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The stability properties of the bandwidth allocation algorithm First Fit are analyzed
for some distributions on the sizes of the requeSksid limits are used to get the
ergodicity resultsWhen there are two possible sizé® description of the transient
behavior involves a finite Markov chain on the exit states of a transient Markov
chain on a countable state spaEke explicit expression of this exit matrix is given

1. INTRODUCTION

The model we consider here is a simplified description of a bandwidth allocation
scheme in a communication netwoekstream of messages arrive at a service facil-
ity working at rateC. The messages are of different naturean be videovoice or
datg each requiring a portion of the bandwidito be transmittedA video stream
will, of course require a significant portion of the capacity of the seyvédrereas
data messages do not usually need high transmission Tatesum of throughputs
required by the messages being transmitted at a given time must be less than
they are not being transmittethe messages are stored in an infinite buffer in their
order of arrival When a message has finished its transmisgfaihere is enough
room messages in the queue can be transmitethis point several algorithms are
available
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1. The FIFO policyA message is transmitted if it is the oldest in the queue

2. First Fit (FF) algorithm A message in the queue is transmitted if it fits and
none of the other messages before it in the queue is transmitted

3. Best Fit(BF) algorithm The largest message that fits is transmitted

The list is of coursenot exhaustiveThe FF and BF algorithms have the advantage
of reducing the wasted bandwidtRor these algorithms the unused portion of the
bandwidth is not sufficient for the transmission of any message in the qubisds
not the case for the FIFO algorithim this paperwe study the problem of stability
of the First Fit algorithmFor a given distribution on the sizes of the itemhat is
the maximal rate under which the server can accommodate all the requests without
an unlimited growth of the queue?

For conveniencenve shall use the bin packing terminolagyhe server is a box
of sizeC, messages are itepand the bandwidth required by a message is the size
of the item Hence we have a stream of items which require a service delivered by
a bin As we shall seethe probabilistic description of this model is not easy to
handle it involves an infinite-dimensional vector spa@space of stringsA gen-
eral result for which a simple stability condition holds is establisiiéeé case where
items have two possible sizes is analyzed and the stability condition established
This simple case already exhibits the difficulty of working in the state space men-
tioned abovea simple resultProposition % reduces the difficulty

We also analyze the transient behavior of the systeamwhen the system is not
stablg. This is an important topicsince a generalization to more general distribu-
tions requires such an analysihe main result concerning the transient behavior is
the following The process is basically a two-dimensional process growing linearly
except at instants whereuring a short timgthe complexity of the process appears
This short period of time determines the two-dimensional process that will drive the
process until the next change of directidine paper finishes with the explicit ex-
pression of the transition from a direction in the plane to the nextbmeinteresting
behavior of the transient case is the main point of this pajp&rally in most of the
known examplesa saturated node has a regular behavior for the other poeese
it can be replaced by an equivalent node with different paramdtetse model
considered heravhen a node of a network is saturatédnay cause oscillations to
the rest of the netwotkt cannot be reduced to another equivalent nddeconclude
the paper with some comments of the behavior of the Best Fit algarithm

1.1. Assumptions

The items arrive according to a Poisson process with parameléeir sizesS, i €

N, form an ii.d. sequence with a common distributiaron [0, C]; an item of sizes

will also be called an iters. It is assumed that the range of tBés is some finite
subsefT of ]0,C]. To simplify the presentatigwe suppose each item in the bin is
served at rate.IThe main results of the paper can be generalized without any dif-
ficulty to the case where the service rate depends on theieecapacity of service
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of this system i< and the average load ¥E(S;). Throughout this papei; de-
notes a Poisson process with paramétand/\V,(]0, t]) is the number of points of
this process between 0 atidall the Poisson processes considered are independent

1.2. The Markovian Representation

The description of this system as a Markov process involves two compoihents
(I;) andB = () elements of the s@t™ of finite vectors with components in the set
T, the set of the possible sizes of the iteffike vectorL describes the queue aid
the state of the birthey satisfy the following condition3he components @ fit in
the bin

b =C (1)

and none of the items in the queue fit in the iimat is for any indexj
I+ > b >C, (2)

wherel (1) is the size of the older item still waiting at timendl;(t) is the size of
thejth oldest The state spacs of the Markov process is the set of the- (L,B) €
T x TM satisfying(1) and(2). The norm| x| is the sum of the components of the
vectorx: if (L,B) € S, (L, B)| = 2b; + 2I;. When the componer of (L,B) in S
is 0 (the empty vector the queue is empty an@,0) corresponds to an empty sys-
tem Since there are only a finite number of possible sities dimension of th@&
componentis upper boundékhis is not the case for tHecomponentlts dimension
(the number of items in the queuean be arbitrarily largeOur state space is count-
able but embedded in an infinite-dimensional vector sp8tee the First Fit algo-
rithm scans all the queues at each eyém infinite dimension really plays a role
(this is not the casdor example for the FIFO algorithnm This complicates signif-
icantly the analysis of the stabilitgince the number of ways to go to infinity is an
order of magnitude greater compared to the finite-dimensional case

The Markov proceséX(t)) = ((L(t), B(t)) describing the first fit algorithm has
the following transitions

1. Arrival. At rate A, an item of sizes arrives at the binif it does not fit in the
bin, the elemensis concatenated at the end of the vedtor

2. Departure At rate 1 each item in the bin leaves the systédmthe case of a
departurethe first element of the queue that fits is addaadd then the sec-
ond and so on

Itis not difficult to show that X(t)) is an irreducible Markov process ¢hWe shall
say that the model is stable wheX(t)) is an ergodic Markov process

