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Abstract. Let p be a hyperbolic periodic saddle of a diffeomorphism f on a closed C*
manifold M, and let C¢(p) be the chain component of f containing p. In this paper, we
show that if C¢(p) is C I_stably shadowable, then (i) C f(p) is the homoclinic class of p
and admits a dominated splitting E @ F (where the dimension of E is equal to that of the
stable eigenspace of p); (ii) the Cy(p)-germ of f is expansive if and only if C(p) is
hyperbolic; and (iii) when M is a surface, C s(p) is locally maximal if and only if C s(p)
is hyperbolic.

1. Introduction

1.1. Context. The notion of pseudo-orbits very often appears in several branches of
the modern theory of dynamical systems and, in particular, the pseudo-orbit shadowing
property, as well as expansivity, usually plays an important role in the investigation of
stability and ergodic properties.

Let M be a closed C* manifold, and let Diff(M) be the space of diffeomorphisms of M
endowed with the C'-topology. Denote by d the distance on M induced by a Riemannian
metric on the tangent bundle. For § > 0, a sequence of points {xi}f’:a CM(—x<ac<
b < 00) is called a §-pseudo-orbit of f € Diff(M) if d(f(xi), xj+1) <6 for all a <i <
b—1.

Denote by fj4 the restriction of f to a subset A of M. Let A C M be a closed
f-invariant set. We say that f|5 has the shadowing property if for every € > 0, there is
a 6 > 0 such that for any §-pseudo-orbit {xi}f.’:a C A of f (where —o0 <a <b <00),
there is a y € M satisfying d(fi(y), x;)<eforalla<i<b-—1 (see [18, 26]). Notice
that only §-pseudo-orbits of f contained in A can be e-shadowed, but a shadowing point
y € M is not necessarily contained in A.

We say that f has the shadowing property if M = A in the above definition. This
property does not depend on the metric used and is preserved under topological conjugacy.
It is easy to see that fjs has the shadowing property if and only if fl'}\ has the shadowing
property for every n € Z.
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For given points x, y € M, we write x ~» y if for any § > 0, there is a §-pseudo-
orbit {x; ?5:0 (bs > 0) of f such that xo =x and xp; =y. We write x «w y if x ~y
and y ~» x. The set of points {x € M : x «~ x} is called the chain recurrent set of f
and is denoted by R(f). It is easy to see that the set is closed and f(R(f)) = R(f).
Clearly, if P(f) denotes the set of periodic points and 2(f) is the non-wandering set
of f,then P(f) C Q(f) C R(f). It is known that if f has the shadowing property, then
Q(f) =R(f). For more information on the relationship between chain recurrence and the
shadowing property, see [4, 35].

It is well-known that if f satisfies both Axiom A and the strong transversality condition,
then f has the shadowing property (see [26, 30]). Since such a system is structurally
stable, there exists a C!-neighborhood /(f) of f such that every element g € /() has
the shadowing property, because g is conjugate to f. The author proved in [31] that if there
is a C!-neighborhood U(f) of f whose elements all have the shadowing property, then f
satisfies both Axiom A and the strong transversality condition. Thus, the C'-interior of the
set of diffeomorphisms possessing the shadowing property can be characterized as the set
of diffeomorphisms satisfying both Axiom A and the strong transversality condition.

Let M = M? be a surface, and let fe Diff(M?) satisfy Axiom A. The so-called
CO-transversality condition for f is introduced in [32]. Roughly speaking, we say that the
stable manifold W* (z) and the unstable manifold W (z) of z € M? are CO-transverse at z if
these sets cross at z in the same way that the graph of y = x> crosses the x-axis at the origin
in the xy-plane. We say that f satisfies the C°-transversality condition if all the stable and
unstable manifolds are CO-transverse at any point of their intersection. It has been proved
that f satisfies the C-transversality condition if and only if f has the shadowing property
(see [28, 32]); thus the set of dynamical systems possessing the shadowing property makes
up a larger class than the structurally stable systems.

It is proved in [23, Proposition 1] that every element in the C!-interior of the set of
diffeomorphisms f such that fiq(r) has the shadowing property satisfies both Axiom A
and the no-cycle condition. On the other hand, it is known that if f satisfies both Axiom A
and the no-cycle condition, then Q(f) = R(f), so that fiz(s) has the shadowing property.
Thus, when we restrict our attention to the chain recurrent set, the C!-interior of the set of
diffeomorphisms f such that fiz(s) has the shadowing property is characterized as the set
of diffeomorphisms satisfying both Axiom A and the no-cycle condition.

The relation «~ induces on R(f) an equivalence relation, whose classes are called
chain components (or chain recurrence classes) of f (see [2, 4, 5, 11, 35]). For dynamical
systems satisfying Axiom A, hyperbolic basic sets are basic subsystems that possess many
important dynamical properties, and have been investigated extensively in the context
of both stability theory and ergodic theory. In view of shadowing theory for dynamical
systems, chain components are among the basic objects of investigation, and are natural
candidates to replace hyperbolic basic sets. In fact, it is known by [5] that, in the C!-generic
context, every chain component with a periodic point is a homoclinic class (the definition of
which is given below). Some of the properties of chain components (Lyapunov functions,
filtrations, etc; see [11]) are interesting subjects in the present context.

Let {g/};cr be the bifurcating one-parameter family of diffeomorphisms on a 2-disk
D? c R? derived from a hyperbolic horseshoe that possesses a homoclinic tangency point
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qo of go associated with the hyperbolic saddle fixed point p; see Figure 1(b) in §2 and
[25, Chapter 5]. Owing to the existence of a homoclinic tangency, the chain component
Cgy(p) of go containing p does not coincide with its homoclinic class, and gy does not
have the shadowing property as g fails to satisfy the CO-transversality condition. More
precisely, it will be shown in §2.2 that 801Cg, (p) does not have the shadowing property.
Furthermore, we can choose ¢ > 0 arbitrarily small such that 811Cy, (p) does not have the
shadowing property, where Cg, (p) is the chain component of g; containing p. Hence, g is
in the closure (with respect to the C!-topology) of the set of semi-local systems which do
not have the shadowing property. The critical saddle-node horseshoe considered in [12, 24]
is another example exhibiting the same property (see §2.3). Thus it is natural to study semi-
local systems which satisfy the shadowing property with some stability.

The purpose of this paper is to characterize the chain component containing a hyperbolic
periodic point by making use of the shadowing property under the C!-open condition.

This paper has the same philosophy as that of some previous papers that study
‘hyperbolic-like properties’ implied by some stable topological or dynamical property—
for instance, stable ergodicity in the series of works of Pugh, Shub and their collaborators
(see [10]), stable (robust) transitivity in [14], and stable expansivity in [24, 34], among
others. In this paper, we use (and improve) some of the techniques introduced by Liao
and Maiié for proving the C'-stability conjecture and which have recently been developed
further by some of the authors cited above.

Finally, we close this subsection by pointing out one of the key principles of this paper.
The two main obstructions to shadowing are the existence of homoclinic tangencies and
of heterodimensional cycles. Such dynamical phenomena easily give pseudo-orbits which
cannot be shadowable (see §§2, 4 and 5). There are examples in [3, 7, 38], for dimensions
greater than or equal to 3, such that non-shadowability follows from the existence of
heterodimensional cycles, and in [26, 28, 32] these are related to homoclinic tangencies. Of
course, semi-local systems exhibiting these dynamical phenomena are not hyperbolic. In
this paper, the hyperbolicity of a chain component containing a hyperbolic saddle periodic
point under the C'-open condition on the shadowing property is proved by ruling out
homoclinic tangencies and heterodimensional cycles.

1.2. Notation and definitions. Throughout this paper our space M is a closed C*
manifold, and we let Diff(M) be the space of diffeomorphisms of M endowed with the
C!-topology. Let d(-, -) be the distance on M induced by a Riemannian metric |-|| on the
tangent bundle 7M.

For f e Diff(M), we denote a C'-neighborhood of f by U(f). Our results will be
obtained through several perturbations of a map with respect to the C!-topology. Let f be
a map under consideration, and let /( f) be given. Each perturbation is always arbitrarily
small with respect to the C'-topology, so that the perturbed map g near f is still contained
inU(f).

Let us list some standard symbols that will be used in this paper:

B.(x) the closed ball centered at x € M with radius € > 0;
int A the interior of a set A C M;
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Or(x) the f-orbitof x € M, i.e. {f"(x)}nez;

m(p) the (minimum) period of p € P(f);

E), (E,) the stable (unstable) eigenspace of a hyperbolic periodic point p € P(f);

index(p) the index of a hyperbolic periodic point p € P(f), i.e. the dimension
of E ‘1‘,;

E.(¢e) a closed ball (linear piece) of the linear subspace E, C Ty M centered at the
origin O, with radius € > 0;

| -] the usual metric on RE™ M where dim M denotes the dimension of M.

Besides the above, we introduce a so-called continuation for a hyperbolic periodic point.
Let p € P(f) be hyperbolic; then there exist € = ¢(p) > 0 and U(f) such that for any
g € U(f), there is a unique hyperbolic periodic point p, € B.(p) of g with the same period
as p and which has index(p,) = index(p). Such a point p, is called the continuation of p.

Finally, for notational simplicity, the symbols showing dependence on the dynamics
will be omitted in some cases if there is no risk of misunderstanding.

1.3.  Statement of the results. Let p € P(f) be hyperbolic, and let C s(p) be the chain
component of f containing p. If p is a sink or a source, then C¢(p) is the periodic orbit
of p itself. Hence we consider the case where p is a saddle; that is, of the eigenvalues of
D, " () none of them has modulus equal to one, at least one of them is greater than one,
and at least one of them is smaller than one.

Let ¢ € P(f) be a hyperbolic saddle. We say that p and g are homoclinically related,
and write p ~ ¢, if there are non-empty transverse intersections between W*®(p) and
W¥(q), and between W*(p) and W¥(q). Itis clear that if p ~ ¢, then index(p) = index(g).

Let Hy(p) be the homoclinic class of p; that is, the closure of the set of all
q € P(f) such that p ~ ¢. Note that, by Smale’s transverse homoclinic point theorem
in [36], Hy(p) coincides with the closure of the set of transverse homoclinic points x €
W*(p) N W*(p). When a homoclinic class is not hyperbolic, it may contain periodic points
having different indices. Actually, there are examples of diffeomorphisms with homoclinic
classes that contain hyperbolic periodic points with different indices in a robust way;
for instance, see [6, 9, 13-15, 20]. Set Hp (O (p)) = Hy(p) U ---U Hp(f*P~1(p));
then Hy (O (p)) C Cr(p) but these sets do not coincide in general (see §§2.2 and 2.3).
Obviously, Hy(O¢(p)) is a closed f-invariant set, and it is known that fig (0 (p)) 18
transitive.

Let A be an f-invariant set of M. We say that A admits a dominated splitting if the
tangent bundle 74 M has a Df-invariant splitting E @ F and there exist constants C > 0,
0 < X < 1 such that

1Dl IND g S I < CA”

forall x € A and n > 0. Let A admit a dominated splitting £ @ F. We now list the main
properties of a dominated splitting that will be used in this paper; for more information,
see [9, Appendix B.1].
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° Continuity. The dominated splitting E @ F is continuous, meaning that the fibers E
and Fx depend continuously on the point x € A.

