the Wald and ET statistics are commonly observed in the literature (e.g.,
Imbens et al. 1998).° Interestingly, the weaker instruments induce more severe size
distortions for the Wald test (see Figure 2(b)).

5In the working paper version (available at: http://sticerd.Ise.ac.uk/dps/em/em593.pdf), we also report the results
for the case of n = 80 and the empirical cumulative distribution functions (ECDFs) of the p-values for all the tests
considered in Figures 2 and 4 below. The accuracy of the ET statistic improves as the sample size increases. However,
the TET always outperforms the ET and Wald. Furthermore, based on the ECDFs for the p-values, we can see the
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(a) Normal, 6% = 50 (b) Normal, §2 = 10 (¢) x3, 0% =50

F1GURE 3. Calibrated powers for Hy : 6, = 0 with n = 40: (a) Normal, 82 =50, (b) Normal, 82 = 10,
and (¢) x3, 82 =50.

We also investigate the power properties of the tests for Hy : 6, = 0 under
the alternative hypotheses H; : 6, = 0+ A for different values of A. Figures 3
displays the calibrated power curves of all the tests at 5% significance level (i.e.,
the rejection frequencies of these tests, where the critical values are given by the
Monte Carlo 95th percentiles of these test statistics under Hy) for the cases (i)—
(iii). The results suggest that the proposed TET tests exhibit good calibrated power.
Indeed, the calibrated power curves of the TET are very close to those of the ET,
and do not show declining power for some negative values of A as in the Wald test.

4.2. Specification Testing

Second, as an illustration for specification testing in Section 3.2, we consider
testing the overidentifying restrictions Hy : E[Z(Y —6X)] = 0, for some 6, against
H, : E[Z(Y — 6X)] # 0, for any 6. We compare the proposed TET statistic 7,°,
in (13) with the J statistic based on GMM,° and ET statistic 72, in (12). All the
statistics converge in distribution to the x? distribution under Hy.

In addition to the cases (i) and (ii) above, we consider the case of heteroskedastic
error terms (iv) ¥; = 01 + 6:X; +|Zi| Ui, €15, €2 ~ N(0,1), and 6% = 50. Figure 4
reports the q—q plots of the empirical quantiles of these test statistics against those
of the x 12 distribution for the normal disturbance case.

Although the patterns of the plots are different, we obtain similar conclusions as
the simulations for composite hypothesis testing. Overall, the empirical quantiles
of the TET statistic are very close to those of the limiting distribution compared to
the ET and J statistics. The performances of the ET and J statistics are comparable.
It is interesting to note that the g—q plots of the TET statistic are not sensitive to
heteroskedastic error terms. On the other hand, we can see that heteroskedastic
errors deteriorate the size properties of the ET and J statistics.

degrees of size distortions of these statistics. As consistent with the q—q plots, the asymptotic test by the TET shows
better size properties (particularly for the region of nominal sizes less than 0.10) than other asymptotic tests.

6Letting g(W;,0) = Z;(Y; —0X;) and g(0) =n~"! Z:I:I g(W;,0), the version of the J-test statistic considered here is
J = nming §(9)’[n’l 27:1 g(W;,0)gW;, 9)]’15'7(6), where 0 is the two-stage least-square estimator.
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FIGURE 4. g—q plots for overidentification with n = 40: (a) Normal, 82 =50, (b) Normal, §% = 10,
and (c) Normal, 52 = 50, heteroskedastic.

Overall, our simulation results are encouraging: the TET statistic performs
excellently compared to the existing statistics.

4.3. Additional Results: Weak Instruments

Finally, we consider the situation where the instrumental variable Z is very weak
(i.e.,82 =5and 1). There is no guarantee that the proposed TET statistic works well
under partial or weak identification; see Phillips (1980, 1984, 1985, 1986, 1989);
Staiger and Stock (1997). In particular, the full rank conditions for the Jacobians
of g (with respect to partially or weakly identified parameters) in Assumptions 1’
and 17 typically fail, and our asymptotic approximations will be invalid. Although
its theoretical analysis is beyond the scope of this paper, we here illustrate finite
sample performances of the TET statistic under weak instruments.

