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Abstract. We investigate the stability and periodic orbits of a predator-prey model with
harvesting. The model has a biologically-meaningful interior, an attractor undergoing
damped oscillations, and can become destabilised to produce periodic orbits via a Hopf
bifurcation. Some sufficient conditions for the existence of the Hopf bifurcation are
established, and a stability analysis for the periodic solutions using a Lyapunov function
is presented. Finally, some computer simulations illustrate our theoretical results.
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1. Introduction

The governing equations in the Kolmogorov predator-prey model are

x=xF(x,y),
{ ¥ =y6(e,y), (1.1)

where x(t) and y(t) respectively denote the prey and predator populations at time t [1].
The functions F(x, y) and G(x, y) denote the respective per capita growth rates of the two
species, and it is assumed that dF(x, y)/dy < 0 and dG(x, y)/dx > 0.

On the basis of model (1.1), Yodzis [2] proposed the corresponding generalised predator-
prey model
x=xf(x)—yH(x,y),
{ y=yG(x,y), (1-2)

where f(x) is the intrinsic growth rate of the prey and H(x, y) is the predator response
function. In this article, we assume f (x) = r(1—x/K) such that the prey population grows
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logistically in the absence of predators, with the positive constants r and K denoting the
maximal prey growth rate and carrying capacity, respectively. We also adopt the generalised
Holling type IV response function H(x, y) = my/(ax? + by x + 1) in Refs. [3,4] to describe
"inhibition" in microbial dynamics and "group defence" in population dynamics, where the
positive constants m and a respectively denote the capture rate and half-saturation con-
stant, and the positive constant b; is such that the denominator of predator-prey model
(1.2) does not vanish for nonnegative x. Finally, we choose the Lotka-Volterra type growth
rate G(x,y) = —k; + dyx, with the positive constants k; and d; respectively represent-
ing the predator mortality rate and maximal predator growth rate [4]. Consequently, the
specific predator-prey model we consider is

. ( r my )
XxX=x|r——x———5>"—/|,
K ax2+bix+1 (1.3)
y =y (ks +dyx).
On scaling the variables x, y, t and the parameters such that

fore, w2k, gy b1k
- 5 - K B )’ - er 5 - K
and then omitting the bars, our model (1.3) becomes
P (PN 2 |
ax2+bx +c

y=y(—k+dx).

(1.4)

According to the economic principle of Gordon [5], we have the algebraic equation [6-9]

E(t)(px(t)—n) =v, (1.5)

where E(t) is the harvesting effort for the prey, v represents the economic profit, and the
positive constants p and n respectively denote the harvesting reward and harvesting cost.
Combining Egs. (1.4) and (1.5), we obtain the following modified predator-prey model
with the generalised Holling type IV response function:

. Yy )
—x(1—x——2

X x( X ax2+bx+c ’

y=y(—k+dx), (1.6)

0=E(px—n)—v,

where the harvesting E is considered as a variable in this article.

We proceed to investigate the dependence of the dynamics of the model (1.6) on the
economic profit, by treating v as the variable bifurcation parameter. Our work therefore
complements the research undertaken in Refs. [6-9]., where related models are formulated
and various issues including singularity induced bifurcation, flip bifurcation, saddle-node

https://doi.org/10.4208/eajam.020916.250217a Published online by Cambridge University Press


https://doi.org/10.4208/eajam.020916.250217a

378 W. Liu and Y. Jiang

bifurcation, Neimark-Sacker bifurcation, chaotic behaviour and state feedback control have
been discussed. In Refs. [10-15] there are predator-prey models represented by systems
of differential equations, whereas the governing equations (1.6) we consider constitute a
differential-algebraic system. In Section 2, the local parameterisation method [16] and
the normal form method [17] are used to investigate the Hopf bifurcation phenomenon. In
particular, we find that periodic orbits arise from the equilibrium point when the parameter
v attains the bifurcation value, and in Section 3 we use the formal series method [18]
to study the stability of the periodic solutions, Relevant numerical simulations are then
presented in Section 4, and our concluding remarks are made in Section 5.

2. Stability of Equilibrium Point and Existence of Hopf Bifurcation

We characterise the solution to the differential-algebraic system (1.6) by the vector
X = (x,y,E)", and conveniently write

y
FO) = (fl(X)) _ "(1"“ ax?+bx+c ‘E)
f2(X) y(—k+dx)

gX)=E(px—n)—v.
The equilibrium point for Egs. (1.6) is
Xo = (x0,¥0,Eo)" = (x, (ax + bxg + c)(1 —xo — Eg), Eg)",

where x;, = k/d and E; = v/(px, —n); and to ensure that all entries in X, are positive (for
the biological model to be realistic) we require

v>0, pXo—n>0, Xo+Ey<1. (2.1)

Under the linear transformation X = QX where X = (x, y,E)" and

1 0 0
_ 0 1 0
Q - pEO >
bXg—n

we can first rewrite Egs. (1.6) as

E, —
)'czx(l—x— Y + P x—E),
ax2+bx+c pxyg—n

y=y(k+dx), (2.2)
Oz(— PEo x+f)(px—n)—v,
pXg—n
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and in accord with the above denote

_ E _
fHX) x(l—x— Y 4 P20 x—E)

_ = ax2+bx+c pxy—n ,
f2(X)

fo‘o:(

y(—k+dx)
g()_()z(— PEo x+E)(px—n)—v. (2.3)
bpXg—n

The equilibrium point from Egs. (2.2) is
— - T
Xo=(x0,¥0,Eq) = (Xo,}’o,Eo(l +pxo/(pxo— n))) .
Furthermore, we can calculate that

D)?g()_(o): (O,O’pxo_n)’

where D denotes the differential operator, and Dy g denotes the matrix of partial derivatives
of the components of g with respect to X that has rank 1. It is readily verified that the
transformed system (2.2) satisfies the conditions for local parameterisation in Ref. [16]
briefly introduced in Appendix A, with n = 3 and m = 1 here. However, it is notable that
the original system (1.6) does not meet these conditions, since Dy g(X,) = (pEy, 0, pxo—n)
such that rank Dy g(X,) = 2 under assumption (2.1). For Egs. (2.2) we introduce the local
parameterisation

X=(Y)=Xo+Up¥ +Voh(Y),  g(y(¥))=0,

where Uy= (1) (1) Vo= 8 Y=( )T €R? and h : R?> — R is a smooth mappin
0 0 0 > VO 1 > Y1,Y2 . pping.

