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Abstract

We describe two chain-transformations which explain and extend identities for order
statistics and quantiles proved by Wendel, Port and, more recently, by Dassios.
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1. Introduction

We first report the intricate recent (and not so recent) history of the study of quantiles
of stochastic processes, as we finally came to understand it.

The inverse of the distribution function of a probability measure u on [R,

Mcz=inf{x: /l(( - 00, x]) > ex}, ex E (0, 1),

is known as the family of quantiles associated with u. The quantile M(J.(X) associated
with the occupation measure

of a real-valued stochastic process X = (Xs , 0 ~ s ~ 1), has been of interest recently in
mathematical finance, in connection with the pricing of path-dependent options. It may
be thought of as a variant of Asian options; however, the computations of the laws of
quantiles are much easier. With such applied purpose in mind, the study of Mcz(X), when
X is a Brownian motion with drift, has been dealt with since 1992 by Miura [16], Akahori
[1], Dassios [6], Embrechts et ale [12] and Yor [23]. In this special case, Dassios [6]
obtained the following striking identity:

(1) Mcz(X) ~ sup Xt + inf (Xt+cz-Xcz).
O~t~Cl O~t~I-Cl

Of course, we may use the Markov property and rewrite (1) as
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Two chain-transformations and their applications to quantiles 883

(2)
(d) .-

M(iX) = SUp Xt + inf Xt ,
O~l~~ O~t~I-~

where X denotes an independent copy of X. Recently, Dassios [7] proved a version of
(1) for chains with exchangeable increments, and deduced that (1) holds more generally
for processes (in continuous time) with exchangeable increments. As a consequence,
(2) can be extended to Levy processes. More recently again, Dassios [8] extended the
validity of (1) to additive renewal reward processes.

On the other hand, in the case when X is a Brownian motion with drift, Embrechts
et al. [12] gave an explanation of (1) based on a path transformation which is a close
relative to that in Bertoin [3]. Moreover, the latter has a version for chains with exchange­
able increments as well; see [4]. Hence, it became natural to search for a pathwise
explanation of the Dassios identity in [7] in the same vein as in [12].

After writing a first draft of this paper along these lines, we were kindly informed by
Ron Doney that in the case where Xt= S[t], t ~ 0, with [t] the integer part of t ~ 0 and
Sn=Lk=l ~b n E N, is a random walk (i.e. the ~k are i.i.d. real-valued r.v.'s), (1) had
already been obtained by Wendel [20] in his study of order statistics of partial sums;
see also Port [18]. Hence, we suggest calling (1) the Wendel-Port-Dassios identity.

Once we had learnt of the Wendel-Port-Dassios references, it still seemed that our
project of developing the techniques of Bertoin [3, 4], and applying them to the study
of quantiles for various classes of processes X, had some value.

This paper is organized as follows. Two chain-transformations, the first one of a
predictable kind, the second one of an optional kind, are presented respectively in
Sections 2 and 3. These transforms allow one to recover respectively the identity (1) for
renewal reward processes [8] and for chains with exchangeable increments. In Section
4, using approximations based on discrete time skeletons, some continuous time versions
of the main result in Section 3 may be obtained for Levy processes; the Meyer-Tanaka
formula for local times plays an essential role here. Finally, in Section 5, explicit formulae
are obtained in the case of Levy processes with no negative jumps.

2. A predictable explanation

2.1. A predictable transform. Let (sn)n~O be a real sequence and (an)n~l a sequence
of positive real numbers with L~ ak = 00. Introduce the sequence of the partial sums

(3)
n

Ao=O~ An = L ai,
k=l

n= 1,2,.··,

its right-continuous inverse

(4) cx(t)=max{k: A k ~ t}, t ~ 0,

and the step function Xt=s~(t), whose successive values (or steps) are So,··, Si'··. We
stress that x is right-continuous with x(An) =Sn, and that the value of the nth step of x
is 8n- l and its duration an.
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884 1. BERTOIN, L. CHAUMONT AND M. YOR

Next, fix a level l ~ 0, and consider the increasing sequences

(5)

and their inverses

n

A;? = L ak 1{Sk-l >1},
k=1

n

A~ = L akl{sk_l~l}=An-A~,
k=1

(6) cx?J=max{k: A? ~ t}, cxr=max{k: Ar ~ t},

with the usual convention min (/) = 00. We then distinguish the increments Sk - Sk -1 accord­
ing to whether Sk-1 > lor Sk-1 ~ l , to construct two new (right-continuous) step-functions
p~ and p8 as follows:

(X(±)

p?J = t l{sk_l>l}(Sk -Sk-1)
k=l

(Xe

pr = t 1{sk_l~l}(Sk-Sk-1)
k=l

for t < A~,

for t < A~.