) Extension to the closure. The dominated splitting £ @ F can be extended to a
dominated splitting defined over the closure of A.

° Constant dimension in transitive components. The dimensions of sub-bundles £ and
F are constant in transitive components of A.

. Uniqueness. Assume that there is a dominated splitting G @ H over A such that

dim £ < dim G. Then we have E C G.

We say that Cy(p) is C!-stably shadowable if there exists U( f) such that for any g €
U(S), 8c,(p,) has the shadowing property (examples and counterexamples of C L_stably
shadowable chain components are given in the next section). In this paper, the following
results are obtained.

THEOREM A. If Cy(p) is Cl-stably shadowable, then there is a U(f) such that for
each g eU(f), Cq(pg) coincides with He(O,4(pg)) and admits a dominated splitting
Te,(poM = E(g) @ F(g) satisfying dim E(g) = index(py).

The dominated splitting E(g) & F(g) in this theorem satisfies
Ex(g) = T, W (x, g) and Fy(g) = T, W"(x, g)

for any transverse homoclinic point x of saddles homoclinically related to p, by
construction. Since the set of such points is dense in Cg(pg), the dimension of the
sub-bundle E(g) is constant (see §6).

Generically in Diff(M), a part of the result of Theorem A holds without the shadowing
assumption. Indeed, it is proved in [5] that, generically, if a chain component contains a
periodic point, then the chain component and the homoclinic class of the periodic point
coincide (see also [9, Chapter 10]).

We can also prove a certain kind of uniformity of the hyperbolicity for hyperbolic
periodic points of the chain components of C!-stably shadowable diffeomorphisms.

THEOREM B. Let Cy(p) be C _stably shadowable. Then there exist U(f) and constants
m=>0, C>0 and 0 <X <1 such that for each g cU(f), if g€ Cq(pg) N P(g)
(m(g) = m) is hyperbolic, then

k—1 k—1

) m k ) —m k
l_[ Dglm (q)glESim < C)\. and l_[ Dg_""(q)g|E“_. < C)\, y
i=0 g"@ i=0 g=im(g)

where k = [t (q)/m] (and [-] represents the integer part).

At this point we note that an analogous theorem was shown in [34, Theorem 2] under the
condition that p ~ g for C'-persistently expansive homoclinic classes (see the definition
below). We remove this condition for C!-stable shadowing diffeomorphisms.

Let A be a closed f-invariant set of M. We say that f|5 is expansive if there is a
constant ¢ > 0 such that for any x, y € A, d(f"(x), f"(y)) <c (n € Z) implies x = y.
This property does not depend on the metric used, and it is easy to see that f|, is expansive
if and only if fl’}\ is expansive for n € Z. Such a constant c is said to be an expansivity
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constant of f, and we say that f|A is c-expansive. We say that f is expansive if M = A
in the above definition.

We say that the A-germ of f is expansive if there is a constant ¢ > 0 such that for any
xeAandye M,d(f"(x), f"(y)) <c(ne€Z)implies x = y.

It is well known that every expansive system f|s has a hyperbolic-like property on the
local stable and unstable sets; that is, for any y € Wlsoéu)(x) (x,ye ),

d(f"(x), f"(»)—>0 asn— oo (—00). (%)

If the A-germ of f is expansive, then property (*) holds in a neighborhood of A. We need
this property to prove Theorem C below (see also the next paragraph of the theorem).

We say that A is hyperbolic if the tangent bundle Tho M has a Df-invariant splitting
E’ @ E" and there exist constants C > 0 and 0 < A < 1 such that

IDx gy Il < CA"and || Dy figull < CA"

for all x € A and n > 0. It is well-known that if A is a hyperbolic set of f, then the A-
germ of f is expansive. Indeed, if A is hyperbolic, then there is a compact neighborhood
U of A such that any pseudo-orbit of f in U is shadowed by a unique true f-orbit (see
[18, Theorem 18.1.3]). The germ-expansivity immediately follows from this fact.

We have the following characterization of the chain component C ¢ (p) for a C Lstably
shadowable diffeomorphism.

THEOREM C. Let Cyr(p) be Cl-stably shadowable. Then the Cyr(p)-germ of f is
expansive if and only if C ¢ (p) coincides with Hy(Oy(p)) and is hyperbolic.

The proof of the ‘if” part of Theorem C is clear. One of the problems we are faced
with in the proof of the ‘only if” part is the following. Let g € Cr(p) be a periodic point
(we do not know whether ¢ is hyperbolic or not at this moment). If it were always true
for g that Wi () N W"(p) # ¥ and Wt (q) N W*(p) # @ with respect to perturbations,
then we can show that every periodic point in C ¢ (p) is hyperbolic under the condition that
Cr(p)is Cl-stably shadowable. Here Wi (¢) and W}’ (q) are just the local stable and
unstable sets satisfying property (x); we do not know whether these sets are manifolds or
not. But if we do not have such a property, then upon perturbing f to g it may happen
that the intersection points of the sets ‘escape’ from the chain component of p,. To avoid
this problem, we assume germ-expansivity for fic,(p) (see Proposition 8.4). Of course, it
is natural to try to remove this assumption.

We say that A is locally maximal if there is a compact neighborhood U of A such
that (),,cz f"(U) = A. When we focus on surfaces, we can replace the germ-expansivity
condition on C ¢ (p) by the local maximality of it.

THEOREM D. Let M = M? be a surface, and let Cr(p) be Cl-stably shadowable.
Then Cyr(p) is locally maximal if and only if Cy(p) coincides with Hy(O¢(p)) and is
hyperbolic.

The ‘if” part of this theorem is proved in [2, Proposition 2.9] by making use of the notion
of so-called filtering neighborhoods of chain recurrent sets (see [2, Proposition 2.4]). This
result is independent of the dimension of M. We give here a rather basic proof of the ‘if’
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part based on a conventional approach (see Proposition 9.1). The ‘only if’ part will be
proved by showing that if Cr(p) is C I_stably shadowable and locally maximal, then the
Cr(p)-germ of f is expansive.

There are some results closely related to Theorem D, with the same flavor. First,
there is the C!-dichotomy for surface diffeomorphisms in [29], ‘hyperbolicity versus
approximation by homoclinic tangencies’. Roughly speaking, C'-stably shadowable
systems cannot be approximated by tangencies (see §3, Proposition 3.1) and thus,
by [29], they must be hyperbolic. Of course, our result is semi-local and does not follow
immediately from the above-mentioned paper. Note that there is a semi-local version of
the above result in [2, Theorems 1 and 3]. Theorem D is not a direct consequence of these
results (at least this is not obvious), but these results clearly are closely related.

1.4. Further comments. In contrast with our results, there are several results which
show that C'-robustly non-hyperbolic dynamics on M prevents stable shadowing (see
[3, 7, 38]). Recently, it was proved in [3] that (in the Cl—generic setting) locally maximal
homoclinic classes which are not hyperbolic do not have the shadowing property (and more
general results were obtained there). This fact, together with our results, naturally raise the
question of whether there exist some examples of C!-stably shadowable chain components
which are not hyperbolic. The author has no results relevant to this problem at present.

In [1], two C'-open generic sets were introduced: tame diffeomorphisms, which have
a finite number of homoclinic classes and whose non-wandering sets admit partitions
into a finite number of disjoint transitive sets; and wild diffeomorphisms, which have an
infinite number of (disjoint different) homoclinic classes (for a survey of this subject, see
[9, Chapter 10]). It was also proved in [3] that there is a residual set R C Diff(M) such
that if f € R is tame, then the following two conditions are equivalent: (a) f satisfies
both Axiom A and the no-cycle condition; (b) f has the shadowing property. Of course, it
seems worthwhile to study C!-stably shadowable chain components in view of the above
two C'-open generic sets. The author will consider this topic in the near future.

As mentioned before, this paper has the same philosophy as that of some previous
works that study hyperbolic-like properties implied by some stable topological property.
In fact, the results obtained in [24] and [34] are closely related to ours. The authors of
those papers investigated diffeomorphisms with C!-robust and C!-persistent expansivity
on the homoclinic classes, and characterized the sets under such C 1-open conditions (see
also [19]). In particular, the assertions of Theorems A—C in the present paper were proved
in [34] for C'-persistently expansive homoclinic classes. Let me now try to outline the
results of [24] and [34] briefly; please see the original papers for the details.

Let p € P(f) be ahyperbolic saddle (we assume that f(p) = p for simplicity). We say
that f is of C!-robustly expansive homoclinic class H (p) if there exist U(f) and ¢ > 0
such that g, (p,) 1s c-expansive forall g € U(f). Let M 3 be a three-dimensional manifold,
and suppose that f € Diff(M?) is of C!-robustly expansive homoclinic class H (p). Then
it was proved in [24] that there is a U/ (f) such that for any g in an open dense subset of
U(f), Hg(pg) is hyperbolic.
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FIGURE 1. Horseshoes.

In [34] a weaker notion is introduced as follows: we say that f € Diff(M) is of
C-persistently expansive homoclinic class H £(p) if there is a U(f) such that gm,(p,)
is expansive for all g e U(f) (i.e. the expansivity constant is not uniform). It is proved
that if f is of C'-persistently expansive homoclinic class H r(p) and the H¢(p)-germ of
f is expansive, then it is hyperbolic (there is no restriction on the dimension of M). We
follow the spirit of [34] and apply some of the ideas therein to make the aforementioned
characterization of the chain components of C!-stable shadowing diffeomorphisms.

2. Examples and counterexamples
In this section, we give examples and counterexamples of C!-stably shadowable chain
components.

2.1.  Hyperbolic horseshoe: a C'-stably shadowable set. Let D*> C R? be a 2-disk,
and let f be Smale’s horseshoe map on D? with a hyperbolic saddle fixed point p; see
Figure 1(a). Denote by A s the hyperbolic horseshoe containing p. Since this is 2-stable,
Ay = Hys(p)=Cy(p)isatypical example of a C I_stably shadowable chain component.

2.2. Horseshoe with a homoclinic tangency: not a C'-stably shadowable set. Let
{g:}1eRr be the bifurcating one-parameter family of diffeomorphisms on D? derived from a
horseshoe A ¢ that exhibits a homoclinic tangency g of go associated with the fixed point
p (see [25, Chapter 5]). Then Hy (p) = Ay and Cg (p) = A r U Oy, (qo); see Figure 1(b).
We show here that (i) 801Cqy (p) does not have the shadowing property (hence Cg,(p)

is not C!-stably shadowable), and (ii) we can choose ¢ > 0 arbitrarily small such that
811C,, () does not have the shadowing property. Thus gq is in the closure of the set of
non-shadowable semi-local systems.

For simplicity, denote go and go by g and g, respectively. Let W;¢ (p) be the local
unstable manifold of p, and fix k>0 such that g~*(g) e int gWi .(p) \ Wi .(p).
Suppose k =1 for simplicity; see Figure 1(b). For € > 0, denote by CZ(g) the connected
component of gz(WlL(‘)C( p)) N Bc(gq) containing q. It is easy to see that there is €] > 0 such
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FIGURE 2. Pseudo-orbit which cannot be shadowable.

that Cé‘l (g) = gz(Wl’gC(p)) N B¢, (g). We may suppose further that if [¢ 7" (g) — g7 " (¥)| <
€ forall n > 0, then g7 (y) € W (p).

