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Physical Foundations

1.1 Introduction

This chapter presents an overview of the foundations of classical electromagnetism
through descriptions of the fundamental quantities encountered in the subject,
and the relationships between them embodied in the equations of motion of the
electromagnetic fields and the relevant matter fields. The goal is to lay out the
whole structure of electromagnetism in one place with a minimum of mathematical
manipulation. In this book we will largely focus on nonrelativistic and non-
quantum aspects of electromagnetism, occasionally pointing out workarounds that
make the subject intellectually profitable and of practical utility. This approach
certainly has shortcomings in that it does not reveal the deeper relativistic and
quantum mechanical structure of the electromagnetism or the origin of some of
the workarounds we employ. Nevertheless, the material presented here will be an
excellent springboard from which relativistic and quantum versions of the sub-
ject can be developed while retaining important intuition and insights provided in
this book.

Maxwell’s equations are formulated in the language of differential vector cal-
culus using compact symbolic notation introduced by Gibbs and Heaviside around
1900. The notation identifies mathematical objects and operations that have
important connections with physics and geometry in three spatial dimensions.
Elaboration on the mathematical language and methods of the vector calculus are
presented in Chapter 2.

1.2 Excitations and Interactions

The electromagnetic field describes a temporally and spatially dependent excita-
tion in space-time that can store and transport energy, forces, and information over
both large and small distances. The electromagnetic field only makes its presence
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2 1 Physical Foundations

known by influencing the motion of charged matter. Part of the symmetry of nature
is that charged matter is responsible, in turn, for creating electromagnetic fields.
Charged matter thus plays a dual role in the structure of electromagnetism. When
creating or exciting electromagnetic fields, charged matter is called a source. In
this role it can transfer properties we commonly associate with matter, such as
energy and momentum, to the electromagnetic field. Additionally, charged matter
can receive energy and momentum from electromagnetic fields. We describe this
dual role by saying the charged matter and electromagnetic fields are coupled or
equivalently interacting with each other and, consequently, couple charged matter
to itself via the electromagnetic interaction.

Sometimes the interactions induced are so strong and nearly instantaneous that
the motions induced may be described by an instantaneous action at a distance.
The electromagnetic fields in this case are essentially bound to the sources and
move around with them. We discuss this case, called the near-field approxima-
tion, in Chapter 5. By contrast, for charged matter interacting over large distances,
the interaction can be observed to be significantly delayed. Empty space then
more clearly supports electromagnetic fields (radiation fields) that can decouple
from their sources and propagate at the speed of light. This topic, the far-field
approximation, will be covered in Chapter 6.

A full mathematical description of the evolving state of interacting charged
matter via the electromagnetic field can be formulated in terms of two sets of cou-
pled differential equations of motion: one set that describes the time and spatial
evolution of the electromagnetic field called Maxwell’s equations and a second set
that describes the mechanical motion of the matter incorporating the forces due
to the electromagnetic fields. Each set of dynamical equations requires informa-
tion from the other, making the whole set a self-consistent unity that describes an
important part of nature.

1.3 Maxwell’s Field Equations

The dynamical equations of the electromagnetic fields driven by charged matter
sources can be cast in many equivalent forms. The most common are Maxwell’s

equations,
1 9
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These partial differential equations contain charged matter sources, represented
by charge density p and charge current density J, vector electric and magnetic
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1.3 Maxwell’s Field Equations 3

fields E and B, the free-space electric permittivity €,, and free-space magnetic
permeability j, a linear spatial vector differential operator V, and partial deriva-
tives with respect to time. The equations describe both the excitation and propa-
gation of the electromagnetic fields E and B through space and time, induced by
sources governed by their own equation of motion.

The individual equations that make up Maxwell’s equations have names given
for historical reasons: the first for V - E is called Gauss’ law, the second for V x E
is called Faraday’s law, and the fourth for V x B is called the Ampere—Maxwell
law. It is convenient to have descriptive names for these equations as well. Only the
first and the fourth equation directly involve the sources. We might therefore call
the first the charge law and the fourth the current law. The third equation for V - B
should probably be called the solenoidal law for reasons that will be made clear
in Chapter 2, but it is also called the no-magnetic-monopole law. Often, simply
saying or writing V - B =0 is fastest.

The sources’ classical equations of motion depend on E and B and thus require
integrating Maxwell’s equations over time and three-dimensional space. This
involves a working familiarity with the calculus and vector calculus, which is
reviewed in Chapter 2.

Due to the linearity of the differential operators in Maxwell’s equations, the
classical fields obey the superposition principle. This means that if the sources are
partitioned into additive components, the electromagnetic fields due to each com-
ponent may be calculated in isolation and then summed to find the total. The result-
ing summed electromagnetic fields can either reinforce one another or cancel out
one another at different points in space and time. This phenomenon is called inter-
ference. As a consequence, a particular source component can either increase or
decrease the total electromagnetic field at a particular position and instant of time.

As mentioned earlier, the reason the E and B fields are important to us is that
they play a simple and direct role in determining the dynamical evolution of p and
J. We will generally focus on nonrelativistic classical motion in this book, until we
reach Chapter 15. The electromagnetic fields are then coupled to motional degrees
of freedom of p and J through an electromagnetic force density,

f(r,t)=p(@, H)E(r, 1) + J(r, t) x B(r, t). (1.2)

Detailed discussions of the charge and current densities will follow in Sections
1.4-1.6, during which the SI units for all quantities in Equation (1.2) will be intro-
duced and appear natural. Important things to keep in mind here are as follows:

1. There are two coupled systems of differential equations, one for the electro-
magnetic field and one for the charged matter motional degrees of freedom
which contains f(r, 7). Both sets contain the electromagnetic fields and charge
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4 1 Physical Foundations

and current densities. The material equation of motion will also contain inertial
forces and perhaps frictional or contact forces as well. Both sets of dynamical
equations must be integrated self-consistently to find a complete description of
the system.