Then the parameterised system corresponding to Egs. (2.2) can be expressed as

{ n =),

2.4
y2 = fo(v()), (24

with the Jacobian matrix at X :

(D;?fl()zo)) (D;—(g()_(o))_l ( 0)
Dxf>(Xo) Uy I

_ XoYo(2axo +b) 4 PXofo Xo
= 0 (ax?+bxg+c)? pXo—n  ax2+bxg+c
dyo 0

Given this Jacobian matrix, it is readily shown that the characteristic equation of the lin-
earised system obtained from (2.4) has the form

A +a;(MA+a,(v)=0, (2.5)
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where

dxoYo

xoYo(2axo+b)  pxoEo
ax2+bxg+c’

(axZ+Dbxg+c)2 pxg—n’

a;(v) = xo— ay(v) =

In Eq. (2.5), by letting a,(v) = 0 we obtain the bifurcation value
(pxo—n)? [(Zaxo +b)(1—x9)— (axg + bxy + c)]
B (2axy + b)(pxo—n)—plaxi + bxg +c) '

Vo

Indeed, when A = a%(v) —4a,(v) < 0 the characteristic equation (2.5) has a pair of conju-
gate complex roots — viz.

1 . a?(v) .
A1 =—§a1(V)il a(v)— 3 = a(v) iw(v),
where
a(v) =— 1 {xo _ XO(ZCU;O + b)(1—xo)
2 axg+bxg+c

[xo(ZaxO + b)(pxo—n) — pxolaxi + bxo + c)] v }
(axg + bxg + c)(pxy—n)? ’

2
w(v) = dxoyo (ﬁ _ xo)¥o(2axo+b)  pxpv
ax}+bxg+c 2 2(axZ+bxo+c)?  2(pxo—n)? )’

If we assume that
xo(2axqy + b)(pxg—n) # pxo(axg + bxg+c), (2.6)
then
pxo(ax(z) + bxg+c) —xo(2axg + b)(pxy—n)
2(ax§ + bxg+c)(pxy —n)?

#0,

a(vg) =0, C‘/(Vo) =

dxoYo
w(vg) =4| ————#0,
(vo) axé+bx0+c7’é

which implies that a Hopf bifurcation occurs at the bifurcation value v = v,.

In order to investigate the Hopf bifurcation according to Ref. [17], when v = v, and
X =X, we should render the normal form of system (2.2) as follows:

1
_a%12y123’2

[ 1 1 1
y1=—w(v)ys + Eailylz +ay, Y1y, + Eaézyzz + ga%llyf t3

1 1 4
+ _aizzylyzz + _aézzyg + O(|Y| ):

| 2 2622 1y 2,1, 5145 5 2.7)
Yo = w(vg)y; + 74N +az,y1ys + 29223 + caYi + S @2Y1 s
1 1
+5a§22y1y22+€a§22y§+o(|y|4).
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On the other hand, the Taylor series developments of the parameterised system (2.4) with
X =X, takes the form

f 341 =f1y1()_(0)}’1 +f1y2()_{0)y2 + %flylyl()_(o)ylz +f1y1y2()_(0)}’1J’2
+ lf1y2y2()_fo)y§ + %flylylyl()_{o)yf + %flylylyz()_(o)ylzh
+ s EN Y2 + 2 s o3 + 0019,

Yo :f2y1()_(0)y1 +f2y2()_(0)J’2 + %nylyl()_(O)ylz +f2y1y2()_(0)}’1)’2
+ lfzyzyz()_(o)}’% + énylylyl()_(O)yf + %nylylyz()_(O)ylzyZ

— 1 —
+ §f2y1y2y2(X0)yly22 + ngyzyzyz(XO)yg + O(|Y|4) .

A

(2.8)

On calculating the coefficients in the system (2.8), we obtain the following parameterised
system corresponding to Egs. (2.2) with X = X (cf. Appendix B):

( y —_ X y n ( axoYo _ xOyo(zaxO + b)z
! axZ+bxg+c 2 (ax2+bxo+c)?  (axi+bxg+c)
p*xoEq ) 2 axg—c + ( ayo
(pxg—n)2 )71 (axZ+ bxg+c)? e (ax? + bxg+c)?
] Yo(2axy + b)(4ax, + b) N XoYo(2axg + b)? p2nE, ) 3 (2.9)
(ax2 + bxy+c)3 (axZ+bxg+c)*  (pxo—n)s £
3axy+ b xo(2axy + b)?
(ot 0t Nyt kollY ),
(ax§+bxg+c)? (axg+bxy+c)?
Y2=dyoy1 +dy1y2-

For comparison with the normal form (2.7), we now normalise system (2.9) with a non-

singular matrix transformation Y = PU, where P=( O" X ) and

0
0

\/dyo(axg + bxg+c)
U = (u;,u,)". For convenience, we still use Y to express U to derive the normal form

ayXoYo  v/Toyo(2axo+b)*  p*yXoEp ) 2

(axg + bxy + ¢)? (axg +bxg+c)3  (pxo—n)2 ) !