Specifically, we consider three cases: (i’) €;, € ~ N(0,1) and 8% =5, (ii")
€1i,€2i ~N(0,1) and 8% = 1, and (iii’) €1;, €2; ~ (x? — 3)/+/6 (standardized x?) and
82 = 5. Figures 5 and 6 report the g—q plots of the empirical quantiles of the test
statistics against those of the X12 distribution for testing Hy : 6, =0 and Hy : 6; =0,
respectively. We note that for testing Hy : 8; = 0, the nuisance parameter 6, is
weakly identified and we conjecture that the TET test will be asymptotically
invalid based on the existing literature of weak instruments (e.g., Andrews and
Stock (2007), for a survey).

For testing Hy : 6, = 0, where the nuisance parameter 0 is strongly identified,
the g—q plots in Figure 5 are similar to the ones in Figure 2, and the TET statistics
are not sensitive to very weak instruments. However, for testing Hy : 6; = 0, where
the nuisance parameter 6, is weakly identified, the g—q plots in Figure 6 suggest
that the quantiles of the TET statistics deviate from the ones of the x? limiting
distribution.” In particular, the TET is worse than other statistics for the case (ii’).

In the preliminary simulation study, we considered overidentification testing under the cases (i’)—(iii’). The q—q
plots also indicate that the TET statistic for overidentifying restrictions is not robust to very weak instruments.
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FIGURE 5. g—q plots for Hy : 6, = 0 with n = 40: (a) Normal, 82 = 5, (b) Normal, 82 = 1, and (c) x3,

82 =5.
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FIGURE 6. g—q plots for Hy : 1 = 0 with n = 40: (a) Normal, §2 = 5, (b) Normal, 82 = 1, and (c) x2,
82 =5.

In order to understand the behavior of the TET statistic in cases of weak
instruments and instrument failure, it is intriguing to apply the general asymptotic
theory under instrument failure developed in the seminal work of Phillips (1989).
In particular, the framework developed in Phillips (1989, Sects. 2 and 4) would be
general enough to cover our TET statistic. As illustrated in Phillips (1989, Sect.
2.4) for the Wald statistics, we expect that Phillips (1989) asymptotics will lead
to a very different limiting behavior for the TET statistic in comparison to the
usual strong instrument case. The analysis under weak instrument asymptotics as
in Staiger and Stock (1997) is followed by adding a noncentral term to Phillips
(1989) asymptotic framework. The discrepancies among those sets of asymptotic
results explain the poor performance of the TET statistic in this context. Another
interesting (though technically more involved) direction of future research is to
explore the finite sample theory for the TET statistic under Gaussian errors. For this
direction, we need to extend the general exact theory in Phillips (1980, 1984, 1985,
1986) for the instrumental variable, limited information maximum likelihood, and
full information maximum likelihood estimators to our TET statistic. Even for the
benchmark case in Section 2, such an exact analysis would be highly beneficial
to understand the desirable tail behavior of the TET statistic. Also, we note that
the exact analyses in Phillips (1984, 1986) shed light on instrument failure cases
with many interesting phenomena being reported. In particular, it is interesting to
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investigate the effect of the sample size on the exact distribution of the TET statistic
under instrument failure cases.”

5. CONCLUSION

In this paper, we modify the ET statistic by introducing additional tilting weights
to estimate cumulant functions, and propose a novel statistic, called the TET
statistic. Simulation studies show that the asymptotic p-values of the TET statistic
are highly accurate in the tails, and we provide a theoretical explanation for this
accuracy by analyzing its relative error properties for the approximation of tail
area probabilities. In particular, the proposed p-values accurately approximate
those of an infeasible saddlepoint statistic, which has relative errors of order n!
both in normal and large deviation regions. Our TET test allows both just- and
overidentified moment condition models, and can be applied for both (possibly
composite) parameter hypotheses and overidentifying restriction testing problems.

There are at least two important directions for future research. First, as repeat-
edly mentioned, the present analysis lacks theoretical evaluations of the closeness
of the p-values for the infeasible statistic compared to those for the proposed
TET statistic. Although it is a substantial challenge given the existing results on
saddlepoint approximations, this theoretical gap should be addressed. Another
interesting direction is to investigate the theoretical properties of the TET statistic
under weak or partial identification, as indicated in the last section, and to develop
a modified statistic that is not only accurate in the tails but also robust to weak or
partial identification.