DEeFINITION 1: For i € T, thevariable Li(t) [resp B;(t)] denotes the number of
items of size i in the quedeesp in the bin]. An additional index x& S, Ly ;(t)
[resp B, i(t)] indicates the initial state x
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1.3. Related Models

A similar problem has been analyzed by Kipnis and Rolpg4] with the FIFO
algorithm An item in the queue cannot access the bin if it is not the first item in the
queue The stability problem is simpler in this casehe vector of the sizes of the
items in the bin and the size of the first item in the queue is a Markov prothss
lengths of the items in the queuée first one exceptedre ii.d. random variables
with distributionp. To study the maximal throughput of this mogiéls sufficient to
calculate the output of the bin when the queue is satur@ggdwhen it contains an
infinite number of itemy For the First Fit algorithithe situation is quite different
Since the queue is scanned to accommodate items in thibigize of the items in

the queue are unlikely to remain independent and with the same initial distribution
p. For examplethere should be less small items at the beginning of the queue than
at the endFurthermoreif we saturate the queuthe output will not give the max-
imal throughput of the queudf the size of the items are uniformly distributed on
[0,1], an infinite number of small items will be in the bigenerating an infinite
output Further properties of the systems considered in this paper are presented
in[8].

Coffman and Stolyaf4] analyzed the stability of the First Fit and Best Fit
algorithms when the services are constant equal Betause of the hypothesis on
the servicesthe problem is related to static bin packing problefiisey prove that
the natural condition E(S;) < C s sulfficient for the stability in the case of a sym-
metrical distribution of the sizein Coffman et al[3], the sufficiency for stability
ofthe conditiomE(S;) < Cis considered in amore complex communication network

Markov processes on strings occur also naturally in the multiclass queueing
networks Rybko and Stolyaf19] and Bramsorj1,2] analyzed such Markov pro-
cessesln their work due to clever argumentdhe string structure is not really taken
into account in their analysiBumag 9] presented an analysis of the fluid equations
for the string structure of Bramson'’s networks

Inthe same veifGarat et al [11] and Malyshey17] investigated quite general
models with stringsbut with a dynamic depending only on a finite number of com-
ponents at the en@r the beginningof the string

Before analyzing in detail the ergodicity 0X(t)), we recall the main result and
ideas concerning fluid limits

2. FLUID LIMITS

In this section(X(t)) is an irreducible Markov process on some countable sface
andf a positive function orS. The rescaled proce$¥; (1)) is defined by

_ f(X(tf (x)))

X)) = ——, 3

0= =75 ®3)

sinceX(0) = xandX,f(0) = 1. The time variable and the space variable are scaled by
a factorf (x). The following theorem is a slight generalization of a theorem due to
Rybko and Stolyaf19]; it gives an ergodicity criterion
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THeOREM 2: If there exist an integrable stopping time tbnstants A > 0, and a
positve function f onS such that

IimsupE(M> =1-¢ (4)
f(x)—+00 f(x)
lim sup EW) _ (5)
f(0—>+oo T (X)
if the subsefx € S§/f(x) = K}is finite for any KE N, the Marka procesg X(t)) is

ergodic

In practice if Sis embedded in a vector spaééx) = | x|, the norm ofx, is a
good candidate in most of the cas€ondition (4) requires that at some random
time, the norm of the processX/f(t)) is, on averaggebelow its initial value This
suggests the analysis of the sequences of procé¥gés) when|x| tends to infin-
ity; the limit of one of its converging subsequences is callédid limit. If one can
prove that every fluid limit converges almost surely to 0 after some Tintleen up
to an integrability argumenTheorem 2 can be applied

These scaling ideas are difficult to trace bathke origin of this criterion is the
Lyapounov stability test of ordinary differential equations adapted to the stochastic
case(see Hirsch and SmaJé3] for the classical results and Has’mingKiP] for the
results concerning the stability of stochastic differential equalidie functiorf is
usually called a Lyapounov functio®imilar methods are used in the analysis of
infinite particle systems but in a different contégsee Cometg5], for example.

The discovery of some unexpected phenomena for the stability of queueing
systemgBramson 1,2], Lu and Kumai16], Kumar and Seidmaf15], and Rybko
and Stolyaf19], among othersgave an impulse to the studies in this domain re-
cently Dai [6] set a framework to apply Rybko and Stolyar’s scaling method to
prove Harris ergodicity for queueing network®ncerning transience critesiBai
[7] and Meyn[18] obtained partial counterparts to the ergodicity results

3. A NATURAL ERGODICITY CONDITION

The system has a capacity of servigeand the offered load of the flow of the items
is AE(S,). A natural condition for stability is thusE(S;) < C. The following prop-
osition shows that it is at least necessary for stability

ProrosiTION 3: If the Markas procesq X(t)) is ergodic thenAE(S;) = C.