2. p and J generally serve as both sources and sinks of momentum, energy, angu-
lar momentum, and other information that can flow between the charged matter
system and the electromagnetic fields.

3. In Equation (1.1), p and J may represent only a localized subset of the charged
matter present, and the electromagnetic fields in the Equation (1.1) only then
refer to those belonging to this charged matter.

4. The force density in Equation (1.2) may also contain contributions from other
electromagnetic fields not directly associated with p and J in Equation (1.1).

5. Other forces not necessarily of an electromagnetic nature may also contribute
to the equation of motion for p and J. As mentioned earlier, these may include
frictional or contact forces. From these considerations, it follows that Equa-
tion (1.1) may always be used to calculate the fields belonging to p and J,
but not necessarily vice versa. The long range of electromagnetic fields rel-
ative to the extent of a localized p and J is one reason that considerations
like these become important in formulating and solving some problems in
electromagnetism.

6. A finite time, t — ¢, is required for the effect of a change in the sources at
location 1’ to arrive at an observation point, r, where the fields are measured.
This causal relationship is baked into Maxwell’s equations but is not explicitly
visible until the integral forms of the equations are written out. For example,
Faraday’s law indicates that a change in p and J at an earlier time, ¢, at some
distance away, r’, causes the curl of E and time rate of change of B at (r, 7).

An overview of the way the mechanical and electromagnetic equations of motion
couple and interact with one another is shown in Figure 1.1.

We have not yet quoted any actual equations of motion for p and J given
by Newtonian mechanics. These equations can be quite complex, are often

Newtonian dynamics psd Maxwellian dynamics

of matter of fields
<«— E B<—

Figure 1.1 Coupling between the mechanical and electromagnetic equations of
motion.
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1.4 Continuum View of Sources, p and J 5

nonlinear, and are often simplified to enable us to find approximate solutions
either analytically or by encoding into complex computer programs to find spe-
cific numerical approximations. We will discuss various analytic approaches to
formulating equations of motion for the charged matter at different points in
Sections 1.6 and 1.7.

In Section 1.4, we present quantitative mathematical definitions of p and J from
which various formulations of their equations of motion can be effected. The force
on moving charged particles that affects their motion is ultimately how we measure
the presence of the electromagnetic fields. You may therefore view Equation (1.2)
as a definition of the electromagnetic fields once p and J are defined. The job of
Maxwell’s equations in Equation (1.1) is to get the fields right with Equation (1.2)
as one of the forces driving the motion of matter.

1.4 Continuum View of Sources, p and J

To understand and define the sources p and J in Maxwell’s equations, we must
first discuss the concept of charge. There are two types of charges: positive and
negative. Different subatomic particles, such as electrons and nuclei, have differ-
ent discrete charge values. The concept of charge was invented before Maxwell’s
equations to explain forces appearing between macroscopic objects. The discov-
ery of discrete charges explained that macroscopic objects hold net imbalances of
discrete charged particles. The accumulation of one charge species (negative or
positive) on a macroscopic object is referred to as charging that object. Charging
objects can be achieved by a variety of procedures, like rubbing dissimilar materi-
als together, connecting batteries to them, heating them, exposing them to charged
particle beams, or shining short wavelength light on them. All of these processes
involve adding energy to the objects and involve the addition, or removal, of
atomic particles to or from the object.

The forces between charged objects can be repulsive or attractive, leading to
the notion of two opposite kinds of charges. Two objects charged with the same
kind of charge are found to repel one another while two objects charged with
opposite kinds of charges attract one another. The charge on an object is also
found to be an additive property that is proportional to the electromagnetic force
it experiences in a fixed environment. Two equal and opposite kinds of charges
merged together on an object result in the object experiencing no net electro-
magnetic force. The connection between charge and attractive or repulsive forces
suggests that each of the two kinds of charge may be assigned either a positive or
negative quantity.
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6 1 Physical Foundations

It is most common to find macroscopic objects to be uncharged (neutral)
resulting in no net electromagnetic force between them. This suggests that the
attractive forces between opposite charges have been canceled out due to the
balanced distributions of positive and negative charges on the objects. Charging
such objects requires separating and transporting charge to or from the objects.
The neutral uncharged state is usually assumed for a macroscopic object or a
macroscopic part of one, unless other information is supplied. This is sometimes
described as the principle of charge neutrality. Care must be used in apply-
ing this principle because charge separation can often exist in inhomogeneous
materials, and metastable states with charge separation can sometimes exist for
very long times in a good insulator. Perhaps the best example of charge neu-
trality exists inside homogeneous conducting media like metals, plasmas, or
electrolytes.

All apparently continuous distributions of charges and currents are ultimately
made up of elementary discrete charged particles. The most important charged
particles for us will be electrons and atomic nuclei. The smallest charge an atomic
particle is observed to carry is the fundamental charge e; this has a value approxi-
mately equal to 1.6 x 107! Coulomb (C), where Coulomb is the SI unit for charge.
One Coulomb is therefore approximately equal to 6 x 10'® elementary charges.
Electrons have charge —e and atomic nuclei have charge Ze, where Z is the pos-
itive integer atomic number of the nucleus being considered. Neutral atoms that
have extra electrons attached to or removed from them are called ions and are
often considered elementary charged particles when they appear in plasmas, elec-
trolytes, and charged particle beams. Avogadro’s number of positive charges is
called a Faraday, which is approximately equal to 96, 485 C/mol, as determined
by Faraday using electrochemistry.

