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THE ASYMPTOTIC EFFICIENCY OF
COINTEGRATION ESTIMATORS
UNDER TEMPORAL AGGREGATION

MaRrcus J. CHAMBERS
University of Essex

This paper examines the effects of temporal aggregation on the asymptotic vari-
ances of estimators in cointegrated systefag important findings are obtained
First, estimators based on flow data alone are more efficient than when the data
are all stocks or a mixture of stocks and flov@®econg estimators based on flow
data are as efficient as when the data are recorded continudushgthod of
improving efficiency with stock variables is also proposadd an empirical il-
lustration of the method is provided in the context of long-run money demand
regressions

1. INTRODUCTION

Asymptotic efficiency is a desirable feature for any estimator to possess
least cointegration estimatofglany, though by no means albf the estimators
of cointegration relationships that have been proposed can be shown to be ef-
ficient within a certain class of estimatoiSaikkonen(1991) characterizes as-
ymptotic efficiency in the context of cointegration estimators and also proposes
an efficient regression estimator of cointegrating paramgevensreas Phillips
(1991b uses the ternoptimal estimatorto describe certain maximum likeli-
hood estimators that are efficient within the class of estimators considered by
Saikkonen(19917).

The analysis of the asymptotic efficiency of estimators in genéreluding
the case of cointegratiomakes the observed data series as giverpractice
however the way in which measurements of the values of a variable are made
depends on the nature of the variable its&étf give a simple examp)¢he mea-
surement of consumers’ expenditui@ flow variable requires observing the
accumulated flow of expenditure over a particular time intgraat hence the
observations have a time dimension associated with tleem dollarsper quar-
ter or per annum. On the other handhe measurement of the price of a com-
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modity, or of an interest ratecan in principle be conducted almost at any point
in time, these being examples of stock variabl@s a result the information
content of these two types of observation schemes is rather diffééserva-
tions on flow variables contain information concerning the unobservable rate
of flow during the interval over which the observation is mad#ectively an
integral of the underlying rate of flow is being obserye@bservations on stock
variables however do not contain such informatioteing just point observa-
tions of an underlying process at given points in tilAkhough both types of
data can be used to estimate the parameters of a model that describes the un-
derlying (possibly continuous timeevolution of the variable concerngesb far
no attempt has been made to investigate whether these different sampling
schemes have any effect on the asymptotic efficiency of the resulting estimators

This paper investigates a new avenue of research related to the asymptotic
efficiency of cointegration estimators by considering the effects of temporal
aggregationlin this paperthe termtemporal aggregatiorns taken to mean the
discrete time sampling of an underlying procetiscrete or continuoysvhose
dynamics are determined at a different frequency than that with which the pro-
cess is observedncluded within this definitiontherefore is the sampling of
both stock and flow variable'sThe paper also constitutes a new line of re-
search in the temporal aggregation literatuvich until now has not explored
the effects of different sampling schemes on the efficiency of estimatks
though earlier results concerning the asymptotic efficiency of cointegration es-
timators and the discrete time representation of an underlying continuous time
process are utilizedhe focus is on deriving the asymptotic variance matrices
of a certain class of cointegration estimatdhereby allowing asymptotic effi-
ciency comparisons to be made based on different discrete time sampling
schemesAlthough the form of discrete time sampling of a variable is deter-
mined by whether the variable is a stock or a fldhese results are used to
suggest a method of improving efficiency with stock variabkes empirical
example assesses the extent to which finite sample efficiency gains can be made
using the proposed method

There are three main theoretical contributions made in this paperfirst is
that estimators based on flow data alone are shown to be more efficient than
when the data are all stocks or a mixture of stocks and fl¢wsthermoreit is
also demonstrated that estimators based on flow data are as efficient as when
the data are recorded continuoudbpth of these results are obtained by a di-
rect comparison of the asymptotic covariance matrices of the estimators under
the relevant types of sampling schenkénally, a method of improving effi-
ciency with stock variables is also proposétiis is based on the averaging of
the stock variables in an attempt to mimic the filter inherent in the discrete
time sampling of flow variables

The paper is organized as followSection 2 defines the cointegrated contin-
uous time modelwhich is based on Phillip$1991a and provides the exact
representation of the disturbance process in the corresponding cointegrated sys-
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tem satisfied by the discrete time observatioriss is achieved for each of the
four possible combinations of stock and flow variables for the vectors of nor-
malized(left-hand sid¢ and explanatoryright-hand sidg variables in the co-
integrating relationshipghis step is vitalbecause the asymptotic variances of
the cointegration estimators depend on the value of the spectral density matrix
of this disturbance process at the zero frequeitys section also discusses
the concept of efficiency of cointegration estimatofsllowing Saikkonen
(1991, and provides conditions on the continuous time random disturbances
such that the discrete time disturbance vectors satisfy a functional central limit
theorem Section 3 is organized into three sectiofke first derives the precise
form of the four time invariant linear filters that connect the discrete time dis-
turbance vector with the continuous time disturbance vedtoese filters are
then used in the next section to derive expressions for the long-run variance
matrix of the discrete time disturbance progessbmatrices of which deter-
mine the asymptotic variance of the cointegration estimaidre final section

of Section 3 derives the asymptotic variance of(inésasible continuous record
estimator The results in this sectigrand indeed in the paper as a whodee

quite general in the sense that the continuous time disturbance process is only
assumed to be a stationary mixing process and to hg¥eamitian positive
definite spectral density matrixt is not required to obey any particular law of
motion Section 4 investigates ways in which the relative inefficiencies associ-
ated with stock variables can be improyeahd it incorporates an empirical
example to assess the finite sample efficiency gains resulting from the pro-
posed techniqueSection 5 concludes the papand Appendix A contains some
supplementary lemmas required for the proofs of the principal thegiems

mas and propositions contained in the paptiie outline proofs of which ap-
pear in Appendix BProofs of the lemmas in Appendix And also more detailed
proofs than appear in Appendix Ban be obtained from the author on reqifest

2. THE MODEL AND ITS EFFICIENT ESTIMATION
2.1. The Model
The model of cointegration is given by the system of equations
Ya(t) = By,(t) + uy(t), t>0, (1)
dy,(t) = u,(t)dt, ~ t>0, (2)

wherey; (t) andy,(t) are continuous timé(1) processes of dimensions, X 1
andm, X 1, respectivelyB is anm; X m, matrix of unknown coefficientsand
them, X 1 vectoru,(t) and them, X 1 vectoru,(t) are stationary continuous
time random disturbance¥he initial conditionsy,(0) andy,(0) are not con-
strained to be fixed but may be drawn from a certain specified distribution
The long-run equilibrium relations betweg(t) andy,(t) are captured byl),
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whereas(2) represents the evolution gh(t) as a continuous timé(1) pro-
cess Although the disturbance vectaft) = [u,(t)’, u,(t)']" is stationaryit is
not necessary to specify a particulgrarametri¢c model for this procesdn-
deed one of the strengths of this paper is that the results do not requaad
U, to satisfy a particular law of motich

Defining them X 1 vectory(t) = [yi(t)’, y»(t)']’, wherem = m; + m,, it is
possible to writé (1) and(2) as a continuous time triangular error correction
model (ECM) of the form

dy(t) = —JAy(t)dt + w(t)dt, t>0, 3)
whereA = [l ,—B], J = [ly,, 0]" (in which 0 is a null matrix of dimension

m; X m,), and

w; (t)dt [uy(t) + Buy(t)]dt + duy(t)
w(t)dt= =
The stationary vectow(t)dt reflects the short-run dynamics of the system that
are determined by the propertieswafandu,.