y1=—w(v)ys + (

N (axz—c)/dyo .- ( axyyo _ xoYo(2axq + b)(4ax, + b)
(axg +bxg + c)% (axg + bxg + ¢)>? (axg + bxgy +c)3
{ xgyo(2axo+b)°  pPnxgE, \ 4
(axZ2+bxg+c)*  (pxo—n)® )yl

3
(3axg+ b)y/dxoyy x92(2axg+b)*/dys\ , 4
+ 3 5 y1y2+0(|Y| ),
(ax2+ bxy+c)2 (axZ+bxg+c)2

\ Yo =w()y1 +d/Xoy1Y2 -

(2.10)
Summarizing the previous theoretical analysis, we arrive at the following theorem.
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Theorem 2.1. For the predator-prey model (1.6), there exist two sufficiently small neighbour-
hoods O and P of X, and a constant € where 0 < ¢ < 1 and O C P are such that:

D if
ayo(dXé —c) 3axyyo 3x§y0(2ax0 +b)® 3p%nx,E,
(ax2+bxo+c)®  (axz+bxg+c)?2  (axi+bxg+c)*  (pxo—n)®
- 3x0Yo(2axy + b)(4ax,+ b)  Yo(2axy+ b)z(axg —0) N szo(axg —¢)
(axj + bxg +c)? (axZ + bxy +c)* (ax2 + bxg +c)(pxo —n)?’
then

(1) when vy < v < v, + ¢, the equilibrium point X is unstable;

(2) when vy — & < v < v, the equilibrium point X is locally asymptotically stable, and there
exists at least one periodic solution in O that repels all the points in O \{X,}, then there also
exists one periodic solution that repels all the points in P \ O; and

@ if
ayo(axé —c) n 3axgyo N 3x§y0(2ax0 +b)3 3p?nxyE,
(axZ+Dbxg+c)®  (ax2+bxg+c)?  (axi+bxo+c)*  (pxo—n)?
- 3x0Yo(2axy+ b)(4axy + b) N Yo(2axq + b)*(axi —c) N p*Eg(ax? —c)
(axg +bxo +c)? (ax? + bxg +c)* (ax2 + bxg + c)(pxg —n)?’

then

(1) when vy — e < v < v, the equilibrium point X, is locally asymptotically stable;

(2) when vy < v < vy + ¢, the equilibrium point X, is unstable, and there exists at least one
periodic solution in O that absorbs all the points in O \{X,}, then there also exists one periodic
solution that absorbs all the points in P\ O.

Proof. By comparing the coefficients of Eqs. (2.7) and (2.10), we calculate the value
16a defined in Ref. [17] as follows:
16a := {ail (ay, —a})) + aj,(az, —afy) +(ag,a5, — a%lafz)}/w(vo)
+(aqy; +agy, + a5, + aj,)
_ 2Aaxg—c)Vdy, ( ay¥oYo  J/Foyo(2axo+b)*  p?yXoEy )

(axg + bxg + c)>? (axé +bxg+c)®  (pxg—n)?

3

w(vo)(axg + bxg+c)2
6aX0y0 _ 6X0y0(2aX0 + b)(4ax0 + b) 6X(2)y0(2ax0 + b)3 6p2nx0E0

(axd + bxg +c)? (ax?+ bxg +c)3 (ax2+bxg+c)*  (pxo—n)3’

with two cases a > 0 and a < 0 to consider according to the Hopf bifurcation theorem in
Ref. [17]. The procedure is quite similar to the proof of the Hopf bifurcation theorem [17],
so omitted here. O

Remark 2.1. When a = 0, a degenerate Hopf bifurcation occurs in our modified predator-
prey model (1.6).
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3. Stability of Bifurcating Periodic Solutions

From the above analysis, we know that there are periodic solutions bifurcating from the
equilibrium point X, when the bifurcation parameter v = v,. In this section, the stability of
the bifurcating periodic solutions is investigated using the formal series method discussed
in Ref. [18].

Theorem 3.1. For the predator-prey model (1.6) with v =v,:
@D i

ayo(axg—c) 3axyyo 3x3yo(2axg+b)®  3p2nx,E,
(axZ+Dbxg+c)®  (ax2+bxg+c)?  (axi+bxo+c)*  (pxo—n)?

> 3x0Yo(2axg + b)(4axy+b)  yo(2axe+ b)Z(an —c) N szo(axg —c)
(ax? + bxg+c)? (ax? + bxg +c)* (ax2 + bxg+c)(pxg—n)?’

then the bifurcating periodic solutions are unstable;

I if

ayo(axg —c) 3axyyo 3x5yo(2axo+b)®  3p2nx,E,
(ax2+bxo+c)®  (axi+bxo+c)?  (axi+bxg+c)*  (pxo—n)?

- 3x0Yo(2axg + b)(4axy + b)  Yo(2axy+ b)*(axg —c) . p2Eg(ax2—c)
(axg + bxg +¢)3 (ax? + bxy +c)* (ax2 + bxg+c)(pxg—n)?’

then the bifurcating periodic solutions are stable.

Proof. For simplicity, we let T = w(vy)t and use y to denote the derivative of y at 7.
Then the normal form (2.10) can be rewritten as

[ _ a/XoYo VXoYo(2axy + b)?
Yi=—Ya2F

w(vo)(axg +bxg+c)?  w(vo)(axy + bxy+c)3

p*V/XoE, ) 5 (axZ—c)/dy

w(v)(pxy —n)? nE w(vo)(ax2 + bxy + c)% 7
axoYo XoYo(2axy + b)(4ax, + b)
(w(vo)(ax(z) + bxg +¢)? B w(vo)(axg + bxg +c¢)3
{ x2yo(2axy + b)? p%nxyE, 3 (3.1
w(vp)(axg +bxg+c)*  w(vo)(pxo—n)? ) N