When charging a macroscopic object, the excess charge often resides on the
surface and rarely exceeds =1 x 10'? e/cm? there. By comparison, the number of
atoms on a solid or liquid surface is ~ 5 x 10'* atoms/cm?. Very large capaci-
tors exist that can store several C. These devices often have very large internal
surface areas that can be charged by external batteries or other electrical power
sources. The most extreme example of a charged object is the nucleus of a heavy
atom, which can be ~ 100e all packed into the incredibly small volume of ~ 1.8 x
1073 ¢cm?. It is impressive to consider the amount of energy needed to push all
those charges so close together in the first place. This indicates the extraordinary
energies available in cosmic environments in which these nuclei were fused and
hints at the prospect of releasing this energy in nuclear reactions.
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1.4 Continuum View of Sources, p and J 7

The first source in Maxwell’s equations is p(r, f). On length scales larger than
the distance between elementary charged particles, the spatially and time continu-
ous scalar function p(r, ) is used to characterize the potentially changing charge
state distribution on a finer scale than the total charge g of a macroscopic object.
It is p(r, ¢) that appears in Maxwell’s equations as well as the expression for the
electromagnetic force density. Charge density in electromagnetism is defined in
analogy to mass density py,(r, f) used in classical continuum mechanics. In a small
volume §V centered at r, in which a net charge §¢ resides,

dq

p(r, 1) = lim A (1.3)

which has SI units of C/m*. Note that for p(r, ) to be a smooth continuous func-
tion of r, there can be no finite charge strictly localized at any location in this
continuum description. Equation (1.3) is an approximation to reality because the
charged matter is always composed of localized point-like atomic and elementary
particles, each of which is endowed with a distinct localized constant charge of its
own as depicted in Figure 1.2. Strictly speaking, the limit in Equation (1.3) does
not physically exist. The limit can be modified to provide an essentially contin-
uous p by stopping the approach of §V to zero when there is only the order of
one charged particle in it. We must then not ask questions of our continuum elec-
tromagnetism at length scales ~< (e/p)!/?. If a particular species, s, of charged
particles is characterized by a macroscopic number density of n,(r, ¢) and a charge
g, then in a coarse-grained continuum description, the charge density is given by

pr, =" gn(r,0). (1.4)

Charge is treated as an additive quantity in Maxwell’s equations, even for dif-
ferent charge species in the calculation of p. Examples of different species in

Macroscopic Microscopic

oV

Charge density Discrete charges

Figure 1.2 Continuum approximation.
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8 1 Physical Foundations

Equation (1.4) include Na™ and Cl~ in an electrolyte solution, electrons and holes
in a semiconductor, electrons and immobile ions in a metal, and electrons and
mobile ions in a plasma. A collection of microscopic particles having opposite
charges can and often does lead to a continuum charge density that vanishes when
8V is large enough. Also, when p(r, ) changes with time, it is always because net
charge is flowing into or out of 6 V.

The current density, J, is the source that appears in the Ampere—Maxwell law.
It is related to both the charges and their velocities in § V. Experiments show this
quantity to be the electric charge current density J(r, ) defined by

Je, =) p(r, Dvy(r, 1), (1.5)

where v(r, #) is the velocity of the charged matter of species s at (r, ¢). Metals can
have very large current densities because their copious electrons are quite mobile,
while their equally copious positive ionic cores are immobile. It is important to
realize that both r and ¢ are treated as independent variables in v as well as in p.
Note that the current density at a point can change because the velocity as well
as the charge density is changing in time. Finally, the mass or mass density does
not appear directly in the sources; its role only comes into play in the material
equations of motion via the inertial force.

The definitions of p and J are far from arbitrary. Without these definitions,
Maxwell’s equations would not predict the observed electromagnetic fields in
nature or even be consistent. The SI units for the sources also provide the SI units
for E and B from Equation (1.2).

1.5 Continuity Equations

The conservation of charge and definitions of p and J guarantee that these
quantities satisfy an equation called the charge continuity equation which reads

)
—E,o(r, =V .J(, 1. (1.6)

This field equation can be interpreted as saying that the only reason the charge
density can decrease at a point is because it flows away from that point. Thus,
V - J characterizes the flow rate of charge density at r.

Other quantities like mass density obey an equation of a similar form because
of the conservation of mass. A modified form of Equation (1.6) also applies to
quantities such as kinetic energy or potential energy that are not conserved. The
right-hand side of Equation (1.6) is augmented by a term that accounts for addi-
tional loss or source mechanisms. Many examples of this occur for systems that
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1.6 Charged Matter: Continuum Equations of Motion 9

are not closed. These considerations will be explained and derived in Sections 1.11
and 1.12.

1.6 Charged Matter: Continuum Equations of Motion

To complete the physical description, dynamical equations of motion for the
charged matter sources in Maxwell’s equations are required. They describe the
time evolution of p and J. Four scalar equations are needed for each charge
species. These can be obtained from the conservation of mass and Newton’s
laws for the momentum changes in a charged continuum fluid caused by forces
it experiences. There are many different physical situations where very different
approximations to the Newtonian equations of the charged fluid are relevant. Some
of these for a charged matter fluid are presented at the end of this chapter.

For an electron fluid in a conductor, collisions with lattice vibrations and impu-
rities can give rise to strong frictional forces which dominate inertial forces and
limit the velocity of the fluid to small values. Empirically, the fluid velocity is
observed to be proportional to the driving force rather than the fluid acceleration
as may be expected by Newton’s second law. For this important case, the four
scalar equations of motion for the electron charge and current densities p and J are

0
ap(r, H+V-J, =0,
J=0E,

(1.7)

where o = p?1/py is called the electrical conductivity of the electron fluid, with
o the mass density of the electron fluid and t the average time between collisions
experienced by the electrons flowing through the conductor. The dependence of o
on these temporally and spatially varying quantities makes o a function of (r, t).
The equation J =oE is referred to as Ohm’s law and relates the empirical rela-
tionship between force and velocity. Equations in (1.7) also apply to other physical
systems containing different charged particle species, for example, electrons and
holes in a semiconductor, or positive and negative ions in an electrolyte, which
require accounting for multiple charged species in the formulation of conductivity.