Assume, for contradiction, that g|c,(p) has the shadowing property, and let § = é(e1) >
0 be the number in the definition. Take / > 0 such that |g/(¢) — g7 (¢)| < &; then

{872 87" @, 0. 8@, -, 87D, g7 @), g7 g), ..} T Cep)

is a §-pseudo-orbit of g composed of two segments of true g-orbits; see Figure 2(a). Since
8|C,(p) has the shadowing property, there is a z (near g) €;-shadowing the above pseudo-
orbit. Thus

max{lg™"(q) — g "), 1§ (@) — g (@)} <& foralln>0. (%)

From this, g~2(z) € Wi .(p) so that, by the choice of €1, we have z € C¢ (q). If z = g, then
the forward orbit of g/ (z) cannot €;-shadow the forward orbit of g~/ (¢) because the w-limit
set of Oy g (2) = O, (g'(¢)) is p. If z # g, then the forward orbits of g'(z) and g~*(g)
are going in opposite directions since p is hyperbolic; see Figure 2(b). This contradicts
(), and hence (i) is proved.

To prove (ii), observe that we can choose ¢ > 0 arbitrarily small such that there is a
homoclinic tangency g; (near go) of g, associated with p. Thus, by the same reasoning
stated above, it can easily be checked that g, ICey (P) does not have the shadowing property.

2.3. Critical saddle-node horseshoe: not a C'-stably shadowable set. Let ¢ : D> — D?
be the saddle-node horseshoe map constructed in [24, §2.2] possessing a saddle-node fixed
point p; see Figure 3(a). It is stated in [24] that the saddle-node horseshoe A, is conjugate
to Smale’s horseshoe A ¢. Thus ¢|a, has the shadowing property. Observe that there is a
hyperbolic saddle fixed point g in A, that has negative stable and unstable eigenvalues. Of
course, we consider here the chain recurrent set C,(g) containing g.

It is easy to see that A, (= Hy(q)) ; Cy(q). Indeed, if we take r € W“(p) as in
Figure 3(a), then r € Cy(g) \ A, since e (r) > pasn — oo.

In this subsection, we show that: (i) owing to the existence of a saddle-node fixed
point p, ¢|c,4) does not have the shadowing property, and thus Cy(q) is not C I_stably
shadowable; (ii) if we construct a diffeomorphism ¢ arbitrarily near ¢ which exhibits

https://doi.org/10.1017/50143385707000570 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000570

996 K. Sakai

RG) ')

7 : 0

w6 (), §)
<< A
= v
¢ Ay
( /\/1 Cu
(p_3(r) J @ ( L(x))
P (6" (x),5)

k.\: Yo \\/
0*(r) 2\7'< :

(®)

FIGURE 3. Critical saddle-node horseshoe and its perturbation.

a homoclinic tangency associated with g, then g27|c¢(q¢) does not have the shadowing
property. Therefore ¢ is in the closure of the set of non-shadowable semi-local systems.

To show (i), let € W (p) be as in Figure 3(a). For contradiction, suppose that P1C,(G)
has the shadowing property. Fix € > 0 small enough and denote by C¥(r) the connected
component of W*(p) containing r, defined similarly as in the example of §2.2 (see
Figure 3(a)). Let § = §(¢) > 0 be the number in the definition of the shadowing property
for ?1C,G)> and take [ > 0 such that |<p_l (r) — (pl (r)| < é. Then the union of two segments
of true gp-orbits

{02, 07 ) o), . @ T ), 07 (), o), LY C (@)

is a §-pseudo-orbit of ¢. Thus the same reasoning used in §2.2 shows that thereis z € C¥ (r)
(near r) e-shadowing the above pseudo-orbit. Observe that ¢ (z) — p as n — oo since p
is a saddle-node point. Thus the forward ¢-orbit of z cannot e-shadow the forward g-orbit
of go_l(r), and this is a contradiction.

To prove (ii), we perturb ¢ to ¢ (arbitrarily near ) such that the saddle-node fixed point
p disappears and there exists a homoclinic tangency point x associated to gg. Clearly,
x € Cy(qy)- Observe that this tangency is not (necessarily) isolated as the ones in previous
cases.

Suppose, for contradiction, that §5|C¢, @) has the shadowing property. Fix € > 0 small
enough, and let C¥(x) be the connected component of W" (g4, ¢) containing x, defined
similarly as in §2.2. Let § = §(¢) > 0 be the number in the definition of the shadowing
property for (2)|C¢(%). Take I1, [» > 0 such that both ¢’ (x) and ¢ ~2(x) are in a small
neighborhood U of é@ and |¢l (x) — @—12 (x)| < §; see Figure 3(b). Then the union of two
segments of true ¢-orbits

(720, 07 @ x, @), TN, 972, 97 (), L € CpGy)
is a 8-pseudo-orbit of ¢. Thus there is z € C¥ (x) (near x) €;-shadowing the above pseudo-
orbit.

Recall that the unstable eigenvalue of D%@ is negative. If /; and [ have been chosen
such that the connected component of W*(¢!! (x), ¢) in U containing @' (x) and the

https://doi.org/10.1017/50143385707000570 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000570

C!-stably shadowable chain components 997

connected component of W*($~2(x), ¢) in U containing ¢ 2(x) are on different sides
from each other across the local stable manifold of é(;, (see Figure 3(b)), then the forward
orbits of ¢"1(z) and $~'2(x) are going in opposite directions since 4 is hyperbolic. Thus
the ¢-orbit of z cannot €-shadow the pseudo-orbit, giving a contradiction.

3. Preliminaries
The purpose of this section is to state our main propositions (Propositions 3.1 and 3.2) and
to prove some consequences of them. For the sake of simplicity, we suppose throughout
this section that f(p) = p is a hyperbolic saddle.

Denote by homo ¢ (p) the set of homoclinic points associated with p, i.e.

homoyr(p)={x e M :x € W (p) N W*(p)},

and let
Hy(p) = homoy(p).

This set is f-invariant, closed, and we have Hy(p) C I:If(p) C Cr(p). We say that I:If(p)
is the generalized homoclinic class of p. Observe that if g € H r(p) N P(f) is hyperbolic,
then ¢ is neither a sink nor a source.

In general, Hy(p) does not coincide with Fﬂlf (p) (hence, in general, Hr(p) ; Cr(p)).
Indeed, let {g;};cr be the bifurcating one-parameter family treated in §2.2, with a
homoclinic tangency go of go associated with p. Then Hgy (p) = Ay and I:Igo (p) =
Ay U Og,(qo). Here, the existence of the homoclinic tangency is the obstruction for the
generalized homoclinic class being the homoclinic class. Also, I;Vf( p) does not coincide
with C ¢ (p) in general. In fact, if ¢ : D? - D?is the map in §2.3, then Hy,(g) = I:Iw(c}) =
Ay ; Cy(g). The existence of the saddle-node point (non-hyperbolic periodic point) p is
the obstruction for the chain recurrent set being the generalized homoclinic class. However,
these phenomena cannot occur if C ¢ (p) is C 1-stably shadowable (see Lemma 3.6 below).

We say that I:If(p) is Cl-stably shadowable if there exists U(f) such that for any
gelu(f), 818, (pe) has the shadowing property. The C!-stable shadowability prevents
the existence of non-transverse intersections between the invariant manifolds of periodic
points, i.e. homoclinic tangencies and heterodimensional cycles.

PROPOSITION 3.1. (Non-existence of non-transverse homoclinic points) Let H r(p) be
Cl-stably shadowable. Then there exists U(f) such that for any geU(f), if
X € homog(pg) then

T M =T, W (pg, &) + L W"(pg, &) =T W' (pg, 8) ® T.W"(pg, 8).

Thus, Hg(pg) = ﬁg(pg)for any g e U(f).

Recall that a non-hyperbolic homoclinic class Hy(p) may contain saddle periodic
points with different indices (see [6, 9, 13-15, 20]). Thus the chain component C (p) may
contain saddle periodic points with different indices, because Hy(p) C Cr(p). However,
if C¢(pg) admits a dominated splitting and g|c,(p,) has the shadowing property for any g
near f, then such a case cannot happen. More precisely, we have the following.
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PROPOSITION 3.2. Suppose that there exists U(f) such that for each g e U(f), Cg(pg)
admits a dominated splitting Te,(popM = E(g) @ F(g) with dim E(g) = index(py), and
8|Cy(py) has the shadowing property. Then, for any g € U(f), if g € Cg(pg) N P(g) is
hyperbolic, then index(q) = index(py).

The following corollary, which asserts the non-existence of heterodimensional cycles,
is a consequence of Propositions 3.1 and 3.2 (but not immediate). As stated previously,
Theorem B has been obtained in [34] for homoclinic classes in the context of
C!-persistently expansive diffeomorphisms under the condition that ¢ ~ p. We can remove
this condition for C!-stable shadowing diffeomorphisms by the following.

COROLLARY 3.3. (Non-existence of heterodimensional cycles) Suppose that there exists
U(S) such that for each g e U(f), Cq(pg) admits a dominated splitting Tc,(p, )M =
E(g) @ F(g) with dim E(g) = index(py), and g\c,(p,) has the shadowing property. Then
there exists V(f) CU([) such that for any g € V(f), if g € Cq(pg) N P(g) is hyperbolic,
then g ~ pg.

Remark 3.4. Under the hypothesis of Corollary 3.3, if g € C¢(pg) N P(g) (g € V(f)) is
hyperbolic, then E ; =E,(g)and E Z = I, (g) by the uniqueness property of the dominated
splitting. Let me emphasize that this property does not imply the hyperbolicity of the
dominated splitting.

Propositions 3.1 and 3.2 are proved in §§4 and 5, respectively.

3.1. Consequences of Proposition 3.1. In this subsection, we prove two consequences
of Proposition 3.1, which will mainly be used in the proof of Theorem A. To begin with,
we prepare one lemma.

Let A be a closed f-invariant set. For € > 0, let

Wix)={yeM:d(f"(x), f"(y)) <e foralln >0},
Wex)={yeM:d(f"(x), f"(y) <€ foralln >0}
be the local stable set and the local unstable set of x € A, respectively. If A is hyperbolic,

then there is €9 > 0 such that for any 0 < € < ¢, the above sets are C'-embedded disks.
Since f(p) = p is a hyperbolic saddle, we have the following.

LEMMA 3.5. There exists €y > 0 such that for any g near f, d(gi(x), gi(pg)) <€
for all i > 0 implies x € W (pg. 8), and d(g7 (x), g7" (pg)) < €q for all i > 0 implies
x € Wg (pg. 8)-

The first result proves a part of Theorem A.

LEMMA 3.6. Let Cys(p) be Cl-stably shadowable, and let U(f) be given by
Proposition 3.1. Then for any g € U(f), we have Hqy(pg) = Hg(pg) = Co(pg).

Proof. Let U(f) be given by Proposition 3.1, and fix any g € U(f). We show that
Hgy(pg) = Cy(pg). Recall that ﬁg(pg) is the closure of the set of homoclinic points
of g associated with p,. By Proposition 3.1, to obtain the conclusion, it is enough to

https://doi.org/10.1017/50143385707000570 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000570

C!-stably shadowable chain components 999

show that every x € Cg(pg) is an accumulation of points in ﬁg (pg); that is, for any
x € Cg(pg) \ {pg} and any € > 0, there exists y € B¢ (x) N homog(py).