The notation p refers to 'predictable'.
The construction ofr" and p8 is better understood in terms of the excursions of the

step function x above and below l. More precisely, write u; and d; for the instant of
the nth upcrossing and the nth down-crossing, respectively, of x across the level l.
Namely, put do=O and

un=inf{t ~ dn-1 : x, > l}, dn=inf{t ~ u;: x, ~ l} (n=1,2,.··).

Call (XU n + I ' 0 ~ t ~ d; -Un), the nth excursion of X above l; observe that all its values
but the ultimate one are greater than l. We see that r" is obtained by shifting the first
excursion of X above l to make it start from 0, then tacking on the second excursion
above l at the end of the first; then, iterating this operation with the third, fourth, and
so on. The construction of p8 is similar, and done with the sequence of the excursions
of X below l, which are the pieces of paths of the type (Xdn_l +I' 0 ~ t ~ u ; - d;-1)'

Finally, we introduce the functions of extremes

min." =min {P.~, 0 ~ S ~ t}, maxf =max{p~,0 ~ S ~ t},

and we observe the following identity, which has its roots in Williams [21] and
Doney [9].

Lemma 1. For every t E [0, A ~), we have

inf{v: max'? +min~ ~ I} = A ~(cx().

Proof: We first point out that, for every integer n,

In particular,
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is an index at which s ~ I; that is, A(~r) is an instant at which x ~ I.
Let k be the number of excursions of x above I completed before time A(~r), so that

dk~ A(a~) <u c ;«. If k=O, then AEB(~~)=0 and maxf =0; the assertion of Lemma 1 is
obvious. We henceforth focus on the case k ~ 1. On the one hand, the construction of
p8 in terms of the excursions of x below I shows that

k

maxf = L (XUn-xdn_)+max{xv-xdk' vE [db ~~)}.
n=1

Moreover,

and the construction ofpEB in terms of the excursions of x above I shows that pf£> reaches
a new minimum at time AEB(~r), and that its value is

k

minEB(AEB(~~)) =pEB(AEB(~~)) = L (Xdn-xu,J.
n=1

It follows that maxf +minEB(AEB(~r))=max{xv,vE [db ar]} ~ I. In other words, we have
shown that

AEB(ct~) ~ inf{v: max~+min~~ I}.

On the other hand, the same argument shows that, for any v<AEB(~~),

k-l

min~~ L (xdn-xun)+min{xr-xuk,rE[ubdk)}.
n=1

It follows that

The minimum on the right-hand side is obviously greater than I, whereas the maximum
is non-negative. This establishes the converse inequality

AEB(~r) ~ inf{v: maxf +min~ ~ I}.

2.2. The Dassios identity for renewal reward processes. We shall now apply the iden­
tity of Lemma 1 to explain the Dassios identity for the quantiles of additive renewal
rewardprocesses [8]. First, consider a sequence of i.i.d. pairs of random variables ((~n, an),
n= I, 2,.· .), where the ~1l are real-valued and the an are positive a.s. Then, introduce the
random walk S given by
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n

So=O, s, = L ~k
k=1

1. BERTOIN, L. CHAUMONT AND M. YOR

(n = 1, 2,.· .).

We use the same notation as in Section 2.1 for the increasing chain A and its right­
continuous inverse ('j, (see (3) and (4)). The latter is known as a renewal process, and the
process X t = Srx(t) obtained by time-changing the random walk by this renewal process
is called a renewal reward process. Finally, we consider for every f3 E (0, 1) and t > 0 the
quantile

The purpose of this section is to give a simple argument for the following identity.

Theorem 1 (Dassios [8].) Let X(1) and X(2) be two independent copies of X. Then

M x (f3 , t) ~ sup X}1) + inf X:~(2).
o~s ~Pt o~s ~(l-P)t

Remark. In the special case when a, == 1, then X t = S[tl' where [t] stands for the integer
part of t. Then Theorem 1 merely rephrases the original identity of Wendel [20]; see
also Port [18].