Sometimes there can be only external constraints or forces that essentially deter-
mine p and J, regardless of the electric fields they create. For example, a wire or
coil may be connected to an externally programmable, current-regulated power
supply to generate a prescribed magnetic field, or a voltage-regulated power sup-
ply may be connected to some conducting objects to establish charge distributions
that result in desired electric fields. Then there are no equations of motion for p
and J because they are simply given functions from which Maxwell’s equations
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10 1 Physical Foundations

can be solved. Problems based on this assumption are often a focus of introduc-
tory presentations of electromagnetism. These may be referred to as problems with
controlled sources.

The nonrelativistic, dynamical equations of motion for p and J have their origins
in macroscopic continuum mechanics laws of motion. These laws are based on
Newtonian mechanics applied to continuous mass and momentum distributions,

pou(r, t)=Mn(r, 1), Jy(r, t)=pyr, Hv(r,1), (1.8)

where py(r, t) is the mass density, M is the total mass, Jy,(r, 1) is the mass flux,
n(r, t) is the number density, and v(r, 7) is the velocity of a given particle species
at (r, 1). By virtue of the conservation of mass M, py, and J, satisfy their own
continuity equation,

d
_E'IOM(I., [):VJM(r’ t)a (19)

for each species. There is a close connection between the mass and charge densities
and current given by

Pms = — Ps, JMs: = —pPsVs, (110)

M; M 5. M;

s s s
again for each species, s. In the language of continuum mechanics, the electromag-
netic forces are called body forces. The electromagnetic fields E and B in the force
density both control the motion of p and J via the material equations of motion but
are also determined by p and J via Maxwell’s equations. It is quite legitimate to
claim that a continuous charge distribution interacts with itself via its own electro-
magnetic fields. Other forces like gravity, contact forces, and friction forces may
play a role in determining the motion of the matter fields.

The macroscopic approach to describing p and J is often used or assumed in
presenting classical electromagnetism. Maxwell was well versed in continuum
mechanics and considered the flow of charge as that of a deformable continu-
ous fluid. It should be no surprise that many of the mathematical methods for
electromagnetism were adopted from continuum mechanics. The presentation
and derivation of detailed continuum equations of motion are presented in
Section 1.12.

1.7 Charged Matter: Particle Equations of Motion

As an alternative to the macroscopic, continuum view, one may adopt a micro-
scopic view, where one chooses to study and present classical electromagnetism
in terms of moving point-like particles whose charge is localized at the particle
location in space and time. In this approach, Maxwell’s equations remain the same
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1.7 Charged Matter: Particle Equations of Motion 11

except that the charged matter sources are represented with the aid of highly sin-
gular density functions called Dirac delta functions. Consider a single charged
particle with constant charge ¢; that is completely localized at a time-dependent
location r;(¢). This position is not an independent variable like the position vari-
ables that appear in the arguments of the electromagnetic fields of Maxwell’s
equations. It is a dependent variable representing the trajectory of the ith charged
particle: r;(#) is obtained by solving the Newtonian equations of motion for the
single particle.

This situation has an analytic solution that involves the introduction of the three-
dimensional Dirac delta function 8 (r — r;(¢)), which is a highly singular function
localized at r =r;(¢). The properties of the Dirac delta are defined only when it
appears inside a volume integral. For example, if the charge and current densities
are taken to be

p, ) =qdr—ri1), J@ 1)=qVi()dx—r(1)), (1.11)

then the force on a particle with trajectory r;(¢) will be

F(r;(r)) = / dvi(r, 1) = / dV (p(r, HE(r, 1) + J(r, 1) x B(r, 1))
v %

= qE(ri(0), 1) + qivi x B(ri(0), 1),

(1.12)

with dV =dr® defining the volume element. This expression is the well-known
Lorentz force on a moving charged particle. It follows from the defining property
of the three-dimensional delta function,

/ dVé(r—r;(0)gr,t), ri(HevV,
gri(n,n= 1%
0 ) ri(t) ¢ Va

(1.13)

for any field function g. More will be said about delta functions in Chapter 2. For a
single isolated point charge at rest at r; = 0, Maxwell’s equations can be integrated
to yield an electric field,

(1.14)

which is called the Coulomb field at distance |r| from the charge and e, is the unit
vector equal to r/|r|. The mathematical method for obtaining this will be presented
in Chapter 2.

When more than one charged particle is involved in the source,

pr, 1) = > gid(r — (1)) (1.15)
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12 1 Physical Foundations

and

Je, 0 =) qvid8(r —r,(0), (1.16)

where ¢g;, r;(t), and v;(¢) are the charge, position, and velocity of the ith particle
at time ¢. The ith point-like particle might be an electron, proton, positron, ion,
nucleus, muon, tau, and so on. The charge of these particles only takes on discrete
quantized values that are independent of their motion and that of the observer. r;(?)
and v;(7) are governed by the many-particle Newtonian equations of motion in
which the forces depend, among other things, on the particle charge, the velocity,
and the electromagnetic fields evaluated at the changing positions of the particles.
For this purpose, the relevant electromagnetic fields are given by the Lorentz force
defined earlier so that for each particle,

M;

dr;(2)
5 (1.17)

dv;(1) .
= ; [¢:E;(xi(1), ) + q,vi x Bi(x;(1), )] , with vi(r) =

This equation predicts the observed motion when other non-electromagnetic forces
are absent. The term on the left accounts for the inertial force. On the right-hand
side of Equation (1.17) is the electromagnetic force on the ith particle due to the
fields, E; and B;, from the jth particle. To determine this electromagnetic force,
we must find E; and B; from all j particles which behave as sources in Maxwell’s
equations, in which p and J from Equations (1.15) and (1.16) are used.