3
(Baxy+ b)+/dxpyo x02(2axy + b)?y/dy, 5 4
3 5 y1y2+0(|Y| ),
wvo)laxZ+bxg+c)2  w(vy)(axg + bxy+c)2
. d /X
Yo=Y1+t—F—=Y1)2-
\ w(vo)
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For the system (3.1), we construct the Lyapunov function

V(y,y2) =y2+y3 + Vs(yy, o) + Va(y1, ¥2)

where V;3(y1,¥,) and V4(y,, ) represent the three degree homogeneous polynomial and
the four degree homogeneous polynomial in y; and y5, so

dvV(y1,y2)
dt

= (2y, + Dy, V3(y1,¥2) + Dy Va(y1, ¥2)) -
3.1)

+(2y2+ Dy, V5(¥1,¥2) + Dy, Va(y1,¥2)) - ¥2 - (3.2)
Setting the third degree homogeneous polynomial in Eq. (3.2) to 0, we have
J’lDszs(J’l:}’z) —J’szlvs(J’l:J’z)
_ ( 2./XoYo(2axq + b)? N 2p* VB 2a,/X5Yo )yg
CO(VO)(GXS +bxg+c)  w(v)(pxg—n)? w(vo)(axg + bxg + c)>? 1
2(ax§ —c)Vdy, a % 5

w(vp)(axg + bxg +¢)2 0

Furthermore, on writing y; = r cos 6, y, = r sin § we obtain
dV;(cos 6,sin 9)
de
_ ( 2./XoYo(2axg + b)? + 2p° /XoEg B 2a.,/XyYo 0?0
w(vo)(ax(z) +bxg+c)?  w(ve)(pxo—n)? w(vo)(axg + bxg + ¢)?

— 2(ax§ —)Vdyo sin 6 cos? 6 — 2dy/%o
3

w(p)(axt + bxg +c)?2 w(vo)

sin® 0 cos 0

oo
:= —H;(cos 8,sin ) = o +Z(ai cosif + b;sinif),
2 3

where ay/2 + 21021 (a; cosif + b; sinif) is the Fourier series of H5(cos8,sin 8), and such a

V3(cos 0, sin 0) exists if and only if ay = 0 — i.e. fozn H;(cos 0,sin 0)d0 = 0. Indeed, since
2“ { ( 2yToyoRaxo +b)® | 2WP/ToFy  2ayoYo ) 056
o co(vo)(ax(z) + bxy+c)®  w(v)(pxg—n)? w(vo)(axg + bxg +c)?

— 2(ax§ —)Vdyg sin 6 cos? 6 — M

sin? Gcose}de =0,

w(vo)(axg + bxg+¢)2 (Vo
we obtain
2(axy —A)Vdyo 3 2/Xoyo(2axy + b)?*
V3(y1,¥2) = = |3+ - :
Sw(vo)(axg + bxy+ c)2 w(Vo)(axo + bxg+c¢)
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2p°VToFo  2a)Tg¥o )yzy
w(vo)(pxo—n)*  w(vo)(axZ +bxg+c)2 ) 17
( 4a./XoYo 4. /Xoyo(2axy + b)?
Sw(vo)(axg + bxy + ¢)? Sw(vo)(axg + bxy+c)3
4p? /xoE 2d /X
— P 1/_00 2+ 1/_0))/;3 (34)
3w(vo)(pxo—n) 3w(vp)

Again, setting the fourth degree homogeneous polynomial y; and y, in Eq. (3.2) to O gives
1Dy, Va(y1,¥2) — ¥2Dy, Va(y1, ¥2)

:( Jx_oyo(Zax0+b)2 + sz/x_oEo a,/XoYo )

_ 2
w(Vo)(ax(z) +bxo+c)}  w(v)pxo—n)? w(vo)(ax(z) + bxg + ¢)>? N1
(ax2 —c)y/dyg
ny1V3(y1,y2)— 0 3 Y1Y2 ny1V3(y1,y2)
w(vo)(axg + bxy+c)2
B 2axyYo _ 2x0Y0(2axy + b)(4axg + b) 2x3yo(2axy + b)?
w(vo)(axg + bxg + c)>? co(vo)(axg + bxy+c)3 w(vo)(axg + bxg + c)*

3
2p?nxoE, ) - 2x02(2axy + b)%/dy, _2(3ax + b)v/dxo¥o 5
3

w(vo)(pxo—n)? !

5 1.)’2
w(vo)(axi +bxg+c)2  w(vy)(axy + bxy+c)2
d /X
- n)’lh x Dy, Va(y1,¥2) - (3.5)
w(vo)
Given Eq. (3.4), it follows that
Dy, V5(¥1,¥2)
_ 2(ax§ —c)v/dyy )
co(vo)(axg + bxg+c)2
N ( 4yXoyo(2axo+ b)Y 4p”y/Foko 4a./Xo¥o )
w(vo)(axg +bxg+c)3  wo)pxo—n)?  w(vy)(ax2 + bxy+c)? V1Y2,
Dy2V3(J’1,J’2)
_ ( 2/Xoyo(2axy + b)? N 2p*yXoEo 2a./XoYo )yz
w(Vo)(aXS +bxg+c)  w(v)(pxg—n)? co(vo)(axg + bxg + c)>? 1
( 4a./T5¥o 4yToyo(2axo +b)?  4pPyFoEy  2d m) )
co(vo)(axg + bxg + c)>? w(vo)(axg +bxg+c)3  wW)lpxo—n)?2  w(vy) )72
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Substituting the above D, V3(y1,Y2) and Dy, V5(y1, y») into Eq. (3.5), we have

1Dy, Va(y1, ¥2) — ¥2Dy, Va(y1, ¥2)
_ { 2(axg —c)+/dyq ( a/XoYo _ V/Xoyo(2axo + b)*>  p*JXoEo )

(axg + bxy + ¢)? (axg + bxg+c)3 B (pxoy—n)?