Proor: The process can be viewed as a rectangle packing in an infinite horizontal
strip of heightC. The length of a rectangle is the time required by an item and the
height is its sizeThex coordinate of the bottom left corner of a rectangle is the time
at which the item has been accepted in the Ribviously the rectangles do not
overlap if the process is ergodithe area covered by the rectangles arriving be-
tween 0 and must be less tha@t plus the area due to the items in the bin at time
The law of large numbers shows that this implds(S,) < C. n
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With the same argumenit is easy to prove that the conditiotE(S;) < C is
sufficient for ergodicity under the condition that the bin is full whenever the size of
the queue is sufficiently larg& he gap between the natural conditidB(S;) < C
and the real one is due to the waste of space in the bin

ProrosiTiON 4: Under the conditiolE(S;) < C, if T, is the first time the bin is not
completely used

T, = inf{t/|B(t)| < C},
there exists A> 0 such that
E«(T1) =Alx| and E(X(Ty)]) = I[x], (6)
for any xe S.
Proor: With the rectangle packing analggye get the following inequality
N,[0,Ty]

> X0+ X Soy=CT,
i=1

where thex; are the components &f the o’s are the service time@vith an upper
index O for the initial item¥ and\, is the arrival proces§aking the expectation in
the above inequalifywith the help of Wald'’s formula we get

|X]

E(T)) = m

If (y;) is the vector of the sizes of the items present at finie the system and
(gi') the vector of their residual serviges
M0T]

ZUi’YiSEXiUiO‘F E So, — CT,
i-1

taking the expected valugse get
Ex(IX(T)]) = [x] + (AE(S,) = C)E(Ty) = |x].
The proposition is proved u

We can now give a simple ergodicity criteridrhis result reduces the size of the
set of initial states

ProrosiTION 5: If S; is the subset of elements&fvith the bin not completely fyll
S;={x=(B,L) € S/|B| < C}, and if there exist constans< ¢ < 1and Ay E R
and a stopping time U such that
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i <X(U)>
imsup E =1-¢ (7)

[X|—+00, XxES; |X|

: E.U)
limsup =A,, (8)

| X|—+00, XES, |X|

under the conditiomE(S,) < C the Mark@ procesg X(t)) is ergodic

Proor: According to our hypothesigor ¢g < ¢ andA; > Ay, there existK > 0

such that
IX(U)]
Ex( |X| > <1_80’ (9)
E«(U)
——— S Al’ 10

if |[X| = Kandx € S;. If, as beforeT, is the hitting time of the se$; by (X(t)), the
random variablé/ is defined as follows

V=Uif X(0) € S;;

V=T, if X(0) & S; and|X(Ty)| = K;

V =T, + U, otherwise
the notationl;, + U stands foiT; plus the variabléJ for the initial stateX(T,). If (6,)
is the time shift associated to the Markov procésshould be written a$; + U < 6y,

The variableV is clearly a stopping timéVe takex € S such thatx| = 2K/g;
then the following hold

« If x € Sy, the inequalitie9) and(10) show thatE, (X(V)) = (1 — &) | x| and
E(V) = Ag|X]|.
 If x & Sy, the strong Markov property @fX(t)) gives

Ex(IX(V)]) = Ex(|X(T1)|l{\X(T1)\£K)) + EX(EX(Tl)(‘X(U)D]-{\X(Tl)\>K});
using again relation(9) gives
Ex(|X(V)]) = K+ (1 — &) Ex(|X(T1));
hence

E(XV)) _ K Ex(IX(T)])

= +(1— &)
[X] X ° X

the assumption ofx| and inequality(6) give

Ex(‘X(V)D €o €o
S = 2 =1 —
N 2 fo 2
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The estimation of the first moment &f is done in a similar way
Ex(V) = Ex(Ty) + Ex(Exry)(U) Lxry=k))-
Relations(6) and(10) give
E(V) = AlX| + A E(IX(Ty)|) = AQ+ Ay X].

The stopping timeJ satisfies the assumptions of Theoremh2nce the Markov
procesg X(t)) is ergodic [ ]

4. THE CASE OF DISTRIBUTIONS WITH TWO SIZES:
THE ERGODICITY CONDITION

The possible sizes of the items are 1 andihereais an integer greater than?he
capacityC is an integer greater thanand the probability distributiop is given by

U: p51+ (1_ p)6a,

wherep € [0,1] ands, is the Dirac measure i The conditiomE(S;) < CisA(p+
a(1—p)) < C. The capacityCis decomposed &= ka+ r, with 0 =r < a; at most

k items of sizea are served at the same tirendr items of size 1 can be served
simultaneously in any case

4.1. Assumptions.

To avoid messy detailsve discard some singular caseg assume thatp is notr
orC —|C/a]a(| x| is the integer part af) and that C — Ap)/aandC(1— p)/E(S,)
are not integers

4.2. A Priority Mechanism

If, at some momenthe bin contains only items &s long as there will be an item 1
in the queuegthe First Fit algorithm will serve only the itemdqdn item 1 is replaced
by an item J. In this casethe First Fit algorithm is similar to a priority queue

Notice that this phenomenon occurs with positive probability if the initial state
has sufficiently many long strings of items 1 in the qudfian item 1 is at the head
of the queue when an itealeaves the bijthenaitems 1 will fill the aempty places
The items 1 may occupy all the bin if this situation happens sufficiently oHemw-
evet if there is along string of itemaat the head of the quep@n itema leaving the
bin is replaced by another item

From a heuristic point of vieythe ergodicity condition can be easily guessed
If Ap > r, as long as the queue is nonempty there will be no waste of spaea
when a long string of itema is served withk itemsa in the bin the items 1 will
saturate the empty space in the .bithe natural conditiomE(S;) < C must be
sufficient Otherwisefor Ap < r, the items 1 will be transpargrgince they can be
served in the empty space which cannot be used by the d@ehenceonly the items
a matter The ergodicity condition should bg(1 — p) < k.
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ProrosiTiON 6 (Ergodicity condition: If the distribution of the size of the items is
given by p= pd; + (1 — p)8,, with p € [0,1], a € N, and the capacity of the bin is
C = ka+ r with 0 = r < a, under the condition

max(r — Ap,0) + A(p+ (1 —p)a) < C, (12)
the Marka procesq X(t)) is ergodic

Proor: To apply Proposition Swve take a sequence of initial stafeg) = (I, by)

in the setS; such thatxy | converges to infinity abl — +o00; we denote by Xy(t)) =
(Ln(t), Bn(t)) the process with initial statg,. All we have to prove is the existence
of a stopping timeJ such that

lim supw <1l-g, (12)

N—+oo |XN|

, E(U)
limsup————

N—+oo |XN|

<C, (13)

for some positive constan@ande not depending of the sequenos,).