If we construct a pseudo-orbit {x;};cz (with xo = x) such that x; converges to p, as
i — 00, then intuitively one can see that the shadowing point y (near x) is in homog (pyg).
Recall the notation «~. Since x « pg, for any § > 0 there exists a periodic §-pseudo-
orbit {xi}?i—nl of g such that x_,, = pg, xo = x and x,, = pg for some n; =n(5) and
ny =ny(8) > 0. We don’t know whether or not this periodic §-pseudo-orbit is contained
in Cq(pg) in general, but it was proved in [35, Proposition 1.6] that {)c,-}?i_n1 C Cq(pg).
We extend the pseudo-orbit by setting x; = g/ (pg) fori < —nj and x; = g m (pg) for
i > nyp, and thus x; — pg asi — =oo.

For every 0 < e < min{e, d(x, pg)/2}, let 0 <& =45(e) <€ be the number in the
definition of the shadowing property for gic,(p,)- Then there is y € Bc(x) such that
d(g'(y), x;) <€ and d(g~'(y), x_;) < € for all i > 0. Since d (g7 (y), gi(pg)) < € for
alli >0, g"2(y) € WESO (pg) by Lemma 3.5, and from this we have y € W*(p,). The same

reasoning shows that y € W¥(p,). Thus y € W*(pg) N W¥*(p,) N Be(x) C I:Ig(pg). O

Remark 3.7. Let Cr(p) be C 1-stably shadowable, and let U(f) be given by
Proposition 3.1. Then for any g € U/(f), by our definition of the homoclinic class H, (py),
hyperbolic periodic points g of g satisfying g ~ p, are dense in Cq(pg). This fact will be
used in the proofs of Theorems C and D.

To state the second result, let us define the angle between two subspaces of R4™ M et
E and F be two subspaces of R™ M such that E @ F = R4¥™M Hence dim F = dim E+
and F is the graph of the linear map L : E- — E defined as follows: given v € E* there
exists a unique pair of vectors u € E, w € F such that v + u = w; define L(v) = u so that
L is linear and graph(L) = F. We define the angle /(E, F) between E and F as ||L|| .
In particular, /(E, E1) = 400 (see [22, 34]).

For any g near f and for any x € homog(p,), define Ex(g) and F(g) by the subspaces
of Ty M tangent to W¥(pg, g) and W*(p,, g) at the point x, respectively; that is,

Ex(g) =T, W'(pg, g) and Fy(g) =T W"(pg. 8.

Observe that dim E,(g) = index(p,). It will be shown later in §6 that these subspaces
construct a dominated splitting on the chain recurrent set containing p,, under the
condition that C ¢ (p) is C!-stably shadowable.

By Proposition 3.1, we can show that the angle between the above two subspaces at x
is bounded from below.

LEMMA 3.8. (cf. [34, Proposition 1]) Let Cy(p) be Cl—stably shadowable, and let U(f)
be given by Proposition 3.1. Then there exists y >0 such that for any g e U(f),
L(Ex(8), Fx(8)) >y for any x € homog(pg).

Proof. LetU(f) be given by Proposition 3.1. If the assertion of this lemma is false, then for
any n > 0, there exist g, € U(f) and x,, € homog, (pg,) such that Z(Ex,(gn), Fx,(gn)) <
1/n. Thus, for sufficiently large n > 0, by slightly perturbing g, at gn_l (xn) we can
construct g € U(f) near g, such that x, € homoz(p;) and E, (g) N Fy,(g) # {0}. This
contradicts Proposition 3.1. |
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3.2.  Proof of Corollary 3.3. Before proving the corollary, we prepare one simple lemma
which is proved in a similar manner to Lemma 3.6. This lemma will also be used in the
proof of Proposition 3.2 later on.

LEMMA 3.9. Suppose that fic,(p) has the shadowing property. If g € Cy(p) N P(f) isa
hyperbolic saddle, then W*(p) N W"(q) # @ and W"(p) N W*(q) # 0.

Proof. Suppose that fic,(p) has the shadowing property, and let g € C¢(p) N P(f) be a
hyperbolic saddle. Choose €y > 0 such that both Wg) (p) and Wg) (g) (where o = s or u)
are Cl-embedded disks (see Lemma 3.5). Let 0 < § = 8(eg) < €9 be the number in the
definition of the shadowing property for fic,(p). Since g € C¢(p), there exists a §-pseudo-
orbit {)c,-};”0 of f such that xo = p and x,; =¢. We can assume that {x,-}?io CCr(p)
by [3S, Proposition 1.6].

Now, we extend the §-pseudo-orbit by putting x_; = £~/ (p) and x,,1; = f'(g) for all
i > 0. Since f|c(p) has the shadowing property, there is y € M such that d(fi(y), x;) < €o
foralli € Z. Thus y € Wéf)(p) and f(y) € Wgo(q) by Lemma 3.5, so that y € W*(p) N
f7"(W*(q)). Since f(p) = p, we have [ (y) € W*(p) N W¥(g). In an analogous way
we can show that W% (p) N W¥(q) # 0. O

End of the proof of Corollary 3.3. Suppose that f satisfies the assumption of the
corollary, and let /(f) be as in the assumption. Observing that Cy(p) is C I_stably
shadowable, denote here by V(f) (CU(f)) the neighborhood given by Proposition 3.1.
Thus, for any g € V(f), TheM = T, W¥(pg, 8) + Tx W"(pg, g) for all x € homog(pg) by
the proposition. Fix any g € V(f) and any hyperbolic periodic saddle g € C4(pg) N P(g),
and we have g ~ p,. It follows from Proposition 3.2 that index(q) = index(pg). By
Lemma 3.9, we can pick x € W*(pg, g) N W¥(g, g) and y € W¥(p,, g) N W¥(q, g) since
8|C,(p,) has the shadowing property. We show that these intersections are transverse.
First, we prove that XM =T W*(p,, g) + TxW"(q, g) by contradiction. Suppose that
M #£T,W*(pg, g) + T, W"(q, g); then, since index(q) = index(p,), there is g € V(f)
near g such that:

o xeWi(pz &N W'gz, & andye W'(pg, 8 NW(g;. 8);

o TM#TW'(pg, &+ T:W"(qg, &), but TyM =T,W"(pg, &) + T, W*(qg, 8.
Since TyM =T,W"(pz, &) + Ty W*(qz, &), by the A-lemma we can construct g € V(f)
near g such that there is X € W¥(pg, §) N W"(pz, g) near x (so X € homoz(p;z))
satisfying Tz M # Tz W*(pg, &) + Tz W"(pz, g). This contradicts Proposition 3.1 since
X € homog(pz) and g € V(f). Therefore TxM =T, W*(pg, g) + Ty W"(q, g). The proof
of TyM =T,W"(pg, g) +T,W?(q, g) is analogous. a

4.  Proof of Proposition 3.1

We divide the proof of into two cases: the two-dimensional case and the general case. The
proof of the two-dimensional case is simple and will be a good reference for the proof of
the general case. Throughout this section, suppose that f(p) = p is a hyperbolic saddle
and that
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FIGURE 4. Two-dimensional case.

° the generalized homoclinic class H r(p)is C 1-stably shadowable; that is, there is
U(f) such that for any g € U(f), 81, (pe) has the shadowing property.
The proof is done by contradiction. Assume that there are gel/(f) and
x € Wi(pg, &) N W'(pg, &) \ {pg} such that

T M # T, W' (pg, &) + T W"(pyg, 8). (1)

The strategy of the proof is: by assumption (1), we construct a new diffeomorphism near
g (by perturbation) and a special pseudo-orbit of the perturbed map in the generalized
homoclinic class. Since the perturbation is small, the perturbed map has the shadowing
property so that the above pseudo-orbit must be shadowed by some g-orbit. But we show
that the shadowing g-orbit cannot in fact shadow the above pseudo-orbit. This gives a
contradiction.

4.1.  Proof of Proposition 3.1: the two-dimensional case. In this case, dim W7 (p,) =1
for o = s, u; see Figure 4(a).

4.1.1. Construction of a stable—unstable set. Pick r > 0 with B,(x) N B, (g"(x)) =¥
for all k # 0. Since T, W" (p,, ) = T W¥(pg, g) (see (1)), by perturbing g to g at g '(x)
we can find a small arc Z, such that x € int Z, and

Iy C W (pg, & N W (pg, &) N By (x).

For simplicity, we denote g by g and W (p;, g) by W (p) for o =s, u (see Figure 4(b)).
Clearly, 7, C Hy(p). We call Z, the stable—unstable set of x because the set is contained
in both the stable and the unstable manifolds of p,.

4.1.2. Construction of a unstable connected component. Fix €y > 0 such that both
Wgo (p) and Wéz) (p) are Cl-embedded disks and disjoint (see Lemma 3.5). Let N > 0 be
the smallest integer such that g~V (x) € Wé’o (p). Thus x € gN(We”0 (p)). Clearly, g~V (x) ¢
W¢,(p), and so we let

e1 =minfep, d(g~N(x), W (p))}/2 > 0. 2
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FIGURE 5. The unstable connected component of x.

For any € > 0, define
C¢(x) to be the connected component of B (x) N gV (Wé‘e0 (p)) containing x.

We call C¥(x) the unstable connected component of x. Since the distance from x to p
with respect to the inner metric on W*(p) is finite, we have the following result which is
independent of the dimension of the unstable manifold.

LEMMA 4.1. [27,31] There is € € (0, €1] such that for any 0 <€ <€y, if d(g7"(x),
g7 "(y)) <eforalln >0, theny € C¥(x).

Proof. Recall that x € gV (WY (p)) C gV (W, (p). In general, there are finitely many
connected components in B¢ (x) N gN (WZ"60 (p)), and the above C/(x) is the one
containing x. However, if we take €5 € (0, €1] small enough, then since gN (Wé‘e0 (p)) is
a compact subset of W¥(p), for any €; € (0, €1] the number of connected components of
B.(x)NgV (Wé‘éo (p)) is just one and must coincide with C¥(x) (see Figure 5).
If0<e<eand d(g™"(x), g7"(y)) < € for all n > 0, then by Lemma 3.5 g™V (y) €
Wé‘éo (p) sothat y € Bc(x) N gN(Wz"GO(p)) = C¥(x). Thus y € C¢(x). O

Since x € int Z,, we may assume that B, (x) N Z, C int Zy, reducing e if necessary.
Thus
C* (x) C T 3)

2

Now, let us construct a special pseudo-orbit of g. Before constructing the pseudo-orbit,
let us import the notion of elementary pseudo-orbits from [38]. We say that a §-pseudo-
orbit {xi}ﬁ’: o 18 elementary if there is a < ip < b such that g(x;) = x; 4 for all i except for
i =1ip.

Recalling that 818, (py) has the shadowing property, let 0 <8 =8(ep) < e be the
number associated with the property. Take [ > N such that d (gl(x), g‘l (x)) <6 and
gl_1 (x) e W:'O 2 (p). Then the union of two segments of true g-orbits

POs ={.... g 20 g () 2, g(@), . 8 0 g7 g7 L L
gV,
is an elementary §-pseudo-orbit of g; see Figure 4(b). Clearly, POs C ﬁg (p)-
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4.1.3. End of the proof of Proposition 3.1: the two-dimensional case. ~Since 818, (p) has
the shadowing property, POs must be €;-shadowed by some g-orbit; that is, we can pick
Y € Be, (x) such that:

° dg7"(x), g7"(y)) < ey foralln > 0;

° dg"(x), g"(y) <eyfor0<mn<l-—1;and

o d(g(), g () <eforn=0.