To start with, just as in Section 2.1, we fix a level I ~ 0 and distinguish the increments
of the random walk according to whether S, -I > I or S, -I ~ I, to construct two right­
continuous step-processes f!}J $ and f!}J e as follows:

rxE9

g>t$= t l{Sk_l>l}(Sk- Sk-l)
k=1

rx8

g>t8 = t l{Sk_l~l}(Sk-Sk-l)
k=1

for t < A~,

for t<A~,

where we used the notation (5) and (6). Recall that the random walk S oscillates if
lim sup S; = CIJ and lim inf S; = - CIJ a.s.; and it should be clear that then A~ =

A~ = CIJ a.s. The joint law of f!lJ $ and f!}J 8 is given in that case by the following elementary
lemma.

Lemma 2. Suppose that S oscillates. Then g>$ and g>8 are independent and both have
the same law as X.

Proof Introduce

N~ =Card{k= 1,.··, n : Sk-I > I}, N~=Card{k= 1,.··, n : Sk-I ~ I}

and their respective inverses v$ and v8 . Then consider the random walks
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n n

S~ = L (Sk- Sk-l)l U;k_l>l}, S~ = L (Sk-Sk-l)l{Sk_l~l}·
k=1 k=1

887

One can immediately check that the bivariate time-changed random walks (SEB, AEB) 0 vEB

and (S8, A8) 0 v8 are independent and have the same law as (S, A). See e.g. Doney [9].
Moreover, f!jJ$ can be viewed as S$ 0 v$ time-changed by NEB 0 cx EB , the inverse of AEB 0 vEB ;
and we have a similar connection between es? and (S8, A8) 0 v8. Our assertion follows.

We now prove Theorem 1.

Proof Suppose first that the random walk S is centered, i.e. IE(~n) = 0; in particular,
it oscillates. The level I ~ 0 being fixed, we first observe that

M x ({3 , t) > I¢> f1{x,;?;l}dv< {3t ¢> AEIl(O(~) > (1- (3)t.

We then use Lemma 1 to see that the right-hand side is equivalent to

8 . EB Imaxj + mln(1_p)t > ,

where max? and min" are the maximum process of f!jJ8 and the minimum process of
(!}Etl, respectively. An application of Lemma 2 now shows the identity

fP>(Mx({3 , t) > I) = fP> C~~fpt Xs(l) + O;?;,~~r-p)t X,(2) > I) ,
whenever I ~ O. That the same identity still holds when I < 0 can then be seen by replacing
the variables ~i by their opposite.

We finally show that the assumption that the random walk S is centered can be
dropped. For every B > 0, we can find (possibly in a larger probability space) a random
variable ~f such that lP(~i =1= ~f) ~ s and IE(~f)=O. It is then easy to see that, in the obvious
notation, for every t > 0,

lim lP(Xs = XsE for all s ~ t) = 1
E-O+

and a fortiori, for every f3 E (0, 1),

lim lP(MX E(f3 , t) = M x (f3 , t)) = 1.
E-O+

Since Theorem 1 holds for X\ we conclude that it holds for X as well.

3. An optional explanation

3.1. An optional transform. For every integer j ~ 0, we put

L j = {S = (so, .. , Sj) E IR j+l with SO =O}

and call an element of L j a sequence with length j. Next, we fix an integer n ~ 1 and
an ordered family of real numbers i1 ~ ••• ~ in. We denote by :=: the subset of L nwhich
consists of sequences s = (so" ." sn) such that the increasing rearrangement of its
increments, SI -SO,·', s;-Sn-b is i1, · · , in.
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We next fix a level I ~ O. For k=O,.··, n, let lk stand for the set of pairs (Sf, s")E

Lk X Ln-k which satisfy the following conditions. First, the increasing rearrangement of
the increments of Sf and s"

is it,···, in (for k=O and k=n, this condition reduces to s" E S and Sf E S, respectively).
Second,

maxsj~/.
O~j~k

Third,

sjf> I - max sf,
O~i~k

for j=I,.··,n-k,

(we agree that this last condition is always fulfilled if k = n). Finally, we put