An element((b),(l;)) of S; satisfies>b; < C (by definition) and(l;) is a string
of a, |; = afor all j (since an item 1 would fit Two cases occudepending on the
value ofAp.

Caselp <r: Condition(11) is A(1— p) < k. Since there are alwayplaces for the
1 in the bin the number of 1's in the systefh(t)) is bounded by the number of
clients in a stable MM /r queue with input ratap and service rate.The first time
when this MM /r queue is empty is integrableonsequentlythe same property
holds for the first timel, when the number of 1's in the system i@ time T, there
will be kitems of sizea in the bin(or the queue is emptiut this is a trivial case
using the same method as in the proof of Propositiéf, playing the role off), it
is easily seen that we may assume that for all the initial siaigthe queue is a string
of itemsa and that there arkitems of sizea in the bin

The itemsa arrive at a rate\ (1 — p) and are served at a réte> A (1 —p). If U
is the first time all the itema initially in the queue are served

U= inf{t = 0|NK([0,t]) = @},

N(is the Poisson process with rd&eescribing the departure of the itemas long
askitemsa are in the binby the law of large numbersve have

E.U) 1

| .
N—+00 |xN| ka
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At time U, the number of items 1 is bounded U ), whereQ(t) is the number of
jobs at timet of an independent stable N /r queue with input ratap, service rate
1, andQ(0) = C. It is easily seen that

E(QQU)) _

lim =0.

N—+0o |XN|

At time U, the number of itemsi is less thanV/, ;) ([0,U]); hence Lebesgue’s
theorem gives the identity

EL(XWD _A@-p) _

N—+oo |XN| B k

1

CaseAp > r: The initial statexy = (by, In) is in the setS; andky is the number of
itemsain the bin for this statéAt time 0 less thai€© — kya, items 1 are in the bin and
I\ is a string of items.

If there are sufficiently many itensandAp < C — kya, as long a8,(t) = ky,
the number of items 1 is bounded by the number of customers in a staiMe' (& —
aky); hencewithin an integrable amount of timéhere will be a “hole” ofaitems 1
in the bin At that time an itema enters the bin and the same phenomenon will occur
again if Ap < C — (ky + 1)a, and so onWithout loss of generalitywe may thus
assume that the inequality > C — kya holds for all the initial states' he relation
Ap > C — kya shows that after a finite timehe items 1 will saturate the places left
by the itemsAs long as the initial itema are not servedhe duration of time during
which the bin is not full(i.e., the items 1 do not still saturate the qugiseclearly
integrable and thus negligible at the fluid limit lev&he variableJ is defined as the
time when the initial items are servedclearly

_ E,WU) 1
lim = .
No+oo Xy ax(l-p)

Since the bin is almost always full between 0 dhd

EXN(\X(U)I): im (x| + AE(S,) — C)E(U)

im
N—+oo |XN| N—+oo |XN|
AE(S) -C
A(1l-p)a
Our proposition is proved u

Notice the advantage of starting from a stat&ini.e., the queue is a string of
itemsa); it amounts to identifyingxy ) with (| xy|) for the analysis of the ergodicity
The complexity of the numerous patterns of 1 @and ruled out with this methad
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5. THE CASE OF DISTRIBUTIONS WITH TWO SIZES:
THE TRANSIENT BEHAVIOR

We describe here the way the procé€Xst)) goes to infinity when it is transientt

is important to describe the transient behavior of such a protedsed if, for
examplethere are three possible sizes for the iteng, andb with 1 < a < b, the
analysis of the stability in this case necessarily contains the study of the following
subcaseA large string ofb at the beginning of the queue akglitemsb in the bin

if there are sufficiently many itemsand 1 the rest of the bin is occupied by them
For a while there is a bin of siz€ — kyb with an arrival stream of items 1 amdand

this subsystem may be transievthen the string of itemb at the head of the queue

is processedo describe the future behavior of the systéins necessary to know
how many items 1 and remain in the queue at that time and how they are distrib-
uted This is why a description of the transient behavior is required to get some
insight into more general distributions

ProposiTION 7: If the distribution of the size of the items is)gh by p= pé; +
(1-p)da, p €[0,1] and the capacity of the binis €ka+r, withO=r < a, under
the condition

max(r — Ap,0) + A(p+ a(l—p)) > C, (14)
the Marka procesq X(t)) is transient

Proor: The proof is straightforwardf Ap <, condition(14) is A(1— p) > k, the
number of items is growing at least at raté(1 — p) — k. Otherwiseif Ap >,
condition(14) is simply AE(S;) > C. The rectangle packing view of the algorithm
gives almost surely

i IX()]
im TZ/\E(Sl)—C>0,

t—>+o0

and the proceseX(t)) is transient [ |

More interesting is the way the composition of the queue evoMé&s now
describe the paths to infinity in the transient cageoughout this sectigrrondition
(14) holds