3

w2(vo)(axg + bxg +c)2
2ax,Yo _ 2xpyo(2axg + b)(4ax, +b) 2x3yo(2axy + b)?

w(vo)(axg + bxg +c)? w(vo)(axy + bxg+c¢)3 w(vo)(axg + bxg +c)*

3
2p2nxyE, } 4 { (6axo+2b)Vdxoyo  2x92(2axo + b)?/dy,

w(vo)(pxo—n)? !

w(vo)(axt + bxg + c)% w(vo)(axg + bxy + c)%

2d yo(axg —c)? 2a,/XYo 2.,/XoYo(2axy + b)?
wz(vo)(axg + bxg +c)3 - (w(vo)(axg + bxy + c)>? - w(vo)(axg + bxg +c)3

B 2p? /xoE, ) _ 2adxyy, N 2dxoYyo(2axy + b)?
w(vy)(pxg—n)? w2(vo)(axg + bxg+c)?  w2(vy)(axg + bxg +c)3

2dp®xoEq } 5 { 4(axi —c)y/dyo ( a./%¥o

w?(vo)(pxo —n)? b w2(v)(axg + bxy + c)% (axg + bxo +c)?
VXoYo(2axg+ b)*  p*/xoE, 9 9 4adxyyo

B (ax2+ bxy+c)3  (pxo— n)z)}yl Y2t { w2(vo)(axg + bxg +¢)?

4dxoyo(2axy + b)? 4dp?xyE, 2d?x,

— 3
w2(v0)(axg +bxg+c)3  w2(vo)(pxo—n)? + ©2(vy) }y1y2 . (3.6)

On setting y; =rcosf, y, =rsin6 in Eq. (3.6), we now have

dV,(cos 0,sin 6)
de
. { 2(axg —c)v/dyo ( /%Yo _1/X_0)’0(261X0+b)2_P2«/X_0E0)

- (ax2+bxo+c)?  (ax2+bxo+c)®  (pxo—n)?

3

w2(vo)(axg + bxg +c)2
2axyyy _ 2x0Y0(2ax + b)(4axg + b) 2x3yo(2axy + b)?

w(vo)(axg + bxg + c)>? co(vo)(axg + bxgy +c¢)3 w(vo)(axg + bxg + c)*

3
2p?nxyE, } 4g { (6axg+2b)+/dxoy,  2x02(2axy+ b)*4/dy,
cos™ 6 — —
w(vo)(pxo—n)?

w(vo)(axg + bxg + c)% w(vo)(ax2 + bxg + c)%

2dy0(ax(2) —c)? 2a.,/XyYo 2./Xoyo(2axy + b)?

w2(vo)(axg + bxgy +c)? Bl (w(vo)(axg + bxy +¢)? B w(vo)(axg + bxg+c¢)3
2p? /xoE, )2 2adx,yo N 2dxyyo(2axy + b)?

B w(vy)(pxg—n)? B coz(vo)(axg + bxg + c)>? coz(vo)(axg + bxgy +c¢)3
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2dp?xyE, . 3 4(axi—c)y/dy, a/XoYo
sin 6 cos” 0 +

2 — )2 3
@*(vo)(pxo —n) w2(vo)(axg + bxg +c)2

(ax2 + bxg +c)?

VXoYo(2axy+b)*  p?./XoE, 120 cos? 0 4adxqyo
"~ (ax2+bxg+c)®  (pxo—n)? SIntOCosTU e 24 p 2
0 0 DPXo w?(vo)(axg + bxo +c)

4dxyyo(2axy + b)? 4dp®x,E, 2d2%x,
w2(vo)(axg +bxg+c)?  w2(vo)(pxo—n)?  w(vy)

} sin® 6 cos 0

:=—Hy(cos 0,sin 0).

Similar to the construction of V5(cos 8, sin ), there exists a V,(cos 0,sin 0) if and only if

f02n H,(cos 0,sin 0)d6 = 0. However, we have

27
J H(cos0,sin 6)d6
0

__ mlaxg—c)Vdy ( ayXoYo  Xoyo(2axo+bP  p’yXoky

3 2 2 2 3 )2
202(vo)(ax2 + bxg + )2 (ax§+bxg+c) (ax§ +bxg+c) (pxg—n)

4 3maxyyo 3nxgyo(2axy+ b)(4axy + b) N 3TEX(2)y0(2ax0 +b)3
2w(vp)(axg + bxg +c)? 2w(vo)(axg + bxg +c)3 2w(vo)(axg + bxg +c)*
3np?nxyE,

* 2ol pxo—rp 7

hence we need to modify V,(cos 6, sin 8) such that V,(cos 6, sin 0) satisfies

dV,(cos 0,sin 0)
do

= —H,(cos 0,sin 0) + C, := —H,(cos 0,sin 6),

where

1 27
Cy :ﬂ JO H,(cos 0,sin 6)d6

3 3
a+/ dxoyo2 (axg —c) B Vi dxoyo2 (axé —c)(2axy + b)?

7 9
4w2(vo)(ax2 + bxg +c)2 4w2(vp)(axg + bxg +¢)2
_ p*v/dxgyolaxg —c)E, 4 3axoyo

3 2 5
4w2(vo)(ax2 + bxg + )2 (pxo — n)? 4w(vo)(axg + bxg +c)

3x0Yo(2axy+ b)(4axy + b) 3x3yo(2axy + b)?
B 4w(vo)(ax? + bxg+c)3 4w(vo)(axZ + bxg+c)*
3p2nx0Eo
4w (vo)(pxo—n)? .

https://doi.org/10.4208/eajam.020916.250217a Published online by Cambridge University Press


https://doi.org/10.4208/eajam.020916.250217a

388 W. Liu and Y. Jiang

We can verify that foM H"‘(cos 0,sin 0)dO = 0, so the modified V4(cos 8, sin 0) exists, and
from the above construction process of V(y;, y,) one has

dV(y1,¥2)