Use of Equations (1.15) and (1.16) raises the question how the delta functions
behave in Maxwell’s equations. We will discuss how to find the fields by integrat-
ing Maxwell’s equations in Chapter 4. When this is done, the fields may always
be expressed by volume integrals that contain the delta function from the sources,
which makes the evaluation of these integrals straightforward. The only new and
nontrivial problem one encounters is that the field values E(r;(?), t) and B(r;(¢), 1)
excited by the particle at r;(r) are indeterminate. This problem means we cannot
evaluate the force that a particle experiences due to its own field.

Several fixes have been proposed. The simplest might be called the elec-
tromagnetic exclusion principle. It tells us to exclude the contribution to the
electromagnetic fields at r;(¢) due to the ith particle itself. This procedure has been
followed in Equations (1.15) and (1.16). Essentially, this procedure is equivalent to
saying that a charged particle does not interact with its own self-fields. This argu-
ment is consistent with the notion that, although this self-field is highly singular at
the particle’s position, it is also highly symmetric, leading to no net electromag-
netic force. From a practical standpoint, this procedure works rather well and is
often used; however, it is conceptually ugly because, in principle, we now need
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1.8 The Wave Equation Form of Maxwell’s Equations 13

different electromagnetic fields for each particle’s equation of motion. In addi-
tion, it is known that highly accelerated charged particles do experience forces,
called radiation reaction forces, that are not accounted for in the Lorentz force
law. This effect is mostly important for electrons, which, due to their low mass, can
experience large accelerations in high fields like those in an atom. Further discus-
sion of radiation reaction forces and their associated formulas will be presented in
Chapter 6.

The mathematical problem of these infinite self-forces does not appear in the
macroscopic continuum version of the many-particle theories, where a dense col-
lection of charged particles is approximated by a continuous charge density and
resultant charge density field functions. However, this approximation gets the
physics of very small distances like the self-field problem wrong.

1.8 The Wave Equation Form of Maxwell’s Equations

We return to the dynamical Maxwell’s equations of Equation (1.1). These equa-
tions are believed to be true no matter in what medium the electromagnetic fields
exist, for example, vacuum, water, glass, metals, semiconductors, gases, and plas-
mas. In all media, Maxwell’s equations will provide solutions for the fields,
assuming all are known. The constants €, and pu are called the permittivity and
permeability of the vacuum, and they have the values in SI units of

€0 = 8.85 x 1072 Farad/m,

1.18
o =1.26 x 10~° Henry/m. ( )

The Farad is a measure of capacitance and the Henry is for inductance, stressing the
fundamental connection between €, and electric fields and p with magnetic fields.
This connection will appear naturally in connection with the near-field approxi-
mation to Maxwell’s equations and its connection with circuit theory presented in
Chapter 5.

Further insight is gained when the four first-order Maxwell’s equations are
combined (using the rules of vector calculus reviewed in Chapter 2) into two
inhomogeneous second-order equations known as the wave equations. These wave
equations are given by

2
V’E — 60#02—]23 = le + /Log,
t €o at (1.19)

2

, o°B
\% B_EOMOW:_MOV x J.

In these equations, the dynamics of each electromagnetic field are isolated on the
left-hand side and the sources that drive the dynamics are on the right-hand side.
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14 1 Physical Foundations

From the left-hand side, it is seen that the efficacy with which a charge drives the
electric field in a vacuum is ~ 1/¢€;, whereas the efficacy with which a current
drives both electromagnetic fields is ~ .

The left-hand side of Equation (1.19) contains €, and 1, only as a product €yiq,
which has the same dimensions as an inverse squared velocity. In Chapter 2, we
demonstrate how the mathematics works in one dimension to show that 1/,/€o1to
is the velocity of propagation, ¢, of an electromagnetic signal in free space. This
method is due to d’Alembert in his study of sound propagation. Later, in Chapter
4, we will show how this result is obtained by the integration of Equation (1.19).
Thus, it is quite generally true that

1
/€00 '

In Chapter 4, we will develop a method to integrate Equation (1.19) to obtain the

full spatial and time dependence of the electromagnetic field for specified sources
in a form called Jefimenko’s equations.

(1.20)

C =

1.9 Point-Like Dipole Moment Sources

Our discussion of delta function localized sources characterized by a scalar quan-
tity ¢ is incomplete. There is much experimental evidence that shows that particles
can have an additional complex internal structure associated with internal charge
separation and internal currents. This internal structure can be electromagnetically
characterized by a series of multipole moments, each of which responds to and
creates electromagnetic fields. The charge ¢ is called the monopole. Usually the
next most important multipole is called a dipole (and the next the quadrupole).
Dipoles result from vector-like properties of the particle. There are two types of
dipoles: electric and magnetic. The former is characterized by an electric dipole
moment, p, and the latter by a magnetic dipole moment, m. The SI units for p
are Coulomb-meter (C m), and for m Ampere-meters-squared (A m?). In exter-
nal electromagnetic fields, particles with both monopole and dipole moments will
experience both a net force,

F=¢gE+gvxB+V(({P-E)+V(@m-B), (1.21)
which determines the particle motion in space, and a net torque,
T=pxE+mxB, (1.22)

around the particle position, determining the orientation of moment directions. The
magnitude and direction of these moments are closely related to an internal charge
separation or angular momentum of the charged constituents of the particle.
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1.10 The Hidden Sources and Fields in Dense Media 15

One is often particularly interested in dipole moments when the particle net
charge is zero because then the very strong Coulomb force does not dominate the
dipole forces. The electromagnetic fields excited by an isolated electric dipole at
rest at r =0 are given by

1 3(p ' er)er —p

E(r) = , 1.23
® 4meg |3 (1.23)
and for a magnetic dipole,
3(m-e,)e, —
B(r): ﬂ(lne—)enl’ (1_24)
4 Ir|3
which are both obtained from Maxwell’s equations by methods discussed in

Chapter 5.