To describe the optional transform of a sequence s E 8, we first set d~ = d~ = 0 and
for every k= 1,.··, n

k

d~ = L l{s;>z},
j=l

k

d? = L l{sj~z} =k-d~.
j=l

In words, d~ is the number of indices k E {I,···, n} at which Sk > I. We stress that
d~ is not the same as A~ evaluated for a, == 1 in (5). Then, we put a~ ==

min {j : df = k} for k = 0,· .. , d~ and we define a8 similarly. Finally, we introduce the
sequences o(J) and 0 8 given by o~ = o~ = 0 and

as
k

o? = L l{sj~l}(Sj-Sj-l)'
j=l

k= 1,.··, dtj.

The notation 0 refers to 'optional'. In words, the sequence ofincrements of 0(J) corresponds
to the subsequence of the increments Sj - Sj-l of S for which Sj > I, and there is a similar
description of the increments of 0 8. In particular, the increasing rearrangement of the
increments of 0(J) and 0 8 is plainly i},···, in. Moreover, if k, = min {k : s, > I} stands for
the first index at which S exceeds I, then it should be clear from the construction of 0 8

that this sequence reaches its overall maximum before k., i.e.

max o?= max sj~/.
O~j~,d;( O~j<kl

On the other hand, the very construction of o(J) shows that
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j == 1,.··, d~.

In conclusion, the transform S -+ (08, oEB) maps S in I.

Lemma 3. The map S -+ (08, oEB) is a bijection from S onto I.

Proof We have to show that given an arbitrary pair (Sf, s") E lb we can find a unique
sequence S E S such that Sf == 0 8 and s" == 0 83• Writing s; as the sum of its increments, we
see that we must have s;== i l + ...+ in. On the other hand, the last increment s;-Sn-l of
s must coincide with the last increment S;-k -S;-k-l of s" if s; > I, and with the last
increment of Sf if s; ~ a. This specifies Sn-l and we can therefore construct S by inverse
induction.

3.2. An identity for chains with exchangeable increments. The integer n ~ 1 and the
level I ~ 0 being fixed, we now describe a decomposition of a sequence S E S. Denote
the last index k for which s, -I is less than or equal to the overall minimum of S by

We then split the sequence S into the post-t sequence s,

k==O,.··, n-r,

and the reversedpre-t sequence s,

k==O,.··, r.

Lemma 4. The map S -+ ( - s, S) is a bijection from S onto I.

Proof. The lemma is intuitively obvious after drawing a picture. Indeed, it should
beclear that ( - s, S)Elk for k == t: Conversely, take any k == 0,· .. , n and pick an arbitrary
pair (Sf, s") Elk. Denote by 0"==(0"0"'·' O"n) the sequence obtained by reversing -Sf and
then tacking on s",

for j == 0,.··, k,

for j == k,.··, n.

One can immediately check that 0" E 8 and that (with obvious notation) (j == -Sf and
iJ=s".

We then consider a finite sequence ~l"", ~n of exchangeable random variables taking
values in IR. Let S == (SO,. ." 8n) be the chain of the partial sums, So == 0

k== 1"·,, n.

We also denote by C§ the exchangeable sigma-field of (~l'·· " ~n), that is the sigma-field
generated by the increasing rearrangement of ~l"··' ~n, and by [p( ·1 C§) the conditional
probability given C§.
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Here is the key result of this paper, which extends Theorem 2.1 in [4] (see also Lemma 3
in Section XII.8 in Feller [13]). Denote by S, S, (!)8, and (!)~, the chains S, S, 0 8, and 0 67

evaluated for s = S, respectively.

Theorem 2. The pairs of chains (- S, S) and «(!)8, (!)~) have the same law under
[P>( • I~).

Proof Take an ordered family of real numbers i l ~ ... ~ in and work conditionally

on the event that the increasing rearrangement of ~I'··' ~n is iI, ··, in.The exchangeability
of the increments of S entails that its law is the equi-probability on 8. On the one hand,
we deduce from Lemma 4 that the law of ( - S, S) is the equi-probability on 1. On the
other hand, we deduce from Lemma 3 that the law of «(!)8, (!)~) is the equi-probability
on Y.