= Curt+o(r").

dt 3.1
According to Lyapunov stability theory [18], we can therefore derive the stated stability
results for the bifurcating periodic solutions — viz. the bifurcating periodic solutions are
unstable if C4 > 0 and the bifurcating periodic solutions are stable if C, < 0. O

4. Numerical Simulations

A simple example demonstrates our theoretical results. In order to satisfy the assump-
tions (2.1) and (2.6) in addition to the conditions (I) of Theorem 2.1 and Theorem 3.1, we
consider the predator-prey model (1.6) with the coefficients

x=x(1—x—+—E),
x2+8x+0.75
y=y(—0.5+x), (4.1)

0=E(12x—1)—v,

which has a positive equilibrium point X, = (1/2,5/3,1/6). From the discussion in Sec-
tion 2, the bifurcation value is vy = 5/6. According to Theorem 2.1 (on choosing ¢ = 0.06)
and Theorem 3.1, the positive equilibrium point X, is locally asymptotically stable when
v = 0.78 < vy, as illustrated in Fig. 1, there are periodic solutions bifurcating from the
equilibrium point X, when v = 0.8333 < v, as illustrated in Fig. 2, the bifurcating periodic
solutions are unstable when v = v, = 5/6 as illustrated in Fig. 3, and the equilibrium point
X, is unstable when v = 0.868 > v, as illustrated in Fig. 4.

5. Discussion

We have investigated the dynamical behaviour of a modified predator-prey model (1.6)
with a generalised Holling type IV functional response, established by a differential-algebraic
system. Stability and bifurcation analysis defined a range of economic profit v for which
the predator-prey ecosystem sustains all of the species.

It is notable that the Hopf bifurcation theorem [17] and the formal series method [18]
cannot be applied to our differential-algebraic system (1.6) directly, since the applica-
tion objects of the Hopf bifurcation theorem and the formal series method are differen-
tial equations. Using the local parameterisation described in Ref. [16], we found that the
differential-algebraic model (1.6) can be locally equivalent to a two-dimensional differen-
tial system (2.9) near the equilibrium point X,. Consequently, by applying to the Hopf
bifurcation theorem [17] and formal series method [18] to the locally equivalent differen-
tial system (2.9), we obtained Theorem 2.1 and Theorem 3.1.
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Figure 1: The equilibrium point X, is locally asymptotically stable when v =0.78 < v,. Here the initial
condition for computer simulations is chosen as (x,, y,, Eo) = (0.499,1.667,0.167).
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Figure 2: Periodic solutions bifurcate from the equilibrium point X, when v = 0.8333 < v,. Here the
initial condition for computer simulations is chosen as (x,, ¥,, Eo) = (0.48,1.66,0.16).

Theorem 2.1 gives theoretical results on the stability of equilibrium point X, and the
existence of a Hopf bifurcation, which occurs in a small neighbourhood of the critical bifur-
cation value vy. From Theorem 2.1, we find that there are periodic solutions arising from
the equilibrium point as the bifurcation parameter v increases through the value v in our
predator-prey model, which implies that the predator and prey populations undergo peri-
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Figure 3: The bifurcating periodic solutions are unstable when v =v, =5/6. Here the initial condition
for computer simulations is chosen as (x,, Yo, Eo) = (0.4,1.6,0.06).
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Figure 4: The equilibrium point X, is unstable when v = 0.868 > v,. Here the initial condition for
computer simulations is chosen as (x,, y,, Ey) = (0.499,1.667,0.167).

odic oscillations that may harm the sustainable development of the biological populations.
When bifurcating periodic solutions are stable, predator and the prey species with harvest-
ing may coexist in an oscillatory mode. Accordingly, we are naturally keen to determine
whether oscillatory prey, predator and harvesting can coexist. Thus in Section 3 we stud-
ied the stability of the bifurcating periodic solutions, by constructing a suitable Lyapunov
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function and using the formal series method [18].

Theorem 2.1 and Theorem 3.1 show that the dynamics of the predator-prey model
(1.6) is very sensitive to varying the economic profit v. From these two theorems, we can
conclude that fishermen in the long run would better maintain their economic profit from
harvesting corresponding to a bifurcation value less than v,. The local parameterisation
and the formal series method we employed are valuable research tools for investigating the
dynamics of modified predator-prey models, and could be applied to study the dynamical
behaviours of more complicated differential-algebraic systems in engineering.
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A. Appendix

The local parameterisation in Ref. [16] is briefly summarised here. We consider the
differential-algebraic system

X(6) = f(X(1)),
{ 0= g(X(1), (A1),

where f :R" - R", g:R" - R™, f and g are continuously differentiable functions, with

f = (fl’-_fZ" e :fn)T: &= (glng:' o :gm)T'
Let X, be an equilibrium point of (A.1). Assuming the differential-algebraic system

(A.1) satisfies

(H)) n—m=2,

(H,) rank Dyg()_(o) =m,

(Hs) Dzg(Xo) = (0,P ),
where P,,,,, is a nonsingular matrix, we can employ the following local parameterisation
for (A.1):

X(0) =9(Y(0) =Xo + UpY () + Voh(Y (D),  g((¥(e)) =0,

where U, =( I ) , Vo =( 0 ) , Y(O)=(y,(t), yo())T €R?, h(Y) is a smooth map-
0 nx2 Im nxm

ping from R? into R™. The differential-algebraic system (A.1) is then locally equivalent to
the parameterised system (2.4) near the equilibrium point X,.
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B. Appendix

The coefficients of the parameterised system (2.9) are calculated as follows. From
Egs. (2.3), we have that

2ax +b 2pE _
Y xy(2ax )+pox E X )