The dipole moments may be intrinsic to the particles. For example, electrons,
protons, and nuclei have intrinsic magnetic dipole moments, and some molecules
like water have intrinsic electric dipole moments. Other particles only have dipole
moments when they are immersed in electromagnetic fields. Neutral atoms and
molecules usually have such induced moments and are called polarizable or
magnetizable.

1.10 The Hidden Sources and Maxwell’s Equations in Dense Media

Neutral macroscopic objects can generate electromagnetic fields either sponta-
neously or in response to external charges or currents. This effect arises from
macroscopic numbers of internal dipoles that in aggregate can produce macro-
scopic charge or currents in the macroscopic object. Either intrinsic or induced
dipoles can play a role. We call these internal charge and current densities.
Maxwell’s equations are still valid, assuming we know all the charges and cur-
rents because they belong to sources belonging to the object. In the early days
of electromagnetism, the origin and quantification of these internal sources were
unknown or poorly understood, but their experimental influence on the behavior
of electromagnetic phenomena was often quite dramatic and disparate for different
kinds of materials. Many of these phenomena can be explained by introducing new
auxiliary fields P and M, called the polarization and magnetization fields, respec-
tively. P is the density of microscopic electric dipole moments in the object. M is
the density of magnetic dipole moments. In Chapters 8 and 9, these new fields give
rise to internal sources p;, and J,,, obtained via

pint = _V : Pv

9 (1.25)
Ji”’:8_tP+V x M.
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16 1 Physical Foundations

Both results depend on P and M being defined as dipole densities with the field due
to the dipoles being given by Equations (1.23) and (1.24). Because these sources
are bound to the medium, they are sometimes referred to as bound charge and
current density, where ppoung = pir = —V - P and Jypume = V x M the contribution
Jyo1 = 0P/01 to J;,, is referred to as the polarization current. Note that these internal
sources satisfy the continuity equation. P and M must of course be guessed or mod-
eled appropriately to give results that account for many experiments. Maxwell’s
equations can now be recast by renaming the charge and current densities that
are not p;,, and J;, that arise from macroscopic aggregates of dipoles as 0.,

and Jfree,
oB(r, 1)
V-D(r, 1) = pprec(r, 1), V xE(, 1) =— ,
ot (1.26)
oD(r, 1)
V. B(r9 t) = 0’ V x H(r’ t) = Jfres(r’ t) + 9t ’
where two new fields,
D=¢E+P,
B 1.27
ae® M (1.27)
Mo

have been introduced. Note that in Equation (1.26), E and B are still the elec-
tromagnetic fields due to all charges and currents, which are now pg.. + pin and

Jfree + Jint-
Often, well-founded physical models for P and M can be converted via Equation
(1.27) to the form

D=D(E), H=H(B). (1.28)

These kinds of equations are called constitutive relations and are needed to solve
Maxwell’s equations in the form of Equation (1.26). In empty space, they take the
form

D=¢E, B=puoH, (1.29)

from which the original Maxwell’s equations are recovered.
An example of constitutive equations for slow, time-dependent fields in what is
called a linear medium is obtained by assuming

D(r, 1) =€e(E(, 1), B(r, 1) =pu@H(,1) (1.30)
inside the medium and

D(r, 1) =¢E(r, 1), B(r,1)=puH(r, 1) (1.31)
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1.11 Energy, Momentum, and Angular Momentum 17

outside it. €(r) and wu(r) are called the dielectric and permeability functions,
respectively. More complicated constitutive relations can be envisioned and indeed
are commonly used to explain electromagnetic phenomena in the optical regime.
The connection between the constitutive relations and the medium’s charge
and current densities and their equations of motion will be discussed later in
Chapters 8, 9, and 13.

When E or B become extremely large, the constitutive relations can become
nonlinear. This destroys the linearity of Maxwell’s equations and leads to a wide
range of new electromagnetic phenomena.

1.11 Energy, Momentum, and Angular Momentum

Consider the material charge sources and the electromagnetic fields as a closed
system. Momentum, energy, and angular momentum may be viewed as belonging
jointly to, and capable of moving between, the material and electromagnetic fields,
as suggested by the conservation principles of these quantities and the electromag-
netic interactions between sources and fields. From a continuum perspective, a
material system has

momentum density: py(r, 1)v(T, 1),
1
energy density: > pu(r, NV (r, 1), (1.32)

and angular momentum density: oy (r, H)r X v(r, 1).

The interaction between charged matter and the electromagnetic fields requires an
extension of the local conservation of momentum, energy, and angular momentum
density to the larger system of matter plus fields. The rate at which these quantities
change is given by
f=pE+J xB for momentum density,
v-f=J-E forenergy density, (1.33)
rxf=prxE+rx (JxB) forangular momentum density.

Note that because the magnetic field is perpendicular to the velocity it does no
work and does not contribute to the rate of change of energy density. The most
well-known application of these ideas is the Poynting theorem, which states that

the rate of energy transfer from charged matter in motion to the electromagnetic
fields, dW,4/dt, is governed by

dWg, 1 1 0B-B JE-E
ﬂ:—/dVJ-E=/dV — V. ExB)+— + 2 ,
dr % v Mo 2ug 0t 2 ot

(1.34)
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18 1 Physical Foundations

which follows from replacing J, the mechanical variable, by its connection with
the Ampere-Maxwell equation, and simplifying with integration by parts and
Faraday’s law. If the volume integration region is arbitrary this implies

—3[LB-BJF@E-E}=lv-(ExB)+J-E, (1.35)
ar | 2o 2 Mo

which can be viewed as an equation of motion relating the rate of electromagnetic
energy density decrease of the electromagnetic field, given by 0w,/ 01, to the
flux density V - S at which wg,, flows into other regions of space, and the rate of
conversion of electromagnetic energy to mechanical energy density 0w,,..;/0t of
the charge density. These three terms are obtained from Equation (1.35) giving

1 €
Wﬁe[dzz—'uOB'B‘i‘EE'E,

1

S=—E x B, (1.36)
Mo

. Wimech = 'Ev

¢ "mect =

all evaluated at the (r, 7) of interest. S is called the Poynting vector. So the equa-
tion of motion for wg,, clearly has the form of a continuity equation with an added
mechanical loss term. When a similar derivation is carried out for the electromag-
netic momentum density, it is found to be S/c*. The electromagnetic momentum
current density is known as the Maxwell stress tensor, T, which is of utility for
calculating electromagnetic forces on macroscopic objects.