Phillips (19913 shows that the vectoy(t) satisfies the discrete time trian-

gular ECM
Ay(t) = —JAY(t— 1) +x(t), t=12,..., (4)
1
x(t) = f e A (t — s)ds+ e LJAY(t — 1) (5)
0

and obtains two important resuliBhe first is that the elements of the matBx

are identified directly from the discretely sampled dath), y(2),..., y(T), where

T denotes sample siz&his implies that there is no aliasing problem involved
with the identification of cointegrating parameters in cointegrated continuous
time systemsThe second result is that it is not necessary to derive discrete
models that explicitly account for the different ways in which stock and flow
variables are observedt least as far as the estimation of cointegrating param-
eters is concerned’hese findings are in stark contrast to the situation in sta-
tionary systems of stochastic differential equations in which aliasing is a concern
and in which it is vital to account for the differences between stocks and flows
Phillips derives these results in the cointegrated model by examining the be-
havior of the spectral density matrix of the observed series at the zero fre-
quency Certain filtered serigssuch as flowsdo not affect the cointegrating
relationships between the variahlé®cause the value of the filter at the zero
frequency is unityThis means that the discrete time EGKH) may be used to
estimate the matriB irrespective of whether the data are stqdksws, or a
mixture of both It is shown subsequentlirowevery that although it is possible

to estimate the matriB efficiently for agivendata combination of stocks and
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flows, the way in which the variables are obsendmkesaffect the asymptotic
variance matrix of the efficient estimators when the different possible data com-
binations are considered

2.2. The Sampling Schemes and the Discrete Time Representations

The effects of temporal aggregation are most transparently analyzed by consid-
ering in turn, the four possible combinatioh®f stock and flow variables for

the vectorsy; andys,. It is convenient to define the stock variables in continu-
ous time ag/P(t) andy3(t) and to define the flow variables g§(t) andys (t)

(t = 0). The observed values of these variableswevey are given byy;; =

yP(t) andyS = y3(t) for the stock variables and by

1 1
yft=f yi(t—s)ds and y2t=f y5 (t—s)ds
0 0

for the flow variableswhere in each case= 1,2,...,T andT denotes sample
size Usingy, to denote then X 1 vector of observed valugthe four sampling
schemes of interest are defined in Table 1

Despite the differences arising from the nature of stocks and flows detailed
previously the discrete time ECMs in each of the four stock-flow combina-
tions can nevertheless be written in a common discrete time triangular ECM
form, each case differing in the specification of the observable vegte-
fined previously for each sampling schenasd in the specification of the un-
observable disturbance vectdihe precise form of each discrete time ECM is
given in Lemma 1which follows

TaBLE 1. The four sampling schemes for the observed vegter [ yi;, Va1’

(t=1,...,T)
Scheme Y1 Y2 Y1t Yot
I Stocks Stocks yi(t) y3(t)
Il Stocks Flows yi(t) fl yE(t —s)ds
0
1
m Flows Stocks f yE(t — s)ds y5(t)
0
1 1
F(t—
v Flows Flows f yE(t— s)ds fo ys (t —s)ds
0]

https://doi.org/10.1017/50266466603191037 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466603191037

54 MARCUS J. CHAMBERS
LEMMA 1. Let y(t) satisfy the continuous time cointegrated system defined

by (1) and (2). Then the observed vectpryolves according to the discrete
time triangularECM

Ayt = _‘]AM—1+§’[’ t:]-’-”’T’ (6)

in which the components of the disturbance ve&toe [ £5;, €51 are defined
for each of the four sampling schemes follows

Scheme |.

1

€= ug(t) + Bfo Uy(t — s)ds

1
fzt:fo Uy(t — s)ds

Scheme Il.
1 1
&1 = Uqg(t) + B[f u,(t — s)ds+f (1—9s)u,(t—1—s)ds|;
0] 0]

1 r1
& = f f Uy(t —r — s)drds
0o J0

Scheme llI.
1 1 1
& =f u,(t —s)ds+ Bf f U,(t —r — s)drds
0 0 Y0
1
— Bf (1-9s)u,(t—1—s)ds
0
1
§2t:f U,(t — s)ds
0
Scheme IV.
1 1 1
& =f u,(t —s)ds+ Bf f Uy(t —r — s)drds
0 0o J0

1 1
o = f J u,(t—r —s)drds
0 0

The first step in establishing the validity of Lemma 1 is to relafe) in (4)
directly tou(t), a result that is given in Lemma Al in Appendix Schemes |
and IV in Lemma 1in whichy; andy, are either stocks or flowsre derived
directly from (4) and by integratindg4), respectivelythe latter case yielding
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1

1 1
J Ay(t —s)ds= —JAf y(t—l—s)ds+f x(t —s)ds t=1,...,T.
0 0 0

(7)

In the remaining two casgthe joint presence of both stocks and flows requires
that the appropriate equations from the systédsand (7) are selected and
transformed accordinglyrull details of the manipulations are given in the proof
of Lemma 1 in Appendix B

2.3. An Invariance Principle and Asymptotically Efficient Estimation

The derivation of the asymptotic properties of an estimédficient or other-
wise) of cointegrating parameters is typically based on an invariance principle
for &;. Lemma 1 plays an important role in establishing such an invariance prin-
ciple, because it relates, to the underlying continuous time disturbance pro-
cesau(t), about which the following assumptions are maddst (Q,,, 7, P) denote

the probability space on which(t) is defined and letF” (a < b) denote a
o-subfield of 7. Then the uniform and strong mixing coefficien#s andc;, re-
spectively are defined byp; = sup ¢(F'.,, ATj) anda; = sup a(F',, A7),

where

H(FL o, RS = sup  |P(H|G) — P(H)|,
GerF!, HERT

a(Fy, RS5) = sup  [P(GNH)—P(G)P(H)|.

GEF',  HERT]

Assumption 1 The continuous time disturbance vectqt) is a stationary
random process with Hermitian positive definite spectral density méafnx
(—oo0 < A < o0) and satisfies

(@ E[ui(t)]=0(i=1,...,m);
(b) E|ui(t)]? < oo (i =1,...,m) for some 2= B8 < oo;
(c) either(i) 372, ¢ Y < oo or (ii) B > 2 andX”, ol 2P < o

Assumption 2 The coefficients of the cointegrating matrkin (1) satisfy
|BIJ| < oo (| = 1,...,m1;j = 1,...,m2).

Assumption 1 specifiea(t) to be a zero mean stationary mixing process in
which the mixing coefficients decay sufficiently rapidly to satisfy the stated
summability conditionsFurthermorgabsolute moments of a sufficiently high
order(B) are also required to exisMixing conditions are particularly conve-
nient to use in the present contelkecause in all four sampling schemégss a
measurable function af(t) over a finite interval and hencg inherits the same
mixing propertie$ Assumption 2 is a very weak requirement ensuring that the
cointegrating coefficients are finite
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LEMMA 2. Under Assumptions 1 and 2, the disturbance vegtoin the
discrete time ECM (6) is a stationary random process with Hermitian positive
definite spectral density matrixAA) (—7 < A = ) and satisfies the invari-
ance principle

[Tr]
T Y23 &=S(r) asT— o,
=1

where the symboeb denotes weak convergence of the relevant probability mea-
sures,[Tr] denotes the integer part of Tr, andr$ is an mXx 1 Brownian mo-
tion process on € [0,1] with covariance matrix = 27f:(0).