DefiX)=[1—2x— T T hxt ol
xf1X) ( X ax?+bx+c (ax2+bx+c)> pxy—n > ax2+bx+c’
Dzf,(X) = (dy,—k +dx,0),

pnEg 2p%E,
bXo—n pXxg—n

and it can also be shown that
—\—1
Dyg(X 0
Dyy(Y) = ( Xlﬁ )) (1 ) . (B.2)
0 2

Substituting the expression of Dyg()_( ) from Egs. (B.1) into Eq. (B.2) yields
Dyy(Y) = (Dy, % (Y), Dy, (Y))

D)—(g()_()z (pf+ x,O,px—n). (B.1)

- E 2p°E
(pE+ P% _ 2P 204 o px—n 00
_ pXo—n  pXo—n 10
1 0 0 0 1
\ 0 1 0
( 1 0
0 1
= B.3)
1 2p2E E - ’ (
( D~ Eg Y — bnkg —pE) 0
\px—n pXo—n  pXo—n
and Egs. (B.1) and (B.3) lead to
fry,(X) =D f1(X)D,, (Y)
2ax+b 2pE -
ooy ¥ xyQ@ax+b) | 2pEx g
ax2+bx+c (ax2+bx+c)2 pxg—n
X ( 2p2E, pnk, _)
— X — —pE |,
px—n\pxo—n  pxg—n
- = x
flyz(X)=D;?f1(X)Dy21/)(Y)=—m,
f2y, X) =Dgfo(X)Dy, Y(Y)=dy,
fay,X) =Dy fo(X)D, h(Y) = —k +dx. (B.4)

Substituting X, into Eq. (B.4) yields

_ _ X, _ _
f1y,Xo) =0, flyZ(XO):_rIfx—i-c’ foy,Xo)=dyo, f2,,(X0)=0, (B.5)
0 0

https://doi.org/10.4208/eajam.020916.250217a Published online by Cambridge University Press


https://doi.org/10.4208/eajam.020916.250217a

Nonlinear Dynamical Behaviour in a Predator-Prey Model with Harvesting 393

and from Eq. (B.4) we have

2axy N 2y(2ax + b) 2xy(2ax + b)? N 2pE,
(ax2+bx+c)?2 (ax2+bx+c)?> (ax2+bx+c)? pxyg—n

Difiy, 00 =~ 2+

2p2Eyx pnE 2p2nEyx
(pxo—n)(px—n) (px—n)?> (pxo—n)(px —n)?
_ pn2E, _ 1 x(2ax + b) n )
(pxo—n)(px—n)?’ ax2+bx+c (ax2+bx+c)2’ px—n)’
— 1 x(2ax + b) )
Dyfy, () = (- ,0,0
w13, (X) ( ax2+bx+c (ax2+bx+c)?

D)?nyl()_():(O’CLO) > D)?nyz()_(): (d30’0) . (B6)
Egs. (B.3) and (B.6) lead to

flylyl ()_{) =D)?f1y1 ()_{)Dyl'l)b(y)

2axy 2y(2ax + b) 2xy(2ax + b)? 2pE,
- (ax2+bx+c)?  (ax?+ bx+c)? B (ax2+4+bx+c)* pxyg—n
2pnE 2p2Eyx 4p>nEyx 2pn’E,
C(px—n)*  (pxo—n)px—n)  (pxo—m)(px —n)?  (pxo—n)(px —n)?’
1 x(2ax + b)

X) =Dgf1,,X)D, P(Y) =—
S0, () =D fry, XDy, W (¥) ax2+bx+c (ax2+bx+c)?’

fl}'z)'z()_{) =D)?f1}'2()_{)DJ'2¢(Y) =0, fz}'l}'l ()_{) = D)?fZ}’l ()_f)Dyl'L,lJ(Y) =0,
Foyy, &) =Dxfoy, XDy Y(Y)=d,  fay,,,(X) = Dgfay,(X)D,,(Y) =0, (B.7)

and substituting X, into Eqgs. (B.7) yields

fiyry, Xo) = 2axo¥o _ 2x0Y0(2axo + b)? _ 2p°xoEo
1y %o (ax2+bxg+c)?  (ax?+bxg+c)® (pxo—n)?’
_ ax?—c
fl}’l}’z(XO) =

(ax?+bxg+c)?’

fiy,y,X0) =0, foy,,Xo) =0, foyy,Xo)=d, fayyy, X0)=0.  (B.8)
From Egs. (B.7) it follows that

6ay 6y(2ax + b)(4ax +b) 6xy(2ax + b)®
(ax?+ bx +c¢)? B (ax2+bx +c¢)3 (ax?+ bx +c)*
6p2nE, 8p°nEyx 4p°n’E, N 4p’nE
(pxo—n)(px—n)?> (pxg—n)(px—n)® (pxo—n)(px—n)® (px—n)3’
2ax N 2(2ax + b) B 2x(2ax + b)? __ 2pn )
(ax2+bx+c)?  (ax2+bx+c)?2 (ax2+bx+c)®’ (px—n)2)’

Defiyn @)=
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D-f &) = 6ax +2b _ 2x(2ax + b)? 0
X7 (ax2+ bx+¢)2 (ax2+bx+c¢)3 )

Dxfiy,y,()=(0,0,0),  Dgfay,,,(X)=(0,0,0),
Dgfayy, ) =(0,0,0),  Dgfsy,,,(X)=(0,0,0). (B.9)

Substituting X, into Eqgs. (B.3) and (B.9), yields

— 6ay 6yo(2axy + b)(4axy,+b)  6xyyy(2axy + b)®
Dxfiyy,(Xo) = 2 2 2 3 2 4
(ax§+bxg+c) (ax§ +bxg+c) (ax§+bxg+c)
6p2nkE, 2axg 2(2axp+b)  2xp(2axo+ b)? __ 2pn )
(pxg—n)¥’ (axg + bxg + c)>? (axé + bxg + c)? (axg +bxg+c)3 (pxg—n)2)’
— 6axy+2b 2x0(2axy + b)?
Dxfry,y,(Xo) = ( 2 - 2 O2 " 3:0.0),
(axg+bxg+c) (axg+bxg+c)