Thus d(g7"(x), g7"(y)) < e for all n>0 implies that y € Zy (since y € C¢ (x) by
Lemma 4.1 and (3)), and hence y € W*(p). Therefore g2~V (y) € Wgo (p) by Lemma 3.5
since €3 < €,/2 (see Figure 4(c)). However, we see that d(g ™V (x), g%~V (y)) < €3 so that
d(g™N(x), WESO (p)) < €2 < €;. This contradicts (2), and the proof is complete. O

Remark 4.2. By the perturbation for g at g~!(x), W*(p, g) is slightly deformed in a small
neighborhood of g7 (x) = g7 (x) (n > 1). Observe that g" (x) = g"(x) for n > 0, and the
connected component of the deformed stable manifold W¥(pz, g) containing x coincides
with W*(p, g) in a neighborhood of x. Thus such a deformation does not have an effect
on the argument.

4.2. Proof of Proposition 3.1: the general case. Recall condition (1), and let 7),, M =
E ;g GE Zg be the hyperbolic splitting of p,. We treat the situation where either dim E ;g >
2 or dim E l",g > 2. Suppose that
° dim E ;g > 2 (the other case is similar).

We perturb g several times. The following well-known lemma plays an important role
in these perturbations of the map.

LEMMA 4.3. Let f € Diff(M) and let U(f) be a C'-neighborhood of f. Then there are
8 > 0 and Up(f) CU(S) such that for any given g € Uy(f), finite set {x1, x2, ..., XN},

neighborhood U of {x1, x2, ..., xy} and linear maps L; : Ty, M — Ty )M satisfying
IL; — Dy, gll <68 for all 1 <i <N, there exists § €U(f) such that §(x)=g(x) if
xe{xi, x2, ..., xy}UM\U), and Dy, g =L, forall1 <i <N.

Proof. See [16, Lemma 1.1] or [22, Lemma I1.2]. O

4.2.1. Local linearization. Take €y > 0 such that Wg) (pg, &) (0 =s,u) are C!-disks.
First of all, by Lemma 4.3 we linearize g at p, with respect to the exponential
coordinates expy,» without changing its stable and unstable manifolds near the non-
transverse intersection point x. More precisely, we construct g1 € U(f) near g satisfying
the following assumptions (a.1)—(a.3).

(a.1) There exists a sufficiently small 0 < o < €q such that

exp,, oDp,g o exp,! (v) if y € Busa(py),

8= if y ¢ Bu(py).

and thus g1(pg) = pg and D), g1 = D), 8.
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FIGURE 6. Local linearization and an affine unstable piece.

(a.2) The non-transverse intersection point x is still the non-transverse intersection point
for g1, i.e. x € W(pg. g1) N W*(pg. g1),

TxWS(Pg, g) = TxWS(ng g1) and Tqu(Pg, g) = Tqu(Pg’ g1,

so that T, M # TxWS(Pga g+ TXWM(Pga g1) by (1).
Observe that both W;/4(pg, g1) and W&’M(pg, g1) are ‘linear pieces’ with respect to the
exponential coordinates, i.e.

Wg4(pg. 1) =exp,, (5 (a/4) foro =u,s
(see [31]). By slightly modifying D), g, we may suppose that
A
(@3) Dp,g= <0 g) with respect to the hyperbolic splitting (so D), g By, = A and

Dp, g Ey, = B), and that the multiplicity of any eigenvalue for B is one; that is,

B 0]

o By
with each B; being a (at most 2 x 2) matrix corresponding to the eigenvalue A;,
where | < |Aj| <--- <|A|and I <k’ <dim E;‘,g.
We may suppose further, by iterating x by g if necessary, that x € int W; /4( Dg» &1)-
Finally, take the smallest integer N > 0 such that

gV (x) eint WY, (pg, g1)- @

Figure 6 shows the case where dim Ej, =dim E, =2.
g Pg

4.2.2. Construction of an affine unstable piece. This part corresponds to §4.1.1 in the
previous subsection. Take 0 < r < /8 small enough so that:

° Br(gl_i(x)) N Br(g;] (x)) =@ whenever 0 <i # j <N — 1;and

° B, (g7 (x)) N By (pg) =P for0<i <N —1.
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FIGURE 7. The perturbation of g1.

Let Tp,M(a/4) ={veTp,M :|lv|| <a/4} and choose a small ‘affine piece’ I C
Tp,M(c/4) centered at exp;,g1 (x) with dimension equal to dim E “g, such that

T,1I; = TxWM(pg’ 81).

Here 7, = exp Pe (I,); see Figure 6. The next lemma is obtained by reducing the diameter

of I, (if necessary) and modifying the map g; in B, (31_1 (x)); see Figure 7.

LEMMA 4.4. There exists go € U(f) near gy such that gz(gl_l(X)) =x, Iy C W"(pg. &2)
and T, Z, = TcW"(pg, g2).

It is easy to see that g2(pg) = pg, Dp,82 = Dp, g, Tx W' (pg, 82) = Tx W (pg, g1) and
T.W"(pg, g2) = Tx W"(pg, g1) by construction. Thus

M #T, WS(Pg, g2) + Ty W”(Pg» 82). &)

Observe that Zy is not necessarily a stable—unstable set of x (with respect to g2 and py,);
this differs from the two-dimensional case described in §4.1.1.

4.2.3. Local identification with the linear part. By assumption (a.l), the local system
82|Boa(pe) is conjugate to the linear part D), g under the exponential map. Since our
argument is almost local, to avoid complexity in the presentation caused by the exponential
map, we shall hereafter identify g5, (pe) with its derivative Dp,g by assuming that
Bo/a(pg) C RIMM and p, is the origin O € R4™ M Moreover, for notational simplicity,
we denote g, by g and W§/4(pg, g2) by W§/4(pg) (o0 =s, u).

Let us list some changes in notation and the properties preserved by the above
identification:
(a.4) W§/4(pg) = Egg (a/4) foro = s, u;
(@.5) I, C W*(pg) and dim I, = dim E}‘,g by Lemma 4.4.
Reducing the diameter of I, if necessary, we may suppose further that:
(a.6) g N, c W ,4(pg) by condition (4).
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g-N+1(x) o 7U(L)
gNw) )
(g N) (g M)

E5(a/4)

s
%74 (Pg) = Epg(a/4)

u
E | (a/4) Wi ( ) IE;;(O./4) =E(0/4) ® E,'(0/4)

FIGURE 8. The dynamics of g after the identification.

4.2.4. Projections. Let 7" :Byu(pg) — E;‘,g and 7°: Byja(pg) — E;g be the
projections parallel to Ezg and Ezg, respectively. Denote by E} (C Ezg) the eigenspace
corresponding to the strongest eigenvalue Ay, and by Ej(C E;g) the eigenspace
corresponding to the remaining eigenvalues. Thus E ;’)g = EY @ E}. Finally, denote by 7|
and 7} the projections to E{ and EY parallel to Ej @ E;',g and EY © E;g, respectively;
see Figure 8.

For any (v%,vY,v5)e ES DE{®E= ES ® EZg, we define a metric on

Byja(pg) (C RdlmM) by
[(v*, vy, vo)Il = max{[v*], [v{], |v3 [}

‘We may suppose that this metric is equivalent to the original metric d on M.
PutL,=1,N E“ (oz/4) Then:
(a.7) dimn*(I,) = d1rn I, —dim L, =dim E“ —dim L.
Observe that 1 < dim L, < dim E - by ®)) and that L, is the stable—unstable set of x.
Now let us divide the proof of Pr0p0s1t10n 3.1 into three cases. Recall, from (a.3), that
ngg|E$g = B has a diagonal form with elements B; (1 <i <k’ < dim E;‘,g), where B; is a
(at most 2 x 2) matrix corresponding to the eigenvalue A; such that 1 < |A1]| <--- < |Ap/]
and each eigenvalue has multiplicity one. There are the following three possibilities:
(D) Li=Ly;
(2) I # Ly with
(2.1) k¥ > 1;0r
22) K =1.

Case (1). Suppose that I, = L. Then 7" (I) = O, and so I, is just the stable—unstable
set of x as in the two-dimensional case (see §4.1.1). The codimension one case (where
dim E Zg = 1) is this, and the proof is the same as that for the two-dimensional case. Indeed,
if we construct an elementary pseudo-orbit of g in I:I (pg) composed of two segments of
the true g-orbit of x by just ‘jumping’ from W€/4(pg) to Wa/4(pg) in a similar way, then
it is easy to see that such a pseudo-orbit cannot be shadowed by any true g-orbit. This is a
contradiction since g € U(f), thus Proposition 3.1 is proved in Case (1). O
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g% )

2/-N,
(g ™)

(g *™Nw)

FIGURE 9. An elementary pseudo-orbit and the shadowing orbit; Case (2.1).

Case (2.1). Suppose that I, # L, (hence 7" (I;) # O) and k' > 1. Let me remark first that
the following argument does not depend on whether Ay’ is complex or not.

With a further modification of the map g at g=V*!(x) and ¢g~!(x), we may suppose
that:

(a.8) 74 (g™N(x)) #0,ie. g7V (x) ¢ E¥(a/4); and
(@.9) m{'(Iy) #{0},i.e. 7" (Iy) # Ej.
See Figure 8.

To control the behavior of shadowing orbits, we need the following lemma. Denote
by C(pg) a vertical cone in E;‘,g containing EY such that (1) C C(pg) (see (a.9)). We
have g(C(pg) N Byy4(pg)) C C(pg) from (a.3). Thus the next lemma is easily checked by
a standard argument about C(py).

LEMMA 4.5. For any € > 0 there is an integer lo = lyo(€) > 0 such that if | > 1y and
g"(w) € Byja(pg) (we Iy \ {x}) for 1 <n <1, then
|7} (8! (w))l
|7y (g’ (w))l
Since 74 (g7 (x)) # 0 by (a.8), we let
e1=d(g™" (%), E{ (@/4)/2> 0. (6)
Let us define the unstable connected component of x as follows: for any € > 0, let

C?(x) be the connected component of B¢ (x) N g¥(w «/4(Pg)) containing x.

Then, by Lemma 4.1, there is 0 < e < min{e;, «/8} such that for any 0 <€ < e, if
d(g7"(x), g7"(w)) < e foralln >0, then w € C¥(x). We may suppose that C? L () C Uy,
reducing e if necessary.

Now, let us construct a special pseudo-orbit of g. Recall that 818, (p, has the shadowing
property. Let lop = lp(e2) > N be given by Lemma 4.5, and let 0 < 8 = 6(€p) < € be the
number in the definition of the shadowing property for 818, (pe)" Take /1 =11(8) = lp such
that:
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m(g*""w)
g N) ] — Tcﬁ’(gZI"N(w))
* 1A
T (g(w)) A N E;Z,(OLM)
u ] r,
A = —>— E5(0/4)
TCLZ’ QZII_N(W)) v I TC”([x)
Y\
E"(0/4)

FIGURE 10. Behavior of the shadowing orbit; Case (2.1).

e ifi>1, thend(g'(x), g~!(x)) <§;and
° ifl > [y and g" (w) € By4(pg) (w € Iy) for 0 <n </, then |75 (¢! (w))| < ea.
It is easy to see that

POs ={...,g72(x), g ' (x), x, 8(x), ..., g" 1), g7 "), g7 (), ..,
g V), ..

is an elementary §-pseudo-orbit of g in ﬁg (pg); see Figure 9(a).