APPENDIX
A. Proofs
A.1. Proof of Theorem 1
Letg; = g(X;,0). Using Y7, #; = 1 and Y7, #;¢; = 0, an expansion around 4 = 0 implies

n
tet NG A Vg |3
nT,™ = na E wie* Sigigh | A,
i=1

_ A ~ Vo .
where A is a point on the line joining A and 0. Let M = —% ;’: 1 e~ 8. An expansion around

M = —1 implies

~ A 1 n TR Y ~
nT,tlet:—Mfln)\/ ;Ze(kﬂ) gzgl.gg A

i=1

8The authors are grateful to Peter Phillips for suggesting references in this paragraph and directions for future
research.
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A 1 n NIRRTV ~ - A~ 1 n NV A A
_ 3 AA) 8y o =2 37 AN 8. o
= ni. ;2 MM 8igigl | R+ M~ 20, ;2 MM 8igigl | A (M + 1)
i=1 i=1
=T1+Ty,

where M is a point on the line joining M and —1. By applying the argument in
Newey and Smith (2004, pp. 239-240), we can show maxj<j<y | — i 4 1] £ 0 and

max| <<y e 8i 4 1] £ 0. An expansion of ) #_; e)‘/g"gi =0 around A = 0 implies

-1

. 1 & - _
=] s = si | Foptn™ ).
i=1 i=1

Combining these results,

—1

1 n ! 1 n 1 n d
— . _ o - . 2
T) = ﬁi_zlgl p ;glg,- ﬁ;gl +op(1) S xp-

Finally, by maxj<;<, | — es‘/gi +1] L 0, it holds M + 1 L 0 and then T, L. Therefore,
the conclusion follows.

A.2. Proof of Theorem 2

The basic idea of the proof is similar to that of Robinson et al. (2003, Thm. 1). Let
m(1) = logE[e* 8], so that T, = 2m(%). By Assumption 2, the tail probability of T,
is approximated as

Pr{nT, > nt: F} = Pr{2m(}) > ¢ : F}

n \r/2 —nh(y) detB(y) _
= 2N e T2y 4 0
/{yzzm(y)zz}<2”) JEizm

=A0+0mh). 15)

To evaluate the integral A, consider the polar transformation y +— (r,s) (with radius r and
angle s) and another transformation (r,s) — (u,s) with u = /2m(y). The Jacobians of these
Yy 2m(Q)

mi(y)'y
dm(y)/dy. Define the transform y — (u,s) as y = ¢(u,s). By the change of variables, the

above integral is written as

o0 2
A= / cpul ~ e /2 { / 5(u,s)ds}du, (16)
Vi s

-1
transformations are J; (y) = (y/'y) 7 and Jo(y) = , respectively, where m1 (y) =

where ¢, = nP/2/(2P/2=1T (p/2)), S is the p-dimensional unit sphere, and

M 2=nh(@ T (5 /2)  detB(g(u,s)

8(u,s) =
(u.5) 2P 2p—1 det X (¢ (u,s))

Ji(e(u, )2 (@1, 5)).
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We expand each term in §(u, s). First, note that

detB(¢(u,s)) = detB(0){1+r&;(s)+ r2R1 (r,s)},
1 1
Jats (o)  Jdet=(0)

where &) and & are linear combinations of components of s, and R and R, are uniformly
detB(0) __
Jdetx(0) — L.

{1+ rE2(5) +r* Ry (1, 9)),

bounded for r bounded. Due to the normalization E[2(X)g(X)'] = I, we have
Thus, other terms are expanded as

2@ ) 1 1 2Ry (r, ),
H)y =71
D) = 1+ ré4(s) + r*Ry(r.5).
u=r{l+rés(s) + r*Rs(r,s)},

where &4 and &5 are linear combinations of terms of the form s;s;sy, and R3, R4, and Rs are
uniformly bounded for r bounded. Combining all these expansions,

T'®/2)

Sy L+ ub®) +u?Re(u,5)),

S(u,5) =

where Rg is uniformly bounded for r bounded, and b(s) is a linear combination of odd
functions satisfying | gb(s)ds = 0. Integrating over the sphere gives

G(u) = / S(u,8)ds = 1+u2k(u), a7
S

for some k(u) bounded over u € (0,¢). Also, we can see that dG(u) /du = ukj (u), for some
k1 (1), bounded over u € (0,¢).
From (15) to (17),

o0
Pr{nT, >nt: F} = /J cnup_le_'mz/zG(u)du(l +0(n~ )
i

= /Oo Cnup—le—n(u—lOgG(u)/(nu))z/Zdu(l + O(n_l)),
Vi

where the second equality follows from boundedness of k(u) and kq(u). The conclusion
follows by the change of variables v = u — log G(«) /(nu) and boundedness of k(x) and
ky(u).