Recall that the last index k for which S, -I is less than or equal to the overall minimum
of the chain S is

so that r is the length of S. Observe also that the length of (!)8 is

n

d~ = L l{sk~l}·
k=I

We deduce immediately from Theorem 2 the following extension of the well-known
identity of Sparre Andersen [2] (the latter corresponds to the special case 1=0).

Corollary 1. The random variables t and d~ have the same law under [P>( . I~).
3.3. The Wendel-Port-Dassios identity for chains with exchangeable increments. For

every k=O,···, n, we introduce the (k, n)th quantile of S:

Our next result is an extension of Theorems 1 and 2 of Dassios [7]; see also Wendel [20]
and Port [18]. The argument is essentially a variation of that used by Embrechts et al.
[12].

Corollary 2. Under [P>( . I~), the variables

Mk,n(S) and max Sj+ min (Sj+k-Sk)
O~j~k O~j~n-k

have the same distribution.

Proof Fix I ~ 0, so that {Mk,n(S) > I} = {d~ < k}. According to Corollary 1, the
conditional probability given ~ of this event is the same as that of {r < k}.
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On the other hand,

L < k <:> min S, + j - min Sj > I
O~j~n-k O~j~k

<:> min (Sk+j-Sk)- min (Sj-Sk»1
O~j~n-k O~j~k

<:> max s, + min (Sk+j -Sk) > I,
O~j~k O~j~n-k

891

where S= (So,···, Sn) is the sequence of the partial sums corresponding to the permutation
eb ek-I'··' ~b ~k+I'··' ~n of the increments of S. Since Sand S have the same law
conditionally on t§ we conclude that

Ifl>(Mk,n(S) > /1 ~) = Ifl> (o~f;;;~ s, + o;;;~l~-k (Sj+k - Sk) > /1 ~) ·

Finally, denote by S= (So, .., Sn) the sequence of the partial sums of - ~n, .. , - ~ I.

Then note that

and that

max Sj = - min (Sj +k - Sk),
O~j~n-k O~j~n-k

min (Sj+k-Sk)= - max S,
O~j~k O~j~k

Mn-k,n(S) > I <:> Mk,n(S) < -I.

We now deduce from above that

which completes the proof.

4. Levy processes

Using approximations based on discrete time skeletons, one can establish a version
of Corollaries 1 and 2 for cadlag processes with exchangeable increments (see Remark
2 in [7]). However, the continuous time version of Theorem 2 involves certain stochastic
integrals which only make sense for semimartingales. Levy processes and their bridges
are prototypes of semimartingales with exchangeable increments (see e.g. Knight [14]),
and for the sake of simplicity, we shall focus on that case.

Throughout this section, X = (~, 0 ~ t ~ 1) stands for a real-valued Levy process
started from Xo= o. We first recall some basic features about the semimartingale local
times of X, referring to Meyer [15], Protter [19] and Yor [22] for a complete account.
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We fix a real number I ~ 0 and use the notation xr': for the positive/negative part of a
real number x. The local time at level I of X is the continuous increasing process
L1= (L~, 0 ~ t ~ 1) given by the Meyer-Tanaka formulae

(of course, 1+ = I and 1- = 0 since I ~ 0), with

Jt = L (l{xs_~l}(Xs-/)++l{xs_>I}(Xs-/)-).
O<s~t

We next consider the times spent by the Levy process in (I, (0) and in (- 00, I],
respectively:

and their inverses:

a~=inf{s: d~ > t}, a~=inf{s: d~ > t}.

We then introduce the processes~ = (x;e, 0 ~ t < dr) and xe = (~, 0 ~ t < d~) which
are given by

x;e = (X. + L (l{xs~I}(Xs- -L,: + l{xs>I}(Xs- -I )-) + ~L~) (a~)
O<s~·

~ = (X. + L (l{xs>I}(Xs- -/)- + l{xs~I}(Xs- -I )+) - ~Ll.) (a~)
O<s~·

(we stress that in the sums, the left and right limits are inverted in comparison with the
Meyer-Tanaka formulae).

Now, denote the last instant when X -I is less than or equal to the overall infimum
of Xby

r=sup {t: Xt-I ~ inf Xs} .
O~s~l

We split X at time r into the post-r process X:

O~t<l-r,

and the reversed pre-r process X:
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The following theorem rephrases Theorem 3.1 of [4] when I =0, and Theorem 2 of [12]
when X is a Brownian motion with drift (see also [3]when both I = °and X is a Brownian
motion with drift).