4.2.5. End of the proof of Proposition 3.1 in Case (2.1). Since 818, (pe) has the
shadowing property, PO;s must be e;-shadowed by some g-orbit; that is, there is w €
B, (x) \ {x} such that:

° d(g7"(x), g7"(w)) < e forall n > 0;

° d(g"(x), g"(w)) <eyfor0<n <Il; —1;and

o d(g7l'"(x), gt (w)) < e forn > 0.

By Lemma4.1,w € C¢ (x) C I \ {x}; see Figure 9(b). Moreover, since g" (w) € Bq/4(pg)
for 0 <n <2l; — N, by Lemma 4.5 we have that

Iy (g2 N (w))| < e - |7l (g2

o
Nwyl <e - 7€

(see Figure 10). Thus d(g*=N(w), E{(a/4)) < € since |75 (g%21=N (w))| < €. On the
other hand, because d(g~" (x), g¥1 =N (w)) < €2, we have d(g™N (x), E}(at/4)) < 2e,.
This contradicts (6) and so Proposition 3.1 is proved in the Case (2.1). O

Case (2.2). Suppose that I, # L, (hence 7%(I) # O) and k¥’ = 1. Thus dim EZg =2, and
so dim 7% (I,) = 1. We remark that, referring to (a.3), the eigenvalue A; corresponding
to B = By must be complex. By slightly modifying D), ¢ 8IEY, = B if necessary, we may
assume that g)(0jx Ex_(a/4) s a linear expanding irrational rotation map.
Pg
Let us construct a special pseudo-orbit of g (the construction is slightly complicated).
Put € = ﬁ sinl >0, and let 0 < § = 8(¢) < € be the number in the definition of the
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L, \ L(Ll/, L) L, (g (w))
U, L gﬁ
(g w)) _ 2, > L~
— ¢ i) -
2 % g%

&2 (1,))— 7

E;:(am) = Elu(a/4)\ E;:(am) =E (o/4)
* (a) * (b)

FIGURE 11. Behavior of the shadowing orbit; Case (2.2).

shadowing property for 818, (pe)" We can choose two integers [y =11(5), I =1(6) >0
such that )
d(g™"(x), g?(x)) <8 and /(Ly, Ly) > 1.

Here L; ={r- g "'(x) : 1 € R}, and L is a linear subspace containing g2 (" (1)) such
that dim 77“ (/) = dim L, = 1. Thus L, L, are one-dimensional linear subspaces of E ”g;
see Figure 11(a). Of course, Z(-, -) is the angle between linear subspaces of E [",g (see §3.1).
We can pick the above /| and [ arbitrarily large since gj{0}x EY (a/4) is a linear expanding
irrational rotation map. Clearly,

POME =, e 2@), g7 ), x, g(0), .., g2 @), g7 (), g (), L)

is an elementary §-pseudo-orbit of g in I:Ig (pg)-

4.2.6. End of the proof of Proposition 3.1 in Case (2.2). Since 818 (py) has the
shadowing property, reasoning similar to that used in the previous case shows that there
exists w € B¢ (x) N I, whose g-orbit e-shadows the above ’P(Qél’lz. We may assume that
|75 (g22(w))| < € since [ is sufficiently large, and so |75 (g2 (w))| < e forall i > 0 while
2% (w) € Byja(py).

Since the above angle is preserved by the map g (= D), g) in Byja(pg), we deduce
that w cannot e-shadow 73(9531’]2 (see Figure 11(b)). Indeed, take 72 = 7n1(¢) > 0 such that
g7 (x) € By (pg) for0 <n <ii — Land g1+ (x) ¢ Bayspn,|(pg). Itis easy to see
that 7" (¢"27 (w)) € D, " (L2) N Baya(pg), 8 "7 (x) € D, g (L1) N Byja(pg) and

L(Dp 8" (L1), Dp 8" (L2)) = L(Ly, L).

Thus

d(gM (w), g7 () = d(@" (g ), g () > ——sinl =e.

o
8|21l

This is a contradiction, since d(g12+ﬁ(w), g_1‘+;’(x)) < €. The proof is therefore
complete. |
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5. Proof of Proposition 3.2

Throughout this section, suppose that f(p) = p is a hyperbolic saddle and that:

° there is U(f) such that for each g € U/(f), the chain component C,(p,) admits a
dominated splitting Te,(popM = E(g) @ F(g) with dim E(g) = index(pg) =i (0 <
i <dim M), and g|c,(p,) has the shadowing property.

We show that for any g € U(f), if ¢ € C¢(pg) N P(g) is hyperbolic, then index(q) =
index(pg). Assume, for contradiction, that there exist g € U/ (f) and a hyperbolic periodic
point g € Cy(pg) N P(g) such that

index(q) = j < i =index(pg) @)

(since gI_CL (Po) also has the shadowing property, the case index(g) > index(pg) is
analogous). For simplicity, we suppose g(g) = g; the general case is treated similarly.

5.1.  Outline of the proof. The strategy of the proof is as follows: by assuming (7),
we construct a new diffeomorphism near g (by perturbation) and a special elementary
pseudo-orbit of the perturbed map in the chain component. Since the perturbed map has
the shadowing property in the chain component, this pseudo-orbit must be shadowed by
some g-orbit. However, by making use of the dominated splitting, we shall prove that this
is impossible, leading to a contradiction.

First, by applying Lemma 3.9 to gjc,(p,), We construct a heterodimensional cycle
between p, and g in C4(py), i.e.

x €W (p) NWq)#9 and ye W (@) NW"(p)) #0  (x,y € Cg(py)).

Note that, by (7), y is a non-transverse intersection point between W*(g) and W*(py).

Next, we linearize g at g (denoting the perturbed map by g again), and identify the
map with its derivative D,g in a small neighborhood, By 4(g) say, by assuming that
By4(q) C RYMM and ¢ is the origin O. We may suppose that both y and x are in
int(Ba /4(q)) by iterating them with g and g~', respectively, if necessary. By perturbing
the map again at g’1 (y) we construct a small ‘unstable affine piece’ I, C By/4(g), which
is a neighborhood of y in the unstable manifold W* (p) of p,.

Since g|p,4(¢) s identified with its linear part D,;g, we may suppose that the
neighborhood By /4(q) is of the form E ; (x/4) X E Z (a/4); see Figure 12. Of course, these
are the local (linear) stable and the unstable manifolds of ¢, i.e.

W;/4(q) = E;(oz/4) and W§/4(q) = E’(;(a/4).

It is assumed that C¢(p,) admits a dominated splitting E @ F. By the uniqueness of
the dominated splitting, we have Tyly = Fy, F; C Ej and E; C E;. Put Ef = E; N Ej
and Ej = Fy, then E; = E{ @ E}. By modifying the map at g(x), we may suppose that
x ¢ Ej(a/4). Take € =d(x, Ej(a/4))/2 > 0. Recalling that g|c,(p,) has the shadowing
property, let 0 < § = §(€) < € be the number in the definition of the property. Take [ =
[(¢) > O such that d (gl ), g_l (x)) < §. Then the union of two segments of true g-orbits

POs=1{.., g2, &7 0, . 80, ., g7 ) g7 ), g7 ),
x, g(x), ...}

is an elementary §-pseudo-orbit of g in C,¢(p,); see Figure 13.
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W,\(q) = E,(a/4) = E|(a/4) ® E, (a/4)

E2(0L/4) — F('](O(/4) \\ Xe Bo(/4(q). g(x) Wu(pg)

A
/ 2@ 1

. ?

s s Ly >~ i " ql.- ’A
W) =B o)

u
El'(a/4)

E (0/4) =E|(0/4) ® Ey(a/4)

W (q)

FIGURE 12. The dynamics in the linearized neighborhood.

u
El(al4)

g'x)

g1y
g% ()
2’
g

z

FIGURE 13. An elementary pseudo-orbit of g.

Since g|c, (p,) has the shadowing property, PO;s must be e-shadowed by some g-orbit;
that is, there exists z € M (near y) e-shadowing it. Thus d (gZI (2), x) < €. On the other
hand, z € I, by Lemma 4.1. Since Ty I, = Fy, by the continuity and Dg-invariance of the
dominated splitting we will prove that

dr (g% (Iy) N Beya(q), E4(a/4)) <,

where dp denotes the Hausdorff metric. Thus d(x, Ej(a/4)) < 2¢ since g% (@) e
g2 y) N By/4(q), and this contradicts the choice of €.

5.2. Formal proof of Proposition 3.2. Recall assumption (7) on g € Cy(pg) N P(g),
and let €9 = €9(q) > 0 be as in Lemma 3.5. Since g|c, (p,) has the shadowing property, by
Lemma 3.9 we have

xe W' (pg, ) NW'(q, ) #0 and ye W'(q, g) N W(py, g) # 0.

Observe that both x and y are in Cq(pg), and y is a non-transverse intersection point of
WS(g, g) and W¥(p,, g) since dim E; + dim Ezg =j+dmM—i<dimM.
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5.2.1. Local linearization. ~'We perturb g several times as in the proof of Proposition 3.1.
In the first perturbation, by Lemma 4.3 we linearize g at g with respect to the exponential
coordinates exp, without changing its stable and unstable manifolds near x and y,
respectively. More precisely, by choosing 0 < o < €p small enough, we construct g; €
U(f) near g such that:

ex D exp l(z) ifzeB s
(b.1) g1(z)={ Py oDgg o exp, () | a/4(9)

8(2) if z ¢ Ba(q),

and also

x € Wi(pg, g) N W"(q, g1) and ye W"(pg, g1) N Wi(q, g1).
Clearly, g1(pg) = pg. 81(q) = .
Wa,a(q, 81) =exp,(Ey(e/4)) and Wy (g, g1) = exp, (Eg(a/4)).

We may suppose that y € int W} / 4(q, g1) (respectively x € int W} ) +(q, g1)) by iterating
y (respectively x) by g; (respectively g, by if necessary.

5.2.2. Construction of a unstable affine piece. As in §4.2.2, by perturbing g; we
construct a unstable affine piece centered at y. Let I, C T, M be a small piece of the affine
space centered at exp;1 (y), such that

Tny = TyWu(pga 81)-
Here 7, = exp, (1y). Then, by perturbing g; at gl_l(y) (reducing the diameter of I if

necessary) we have the following.

LEMMA 5.1. There exists g €U(f) near g1 such that g>(pg) = pg 82(q) =gq,
y € W¥(q, g2), and also

I, C W' (pg, g2) and TyI,=T,W"(pg, &).

Observe that {x, y} C Cg,(pg). Moreover, by the uniqueness of a dominated splitting
we have the following (recall that there is a dominated splitting on Cg,(pg) such that
dim E(g2) =i, by assumption).

LEMMA 5.2. Let T(;g2 (pe)M = E(g2) @ F(g2) be a dominated splitting on Cg,(pg) such
that dim E(g) =i. Then:

®)  TyW"(pg, g2) = Fy(g2);

(ii) E; C Ey(g2) and Fy(g2) C Eg.

Put
Waia(q, 82) =exp,(Eq(g2, /4)) and  Wy7s(q. g2) = exp, (Fy(g2, a/4)).