We now shift our attention to the parallel discussion involving equations of
motion and conservation laws for the continuum charged matter system.

1.12 Simple Continuum Mechanics of Charged Matter

Many expositions of electromagnetism give short shrift to the field theoretic equa-
tions that describe, on a macroscopic continuum level, the motion of charged
matter exposed to electromagnetic and other forces. This is unfortunate for two
reasons. First, the continuum description of matter in motion preceded electromag-
netism and provided many of the concepts used in its development and description.
These methods were well known to Maxwell and invaluable for anyone seek-
ing a deep understanding and intuition for electromagnetism. Second, there are
many practical problems where it is the motion of the charged matter that we are
really interested in. Determining this motion requires knowing the electromag-
netic forces. But knowing them does not solve the question of the motion which
motivated the problem to start with. Thus, although the material presented below
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1.12 Simple Continuum Mechanics of Charged Matter 19

belongs to the formal study of continuum mechanics, we present it here for the
curious reader who has not encountered it before.

As an example of continuum mechanics, we shall first focus on what is called an
inviscid fluid, that is, a fluid without viscous forces. We shall additionally assume
that all contact forces in the form of pressure gradients or viscosity-based frictional
forces are absent. The remaining forces are called body forces. Historically, the
most important example of a body force was an external gravitational field. In
astrophysics, one is also interested in internal gravitational fields generated by
the matter fields under observation. More relevant to us are electromagnetic body
forces generated both internally and externally to the localized charged matter we
are trying to describe.

Begin by considering a variable density charged fluid characterized by a charge
density p(r, ), a mass density py(r, ), a velocity field v(r, 7), and a body force
per unit volume fz(r, ), which for electromagnetic forces is f= pE + pv x B.
Mass and charge will be quantities that are strictly conserved. Other quantities, like
momentum and kinetic energy of the fluid, are also conserved except when acted
on by body forces. In the presence of body forces, the equations of motion may
be cast in the form of conservation equations with a conservation breaking source
term. Taking into account Newton’s laws of motion we expect the nonconservation
of momentum to be sourced by fz and for kinetic energy by v - f;.

We begin by deriving mass conservation. Consider the motion of an infinitesi-
mally localized volume AV containing a mass AM = pyAV. During the motion,
assume that the mass in the volume stays constant, which is what we mean by con-
servation of mass. But the density and volume element must both change along the
motion.

Pu(Tay (@), ) AV(ray(t), t) = AM = const. (1.37)

where ray(7) is no longer an independent variable. It describes the position of AV
as it moves along with the fluid. For simplicity we shall call ray (¢) just r(¢) in what
follows.

A time derivative along the motion of a moving fluid element is called a sub-
stantive derivative and often indicated in fluid dynamics by the notation D/Dt. In
calculus and physics, this is called a total derivative and indicated by d/dz. The
proper interpretation of df/dr is the rate of change of f of the fluid element as it
moves about in space; it is not the rate of change of f of the fluid at a given point
in space. The total time derivative for any function that is dragged along with the
flow r(¢) of material particles in the fluid is deduced from the chain rule as

dr(r)

d 0
g 00, === V@, )+ = fr 0. (1.38)
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20 1 Physical Foundations

Thus, the change df in f of a fluid element during the time df consists of two parts:
The first term corresponds to the difference in f* at two points dr apart where dr
is the distance moved by the fluid element in d#; the second term corresponds to
the change in f during dr at a fixed point in space. The reader must be cautioned
that the symbols r(#) and r here mean very different things: r(¢) is a chosen path
in space, whereas r is the general spatial variable. Note that, for a particular (r, ?)
in the fluid the flow through that point actually defines v(r, 7) by

v(r, t) = dz(tl)

(1.39)

r

In terms of these concepts, the conservation of mass means

A
9 apr—o= StV
dr ar

d d
= pu(c(®), )L AV, ) + AVX@). ) ou (). 1).
(1.40)

Notice that from the conservation of mass and the divergence theorem applied to
a very small volume AV, it follows that
dAV d

“er_c da-r(t):/ da-v(t):/ dVV -v(1) = AVV -,
de dr Jyav dAV AV
(1.41)

where dAV is the boundary of the volume AV and da is the infinitesimal sur-
face normal at a point on the surface of AV. When Equation (1.41) is used in
Equation (1.40) gives
QAo 1)
AV dr oy dr
This result provides an interesting interpretation of V - v in the context of motion
along the flow. In cases where V - v =0, Equation (1.42) implies that the mass
density does not change along the flow indicating that the fluid is incompressible.
Using the definition of the substantive derivative in Equation (1.38) to rewrite
Equation (1.42) gives

d
0=puV - — O,
Pm V+dt/0M

B
O:IOMV'V+V'V/0M+E/0M7 (1.43)

d
0=V _-(puv) + E,OM-

This is the classic form of a differential equation connected with a local conserva-
tion law.
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1.12 Simple Continuum Mechanics of Charged Matter 21

Exactly the same steps can be used to express the local conservation of charge
in terms of the charge and charge current densities via

VI, + %p(r, n=0. (1.44)

We now express Newton’s law describing momentum changes in the fluid in terms
of a local differential equation trying to get in as close a form as possible to a
conservation law. The result follows from writing Newton’s second law as

dAMv B AMdV . AVdV N dv _t
a oA T PRy g =
ov
Oum ((v- V)v+ E) =13, (1.45)

0
V- (omviv) + 3 (omVi) = fiB-

The last equation follows from Equation (1.43) and the subscript i stands for any
one of the Cartesian components of the vector quantities to which it is attached.
Thus, Equation (1.45) shows that, unless there is a body force along the ith direc-
tion in the fluid, the momentum density along that direction p,,v; is a conserved
quantity.