The invariance principle fog; in Lemma 2 enables the limiting distribu-
tions of estimators oB to be expressed in terms of the Brownian motion pro-
cessS(r). The investigation of efficiency will be carried out with respect to
estimators belonging to a well-defined class of estimatibris convenient to
partition S(r) and Q conformably withy(t) and to defineS,»(r) = Si(r) —
04,057 S,(r). Following Saikkonen(1991),° an asymptotically efficient esti-
matot B, of the cointegrating matriB will be defined as one for which

1 -1 1
TvedB—-B) = KJ SZSQ> ® Iml]vec<f dS_LZSZ’> asT — oo. (8)
0 0

Estimators satisfying the limiting distribution if8) have alternatively been
termedoptimal estimators by Phillipg1991h. Because the Brownian motions
Si»(r) and S;(r) are independenthe limiting distribution in(8) can also be
represented in the now familiar mixed normal form

fG NO.G® 0,1)R:(G), ©)

in whichG = (fol S,S) 7L Pg(G) is the associated probability measuaad the
matrix Q115 = Q41 — 04,057 0Q,, denotes the covariance matrix f,(r).

The importance of the mixed normal representation of the limiting distribu-
tion given in(9) was recognized by Phillip€l989. A number of cointegration
estimators are known to have this limiting distribution aheince to be asymp-
totically efficient Such efficient estimators typically fall into one of two cat-
egories The first type treat the system dynamics either nonparametrically or
make nonparametric adjustments to a first-stage estimBt@mples of this
type of estimator include the spectral regression estimators suggested by Phil-
lips (19913, the fully modified estimators of Phillips and Hansg®90, and
the regression estimator of Saikkong®91). The second category of estima-
tor is characterized by a fully parametric specification of the system dynamics
typically in vector autoregressive fornkstimators falling within this second
category include the maximum likelihood estimators of Johar{4681) and
Phillips (1991b and the reduced rank estimator of Rein€ed90.

https://doi.org/10.1017/50266466603191037 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466603191037

EFFICIENCY OF COINTEGRATION ESTIMATORS 57

To compare the asymptotic efficiency of efficient estimators under different
combinations of stock and flow dati is convenient to rewrite the mixed nor-
mal distribution in(9) as'®

i N0 ® 012) B, () (10)
y>

wherey = eg(folWZWZ’)*leQ, € is any unitm, X 1 vector P,(y) is the proba-

bility measure associated with andW, is anm, X 1 vector of standard Brown-

ian motions or Wiener processés., W, is Brownian motion with covariance
matrix | ,,,). The representation of the distribution (h0) is particularly useful

for the purposes of comparison because it is expressed as an integral with re-
spect to the scalar random mixing varigtghat is common to each distribu-
tion, regardless of the underlying discrete time sampling scheteace the
efficiency comparison focuses on the matri€es andQ, 1, both of which are
obtained fromQ, the long-run variance matrix of the proce&s Because the
precise form of, has been shown in Lemma 1 to depend on whether the vari-
ables are stocks or flowst suggests that the relative efficiency of efficient
estimators across sampling schemes depends on the nature of the variables them-
selves It should be emphasized once more tHat a givensampling scheme

an estimator with the limiting distribution i8) or (10) is asymptotically effi-

cient The aim here is to ascertain the extent to which different sampling schemes
affect the relative asymptotic efficiency of such estimatesossthe different
sampling schemedhe next sectiontherefore derives expressions fdr,, and

Q4,5 in each of the four sampling schemes to facilitate such a comparison

3. ASYMPTOTIC EFFICIENCY UNDER TEMPORAL AGGREGATION

3.1. The Spectral Density Matrix (A7)

The asymptotic variances of efficient estimators have been shown to depend on
the submatrice$),, and,,, that are derived from the long-run variance ma-
trix Q = 27f;(0). Lemma 1 has already provided the relationship betwgen
andu(t) for each of the four sampling schemesd this information can be
used to derivé,.()) from f(A), the spectral density matrix af(t). This task is
greatly facilitated by the use of filters becaugecan be regarded as a filtered
version ofu(t). The filters corresponding to the time domain representations
given in Lemma 1 are provided in Lemma 3

LEMMA 3. The stationary proces; is related to the continuous time dis-
turbance process () by the filtering equatior¢, = M(D)u(t), where D de-
notes the mean square differential operator and the matrix filter functiom)M
is defined for each sampling scheme as follows.
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Scheme |.
lm, 9(2)B
M= [omz,ml g(z)lmj;
Scheme II.
[ lm [g@+h(2)]8
D o 0@, |
Scheme llI.
[9(D)1m, [9(2)?— h(Z)]B]
M(z) = ;
L Omz,ml g(z)|m2
Scheme IV.

[Q(Z)Iml 9(2)281
M(z) =

Omz,ml g(Z)ZImZ .
In the preceding definitions,(g) = (1 — e ?)/z and Hz) = e *[1 — g(2)]/z.

The filter relatingé, and u(t), denotedM (D), is a function of the(mean
square differential operatoD because the filter operates on the continuous
time processi(t). This doesotrequire howeveythatu(t) itself be mean square
differentiable because in none of the sampling schemes does the Kilt&r)
involve the operation of applyinD directly tou(t), so that in no case Bu(t)
required to existThe filter g(D), for example is the filter associated with the
process of integration over the unit interyab thatg(D)u(t) = folu(t — s)ds
Although this requires thati(t) be integrable in the wide seridet does not
require mean square differentiabili§imilar comments apply to the filtdr(D)
that arises in the mixed stock-flow cases

The filter functionM(2) is utilized in deriving the spectral density function
f:z(A) of &;. Becausé, is a discrete time process an) is a continuous time
processit is necessary to fold back the frequencies in the ranrge, +oo) into
the interval(—,+]. The spectral density matrix @, regarded as a contin-
uous time processs given by

S = MANFOM(D,  —oo <A < +o5, (11)

whereM(iA)* denotes the transpose of the complex conjugati®l Gft). This
representation follows becauskis the frequency response function of the op-
eratorD and hencéVi (i) is the frequency response function of the fillé(D).
The spectral density matrix of the discrete time procg&sis then related to
f5(A) by the folding formula'?
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+oo
fee() = 2 5+ 2mj)

j=—c0
= EOO M@ (A + 27))) F (A + 27 )M (i (A + 277)))%,
j=—o0
7 < A=+, (12)

The properties of the matri® = 27f..(0) can be explored from the preceding
representation fof. (1), and some important and general results are derived in
the next section

3.2. The Asymptotic Variances
The matrix of interest i$) = 27f..(0) = 27 S M@ f(2m))M(2arij )*,

j=—00
which is obtained from{12) by settingA = 0. It is convenientfor the presen-
tation of the resultsto define the matrix filter function

H(Z’ B) = [Im17 h(Z)B]
and also the matrix;;,(0) = f11(0) — f15(0) f»(0)"f,,(0), which is obtained
from partitions of the spectral matri A) at the zero frequency in the same

way thatQ,,, is obtained from. The required expressions for the matrices
O,, andQ,,, are presented in Theorem 1 for each of Schemes. -1V

THEOREM 1 The matrices),, and Q44, appearing in the limiting mixed
normal distribution of an efficient estimator of the cointegrating matrix B are
given by the following expressions for each of the four sampling schemes.

Scheme |.

Qg = 270050 Oy = ZW[% fra(2mj) + fm<0>];
Scheme Il

gy = 27fpp(0); Qppp= 277'[ 3, H(2rij, B (27} H (2], B)" + fm(O)];

J

Scheme IIl.

Oy = 27f0p(0); Qppp= 277[8j§)|h(277ij )|2f,,(27) ) B’ + fm(O)];
Scheme IV.

Oy = 277655(0);  Qupp= 27711 ,5(0).