Dx-f1y,y,X) =(0,0,0),  Dxfay,,,(Xo) =(0,0,0),
Dsfay,y,(X0) =(0,0,0),  Dgfyy,,,(Xo) =(0,0,0),
DYl'b(O) = (D}'l 1,[)(0), D}'zw(o))

[ 1 0

B 0 1
- 1 2p2xoEy __pnkE _E,) o
pro_n PXo—n  pXp—n
( 1 0 Lo
_ 0 1] 0 1
- 1 2p?x,E E E -
[Pxoo_Pno_p(Eo+Pxoo)]0 0 0
PXo—nj| pXo—n pXo—n PXo—n
(B.10)
Egs. (B.10) lead to
f1y1y1y1 ()_{0) = D;?f1y1y1()_<o)Dy11P(0)
_ 6ay, 6yo(2axy+ b)(4axy + b) N 6x0Yo(2axy + b)3 N 6p2nkE,
(ax2 + bxg +c)? (ax2+ bxy+c)3 (axZ+bxg+c)*  (pxo—n)3’
6axy +2b 2x0(2axq + b)?

Fryiy17.X0) = Dgfry,y, Xo)Dy, ¥ (0) = (ax2+ bx +c)? - (ax2+ bx +¢)3’

flylyzyz()_(o) = D)_(flylyz()_(O)Dyzlp(O) =0, flyzyzyz()_(o) = D;?f1y2y2()_fo)Dy2¢(0) =0,
foy, i Xo) = D)?nylyl()_(O)Dyllp(O) =0, f2y1y1y2()_(0) = Dxfoy, ()_(O)Dyzw(o) =0,

f2y1y2y2()_{0) = D)?nylyz()_(O)Dyzw(O) =0, f2y2y2y2()_(0) = D)?nyzyz()_{O)Dyzw(O) =0.
(B.11)

On substituting the coefficients (B.5), (B.8) and (B.11) into Egs. (2.8), we obtain the pa-
rameterised system (2.9).

https://doi.org/10.4208/eajam.020916.250217a Published online by Cambridge University Press


https://doi.org/10.4208/eajam.020916.250217a

Nonlinear Dynamical Behaviour in a Predator-Prey Model with Harvesting 395
References

[1] L.S. Chen, Mathematical Models and Methods in Ecology (in Chinese), Science Press, Beijing
(1988).

[2] P Yodzis, Predator-prey theory and management of multispecies fisheries, Ecol. Appl. 4, 51-58
(1994).

[3] C. Jost, Comparing predator-prey models qualitatively and quantitatively with ecological time-
series data, PhD Thesis, Institut National Agronomique Paris-Grignon (1998).

[4] WE Lucas, Modules in Applied Mathematics: Differential Equation Models, Springer, New York
(1983).

[5] H.S. Gordon, Economic theory of a common property resource: The fishery, J. Polit. Econ. 62,
124-142 (1954).

[6] G.D. Zhang, Y. Shen and B.S. Chen, Hopf bifurcation of a predator-prey system with predator
harvesting and two delays, Nonlinear Dyn. 73, 2119-2131 (2013).

[7] G.D. Zhang, Y. Shen and B.S. Chen, Bifurcation analysis in a discrete differential-algebraic
predator-prey system, Applied Math. Modelling 38, 4835-4848 (2014).

[8] X.Y. Wu and B.S. Chen, Bifurcations and stability of a discrete singular bioeconomic system,
Nonlinear Dyn. 73, 1813-1828 (2013).

[9] B.S. Chen and J.J. Chen, Bifurcation and chaotic behavior of a discrete singular biological eco-
nomic system, Appl. Math. Comp. 219, 2371-2386 (2012).

[10] Z.D. Teng and M. Rehim, Persistence in nonautonomous predator-prey systemswith infinite de-
lays, J. Comput. Appl. Math. 197, 302-321 (2006).

[11] A. Muhammadhaji and Z.D. Teng, Permanence and extinction analysis for a periodic competing
predator-prey system with stage structure, International Journal of Dynamics and Control, In
press, On-line vr. DOI:10.1007/s40435-015-0211-0 (2015).

[12] TK. Kar and U.K. Pahari, Non-selective harvesting in prey-predator models with delay, Commun.
Nonlinear Sci. Numer. Simul. 11, 499-509 (2006).

[13] S. Krise and S.R. Choudhury, Bifurcations and chaos in a predator-prey model with delay and a
laser-diode system with self-sustained pulsations, Chaos Soliton Fract. 16, 59-77 (2003).

[14] G.D.Zhang and Y. Shen, Periodic solutions for a neutral delay Hassell-Varley type predator-prey
system, Appl. Math. Comput. 264, 443-452 (2015).

[15] B.S. Chen and J.J. Chen, Complex dynamic behaviors of a discrete predator-prey model with
stage-structure and harvesting, Int. J. Biomath. 10, 1750013 (2017).

[16] B.S. Chen, X.X. Liao and Y.Q. Liu, Normal forms and bifurcations for the differential-algebraic
systems (in Chinese), Acta Math. Appl. Sin. 23, 429-443 (2000).

[17] J. Guckenheimer and P Holmes, Nonlinear Oscillations, Dynamical Systems, and Bifurcations
of Vector Fields, Springer, New York (1983).

[18] J.Y. Zhang, Geometry Theory and Bifurcation Problems of Ordinary Differential Equations (in
Chinese), Peking University Press, Beijing (1987).

https://doi.org/10.4208/eajam.020916.250217a Published online by Cambridge University Press


https://doi.org/10.4208/eajam.020916.250217a

