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A NOTE ON ABELIAN MONOGENIC TRINOMIALS

LENNY JONES

(Received 27 May 2026 UTC; accepted 2 June 2026 UTC)

Abstract

An abelian monogenic polynomial f(x) € Z[x] is a monic polynomial of degree N > 2 that is irreducible
over Q, such that the Galois group of f(x) over Q is abelian, and {1, 6, 62, ...,0""1} is a basis for the ring of
integers of Q(6), where f(6) = 0. We determine all abelian monogenic trinomials of the form X+ ax" + b,
where n,a,b € Z withn > 1 and ab # 0.
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1. Introduction

We say that a monic polynomial f(x) € Z[x] is monogenic if f(x) is irreducible over
Qand {1,6,6, ...,0%H1} is a basis for the ring of integers, Z, of the number field
K = Q(6), where f(0) = 0. It is well known [1] that

A(f) = [Zk : ZIOIPAK), (1.1)

where A(f) and A(K) denote the discriminants over Q of f(x) and the number field K,
respectively. We refer to [Zg : Z[6]] as the index of f(x) and denote it by index(f).
Thus, from (1.1), f(x) is monogenic if and only if A(f) = A(K) or, equivalently,
index(f)=1. We say that f(x) is abelian monogenic if f(x)is monogenic and the Galois
group of f(x) over Q, denoted by Gal(f), is abelian.

The investigations in this note were motivated by the following results of
Marie-Nicole Gras.

THEOREM 1.1 [2]. Let N =5 be an integer with gcd(N,6) = 1. There exist only
finitely many abelian extensions of Q of degree N whose ring of algebraic integers
is monogenic.

THEOREM 1.2 [3]. Let £ > 5 be prime. Then, there exists at most one cyclic extension
K/Q of degree €. Moreover, if 20 + 1 is prime, then K is the maximal real subfield
of the cyclotomic field of index 2€ + 1 and if 2€ + 1 is not prime, then no such cyclic
extension exists.
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THEOREM 1.3 [4]. Let K/Q be a cyclic extension of degree €', where € > 5 is prime
and r > 2. Let Zg denote the ring of integers of K.

(1) If2¢" + 1 is not prime, then Zg is not monogenic.
(2) If 20 + 1 is a prime p and if there exists a prime q # p such that g is totally
ramified in K, then Zg is not monogenic.

We see that Theorems 1.1, 1.2 and 1.3 are concerned with abelian monogenic
number fields whose degree over Q is relatively prime to 6. Our focus in this note
is on the specific trinomials

Frap(X) 1= " +axX" +beZx], wheren>1andab #0.

If F,.45(x) is irreducible over Q, then we make two observations: the degree of the
number field Q(@), where 7, , (@) = 0, is not relatively prime to 6 and if d is a divisor
of n with d > 1, then F;,,(x) is also irreducible over Q. It is our goal to determine all
abelian monogenic trinomials of the form 7, , ,(x).

We make some notational remarks. For 7, ,5(x), we let

W := (a* — 4b)/ ged(2, a)*.

For any integer N > 1, we let Cy denote the cyclic group of order N, and ®y(x) denote
the cyclotomic polynomial of index N and degree ¢(N). For integers r and m with
m > 2, we let the notation ‘r mod m’ denote the unique integer z € {0,1,2,...,m — 1}
such that r = z (mod m), that is, r mod m = z. For any integer n > 2, we define the
radical of n, denoted rad(n), to be the product of the distinct prime divisors of n.

Our main result is as follows.

THEOREM 1.4. The trinomial F,4,(x) is abelian monogenic if and only if (n, a,b) is
contained in one of the following pairwise-disjoint sets.

(1) {(1,a,b): W is squarefree and
(amod 4, bmod 4) € {(0,1),(0,2),(2,2),(2,3)} if2]a.

In this case, Gal(F14,) = C.
(2) {(2,%4,2),(2,-5,5)}. In this case, Gal(F2,4p) =~ Ca.
3) {(2,a,1): W is squarefree and a mod 4 € {0, 3}}. In this case,

Gal(F2.41) = C2 X Ca.
4) {27, =1,1): r = 2}. In this case, Fyr_1.1(x) = ®p1.5(x) s0 that
Gal(F2r—11) = Cy X Cy X Cyr1.

(S) {3, 1,1): s=1}. In this case, F3s1.1(x) = Q351 (x) so that Gal(Fas11) = Cr3s.
(6) {(3°,—1,1): s> 1}. In this case, F3s _1,1(x) = Py.341(x) so that

Gal(F3: -11) = Co3s.
(7) {@273%,=1,1) : rs > 1}. In this case, Frr3s —1,1(X) = Dp13041(X) SO that
Gal(fzg\-,_l,l) o~ C2 X C2 X Czr—l X CSA.
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2. Preliminaries

The following lemma shows that there are severe restrictions on the value of n if
Gal(F ) 1s abelian.

LEMMA 2.1. Suppose that F,.,(x) is irreducible over Q and that Gal(Fpqp) is
abelian. Then, n = 2"3° for some nonnegative integers r and s. Furthermore, if d > 1
is a divisor of n, then Gal(F44,) is abelian.