The expressions for th@,, andQ,,, matrices given in Theorem 1 are quite
general in that they hold for any stationanyt) process with spectral density
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matrix f (1) satisfying Assumption.IThe expressions are convenient represen-
tations of these matrices that utilize the precise form of the filter fundddm)

in each sampling schemBote, however that the),, matrices are the same in
each schemeThis enables the comparisons of estimator efficiency to proceed
on the basis of a comparison of tkke,, matrix in each casesuch a compari-
son yields the following immediate consequence of Theorem 1

PROPOSITION 1 The most efficient estimators of cointegrating param-
eters are obtained when all the variables are flows (Scheme V).

The validity of this proposition is demonstrated by considering the three ma-
trix differencesQi;, — Q, for j = L, 11, 1Il and showing that each of these
differences is positive semi-definit&his is the sense in which the tereffi-
cientis used in Proposition,leven though the estimators for each sampling
scheme are efficient for that particular schemetwithstanding this facthese
results show thatwhen different sampling schemes are considgeiteid flow
data that yield the most efficient estimates of cointegrating parametets
were possible to choose the way in which one’s variables were santpksd
the choice should unambiguously be as flok#though such a choice is not
available to econometricians working with given variablesloes suggest that
estimates obtained with flow data are more pre(is¢he sense of having smaller
variancesthan those obtained with mixtures of stocks and flows or with stocks
alone Whether it is possible to obtain any improvements at all in the efficiency
of estimators based on stock variables is explored in Section 4

3.3. Continuous Record Asymptotics

It is of interest to compare the efficiency of the estimators based on discretely
sampled data with an efficient estimator that is obtained using a continuous
record of dataln such circumstanceshe classification of variables as stocks
or flows is somewhat irrelevanbecause the variables are observed on a con-
tinuous basisAlthough, in practice continuous time observations are not avail-
able to the econometriciathe analysis of the estimator based on a continuous
record does serve to illuminate the results obtained earlier

Assuming that a continuous record of observations is availabig(Dnand
dy(t) for 0=t = T, estimation is based on the continuous time triangular sys-
tem (3). Analogous to the discrete time caslke asymptotic properties of the
continuous record estimat@ require thatasT — oo,

[Tr]
Tfl/zf w(s)ds= S(r), (13)

0
whereS(r) is anm X 1 Brownian motion process with covariance matfix=
27fuw(0) andf,u(A) (—oo < A < o) denotes the spectral density matrix of

w(t). It then follows that the asymptotic distribution Bfwill have the repre-
sentation(9) or, equivalently (10), but in which the matrice,, andQ,4, will
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be submatrices ofy = 27f,,,(0) rather than of) = 27f(0). This is because

the spectral matrix of the disturbance process in the model at frequency zero
determines the long-run variance matrix and in the continuous record case it is
w(t), rather tharg,, that constitutes the disturbance vecfinese observations
lead immediately to the following result

THEOREM 2 The asymptotic distribution of feq(B — B) is given by
TvedB-B)= f N, 05 ® Q115) dP,(y) asT — oo,
>0

whereQ,, = 27f,,(0), 011, = 27f;1,(0), and the random mixing variate is
defined following (10).

Theorem 2 characterizes the asymptotic distribution of an efficient estimator
in the idealized case where observations on the variables are recorded continu-
ously Note that the matrice§),, and Q,,, are defined in terms of(A), the
spectral density matrix af(t), which enables a direct comparison with the ex-
pressions in Theorem. Buch a comparison yields the following result

PROPOSITION 2 An efficient estimator obtained using flow data alone
(Scheme V) is asymptotically as efficient as the estimator obtained using a
continuous record of data.

This remarkable result indicates that efficient estimators of cointegrating pa-
rameters are asymptotically as efficient with discretely sampled flow data as
with a continuous record of observatiorihe observed values of flow vari-
ables by their nature contain information about the sample path of the vari-
able over each observation interyaihereas stock variables do not contain the
same type of informatigrbeing observed only at a single point in each inter-
val. Such a difference lies at the heart of the result reported previously

4. IMPROVING EFFICIENCY WITH STOCK VARIABLES
4.1. The Theory

The result that cointegration estimators are more efficient when obtained using
flow data is of little comfort to a researcher working with stock variabldse
question arisegherefore as to whether the results contained in this paper can
be used to suggest ways of improving the efficiency of estimators obtained
using stock variablesEffectively this reduces to the issue of whether it is
possible to approximate the filter functi@iz), associated with the operation

of integration which relates the unobservable floyi(t) to its discretely ob-
served valugyf = [;yF(t — s)ds so thatyf = g(D)yF(t). Recall that the
filter function g(z) appears in the matrix filter functioM(z) relating &; to

u(t) and thatM (27ij ) (for integerj) helps to determine the matrfx(0), upon
which Q,1, is based The particular values of(z) that are of interest aye
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therefore g(0) = 1 andg(2ij) = O for integerj # 0. Given observations on

a stock variable at a fixed frequendhere seems little scope for improving

efficiency Attempting to approximate a flow by taking the averagepaduc-

cessive observations usigg = (1/p) 05 yS(t — k) involves the filter func-

tion a(z) = (1/p) SL-se ¥ This function satisfies(0) = 1 anda(2#ij) = 1

for integerj # 0, which has no effect whatsoever on asymptotic efficiency
One situation in which efficiency can be improved is where observations on

the stock variable are available at a higher frequency than that used for estima-

tion. In models with mixtures of stocks and flowthis situation might arise if

it were possible to sample the stocks more frequently than the flBasex-

ample some stock variablesuch as interest ratesxchange ratesnd certain

prices are observable at much higher frequencies than flow variables such as

consumptionincome and exportsin these cases it would be advantageous to

average the stock variables over flait) observation interval associated with

the sampling of the flowsSuppose that the stock variables are recomitches

each unit observation perioth terms of unit time intervalsthe sequence of

adjusted stock data is of the form

s ()
S = — S({t——|, t=1,...,T.
Yoo pgoy p

In terms of filters the averaged stock variabyg?p is related toyS(t) by the
expressiory?, = o,(D)yS(t), where the filter functionr,(z) is given by

p—1

1
a'p(Z) J— 2 e—(Wp)z’
P k=0

which satisfiessr,(0) = 1 and

1L, j=0 £p, £2p,...;
0, otherwise

op(27ij ) = {
As p — oo, the discrete sum determining the averaged varigﬁ,l,econverges
to an integraland so lim_,, Y, = fol yS(t — s)ds In practice although the
stock variableyS(t) may be observed very frequently relativeyo, this limit-
ing case will never be achievednd so there will always be some loss of effi-
ciency associated with stock variables as compared to flows

To formalize the argumentshe three cases in which stock variables occur
need to be modified to account for the averaging of the stocks over the finer
grid of time points comprising each unit time interv8letails of these sam-
pling schemes are given in Tablgi@ whichy, , refers to them X 1 vector of
observations

For the vectoly, ,, the form of the triangular discrete time ECM representa-
tion given in(6) is still valid, although the form of the disturbance vectaiis,
of course changedLemma 4 which follows therefore provides the exact dis-
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TaBLE 2. The sampling schemes with averaged stock data in the observed vec-
tor Yep = [y:i_t,p’ yét,p], (t= 1,...,T)

Scheme Y1 Y2 Yitp Yat,p
I(p) Stock Stock 1p§ s( "> 1p§ s< k)
p ocks ocks = t—— = t— —
P k=0 s p P k=0 v p
1 p—1 k 1
I(p Stocks Flows = yf(t - _> f yE(t—s)ds
P k=0 p 0
1 e
p— t_ p—
I (p) Flows Stocks fo yF(t—s)ds D ZO \2 P

crete time ECM representation when the stock variables are averaged over the
unit observation periad

LEMMA 4. Let y(t) satisfy the continuous time cointegrated system defined
by (1) and (2). Then the observed vectpy gvolves according to the discrete
time triangularECM