Theorem 3. The pairs ofprocesses (-X, X) and (X8, X<fJ) have the same law condi­
tionally on Xl.

Theorem 3 can be easily deduced from Theorem 2 by approximation; the argument
is merely a variation of that developed in Section 3 of [4]. We also mention that one
can also establish a 'predictable' companion; which extends Theorem 1 of Doney [11].

Comparing the lifetime of Xwith that of X e immediately yields the following version
of Corollary 1 for continuous times (for I = 0, it merely rephrases the Sparre Andersen
identity in continuous time; see e.g. Theorem 1.4 in [14] or [17]).

Corollary 3. The random variables T and dP have the same law conditionally on Xl.

Finally, an argument similar to that in the proof of Corollary 2 explains Theorem 4
of Dassios [7].

5. Explicit formulae in the spectrally one-sided case

When a Levy process X has no negative jumps, many general formulae of fluctuation
theory become explicit. Here, we will see that the law of

u E [0, t], t ~ 0,

can be specified in terms of the Laplace exponent tjJ of X, which is given by the identity

lE(exp{ - A~}) = exp{ttjJ(A)}, A>O.

It is well known that the first passage process Tx =inf{t : X t ~ -x} (x ~ 0), is a subordi­
nator and that its Laplace exponent <1>,

(7) lE(exp{ - J1Tx } ) =exp{ - x<1>(J1)} , J1 ~ 0,

coincides with the right-inverse of tjJ :

t/J(<l>(A» = A, A~O.

On the other hand, the double Laplace transforms of the infimum and of the supremum
up to time t, respectively Mo,t = inf, ~ t Xs and Mt,t = sups~ t Xs, are given for A, J1 > °by
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(8)

(9)

1. BERTOIN, L. CHAUMONT AND M. YOR

IE (Lx> Jle-pt e.wo,fdt) = 1+~<J)(~) ,

IE (1'x, Jle-pte-.w',fdt) = Jl-~(),) ( 1 - <J):Jl») .

See Theorem 4a in Bingham [5]. Let M:t and M;;'t be respectively the positive and the
negative part of Mu,t then we have the following generalization of (8) and (9).

Theorem 4. If the Levy process X has no negative jumps then, for all A, u, (J > 0,

(10)

(11) (1
00 It ) (J ( <1>( )) A-Jll -(JU -llf- j1

IE 0 u e 0 (J e e .,f du dt = (J +Jl - 1 - <J)((J +Jl) ),+<1>(/1) ,

Remark. Let Mu,t ( - X) be the process Mu,t defined relatively to the dual process
- X; then the relation

Mu,t(-X)= -Mt-u,t(X)

permits us to deduce the corresponding result for Levy processes with no positive jumps.

Proof The function u I---+' Mu,t, u E [0, t] is the inverse of the function II---+' dr(l ),
I E IR, therefore

and after an integration by parts,

Taking expectations, we get

In the same way, we get for the negative part
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(13)

To calculate the right-hand side of (12), we apply the continuous time analogue of
Lemma 1 (see the remark in the previous section). Set

supf = sup 9;>.
s~t

Then, for all t E [0, d~(l)] and IE lR,

Tffi(supr-l) = (Xr- t.

By an argument similar to that in the proof of Theorem 1, we may suppose that the
Levy process is centered. An integration by parts gives

and taking expectations, we get

Let qq+Jl(dx) be the probability measure with Laplace transform

We deduce from (7), (9), and from the independence between 9 ffi and 9 e that, for all
l~ 0,

Then, it follows from (12) that
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IE (fX' Jle-pi f e-J.M:"ae-audu dt)

= a:Jl(100

e-)Jq/H,idl) +100

e-<I>(I')X fAe-().-<I>(I'»ldl qu+,idX») ,

and we deduce (10) from (9).
In the same way, it follows from (7) and (14) that, for alll ~ 0,

and according to (9):

Finally, using (13), this proves the identity (11).

Remark. Alternatively, the formulae for the double Laplace transform of df3(l)
which have been obtained above, could also be deduced from Theorem 1 of Doney [10].
This yields another proof of Theorem 4.
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