The items in the queue after an item 1 form ari (finite) sequenceAn item
1 always fits in the bin if it is not fullhencethe First Fit algorithm does not alter the
i.i.d. structure of the items after an item\When the processX(t)) is transientthe
string describing the queue is largenese large queues can thus be described by a
finite string of itemsa followed by a finite ii.d. string All we have to describe is the
behavior of these two stringBoes the string of itema “swallow” the i.i.d. string
(i.e, the items 1 disappegt Converselydoes the.i.d. string swallow the string of
itemsa (i.e., an item 1 arrives at the head of the quguim both casesvhat is going
on afterward? The interplay between these two cases is the main feature of the
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analysis of the transient behavitve shall first study the case where thied string
is infinite. The following definition will be used in the sequel

DEFINITION 8: Fort € R, v(t) is the rank of the first item of siZein the queuge
v(t) = inf{ifl;(t) =1},

if X(t) = ((l;(1)),(b;(t))) and with the conentioninf & = +co. Thevariabler is the
firsttime anitem of sizéis at the head of the queue ands the first time the queue
is a string of items a

r=inf{tl»(t)=1} and n=inf{t|r(t) = +oo}.

Thevariablesr,, 7y, andv,(t) denote respeately thevariablesr, n, andrv asso
ciated with the initial state ¥0) = x.

5.1. A Saturated Model

We now study the case when the bin is full and the queue is composed of a string of
itemsa followed by an infinite sequence af.d. items 1 and. As we shall seghe
variabler (t) (the number of items at the beginning of the quepwill either in-
crease whehis large or reach 0 with probability. This result is quite simplédout it
will give the key to understand the transient behavior of the model

At time t = 0, the initial statexy of the system is defined as follows

1. The bin containg items of sizea, ko = k, andC — kya items of size 1the
bin is full).
2. The queue is an infinite vectdt;) such that
(@ Iy,=afori=1,...,N;
(b) {li+n,i =1} is an infinite string of ii.d. random variables with distribu-
tionpu=pd; + (1 — p)ba.

Since there is an infinite number of items 1 in the quélue bin remains full forever

As long as the numbdB,(t) of itemsa in the bin do not change the process
vy, (1) is clearly a Markov proces$he following lemma gives the condition under
which (v, (1)) is transient qrequivalentlywhen the string of itema at the head of
the queue grows or shrinks

LemMa 9: With the aboe assumptionghere are two cases

* If kg < C(1— p)/E(S)), the string of items a at the head of the queue grows
almost surely there exists sorfrandom) integer N such that for all N= N,
andte R,,

Byyalt) = Ko, 2y, (1) >0,
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and the rate of growth is gen by

() C(1—p) —kE(S)
lim = .

t—+oo t p

e If kg > C(1 - p)/E(Sy), the string of items a shrink&or an integer N suf
ficiently large thevariable 7, is almost surely finite and

li TXN _ p
Nt N koE(S) — C(L—p)’

Proor: Notice that our assumption on the initial state implies that the string of items
located behind the positian(t) is an ii.d. sequence with distributiop. The proof
of the lemma is fairly simpleAs long as the first item 1 has not hit the head of the
queueits rank decreases by 1 at rdg(when an itena leaves the bip When an
item 1 leaves the birthe item 1 located at(t) enters the binthe ii.d. assumption
shows that the next item 1 in the queue is located Bt + G, whereG is a geomet-
rically distributed random variable with parameter p. Consequentlythe process
(v(tO7,,)) has the same distribution as

K(IDTXN)
<N+ Z C:’i _Nko[o’tDTxN]>,
i=1

wherex (t) = Nc_,a[0, t] is the counting measure of the departures of items 1 and
(Gj) is an ii.d. sequence with a geometric distribution of parameterfd. All the
random variables are assumed to be independdret proof of the lemma is then
easy to complete with the law of large numbers u

The above lemma gives an indication on the interplay of the string of ilems
and the ii.d. string in the queudt can be very roughly described as follows

If there areky itemsa andC — kpa items 1 in the bin anéd, < C(1— p)/E(S,),
then the following hold

e If Ap < C — ko, the number of items 1 decreashencethe string of items
grows and swallows theiid. string

» Otherwise Ap > C — kg, so the number of itema at the head of the queue
grows as well as the number of items 1

If ko< C(1—p)/E(S,), then the string of itemavanishes and an item 1 reaches
the head of the queud@he next subsection gives a detailed description of these
cases
5.2. The Transient Cycle

The transient behavior will be defined with the intervals 7,, andZ, defined as
follows:
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DEeFINITION 10:

Z,= {0, C-p)* [ 7= [(C— ) cl-pf
a E(S)

[ Cl-p) C}

L=|——,—|.
E(S) a

The process with some specified large initial state is now investigated the

caseswe assume that the bin is initially fullhe variableB,(0), the number of items
ain the bin at time Qdetermine the different cases

5.2.1. Starting from T,. The initial conditionxy is given by the following

1. The bin contain®,(0) = k, € 7, items of sizea (and thusC — kpa items 1.

2. Anitem 1 is at the head of the quedeis followed by a string ofxy, i.i.d.
random variables with distributigm whereay, is equivalent taxN for some
a > 0.