Here E;(g2, a/4) (respectively F,(g2, «/4)) is a closed ball in E,(g2) (respectively
F,(g2)) centered at the origin with radius «/4. These sets are the so-called local center-
stable and center-unstable manifolds of ¢, respectively (see [14, 17, 29]). Finally, with a
perturbation of the map at g»(x), we may assume that

x € Wy 4(q, 82) \ Wyia(q. 82)- (8)
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W,i4(q) =F,'(a/4) =E y(a/4) r(g" ()

LW

j 7 g/ )

1 E?(a/‘l’)

W,ia(q) =E, (a/4) =E | (0/4) @ E, (0/4)
g'm

Wu(q) = Ey(0/4) = E\'(a/4) ® E, (a/4)

g4

gn+l(y)

W,1i(q) =Eq(a/4)

FIGURE 14. Behavior of the shadowing orbit.

5.2.3. Local identification with the linear part. By formula (b.1), the local system
821B,4(q) is conjugate to the linear part D, g under the exponential map. As in §4.2.3,
by assuming that By /4(q) C RIMM and g = O € RE™M we shall identify 828,
its derivative Dy g.

Let us list some notational changes and the properties preserved by the identification.
To simplify notation, we denote g> by g, W, /4 (9, g2) by W, / 4(¢), and so on. Then:
(b2) W3,4(q) = Ej(a/4) and W, (q) = E&(@/4);
(b.3) W§j4(q) = E4(a/4) and W§74(q) = F,(a/4); and
(b4) I, C W*(pg) and T\, I, = Fy by Lemmas 5.1 and 5.2(i).

ja(q) With

5.2.4. Projections. Let " : By4(q) — E; and 7° : By 4(q) — E; be the projections
parallel to Ej and E, respectively. Put EY = E4 N Ej and E5 = F;. Then Ej = E{ ® EY
by Lemma 5.2(ii); see Figure 14. For any (v°, v{, vy) € E; ®E{®E;= E; ® Eg, we
define a metric on By/4(g) (C RIMM) by

I*, vf, v Il = max{|v*], [vf], [v3 ]}.

We may suppose that this metric is equivalent to the original metric d on M.
By (b.3) and (b.4), we have the following.

LEMMA 5.3. 7*(g"(1y)) N Bysa(q) — W§74(q) and w*(g" (1)) N Bya(q) — q in the
Hausdorff sense as n — oo.

Take N > 0 such that g~V (y) € W (p), or y € g¥ (WY (pg)), and put
€1 =min{a/4, d(x, Wg/4())/2} > 0 ©)

(see (8)). Let us define the unstable connected component of y as follows: for any € > 0,
let

CZ(y) be the connected component of B.(y) N gV (Wé‘é0 (pg)) containing y.

We may suppose that Cgl (y) C I, and that if d(g7"(y), g7"(2)) < € for all n > 0, then
z € C{,(y) by Lemma 4.1, upon reducing ¢; if necessary.
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Recalling that g|c,(p,) has the shadowing property, let 0 <§ =é(€1) <€ be the
number in the definition of the property. Take [ =1(§, €1) > 0 such that d(gl(y),
g '(x)) <8 and

max{dp (* (&' (1)), @), du (" (" T (1)) N Baja(q), WSiy(@))} < €1 (10)

for all n > O (see Lemma 5.3), where dg is the Hausdorff metric. Then

POs=1{.., g2, &',y 80, ., g7 ) g7, g7 ), L
x, g(x),...}

is an elementary §-pseudo-orbit of g in Cq(pg).

5.2.5.  End of the proof of Proposition 3.2. By the shadowing property of g|c,(p,)> POs
must be €;-shadowed by some g-orbit; that is, there is z € M near y such that:
° d(g7"(y), g7™(z)) <€ foralln > 0;
° dg"(y), " () <€ forO0<n<I-—1;and
o d(g7t(x), g (2)) <€ forn > 0.
Hence by the choice of €] we have that z € C{, (y) C Iy.
Since g"(z) € By/a(g) for 0 <n < 2I, by (10) we have

d(m* (8% (). ¢) <er and d(x" (¥ (), Wiy (@)) < e

so that d(g%(z), W§74(q)) < €. On the other hand, we have that d(x, g% (z)) < €;.
Therefore d (x, W§74 (g)) < 2¢;. This contradicts (9), and the proof is complete. O

6. Proof of Theorem A
Throughout this section, suppose that f(p) = p is a hyperbolic saddle and that:
° Cr(p)is C!-stably shadowable.
Let U(f) be given by Proposition 3.1. The steps of the proof are: (i) for every g € U(f),
Cq(pg) = Hy(pg); (ii) non-existence of tangencies of homoclinic points associated with
D¢ implies the existence of a dominated splitting on homog (pg); and (iii) extension to the
closure by continuity.

Lemma 3.6 asserts (i); thus the main thing to prove in this section is step (ii).

6.1. The existence of a dominated splitting. 'To begin with, for any g e U(f), let us
define the candidate of a dominated splitting on transverse homoclinic points associated
with p,. Recall that in §3.1 we defined, for any x € homog(pg),

Ex(8) =T W' (pg, g) and Fy(g) =T W"(pg, g).

We show that these subspaces become a dominated splitting. Observe that dim Ey(g) =
index(p,) and that, by Lemma 3.8, there exists y > 0 such that for any g € U(f), we have
L(Ex(8), Fx(g)) >y forany x € homog(py).

LetUp(f) CU(f) and § > 0 be as given in Lemma 4.3. We then have the following.
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LEMMA 6.1. There exists m >0 such that for every x € homog(pg) (with g € Up(f)),
there exists 0 < my = m(x) < m satisfying
m —m 1
||ng|Elx(g)||'”Dg’"l (x)g\Fg"!lm(g) | < 5-
Proof. If this is not true, then for any m > 0 there are g,, € Uy (f) and x,, € homoyg, (pg,,)
such that

- 1
||Dxmg:ln\EXm(gm)||'||ng"(xm)gmn\Fgmn(w(gm)” =32
for all 0 < n < m. Hence there are vectors v, € Fy, (g,) and w,, € Ex, (gn) With ||v,| =

[lwy || = 1 such that
Dy, 8 (W) l 1
”Dxmgzg(vm)” 2
Thus, by Lemma 4.3, as in the proof of [34, Proposition 2], for sufficiently large m we
get ¢’ eU(f) near g, such that x,, € homogy (pg) and L(Ey, (g"), Fy,(g") <y. This
is obtained by multiplying suitable linear maps L; : Tgfn M — Tgi}f"(xm M that have
IL; — Dgf,,(xm)gm” <§(0<i<m—1), which keep ng,,(xm)(gm) unchanged but incline
E & Com) (gm) throughout the g, -orbit of x,, (see also [29, 37]). This contradicts Lemma 3.8,
and so the lemma is proved. O

6.2. End of the proof of Theorem A. Let Uyp(f) be as above. To reach the conclusion,
it is enough to show that for any g € Uy(f), homog(p,) admits a dominated splitting
E(g) & F(g) with domination constants C >0 and 0 < A < 1 (which are independent
of g).

Let m > 0 be as given in Lemma 6.1, and put A =271/ Set

C= sup (sup{||ngk|| :nggm}) > 0.
gelhp(f) \xeM

Then, from Lemma 6.1, we see by a standard argument that the domination property holds
for homog(pg) (g € Up(f)) with respect to the constants C and A (see [34, End of proof
of Theorem 1]). Since homog(py) is dense in C,(pg) by Lemma 3.6, we can extend it by
continuity to a dominated splitting on Cy (p,) (see the proof of [21, Proposition 1.3]). Thus
Theorem A is proved. O

7.  Proof of Theorem B
First let us prepare one lemma for diffeomorphisms having the shadowing property on
normally hyperbolic invariant submanifolds of M.
Let V C M be an invariant submanifold of f € Diff(M). We say that V is normally
hyperbolic [25] if there is a splitting Ty M =TV & N* @& N* such that:
(1) the splitting depends continuously on x € V;
(2) Dif(N?)= N;(x) (0 =s,u)forall x e V;
(3) there are constants C > 0 and 0 < A < 1 such that for every triple of unit vectors
veT,V,v' e N and v" € N! (x € V), we have

IDx f" W)l < CAMID f" ()| and || Dy f" @) = C'A7" | Dy f" W)

forall n > 0.
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LEMMA 7.1. Let A C M be a closed invariant set of f € Diff(M), and let V C A be a
normally hyperbolic f-invariant submanifold of M. Suppose that fia has the shadowing
property. Then the following holds:

(1) ifVisanarc, then f|y is not the identity map;

(i1) iV is acircle, then fly is not a rotation map.

We omit the proof of this lemma and refer the reader to [33, Proof of Theorem].

In this section, we suppose hereafter that f(p) = p is a hyperbolic saddle and that:
° Cr(p)is C!-stably shadowable.
Observe that, by the proof of Theorem A (see §6), there is Uy(f) such that for any
g €Up(f), Cy(pg) admits a dominated splitting Tcg(pg)M =E(g) ® F(g), and 8IC,(pg)
has the shadowing property. Thus the hypothesis of Corollary 3.3 holds for f.

Before beginning the proof, let us introduce the notion of normalized eigenvalues. For
q € P(f), the normalized eigenvalues of Dy f (@) are

(/7@ 1 are eigenvalues of D, Fr@y,

7.1. Rough outline of the proof. By Corollary 3.3, for any g near f, if ¢ € Co(pg) N
P (g) is hyperbolic, then g ~ p,. Thus, following [22, Lemma II.3], to prove Theorem B
it is enough to show that the moduli of the normalized eigenvalues of hyperbolic
periodic points g ~ p, of g are uniformly bounded away from 1 for all g near f
(see Proposition 7.3 below).

The proof is by contradiction. If the bound were not uniform, then there must exist g
(near f) and g € P(g) (g ~ pg) for which the weakest normalized eigenvalue A is close
to 1. There are the following possibilities:

(1) Ais complex;

(2) AMisreal and
(2.1) index(q) > 2; or
(2.2) index(q) = 1.

In this rough outline, we consider only the case that A is real, positive and has
multiplicity one, for simplicity. By perturbing the map (and denoting the perturbed map
by g again) we can construct a normally hyperbolic g”@-invariant arc Z, containing ¢
such that g‘”I(qq) is the identity map (see Proposition 7.2 below). Observe that the perturbed

map g|c,(p,) also has the shadowing property, and thus so does glnc(g()pg). Moreover, since

the relation g ~ p, is preserved by the above perturbation, it can be seen that 7, C
Cgy(pg). Since 7, is normally hyperbolic and g‘”I(’I) is the identity map, this contradicts
q

Lemma 7.1().

7.2.  Non-ss boundary points. In this paper, we import some concepts used in the proofs
of the main results from [24, 34]. One of these is the notion of non-ss boundary points.
Before starting the formal proof of Theorem B, we introduce non-ss boundary points and
prove one preparatory proposition.

Let g € P(f) be a hyperbolic saddle with index(q) >2, and let 0 < |A(] <---
<Al <1 be the moduli of the normalized eigenvalues of D, ﬂ}éq) (1 <k <dim ES).
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wq, g

FIGURE 15. Non-ss boundary point.