PROOF. Note that if n = 1, then Gal(¥,,;) = C, is abelian. So, suppose that n > 2
and let p be a prime divisor of n. Then, ¥, ,;(x) is irreducible over Q since ¥, 45(x) =
ﬂ’a,b(x"/ P) is irreducible over Q. Observe that if @ is a zero of F,,;(x), then a{), is
also a zero of ¥, ,;,(x), where £}, is a primitive pth root of unity. Thus, since L = Q(a)
is normal over Q, L contains the cyclotomic field Q({,). Hence, [Q({,) : Q] = p -1
divides [L : Q] = 2p, which implies that p € {2, 3}.

Suppose next that d > 2 is a divisor of n, and let K and L be the respective splitting
fields of ¥, ,,(x) and the irreducible trinomial ¥ ,;(x). Then, L € K and L is normal
over Q. It follows that Gal(¥ ;) is abelian since otherwise, Gal(¥, ,;) would have a
nonabelian quotient, which is impossible. |

The following four theorems describe the abelian monogenic trinomials %, , »(x) for
respectively n € {1,2, 3, 6}. The proofs can be found in [6].

THEOREM 2.2. Suppose that F ,(x) is irreducible over Q. Then, ¥ 45(x) is abelian
monogenic if and only if ‘W is squarefree and

(amod 4, bmod 4) €{(0,1),(0,2),(2,2),(2,3)} if2]a.

THEOREM 2.3. Suppose that F, 4,(x) is irreducible over Q. Then, T 4(x) is abelian
monogenic and:

(1) Gal(F24p) = Cu if and only if F4p(x) € (242 +2, 2 =52+ 5);
(2) Gal(T2.4p) = C, X Cy if and only if ‘W is squarefree and

Frap(x) € (xX* + ax’ + 1 : amod 4 € {0,3}).
THEOREM 2.4. Suppose that Fi,,(x) is irreducible over Q. Then, F3,p(x) is
abelian monogenic if and only if F34(x) € (X0 =3+ 1, x° + X3 + 1}, in which case,

Gal(F3.4,) = Ce.

THEOREM 2.5. Suppose that F¢ ,(x) is irreducible over Q. Then, T 45(x) is abelian
monogenic if and only if Fe qp(x) = x12 — x8 + 1, in which case, Gal(Fo.ap) = C2 X Co.

The next lemma is an application to our specific situation of a theorem due to Kaur,
Kumar and Remete [7, Theorem 1.1].
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LEMMA 2.6. Letn,a,b,r,s € Z such thatn = 2"3* withn ¢ {1,2,3,6} and ab # 0. Let
k = n/rad(n). Then, k > 1 and

Frab®) = Fradinyap ().

If Frap(x) is irreducible over Q, then F,,,(x) is monogenic if and only if all of the
following conditions are satisfied:

(1) b is squarefree;
(2) q does not divide index(F, 4) for all prime divisors q of k;
(3) Fradmy.ap(X) is monogenic.

3. Proof of Theorem 1.4

PROOF. Suppose first that 7, ,;(x) is abelian monogenic. Thus, n = 2"3%, for some
nonnegative integers r and s, by Lemma 2.1. Then, using Theorems 2.2, 2.3, 2.4 and
2.5, along with Lemma 2.6, and considering the four cases

(r=0,s5=0), (r=1s=0), (r=0,s5s=21) and (r=1,s>1), 3.1

we arrive at the exact sets given in the statement of the theorem.

Since the methods for each of the cases in (3.1) are similar, we provide details only
for the case (r > 1,5 = 0), which will yield the sets in items (2), (3) and (4) in the
statement of the theorem. If r = 1, then %, 4 5(x) is monogenic by assumption. If r > 2,
then, since

Frnas®) = Farap@) = Frap@® )

is monogenic, it follows from Lemma 2.6 that %, ,5(x) is monogenic. That is, in either
situation, % ,5(x) is monogenic. Therefore, we deduce from Theorem 2.3 the two
possibilities for (a, b):

(a,b) € {(£4,2),(-5,2)} or amod 4 €{0,3}, b =1 with ‘W squarefree. (3.2)

Hence, if r = 1, then (n,a, b) = (2, a, b) is contained in either the set of item (2) or the
set of item (3). If » > 2, then it is easy to verify, using a computer algebra system, that
F2.+42(x) and F _s5,(x) are nonabelian. Consequently, - 142(x) and Fpr _5,(x) are
nonabelian for any » > 2 by Lemma 2.1. For the second possibility in (3.2), it follows
from [5] that ¥ ,;(x) is abelian only when a = —1. Thus, in this situation, we get
Frz.—11(x) = Dpa(x), so that F32 _;1(x) is monogenic and Gal(F52 _; 1) = C; X Cy X Cs.
Therefore, (n,a, b) = (2", —1, 1) is contained in the set of item (4) in the theorem since,
when r > 3, we have For 1 1(x) = Dpr1.3(X).

Conversely, if (n, a, b) is contained in one of the seven sets given in the statement of
the theorem, then it is straightforward to confirm that ¥, ,;(x) is abelian monogenic.
For example, if (n,a,b) € {(2"3°,—-1,1): rs > 1}, then it is easy to verify that
Foras —1.1(x) = Ppr130+1(x). Hence,

Gal(Far3-1,1) = C2 X C3 X Cyr-1 X Cs,

and Fr3s —1,1(x) is monogenic by [8, Theorem 2.6]. O
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