If B4(t) is in Z,, using the definition off, and the conditiomE(S;) > C, then

B.(t)C

C(1-p) <Ba(1E(S) < ;
hence A(1— p) < B4(t), soAp > C — aBy(t). If Nis sufficiently largethe number
of items 1 is growingConsequentlyas long aB,(t) is in Z,,

» an item of size 1 in the bin is replaced by an item 1

« according to Lemma,%n item 1 reaches the head of the queue with proba-
bility 1. At that time if an itema leaves the birtand this occurs with positive
probability), then it will be replaced by this item 1 followed with— 1 others

The functiont — B,(t) may decrease as long as an item 1 reaches the head of the
queue This is the case with probability 1 whd(t) € Z,. Hence in a finite timeg
(B4(1)) will leave this intervalWhenB,4(t) is in Z§, B,(t) < C(1— p)/E(S,) and as

long as items 1 are in the quetie~ B,(t) is nonincreasing.emma 9 shows in this
situation that if the number of itenasin the queue is sufficiently larg@nd because

of the stochastic fluctuationthis happens with probability);Lthe items 1 will not
reach the head of the queue any longamnsequentlyafter a while the value of
(Ba(t)) will be stabilized at some valu$g, until the items 1 leave the queue com-
pletely This value is clearly reached in finite time I§8,(t)). We have two cases

Y, € ZyorY, € 1.

(@ If Y, € Zy, thenap < C — aY;. The initial numbel., ,(0) of items 1in the
queue is equivalent foeN and the number of items 1 is decreased at a rate

https://doi.org/10.1017/50269964800141063 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964800141063

STABILITY OF BANDWIDTH PACKING ALGORITHM 71

of Ap — (C — Y,a). The timen,  when the queue is only a string of iteras
satisfies almost surely

. Mxn pa
()= Im —=—""""
N-+oo N C—Y,a—Ap
and since the number of itenssand 1 increases respectively at rates
A(1—p) — YrandA — (C — aY,) until thattimg for 0=t < 7(a),

_ Ly.a(Nt)
Jim ——— =a(l-p) + (A(1=p) - Yt
and
Ly a(Nt)
Jim = —ap+ (Ap— (C-aw)t;
in particular
. LxN,a(an) CA-p —Y.E(S)
lim =
N— +o0 N C - Y1 — )\p

(b) If Y, € 73, thenAp > C — Y;a. The number of items 1 is almost surely
converging to infinity and the length of the string of itemat the head of
the queue grows linearlgsee Lemma P For N sufficiently large n,, =
+ooas. and forallt=0,

_ Ly.a(ND)
Jim =S = a(l-p) + (AL p) — )t
and
. LxN,l(Nt)
Jim N Pt (Ap— (C—aw))t.

In this casethe number of items &ndthe number of itema grow linearly

5.2.2. Starting fromZ,;. If B,(0) € Z, and the initial state for the queue is the
same as for the previous cages easily seen that faX sufficiently large (B,(t)) is
constant and equal 84 = B,(0). As in the caséb), almost surely

~ Ly,.a(ND
Jim —S— =a(l-p + (A1-p) - W)t
and
. LxN,l(Nt)
NlLer T =ap+ (Ap— (C—a¥)t.
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5.2.3. Starting fromZ,. Forn € N, the initial conditionxy, is the following

(1) The bin containg,(0) = k, € 7, items of sizeaandC — kyaitems of size 1
(2) The queue is a string afy itemsa; ay is equivalent taxN with « > 0.

As long as the string of itenmesat the head of the queue is nonemjatyits departure
an itemain the bin is replaced by the first itemof the queuelf B,(t) € Z,, then
Ap < C—aB,(t); aslong a8,(t) € Zywith probability 1, the queue will not contain
any 1 at some instantat these timeswith positive probabilitya, items 1 may leave
the bin in this casethey will be replaced by an item (if N is sufficiently large.
During that periodthe functiont — B,(t) will be nondecreasindgience with prob-
ability 1, (Ba(t)) will leave Z,. At that time Ap > C — aB,(t); thus a string of ii.d.
random variables appears at the end of the stiiihg variables, (t) will be always
finite after some timé,. We denote byr; the value oB,(t) at timet,. As long as the
string of itemsais not emptythe value oB,(t) remains constant after that timé&fe
also have to consider the two casgss 7, orY; € Zo.

(@ If Y, € Z,, thenY, > C(1— p)/E(S,). Lemma 9 shows that the variabig,
is finite and almost surely

(@)= lim = pa 15
f— m —_— = .
"IN T RES) —ca-p’ (15)
as before it is easily seen that for0t < 7(a),
_ Ly.a(NY)
Jim - e (AQ-p — Yt (16)
and
LXN,l(Nt)
Jm o= = (Ap— (C—Y,a))t. 17)

At time 7, , an item 1 is at the head of the quet@lowed by a string of
i.i.d. random variables with distributiom the length of this string is given

by
LxN,l(TxN) + LxN,a(TxN) )\p - (C - aYl)

T N ~“VEGs)-ca-p

(18)
(b) Y, € Z,. This case is similar to cagb) of Section 52.1, with the following

modification due to the initial staté&or allt = 0, almost surely

Lxy.a(Nt)
lim T =a+ (A(Q-p) — Yt

N—+oo
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and

Lx 1(Nt)
. N> _ _ _
Jim N (Ap— (C—an))t.
A Markov chain
We have defined a variab¥ for all the possibléB,(0); this gives the following
stochastic matrix

DEerINITION 11: The probability matrix Q= (q;) on{0,...,k} is defined by
q; = P(Yy=][Ba(0) =i).