Ayt,p = _‘JAM—Lp + gt,p’ t = 1,' ",Ta (14)

in which the components of the disturbance veapy = [£1, ,, &2 p)" are
defined for each of the three sampling schemesoining averaged stocleari-
ables as follows

Scheme I(p).
o3o(p) oLl -o)e
= - Uplt— = +B| uy|lt———s]|ds|;
faup pgo_l< p> o\ P
1p—1'f1 k ]
= - U,[t—— —s]|ds|.
faup pzo_o 2( p )

Scheme I1(p).
1pP1f k fl k ) }
= - uft—— | +B| uy[t——=—s|ds
faup pk20_1< p) 0 2( p
1p-1 1 1
+B[—E uz(t—l—s)ds—J suz(t—l—s)ds};
P k=0 Jkp 0

1
Eop = f Uy(t — s)ds
0
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Scheme llI(p).

1 1 r1
fnff up(t —s)ds+ Bffuz(t—r—s)drds
0 o Jo

p—1 1

1
+B[fo suz(t—l—s)ds—EZ uz(t—l—s)ds};

k=0 Yk/p

1P rt k
§2t,p: BIZO|:J; U2<t_ [_) _S>dS:|.

The results in Lemma 4 generalize those in Lemmavhiich may be ob-
tained as a special case of Lemma 4 by setfing 1. These definitions relate
&, p to the continuous time disturbance process) and hence implicitly de-
termine the matrix filter relating these two procesdése precise form of these
filters is given in Lemma bwhich is analogous to the results in Lemma 3 for
the unadjusted stock variables

LEMMAS. The stationary process , is related to the continuous time dis-
turbance process () by the filtering equatior¢, , = Mp(D)u(t), where the
matrix filter function My(z) is defined in each sampling scheme involving av-
eraged stock variables as follows.

Scheme I(p).
_'o-p(Z)Iml o,(2)g(2)B '

oD 0 @9@ 1, |

Scheme I1(p).

[0p(2D)m, [0:(2)9(2) + hy(2)]B

R 02, |

Scheme llI(p).
M __9(Z)Im1 [9(2)> — h,(2)]B

D o DD, |

The func';ion b(z) is defined by p(z) = e *[0,(2) — 9(2)]/z.

The dependence of these filter functions pias been emphasized by the
notationMy(2). In the same way that the filter functiod(z) in Lemma 3
were an essential part of deriving the matrices determining the asymptotic vari-
ances of optimal estimators in SectiontBe filter functions in Lemma 5 en-
able the asymptotic variance matrices to be determined for efficient estimators
based on the averaged stock variabldsese asymptotic variance matrices are
presented in Theorem 3
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THEOREM 3 The matriced),, and Q;1, appearing in the limiting mixed
normal distribution of an efficient estimator of the cointegrating matrix B are
given by the following expressions under the three sampling schemes involving
averaged stock variables.

Scheme I(p).

Qg = 2mf55(0;  O145= 277'[ > fu(2mip) + fllz(o)];

j#0

Scheme I1(p).

O = 271,5(0); Qi 277[ S H(2aip, B) f (2mjp) H(2mijp, B)*

i#0
+ flj_z(o)];
Scheme llI(p).

Qg = 27105(0);  Qypp= 277[8 > [h(2mijp) [2f,,(2mip)B’ + fnz(m].
j#0

In each casenote that the only nonzero terms in the expression¥gr, are
multiples of p due to the filtero,(z). The expressions in Theorem 3 can be
compared directly to those in Theorem 1 to yield the following qualitative result

PROPOSITION 3 In models containing stock variables, estimators of co-
integrating parameters are more efficient when based on the averaged stock
variable fp than when based on the unadjusted stock variaple y

The validity of Proposition 3 is established by comparing fhe, matrices
in Theorems 1 and 3 and showing that the differences are positive delihize
implication for applied work is cleatf it is possible to construct the averaged
variablewt,sp for stock datathen doing so unambiguously improves the asymp-
totic efficiency of the cointegration estimatofBhis could prove to be impor-
tant in models containing mixed stock and flow variableecause in many
cases it will be possible to observe the stock variables at higher frequencies
than the flow variabledn such circumstancethe efficiency of the estimators
can be improved by applying the filter,(D) to the stock variables

Some further comments concerning the proposed averaging are intdrder
The first is that although the averaging of stock variables may be a good idea
theoretically it may not always be sensible to do so in practigarticularly in
circumstances in which the stock variable provides a measure of a quantity that
lies at the heart of certain testable propositions that would be adversely af-
fected by the averagingrhe second concerns the issue of seasonality
though the underlying continuous time modekin and(2) does not explicitly
account for seasonalityt must be recognized that the observed data may be
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seasonal and hence some accounting for seasonal effects may need to be made
Further care may also be needed when averaging stock variables observed at a
higher frequency so as not to introduce further seasonal distorfamally, it

is interesting to briefly reflect on the form in which stock variables are typi-
cally made available to researchers in published national accounts and other
databased/ariables such as the money stock and price indices are usually avail-
able at a monthly frequency but often reflect a certain degree of averaging in
their constructionOther variablessuch as stock priceiterest ratesand ex-
change ratesare available on a daily basis in databases sucbBatastream

and arehenceamenable to the proposed averaging metl@itier data sources

such asCitibase/DRIand thelnternational Financial Statisticpublished by

the International Monetary Fupndypically report monthly or quarterly aver-

ages although the lattefat least also contains mid-quarter exchange rates in
addition to quarterly average$here is therefore scope for using the pro-
posed methods in empirical research in economics

4.2. An Empirical lllustration

It is of interest to ascertain the extent to which the filkg(D) can yield effi-
ciency gains in finite samplesnd the long-run money demand relationship
provides a convenient model within which to explore such issues empitically
Defining m(t) as the real money stock(t) as the level of real incomend

r(t) as the interest rate and assuming the variables are individud]Jypro-
cessesthe long-run money demand relationship can be cast as the cointegrated

system
Inm(t) = B1Iny(t) + B,or(t) + u,(t), t>0, (15)
diny(t) = uy(t)dt, dr(t) = ug(t)dt, t>0, (16)

where the vectou(t) = [uy(t), ux(t), us(t)]’ is a stationary random distur-
bance vectorThis model is in the form of the cointegrated syst€inand(2),
and hence the preceeding results apply to the estimation of the parageters
andpg,.

The data used in this empirical illustration refer to the United States and
cover the period January, 1959 to December 311999 The money stock
series(real M1 money balancgss observed monthjythe interest rate series
(Treasury bill rate¢ is observed dailyand the income seriggeal GDB is ob-
served quarterlyThe variablesn(t) andr(t) are examples of stock variables
whereag/(t) is clearly a flow although there mayowever be some notion of
averaging implicit in the construction of the money stock setf@s this rea-
son quarterly averages of the money stock data were ,uslittbugh different
versions of the interest rate variable were considdregdarticular mid-quartey
end-quarterand mean-quarter values of the interest rate variable were com-
puted from the daily observationShe preceding theory suggests that the esti-
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mates obtained using the latter averages are the most efficient asymptptically
and this empirical application enables the finite sample variances to be com-
pared across the three different sampling schemes for the interest rate