A.3. Proof of Theorem 3
Using (15)—(17) in the proof of Theorem 2 and integration by parts, we have

1 = Fy(n&(K () = (1 — Fp(nK ()} (1 + 0~ 1) + %”K(x)‘%e—"’(z‘“ [G(i V’;E’B)_l] .

(18)
For the first term on the right-hand side of (18), the mean-value theorem yields

1= Fp(nK(1) = {1 — F(nK"“' (W) }(1 + r1, (1),
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B2 ety k0
WIRT(pj2) 1—Fp(nK<(2))
the second term on the right-hand side of (18), let

() = 2RO B [%

where r1,(1) = for some ity , between nK (1) and nK®()). For

] (1= Fp(k )~

Thus, letting

ra(h) = rin(h) +r2, (1), (19)
(18) can be written as

1= Fp(nE(K () = {1 = Fp(nK' 0))}(1+ 1)) (1 +0(n ™)),

Let Ry,,(A), Ro, (1), and R, (1) be the sample counterparts of r,(X), o, (1), and r, (1),
respectively, obtained by replacing K''()) with K®'(1). It remains to characterize the
stochastic order of R, (A). Note that the XI% distribution satisfies

Priy; > u} =1—Fpu) > Ce~"/2uP/>~1, (20)

for some constant C > 0.
For Ry, (A), by using (20), we have

IR1,, (M) < Op(D{nK™®t (1) —nK (1)} = Op(n1/2[1]?),

where K®®'(1) = log (er'l:l ﬁiek’g(X,-,O)) is the sample counterpart of K'*'(}), and the

equality follows from (8) and Y7, 7;¢(X;,0)g(X;,0) — E[g(X,0)g(X,0)'] = O, (n'/?).

‘We now consider Ry, (1). By the definition of G(u) =1+ u2k(u), for some k(u), bounded
over u € (0,¢), [6(7 W] is also bounded. Thus, by using (20) and the definition of
= np/z/(Zp/z_] I'(p/2)), we have
IR2n (M) < Op (DK™ (1) = 0p(I11%).

Combining these results, we obtain the conclusion R, (A) = O (nl/2 |A|2).

A.4. Proof of Theorem 4

Proof of Part (i) Let 2 =E[g(X,6)g(X,6)'1and M = 2~ 1/2E[9g(X.6)) /30| ]. By the
spectral decomposition of the idempotent matrix (Czellar and Ronchetti, 2010), there exists
amatrix C = [C] : C7] such that

MM My IMm = C|: ]1(’)1 0, OXP } c,
2 2

and C'C = CC' =1, with p = p; +py. Based on Newey and Smith (2004, p. 240), we can
see that \/ﬁi is asymptotically equivalent to \/55271/ 2C2)7, where y solves

n
378K 3, 69) = 0,

i=1
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where
2(X,60) = C,27 12 g(X,6p). @1

The saddlepoint density of y is given by (6) with replacement of g(X;,69) with g(X;,6p).
LetK(y) = K(Q_1/2C2y,61 (Q_l/zczy)). We can also see that

Pr{nTy,c > nty,c : F} = Pr{2nK(7) = nK (7o) : F}(14 0(e™ ")),

for any € > 0 small enough. Then, the conclusion follows as in the proof of Theorem 2 by
replacing A (y) = logE[e3’,g X.07 with logE[e3’,g (X.00)], |

Proof of Part (ii) Using the spectral decomposition of idempotent matrix adopted in the
proof of (i), we can show that nK'®'(x, 81 (x)) — nK (%61 (1)) = O(n!/?|1|?). Therefore,
(ii) follows by using the same arguments adopted for the proof of Theorem 3. |

A.5. Proof of Theorem 5

The proof is similar to that of Theorem 4.
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