Notice that the Markov process associated with this matrix is not necessarily
aperiodic If Zo andZ, are nonempty and, is empty the Markov chain jumps from
I, t0 7, and converself Z; is nonemptyany state in this interval is absorbing

The choices of the three specified initial states respectively,ifi,, andZ, has
led to two transient Markov behavioBasically there is a transient Markov process
for which the string of items is growing and for the other Markov procesthe
string of ii.d. items is growing The proces8,(-) is a component of this transient
Markov process and its limiting value ¥§. The possible values of, represent the
different points at infinity of the Markov processhe matrixQ can be interpreted as
an exit matrix of a transient Markov process

5.3. Random Fluid Limits and Paths to Infinity

We have all the necessary ingredients to describe the transient paths of this Markov
process

DEFINITION 12 The processY,) is a Marka chain with transition matrix Q with
Yo = ko € Z,. The hitting time of the inteal Z, by (,,) is denoted by HThe non
decreasing sequencés,) and(t,) and the sequencés,,) and(v,) are defined by
induction s =0, ug = 1:

o —u p(Ap — (C—aYyy)) toi=s+u p
MY, E(S) -Cca-p) M "VY,E(S) —C(1—p)’

and if 2n < H, t,, 1 = +oo otherwise

C(L=P) — Yoni1 E(S) e 1
p(C - aY2n+1 - /\p) ’ i e " C- aY2n+1 - )\p’

andif2n+ 1< H, s,,; = +oo otherwise

un+1 = Un+1

The sequences,) and(t,) are possibly constant and equakHteo after some
finite rank and forn € N, s, < t,.;1 < Sy11. As long asZ; is not reached by the
Markov chain Y,, € Z, andY,,,1 € Zy; hencethe denominators in Definition 12
are positive
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These definitions have the following interpretati&or a momentNxwill mean
a quantity equivalent tblxwhenN is large At time Ns,, a string ofNu, i.i.d. items
composes the queue aXg, itemsa are in the binBetweenNs, andNt,, a string of
itemsa grows and the number of items 1 decrea3é® instaniNt, is the first time
sinceNs,, when the queue is a string b, itemsa andY,, 1 itemsaare in the bin
During the period betweeNt, andNs,, 1, the number of items 1 increases and the
string of itemsa decreaseg\t time Ns,.1, Yo 1) itemsaare in the bin and the queue
is a string ofNu, 4 i.i.d. items This is a typical transient cycle of the systehne
next theorem gives a formulation of this

THEOREM 13: If the initial state X, of the Mark@ process(Xy(t)) is a string of
Ny = N items of size and the bin is full with kitems of size &, € Z,, then almost
surely for te [s,, th1],

_ Ly,a(NY)
Jim = Ut (AL —p) — Yan)(t— &) (19)
and
an,l(Nt)
Jim =2 — (Ap— (C - a%)(t - s); (20)
and for te [tn+1, Sﬂ+l]5
. LXN,a(Nt) 1 - p
Jim =T A D)~ ) (), (21)
and
. an,l(Nt)
NILT T =t ()\p - (C - aY2n+1))(t - tn)- (22)

Proor: Everything has been proved already in SectiorZs1552.3. To illustrate
this assertionwe prove the first step betweespandt;.

If Yy is in Z,, then the string of itema at the head of the queue shrinks and
disappears at timg, . Takingu, = 1 ands, = 0, the variablé, is defined by

_ TXN _ p
Mt N PYE(S) - Cc1-p)

the last equality is given by relatidqd5). With (18), we definev, by

_ gy () PP (C—av)
nT AL TN TP YEs) —ca-p
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Betweens, andt,, the behavior of the number of items 1 aad given by(16) and
(17); namely for t € [sp, t4],

_ Ly.a(NY)
Jim = =Up + (A(1—p) — o) (t— %)
and
I—xN,l(Nt)
Jim - N (Ap = (C — aY)(t — s).

Attime 7, , there is an item 1 at the head the queue followed byiahsequence of
lengthL, 1(7.) + L, a(7y,)- The systemis thenin the same situation as in Section
5.2.3.

If Yois inZy, the results of Section.8.3, casg(b), apply Takingt; = +co for all
tS t17

~ Ly,.a(ND)
N'LFQOO N Uo + (A(1—p) — Yo)t,
and
. LXN,l(Nt) -
Jim - N (Ap— (C—a))t.

Remark: Theorem 13 shows that in the transient ¢dke fluid limit is piecewise
linear(see Figure & the fluid equations are given l{§9)—(22). The queueing net-
work considered by Lu and Kumat6] and Rybko and Stolydr19] also has this
property The additional and interesting feature of our model is the nondeterministic
nature of the slopegy;,) of these piecewise linear pathEhis is mainly due to the

Ap—(C—aYz,)

Un—_1 A -P)-aYan_1 Ai=p)-a¥y

A(1—p)—aYy,

Ap—(8caYan—1)
Ap—(C—aYpy)

Un—1 Un
L L
7,=0 ! 71 #0 !

FiGurE 1. Some paths to infinity in the transient case
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“richness” of our state spac€he scaling methods basically eliminate the stochastic
noise around the limiting trajectoriddowever some randomness may remain here
atthe instant&for the renormalized process,) and(t,) when the process “chooses”
the slope of the next linear pathrelated phenomenon has been observed in the case
of the particular modd]l10]. In the case of queueing networlksis (perhaps pos-
sible if the network has a significant number of nodes or classes

Theorem 13 considers a special initial conditigpe 7, itemsa in the bin and
a string ofN itemsa in the queueWe now give a somewhat informal description of
the general cas@ll the transient paths will stick to the transient paths we described
If xis a “large” initial statethe initial items 1 will be servedhence after that time
the size of the items after the firstitem 1 in the queue &gk with distributionp. We
can assume that this is the initial stad this point we have several possibilities

1. Ly a(0) € Zy. In afinite time the queue will be a string of itenas This is the
initial condition of the theorem

2. Ly.a(0) € Z,. In afinite time the queue is aniid. string with distributionu
(Lemma 9. This is the state of the system at timrgén Theorem 13

3. Lya(0) ET;.

(@ If (By a(t)) remains forever irfy, this is the case described in the theo-
rem after the hitting time of ;.