Two types of efficient estimator are considerdthe first is the fully modi-
fied least squared=M-OLS) estimator of Phillips and Hans€h990, based on
the triangular ECM representatipand the second is the Gaussi@maximum
likelihood) estimator of Reins€l1990 and Johanse(1991), based on the vec-
tor ECM (VECM) representatiariThe FM-OLS estimators were computed using
the automatic bandwidth selection technique of André®#291), based on an
AR (1) approximation for the disturbancee estimate the long-run variance ma-
trix, for three different kernel functionsamely Parzen Tukey—Hammingand
Bartlett These estimators are denoted FM-QP5 FM-OLS(TH), and FM-
OLS(B) to distinguish the different underlying kernel functiolksing the VECM
approachtwo estimators were considerekhe first uses the Schwartz informa-
tion criterion to determine the autoregressive order of the sysidrnich turns
out to be 6 This estimator is denoted VEC). Inspection of the residuals in
this systemhowevey suggests that they are serially correlatadd so the sec-
ond estimator is based on a system with 12 lags and is denoted VEZMI-
though the second system is less parsimonious in modeling the dynahs@cs
residuals are closer to being white noi3ée estimates o8, and 3, obtained
using each estimator are given in Tableviich also contains the OLS esti-
mates for comparison

TaBLE 3. Estimates of the long-run money demand relationship

Mean-quarter End-quarter Mid-quarter
Estimator B1 B2 B B2 B1 B2
oLS 08934 —0.0236 08921 —0.0232 08920 —0.0231

(0.013H (0.0052 (0.0136 (0.0052 (0.0133 (0.0059)
FM-OLS(P) 0.8452 -0.0219 08279 —0.0212 08293 —-0.0216
(0.029)) (0.0112 (0.0371 (0.0143 (0.0343 (0.013)
FM-OLS(TH) 0.8427 —0.0219 08445 —0.0208 08283 —0.0214
(0.0293 (0.0112 (0.0399 (0.01549 (0.0347 (0.0133
FM-OLS(B) 0.8837 —0.0229 08814 —0.0227 08829 —0.0233
(0.0572 (0.0219 (0.0600 (0.023) (0.0594 (0.0227)

VECM(6) 0.6484 —0.0193 05541 00079 06379 —0.0145
(0.0610 (0.0232 (0.0719 (0.0275 (0.0629 (0.0239
VECM(12) 0.7147 —0.0308 07331 —0.0561 06993 —0.0333

(0.0384 (0.0146 (0.0513  (0.0197 (0.0472 (0.0180

Note: Figures in parentheses are standard errors
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TABLE 4. Eigenvalues of covariance matrix

differences

Estimator End-quarter Mid-quarter
FM-OLS(P) 5.95,0.11 373 0.07
FM-OLS(TH) 8.27,0.15 384, 0.08
FM-OLS(B) 3.77,0.07 280, 0.07
VECM(6) 16.42,0.29 258, 0.07
VECM(12) 1312, 0.24 850, 0.17

Note: All entries have been multiplied by 10

The FM-OLS estimates in Table 3 are remarkably stable across the different
treatments of the interest rate dafde estimates using different kernels are
also very similarparticularly in the case of the Parzen and Tukey—Hamming
kernels The VECM estimates show more variation both across different treat-
ments of the interest rate data and between different system oAteinter-
esting feature of the results in Table 3 is that in no qagh the exception of
the inefficient OLS estimatgmare the standard errors using end-quarter or mid-
quarter interest rate data less than those using the mean-quarteriuatheo-
retical resultshowevey concern the positive semidefiniteness of the difference
in covariance matricesot a comparison of individual elements of the covari-
ance matriceswith this in mind we have constructed Table which contains
the eigenvalues of the differences in the covariance matrices of the estimators
based on unaveraged interest rate data with respect to the averagédtdelta
the theory suggests should be positive semidefinite

In all cases in Table ,4the relevant covariance matrix differences are posi-
tive semidefinite as predicted by the asymptotic theofhis suggests that av-
eraging stock data can lead to more precise estimates of cointegrating parameters
in finite samplesThese empirical results are only indicatit®weveyand should
not be interpreted as meaning that such an outcome will always be achieved in
finite samplesas the theory derived only relates to the asymptotic distribution
of the estimators and not their finite sample distributions

5. CONCLUDING COMMENTS

This paper has investigated a new avenue of research in the field of temporal
aggregation in econometrics by considering the effects that the discrete time
sampling of stock and flow variables has on the asymptotic efficiency of esti-
mators in cointegrated systensis shown that estimators based on flow vari-
ables alone are more efficient than estimators based on stocks alone or on
mixtures of stocks and flowd-urthermore efficient estimators obtained with
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flow variables are shown to be as efficient as the estimators that would be ob-
tained using a continuous record of dafssuch an estimator were feasible
Although such findings are of academic interele situation faced by a re-
searcher is typically one in which the method of sampling a variable is deter-
mined by its very naturg=or exampleit is not possible to sample the money
stock as a flow variable even if it is desirable for improved estimator efficiency
to do so The paper therefore provides a practical method for improving effi-
ciency with stock variables that can be implemented in certain ctsese be-
ing where the stock can be observed at a higher frequency than the other
variables The method involves discrete averaging of the higher frequency data
over the unit time interval and is shown to improve the efficiency of the esti-
mators An empirical example using long-run money demand regressions is car-
ried out to assess the extent to which this aggregation of stock variables can
improve efficiencyand it is found that for a number of estimators the averag-
ing of monthly money stock data and daily interest rate data in the regressions
using quarterly data can improve efficiendjonte Carlo evidence on this and
other predictions of the theory is obtained and assessed in Cha2bérs.

NOTES

1. This is the sense in which the tertamporal aggregations used by Bergstronil984),
Phillips (19913, Drost and Nijman(1993, and Chamber§1998. Some authorshowevey among
them Weiss(1984 and Granger and Siklogl995, use the ternmtemporal aggregatiorto refer
more explicitly to the sampling of flow data algnend they employ the tersystematic sampling
for the case of stock variables

2. There have been two main avenues of research in the temporal aggregation litaraéure
first examines the implications of sampling at discrete time intervals for the specification of econo-
metric and time series modeland the second concentrates on methods of estimating the param-
eters of the underlying data generation processed on a sample of observations at discrete time
intervals Weiss (1984 and Bergstron{1984) are examples of the first line of researebhereas
Bergstrom(1990, Harvey and Stock1985, and Robinson1993 cover various time and fre-
guency domain methods of estimation in the second

3. These proofs are also available electronically at:ftgrivatewwwessexacuk/~mchamb

4. Phillips (19913 uses the representati@y,(t) = uy(t) in place of(2), whereD denotes the
mean square differential operatamich requires the sample pathsygft) to satisfy certain smooth-
ness conditionsThe specification in2), however does not requirg,(t) to be mean square differ-
entiable (although not ruling out the possibilitybut simply requires increments ip(t) to be
stationary

5. The specification of the model,i®f course consistent withu, (and alsou;) being gener-
ated by a stochastic differential equation syst&namberg2000 deals with such a fully paramet-
ric continuous time cointegrated system

6. See Phillips(19913 for details The matrixJ in (3) is denotecE by Phillips (19913, butJ
is used to denote this matrix here so as to avoid any confusion with the expectation operator

7. The situation wherg; andy, are each combinations of stocks and flows,caincourse
also be analyzed using the methods in this papee Chamber&000 for an example

8. This follows from for example Theorem 141 of Davidson(1994 or Theorem 319 of
White (1984).
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9. The following representations are based on Definitioh & Saikkonen(1991), to which
the vec operator has been applied
10. Details of the equivalence of the representati@®)s-(10) can be found in Phillip$1989.
11. See Bergstroni1984) for a definition of wide sense integration of continuous time random
processes
12. See for example Hannan(197Q p. 45) for details
13. | am grateful to a co-editor and a referee for emphasizing these points
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APPENDIX A

The following lemmasAl1-A7, are used in the proofs of the lemmakeoremsand
propositions in the main texTheir proofs are contained in a supplementary document
that may be obtained from the author on request

LEMMA Al. The disturbance vector(k) = [x,(t)’, xo(t)']’ defined in (5) is related
to the continuous time disturbance process)by

1 1
X,(t) = uy(t) + Bf u,(t — s)ds X, (1) =f U,(t —s)ds
o] 0]

LEMMA A2. Let y(t) be a continuous time random variable that evolves according
to the law of motion dy(t) = u,(t)dt, where y(t) is a stationary continuous time ran-
dom process. Then

yo(t) - f yolt — 9ds = f (1- 9yt — 9)ds

LEMMA A3. Let f(s) be a continuous function on& [0,1] and let ut) be a sta-
tionary continuous time scalar random process. Then

B 1 B
= B f d
Elu(t)| U ) s} ,

whereg is a finite positive constant.