At this point, you can probably write down the equation of motion for the kinetic
energy in the fluid. It is

1 a (1
V. (EpM(v-v)v> + Y <§,OMV . V) =v-fz (1.46)

Equations (1.43), (1.45), and (1.46) are called Euler’s equations. In a multispecies
system, there will be one set of conservation equations for each species. When the
body force is electromagnetic, the electric and magnetic fields in each equation
are total fields, but the charge and charge current densities are related to the mass
and momentum density by the mass to charge ratio for the species. Thus, for the
species, s, the fluid equations for mass and momentum are

0
V. (psM Vs) + E‘psM == 07
9 q q (1.47)
V' sM VsiVs _sVsi:_ssEi _ss VSXBi-
(Psm )+8ZpM MspM +MS;0M( )
In the equations describing the local conservation of mass and momentum, we
have four unknown scalar functions pg, and v, as well as four coupled nonlinear
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22 1 Physical Foundations

partial differential equations. These are the equations of motion for the fluid. For
charged matter, the body forces require a knowledge of p, J, E, and B, where p and
J are related to py, and Jy,, and Maxwell’s equations are used to obtain E and B.
These equations of motion for the matter field are already much more complex than
Maxwell’s equations (which are at least linear) and we have not included contact
pressure and viscous forces. When these other contact interactions and viscous
forces are required or included in the equations of motion for an incompressible
fluid, they are called the Navier—Stokes equations.

All fluid equations can be simplified and solved under special assumptions often
used in solving Maxwell’s equations. For example, static and steady-state equa-
tions can be deduced as well as those for incompressible fluids or fluids without
angular momentum, etc. One interesting case is where a frictional damping force,
proportional to velocity y v, is much stronger than the inertial and magnetic forces.
The two fluid equations reduce to

0
V. (psM Vs) + a_pSM - Oa
4 (1.48)

qs
Psmy Vs = M}OSME-

The recent implementation of numerical codes on very fast computers has also had
a major impact on solving important fluids problems related to important issues
like plasma fusion, aerodynamics, microfluidics, cosmology, and so on.

1.13 Problems

Problem 1: Assuming the sources are known, how many unknowns and how
many equations are contained in Equation (1.1)? What does this suggest
to you?

Problem 2: Assuming the sources p and J are known, how many unknowns are
contained in the wave Equation (1.19)?

Problem 3: Provide the intrinsic dipole moments for an electron, proton, different
isotopes of oxygen nuclei, water molecule, ammonia molecule, and carbon
dioxide molecule.

Problem 4: Prove that the form of Maxwell’s equations in Equation (1.26)
follows from the fields defined in Equation (1.27).

Problem 5: Show that Equation (1.29) converts the form of Maxwell’s equations
in Equation (1.26) into the vacuum form of Maxwell’s equations given in
Equation (1.1). How does p as defined for Equation (1.26) transform to p
appearing in Equation (1.1)?
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1.13 Problems 23

Problem 6: Consider a variable density, charged fluid characterized by a charge
density p(r, f), a mass density py, and a velocity field v(r, 7). The fluid is
described by the equation,

dv(x, 1)

om (X, t)T =fareie + 0 X, DEX, 1) + p(x, DV(X, 1) x B(x, 7). (1.49)

Body forces act per unit volume, and consist of electromagnetic forces,
f=pE + pv x B and other forces such as the gravitational force. The term
.5 includes these additional body forces, as well as contact forces that
infinitesimal fluid elements exert directly on the surface of any other neigh-
boring element of fluid. Often the contact force on a small volume V manifests
itself through a scalar pressure function p(x, ). The force per unit area is taken
to be normal to the surfaces of the chosen volume element, giving for the

contact force,
fcontact = //p(X, t)da- (1.50)

Part a: Show that including gravity the fluid equation (1.49) can be written as

WED v Vv =g - ———Vpx, )
ot voyvRn=e pu (X, 1) P
p(X, 1)
+ —0F [E(Xa t) + V(X9 t) X B(Xv t)]v
pM(X’ t)

(1.51)

and in the process explain where the derivative terms on the right-hand
side of the equation come from.

Part b: This together with Maxwell’s equations clearly does not contain
enough information to solve for all the unknown fields. Find another field
equation relating p,, to v and provide a physical motivation.

Part ¢: How much more information do you need to solve for all the fields?
Make suggestions for where the additional field equations might come
from.

Part d: What was Albert Einstein’s PhD thesis about?

Part e: What was Niels Bohr’s PhD thesis about?

Problem 7: (a) Prove that Maxwell’s equations are consistent with and indeed
require charge conservation. (b) Derive Maxwell’s equations from Ampere—
Maxwell, Faraday, and the charge conservation laws.

Problem 8: Consider an isolated conducting body of uniform conductivity. Imag-
ine it is immersed in a steady electric field produced by bodies external to it.
Can there be any static electric field inside the conducting body in the steady
state? Imagine that at t = 0, through some mechanism, an excess charge den-
sity, po, is injected into a localized spot inside the conducting body. How long
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does it take to reach equilibrium and where does the charge end up after it
does? Estimate this time for: a simple metal, and a good insulator.

Problem 9: Confirm or debug the claim that particles of the same charge-to-mass
ratio take the same path when starting out with similar initial conditions in a
static electric field.
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