(b) If (By a(t)) visitsZy, necessarily there will be an item 1 at the head of the
gueue followed by aniid. string, otherwise the number of items in
the bin could not decreaddut, then the number of items 1 in the system
will reach Q this is our casél).

(c) If (Byxalt)) visits Z,, again at some timethe queue will be a string of
itemsa which will vanish with probability 1 this is the cas€2).

5.4. An Explicit Expression of the Exit Matrix Q

With the notationg;,i =0, 1, 2, andC = ka+r, we define—1l=n=kand—-1=
m = k so thatZ, = {0,...,n} andZ, = {m + 1,..., k}, with the convention thaf,
(resp Z,) is empty ifn= —1 (resp m= k).

ProrosiTioN 14: The coefficients of the matrix Q describing the transient biira
of the proces$X(t)) are given by the following

LIfieZlyandje Z§={n+1,...,k},

-1
Qi) =f(j,a [T a-f(,a;

I=n+1

forl > n, f(l,-) is given by

C-la C-la
f(lhay= > H(C—la,i) [[ (1-H(C-Ila,j)),
i=C—(I+1la+1 j=i+1
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where the sequendél (K, 1)) is defined by inductian

H(K,K) =1 K
) - /\p’

ApH(K,i + 1) (23)

H(K,i) =
(K1) Ap+i—1+H(K,i+1)

forK e Nandi< K.
2. 1fi ey, Qi) =1
3. IfieZ,andje 75 ={0,...,m},

Q=g I @-a)
=j+1
with, for | = m,
_ (C—la—-1)**1—p —Ip**(C—Il(a—-1)*7?
a (C=la=-1))**1-p —lp* C—-la)(C—I(a-1)**

PRrROOF:

1. Fori € Zy. Initially, the queue has an infinite number of iteenand no item
1, and the bin containstemsa andC — ia items 1 By definition, the arrival
rateAp of the items 1 is strictly less than their maximal rate of ser@ceia.

If Ap < (i +1)a, the total number of items(n the bin and in the queigvill
reachC — (i + 1)awith probability 1, leavinga free placesAt that time an
itema enters the bin and the items 1 are served at aGate(i + 1)a at the
maximum consequentlithe number of itema in the bin will reach the set
1§ at the valuen + 1.

Ifi € Z§={0,...,k} — Zy, Ap > (C — ia), there is a positive probability
denoted by (i, a) that the number of items 1 remains strictly greater tGan
(i + 1)a; for this eventthe total number of itema remains constant equal
toi.

Considering an MM /K queue with arrival ratep, service rate land
Ap > K, we have to express the probability thsiarting withK initial cus-
tomersthe number of customers of this queue will always be strictly greater
thanK — a.

Fori = K, denote byH(K,i) the probability of never reaching— 1
starting fromi; clearly

HIKK) = 1— —
) - )\p7

H(K.i) = % (HKi+1) + (1= H(K.i + )H(K.)).
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fori = K. The quantityf (I,a) can be expressed as

C—la C—la
f(l,a) = > H(C—la,i) [] (1 —H(C—la,j)).
i=C—(I+Da+1 j=i+1
The first part of the proposition is proved
If i €7, Q(i,i) =1 by definition
3. Fori € Z,. Anitem 1 is at the head of the queue followed by an infiniteli
sequence with distributiop. The bin containg itemsaandC — iaitems 1
When an itema leaves the bin and if there is an item 1 at the head of the
queueit enters in the bin and it is followed byy— 1 items 1 the number of
itemsa is thus decreased by 1 and the first item 1 in the queue is at the
position 1+ 32} G, in the queugwhere theG,'s are ii.d. random variables
with a geometric distribution with parameter-Ip. As long as the number of
itemsain the bin is inZ,, the number o& at the head of the queue will reach
0 and at these momentshere will be an item 1 in the first position of the
gueue hence the possibility of replacing an itemin the bin The number
(B4(t)) of itemsa in the bin hits the sef$ in m.
The first time(B,(t)) reaches the values 775, there is a string of &+
>~ G itemsa at the head of the queue and there is a positive probabjlity
that(B,(t)) remains inj forevet

N

C—ja
C-ja-v’
whereh( j) is the probability that starting with exactly one itemat the head
of the queugan item 1 will reach the head of the quelxy homogeneity

h(j)" is the probability of the same event but wklitemsa initially at the
head of the queud classical resulfeasily verified shows that

g = 1—E(h(j)**Z57¢) + E(h(j)+*25 o)

j
(1-p(C—-j@a-1)’
trite calculations finish the proof u

h(j) =

The sequenck(,-) defined by(23) may be expressedf course more explic-
itly (with hypergeometric functionsin any caseit is a complicated expression

6. THE BEST FIT ALGORITHM

The difference with First Fit in this case is that an itams replaced by an iterain

the bin if the queue contains at least an i@nihis feature simplifies the state space
The Markovian description of the queue can be reduced to a two-dimensional com-
ponenithe number of items 1 araj respectivelylt is easily seen that the ergodicity
condition is the same as for First Fithe description of the transient behavior is
quite similat the corresponding intervals in this case are
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(C—Ap)+[ {(C—Alo)+
To=|0,———|, =|——,A(Q—p) Ok{,
0 [ a 1 a ( p)
C
IZZ /\(1_ p) Dk’_ )
a
with k =|C/a].
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