1
E‘ fo f(s)u(t — s)ds

LEMMA A4. Let u(t) denote a wide sense integrable continuous time random pro-
cess. Then

1 1
J u(t —s)ds= g(D)u(t) and f (1—s)u(t —s)ds=k(D)u(t),
o] o]

where dz) = (1 - e ?)/zand Kz) = [1— g(2)]/z.
LEMMA A5. The functions ¢z) = (1 — e %)/z and Hz) = e ?[1 — g(2)]/z satisfy

1
img(zy=1 and limh(z) =,
z—0 z—0 2

whereas for integer # 0, g(27ij) = 0 and h(2ij) = (27ij ).

LEMMA A6. Let w(t) be a continuous time random variable that evolves according
to the law of motion dy(t) = u,(t)dt, where y(t) is a stationary continuous time ran-
dom process. Then, for some positive integer p,

1 1

u,(t — s)ds—f s,(t — s)ds

0

1p71 k 1 1p71
) yz<t— 5) —fo Yo(t —s)ds = B >

P k=0 k=0 Jk/p
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In terms of filters, this expression has the representation
1r?

Kk 1
F_)Zo y2<t - B) _fo Yo(t — s)ds = my(D)u,(t),

where m\(z) = [op(2) — 9(2)]/z.

LEMMA A7. The function B(z) = e *[0,(2) — 9(2)]/z satisfieslim,_,ohp(2) =
1/(2p), while for integer j# 0,

.. 1 .
he (2} ) op(2mij) _27rij , j=0,%p, £2p,...,
P - W
2] 0, otherwise
APPENDIX B

Outline proofs of the lemmagheorems and propositions given in the main text are
provided hereln many cases the outline is given only for sampling scheméth the
proofs for the remaining schemes following in a similar fashidiore detailed proofs
covering all the sampling schemese available from the author on request

Proof of Lemma 1. We discuss each sampling scheme in turn

Scheme IThe expressions are obtained directly from partitionfdy which gives
&1t = X1(t) and £, = x(t), and then applying Lemma Al

Scheme IITaking the firstm; equations of4) gives
AyR = —YPe1 +BYS(t—=1) + x4(t) = —yPe 1 + Bys 1 + €ups

with &3¢ = xq(t) + B[y5(t — 1) — y5,_;]. The expression fogy, in Lemma 1 results
from the form ofx,(t) given in Lemma Al and using Lemma A2 for the expression

1
yzF(tfl)*yzF,tfﬁyzF(tfl)ff yt(t—1-s)ds
0

The expression fok,; is obtained from the lasin, equations of(7), so thaté,, =
fol X,(t — s)ds Lemma Al is again applied to relafg; to u,(t).

Scheme Il The firstm; equations of7) yield
1 1
Ay, = _y]'.:,t—l + BJ yP(t—1-— S)ds"‘f Xy (t — s)ds= _y]'.:,t—l + BY2S:t—1 + &1,
0 0

whereéy, = [3x,(t — s)ds+ B[ [ yS(t — 1 — s)ds— y5,_,]. Application of Lemmas
Al and A2 yields the desired expression fq¢, and the expression fa¥,; is obtained
directly from the lasm, equations of4) as in Scheme.l
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Scheme IVThe expressions fof;; and ¢ come directly from partitioning7), so
that &, = [§x,(t — s)dsand &, = fo X,(t — s)ds Lemma Al once more yields the
result |

Proof of Lemma 2. The stationarity o, follows directly from the definitions o€,
in terms ofu(t) in Lemma 1 The invariance principle is justified by verifying that the
conditions of Corollary 2 of Phillips and Durlauf(1986 are satisfiedThe required
conditions are thati) E(&;) = 0; (ii) E|&;|? < oo for some 2= B8 < co; and (iii) the
mixing conditions in Assumption(t) also hold for&;. Condition(i) is satisfied by As-
sumption 1a) and Lemma 1Condition(iii ) holds as a result of the mixing properties in
Assumption 1c) and the fact that; is a measurable function af(t) involving finite
lags which follows from the definitions in Lemma 1 and application of Theorenl 14
of Davidson(1994 or Theorem 319 of White (1984). It remains to demonstrate that
(ii) holds for each of the four sampling schemBetails are provided here for Scheme
I, and the results for the remaining sampling schemes follow in a similar fashion

Scheme IFrom Lemma 1 it follows that

B

my 1
E|§1i,t|B =E|uy(t)+ 2 Bijf Uy (t —s)ds
j=1 0

my

1
=(m,+ D HEluy (D) + D E Bijf Uy (t — s)ds
L j=1 0

]
1

f Uy (t — s)ds
0

my
= (my+ 1P 2 Eluy (H)]# + Bij|'BE|u2j(t)|'B:| <o
=1

my

= (my+ 1P Eluy (V]F + X |By; |PE
L j:1

|

under Assumptions(b) and 2 and where the first inequality arises from ¢hénequality
and the third from application of Lemma A3lso,

1 B
f U, (t — s)ds
0

by Assumption 1b) and where Lemma A3 has been applied |

Eléx P =E = Eluy(t)]# < oo

Proof of Lemma 3. The filters are derived directly from the expressions in Lemma 1
which relate&; to u(t), along with the results in Lemma AfDetails are provided here
for Scheme ,J and the results for the remaining sampling schemes follow in a similar
fashion

Scheme IFrom Lemma 1 and application of Lemma A4

1
£ = Ug(t) + Bf Up(t — s)ds= uy(t) + Bg(D)u,(t),

o
1
o = fo Up(t — s)ds=g(D)u,(t),

resulting in the form oM(z) in the lemma u
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Proof of Theorem 1. To simplify the presentation of the required summatjaghe
notation

+oo

S(Xy, f,X5) = 2 Xy(2aij ) f (27)) Xo(— 271} )

j=—o

is utilized whereX;(-) (of dimensionl X m) andX,(-) (of dimensionm X n) are matrix
functions and () (of dimensionm X m) represents a spectral density matrix or a sub-
matrix thereof In each of the four sampling schemeise long-run variance matrix of
interest is given by) = 27f,.(0) = 27S(M, f, M’), whereM(2) is defined in Lemma 3
The submatrices of) yield Q115 = Q11 — 0,055 Q5;. Some of the summations in-
volving the functionsg(z) and h(z) simplify in view of Lemma A5 For example
S(g, f,9) =(0) = S(g? f,9?), S(g, f,h) = f(0)h(0) = (3)f(0), andS(h, f,h) = (3)f(0) +

> +o0lh(27ij )|?f (27ij ). Details are provided here for Schemeahd the results for the
remaining sampling schemes follow in a similar fashion

Scheme IFrom the definition oM (z), the following submatrices aft are obtained

Q1= 27[S(lpn,, T10, Imy) + BS(G, T21, Ii,) + Sy, T12,9)B” + BS(g, T2, 9)B']

= 277[_ > f12(27]) + Bfyy(0) + f,4(0)'B’ + Bfy,(0)B’ ]?

j=—oo
Q5 = 27[S(I,, F12,9) + BS(G, 22, 9] = 277[ f15(0) + Bfx,(0)];

O,y = 27S(9, f,5, ) = 27f,,(0).

Combining these expressions gives

04,053 Q1 = 27[ ,,(0) f,,(0)"1f,,(0) + Bf,,(0) + f,,(0)'B’ + Bf,,(0)B'],

and hencgbecausel;1, = Q11 — Q,,051Q,,, it follows that

W1, = 277[ > fa(2m)) + £15(0) + Bfyy(0) + f,,(0)'B’ + szz(O)B']

j#0

— 2m[ 115(0) f55(0) H21(0) + Bfy4(0) + £1(0)'B’ + Bip(0)B']

= Zw[ S iy (2m) + f112<0>],

j#0
as given in the theorem n

Proof of Proposition 1. The validity of Proposition 1 is established by consideying
in turn, the three matrix difference®y,, — Q) , forj = I, 11,1l and demonstrating that
each one is positive semidefinit€he first of these differences is

Q'Illz - Q%.z = 2m E f(27j),

j#0
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which is clearly(Hermitian positive definite in view off (A) being a spectral density
matrix. Next,

a1, — O, = 27 D> H(27ij,B) f(27j )H(27ij, B)™.

j#0
Becausd ()) is Hermitian positive definiteH (27ij ) f (27 )H (27ij )* is clearly positive
semidefinite for eacly and hence so is the preceding sum over0. Finally,

Qllnlz - Q%.z =2mB 2 ‘h(ZWij )‘2f22(277j )B".

j#0

In view of Lemma A5 |h(27ij)|? = 2aij) 2(—=27ij)™* = (47?2 "t > 0 for all
j # 0, and becaus&,()) is Hermitian positive definitethe preceding sum is positive
semidefinite u

Proof of Theorem 2. The proof follows straightforwardly from the definition of an
optimal estimator by evaluating the long-run variance ma@ix 27f,.,(0) and dem-
onstrating that it is equal to72f (0). Becausew(t)dt = I'(D)u(t)dt, where

1+2)l, B
F(Z)—[ 0 Imj’

it follows thatf,(A) = T(iA)f(A)T(iA)* (—oo < A < o0). Evaluation of the submatrices
of fuw(A) yields

Oy = 27f,,11(0) = 277[ £14(0) + Bf,4(0) + f1,(0)B” + Bf,,(0)B'],

01 = 27f,12(0) = 277 £1,(0) + Bh,(0)],

Oz = 277, 22(0) = 277,(0).

The expression fofl,; , follows straightforwardly u

Proof of Proposition 2. This follows directly from the fact that the variance matri-
ces in the limiting distributions of the optimal estimators in SchemgTWeorem 1
and in the continuous record caSeheorem 2 are identical n

Proof of Lemma 4. We consider each of the three sampling schemes in turn

Scheme I(p)Hereg y; , = (1/p) =P_2 y(t — k/p), and so the discrete time ECM is ob-
tained by applying the lag operator functityp) >2_5 L& to (4), yielding the ECM
representationy; , = —JAY_1 p + & p, Whereé; , = (1/p) SP_3x(t — k/p). Application
of Lemma Al forx(t) yields the required expressians

Scheme ll(p)Taking the firstm; equations of the equation in Schen{@) gives
1rl k 1rl k
AYS o= —Yii1ptB= F(t—l——>+— x<t——>
Y1t p YTt-1p D Zo Y2 D D Zo 1 D
= _yls,t—Lp + Byg,t—l + flt,pr

whereéy, p = (1/p) 25X, (t — k/p) + B(1/p) =5 y5 (t — 1 — k/p) — y5 _1]. Apply-
ing Lemmas Al and A6 yields the required expressibime vectoré,, , is obtained di-
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rectly from the lastn, equations of7) and hence is the same as the expression in Scheme
Il of Lemma 1

Scheme lll(p)The firstm; equations of7) yield
1 1
Ay = —Yieat Bf ys(t—1- s)ds+J x1(t — s)ds
0 o]

= *YJ'it—l +BYs i—1p Tt &1t p

whereéy, p = [3xy(t — s)ds+ B[ 3 yS(t — 1 — s)ds— y5, , ,] and the result follows
by using Lemmas Al and A@he expression fof,; , comes from the lash, equations
of the expression in Schemép), which describe the evolution of; . u

Proof of Lemma 5. We take each sampling scheme in turn

Scheme I(p)Becauset; , = o0p(D)é;, where¢; is from Scheme | in Lemma, lit
follows immediately that; , = op(D)M(D)u(t), with M(z) defined in Scheme | of
Lemma 3 because&; = M(D)u(t).

Scheme Il(p)From the definition o, , it follows, using Lemma Agthat
é11.p = (D) uy(t) + Boy(D)g(D) u,(t) + Bmy(D)e Puy(t),

and becausép(z) = e *my(2), the filter onuy(t) is o(D)g(D) + hy(D). The vector
&2t p is equal togy; in Scheme 1) and so it follows immediately that, , = g(D)?ux(t).
The expression foM,(z) follows by combining these results

Scheme lll(p)Again from the definition 0%, , and using Lemma A6
é1p = 9(D)uy(t) + Bg(D)?u,(t) — BePmy(D)u(t),

and the expression in the lemma follows by noting thgiz) = e *m,(2). Finally, the
vector &5 p is equivalent toé , in Scheme (p), and the expression fdvi,(z) then
follows immediately |

Proof of Theorem 3. The proof follows the same approach as the proof of Theo-
rem 1 with M,(z) replacingM(z). Expressions involving the filter functios,(z) sim-
plify in view of op(27ij) = 1 for j = 0,£p,£2p,... andop(27ij) = 0 otherwise For
example S(oy, f,0p) = Ej"i_wf(277jp). An outline of the derivations for Schemép)

is provided hereThe results for the remaining sampling schemes follow in a similar
fashion

Scheme I(p)The expressions of interest are
Oyy = 27[S(0, f11,0,) + B21(0) + 1,,(0)'B’ + Bf,,(0)B' ];
Oy, = 27[S(0,9, F12,0,9) + BS(0},9, f25,0,9)] = 27f1,(0) + Bfy,(0);
Oy = 27S(0, 9, T2, 0, 9) = 275,(0).
Combining these expressions gives

Q1295219*21 = 2m[ 1,,(0) fzz(o)ille(o) + Bf,1(0) + 151(0)'B’ + Bf,,(0)B']
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and hence

Q10 = 27T[S(U'p’ fi1, U'p) —f1,(0) fzz(o)ille(o)] = 277[ E f1.(27jp) + fllZ(O)] s
j#0
becauseS(oy, fi1,0p) = f11(0) + 2.0 f12(27jp). u
Proof of Proposition 3. As the expressions for the,, matrices are identical in Theo-
rems 1 and 3the proof proceeds by comparing the; , matrices defined in these theo-

rems for the cases with unadjusted and adjusted Bettails are given for Schemép);
those for Schemes (Ip) and IlI( p) follow in a similar fashion

Scheme I(p)The expressions in the two theorems give

QIl]_Z - Qll(lp% = 277[ 2 f1.27)) + fle(o)] - 277'[ 2 f1.(27jp) + fle(O)]

j#0 j#0

=2m 3, fi(2m),

i€,

whereJ, = {j:j € N,j # 0,+p,+2p,...} andN ={...,-2,-1,0,1,2,...} denotes the
set of positive and negative integgirscluding zero Becausd (A) is Hermitian positive
definite by assumptiarit follows that this matrix difference is positive definite B
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