In this subsection, we consider only the case where the weakest normalized eigenvalue Aj
is real, close to 1 and has multiplicity one. Thus there is > 0 satisfying |A;| < [Ax] — 7
for j=1,...,k— 1. It is well-known that there is a strong stable manifold W*S(q) of
q associated with Ay, ..., Ax—1, which is of codimension one in W*(g) (see [17]). Thus
Wi(g) \ W*(g) has two components for some € = €(g) > 0. We call such a periodic point
an n-simple periodic point, or just a simple periodic point if it is n-simple for some n > 0.
Moreover, we call 1 — |1x| the stable gap of the periodic point.

Let g € P(f) be a hyperbolic saddle with index(g) > 2 such that g ~ p. We say that g
is a non-ss boundary point (see [34, p. 474, Definition 7]) provided that:
(P.1) g is n-simple periodic point for some 7 > 0; and
(P2) W¥(p) intersects both components of W} (g) \ W2*(q) transversely.
Notice that W*(g) also intersects W*(p) transversely, since g ~ p.

Now let us suppose that g is a given diffeomorphism near f and g ~ p, is a non-ss
boundary point of g. Then, by (P.2), W*(p,, g) intersects both components of W} (q, g) \
WS (q, g) (D1 and D», say) transversely for some € > 0. In such a case, we set

zi=W"(pg, e)ND; fori=1,2. (11)

Note that z1, z2 and w = W"(q, g) N W*(pg, g) are all transverse intersection points;
see Figure 15.

For 6 > 0, let Us(f) = {g € Diff (M) : pc1(f, g) < 8}. Here pc1 is the usual Cl-metric
on Diff(M). The following fact is contained in the proof of [34, Proposition 3] (see
Figure 16(a)).

PROPOSITION 7.2. For any &8 >0, there exists p=p() >0 such that for any
g €Usa(f), if g ~ pg is a non-ss boundary point of g whose stable gap is less than p,
then there are g1 € Us(f) (near g) and a normally hyperbolic gjf(q)-invariant arc Ly with
a small diameter centered at q, such that:

(@) 81%@) =id, wherel =1 o0r2;

(b) W'(g, g1) N W¥(pg,, &g1) # @ is a transverse intersection;
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FIGURE 16. The dynamics of g in the neighborhood of ¢.

(c)  the points z1 and zo in (11) are still transverse intersection points of W"(pg,, g1)
and different components of Wi(q, g1) \ W:*(q, g1); and

(d) there are distinct end points q; (i =1, 2) of 1, such that g;m(q)(zi) — giasn — o0
fori=1,2.

Proof. Fixany§ > 0,andlet C = SUPgetds »( 1) (sup,ecpr 1 Dxgll) > 0. Take p > O such that
Cp < /4. Suppose that g ~ p, is a non-ss boundary point of g € Us,2( f) whose stable gap
is less than p.

As in the proof of [34, Proposition 3], fix small mutually disjoint neighborhoods U;
centered at g’ (q) fori =0, 1, ..., m(q) — 1. To simplify notation, by making use of local
charts we identify each U; with a ball centered at the origin O in RE™ ¥ 5o that g’ (¢)
is identified with O. Also, we shall identify W/} (&' (), g) with a ball in RK c RIMM —

RK x RIMM K where k' = dim E; (g)- Let A; be the weakest normalized eigenvalue of

D, g‘nE(f() ) and denote by e; the eigenvector corresponding to Ax. Let z1, z2 be two points

of W"(py, g) in different components of W7 (g, g) \ Wi¥(q, g), and let § > 0 be a small
number (which will be fixed later on).

Now, let o : RIMM _5 10, 1] be a C* bump function such that o (x) = 1 if || x|| < &/4,
o(x) =0if |x|| > &, and | Do | < 2/& for all x. Let A be the matrix in RY™ ¥ such that

-1
Ale’ x {0}dim M-k = )Lk I and A|{0}k’ xRdim M-k = I,
where [ is the identity matrix in RK or RAM M=K | et g1 : M — M be a diffeomorphism
defined as
0 (x)A o Dyig)g(x) + (1 —o(x))g(x) if x € U; 1;0§ alll i,
. T —
g(x) iftx¢ Uy Ui
Then g’i(q) = g'(g) for all i, and it is not hard to show that pc1(g1, g) < §/2 for any

arbitrarily small & (see the proof of [16, Lemma 1.1]).
Let Ej°(g1) be the eigenspace of Dyg1” @ corresponding to the local strong

g1(x) =

stable manifold W}*(g, g1). Then glfggj)(gl’é = D, glrE(gS)(guE /4) is contracting. Here
E(SIS (g1, £/4) is the closed ball of E;S (g1) centered at the origin with radius & /4.
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SetZ, ={t-e; : —&/4 <t <&/4}. Then, for arbitrarily small &:
q y

) 1, is normally hyperbolic;

glg{;q) =id where / = 1 or 2 (corresponding to the sign of Aj);

° W*(q, g1) N W*(pg,, g1) # ¥ is a transverse intersection; and

. g;m(q)(x) — T, as n — oo for any point x € WS (q, g1).

Finally, since the neighborhood of g in W (g, g1) is of the form Z, x Efls (g1, &/4) (see

Figure 16(b)), if we fix £ small enough, then:

° 21, 22 € W¥*(pg,, 1) are still transverse intersection points in different components
of Wi(q, g1) \ W*(g, g1); and

° there are distinct end points g; (i =1, 2) of Z, such that g'lm(q)(z,-) — g asn — o0
fori =1, 2.

Thus the proposition is proved. O

7.3. End of the proof of Theorem B. Recall that f(p) = p is a hyperbolic saddle and
that Cr(p) is C I_stably shadowable. Let Uy(f) be fixed; then by Corollary 3.3 there is
V(f) CUo(f) such that if g € Cz(pg) N P(g) is hyperbolic (g € V(f)), then g ~ p,.
Thus, to prove Theorem B, it is enough to show the following proposition.

PROPOSITION 7.3. Let C¢(p) be C!-stably shadowable. Then there are Uy (f) C V(f)
and constants m >0, C >0 and 0 < A < 1 such that for each g €U (f), if g € P(g)
(m(q) = m) is hyperbolic with q ~ pyg, then

k-1 k—1
| | X m k | | . —m k

Dgzm(q)glEsim < CA and Dg*”"(q)g|E”7. < CA s
i=0 &' (q) i=0 g7 M (q)

where k = [t (gq)/m].

Proof. Fix § > 0 such that Us(f) C V(f). It is known from [22, Lemma II.3] that to
prove the proposition, it is enough to show that the family of periodic sequences of linear
isomorphisms of R4MM generated by Dg (g € Us ,2(f)) along the hyperbolic periodic
points g € P(g) with g ~ p, is uniformly hyperbolic (see [22, pp. 524-525] for the
definition).

The proof is by contradiction. If the above assertion does not hold, then for any € > 0
there must be g € Us2( f), a hyperbolic periodic point g of g with ¢ ~ p,, and linear maps
Li: TyiyM — Tyiv1 ()M with ||L; — Dgi8ll <€ fori =0,1,...,m(g) — 1 such that
]_[?:(‘6)_1 L; has an eigenvalue of modulus 1. As in the proof of [34, Proof of Theorem 2],
since € is arbitrary, by Lemma 4.3 we can construct g near f such that ¢ is a hyperbolic
periodic point of g with g ~ p;, and D, §™@ has its weakest normalized eigenvalue, A
say, with modulus close to 1. Notice that we can take g and |Ax| as close as we wish to g
and 1, respectively, and thus g € Us2(f).

We may assume without loss of generality that |[Ax| < 1 and A; has multiplicity one.
For notational simplicity, we denote g by g. Recall that we have three possibilities (see the
second paragraph of §7.1).

Case (1). If A is complex, then with a modification of the map we can construct g’ €
Us(f) near g possessing a normally hyperbolic g’”(q)-invariant circle S; centered at g,
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such that g’/ ﬁg(q) is conjugate to an irrational rotation map on the unit circle S' and also
q

W (S, 8)YN W (pg, 8N #B, W(Sy, &) NW"(py, &) #Y

(see the proofs of [34, Theorem 2] and [24, Lemma 4.1]). The next claim follows from
this fact.

CLamM 7.4. §; C Cy(py).

To see this, take x € W"(S,, &) N W¥(p,, g') and y € W (S,, &) N W"(py, g).

Since g’ﬁéq) is conjugate to an irrational rotation map, the «-limit set of x and the w-limit
q

set of y are both S;. On the other hand, g9 (x) > py and g "D (y) - Py as
n — o0o. Thus z ~» p, and p,r ~» z for any z € S;, and hence z «~ pg for any z € S,
as claimed.

Since g’ € Us(f), we deduce that gl/ Cy(py) has the shadowing property. However, this
contradicts Lemma 7.1(ii) because we know S; C Cy/(pg) by Claim 7.4, and also that
S, is normally hyperbolic and g’ \HS(Z) is an irrational rotation map. Thus Proposition 7.3 is
proved in Case (1). O

Case (2.1). Suppose that Ay is real and index(q) > 2. We may assume further, with a
modification of the map, that g is simple and its stable gap is less than p = p(§) > 0.
This can be done by multiplying suitable linear maps with the derivatives of g throughout
the orbit of ¢, using Lemma 4.3.

In this case we apply Proposition 7.2. If g is not a non-ss boundary point, then using the
fact that g ~ p, we can find another hyperbolic periodic point near g (which we will still
denote by ¢ for simplicity) such that it is a non-ss boundary point whose stable gap is less
than p (see the proofs of [34, Theorem 2] and [24, Section 4.1]). This result is proved by
making use of the so-called transition matrices arguments due to [8].

Now let g1 € Us(f), Z,, z; and g; (i =1, 2) be as given in Proposition 7.2, satisfying
items (a)—(d). Then we have the following.

CLAIM 7.5. Iy C Cyq (pg,)-

Indeed, set w = W"(q, g1) N W¥(pg,, g1) by (b). It is easy to see that g ~ pyg,, since
gl_"”(q)(w) — ¢ and gim(q)(w) — pg, as n — o0o. Furthermore, we have pg, ~+ ¢q; for
i=1,2, since gl_"”(q)(z,-) — D, and gim(q)(zi) — g asn — oo fori =1, 2 by (c) and
(d). Fix any x € Z,. Since glgq(‘l) =id (I =1 or 2) by (a), it is easy to see that x «~ g and
x e~ g; fori =1, 2. Thus we conclude x «~ p,, as claimed.

As in the previous case, since g; € Us(f), we deduce that g; ICe; (Pgy) has the shadowing
property. But this contradicts Lemma 7.1(i), since we know Z, C Cg, (pg,) by Claim 7.5,

1, is normally hyperbolic and glg(q) =1id (recall that g 1?;(4) has the shadowing property
q q

if and only if g1 Iz, has the shadowing property). Therefore Proposition 7.3 is proved in the
Case (2.1). O

Case (2.2). Suppose that A is real and index(g) = 1. Then W*(q, g) is one-dimensional,
and so we denote the two separatrices of W*(q, g) \ {g} by W*!(g, g) and W*2(q, g).
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Since g ~ pg, by the same method used above we can find another hyperbolic periodic
point near ¢ with index equal to one (which we will still denote by g for simplicity)
such that there exist transverse intersection points z; € wsi (g, ) N W"(pg, g)fori=1,2
and w € W¥(q, g) N W¥(pg, g) # ¥. Thus, as in the proof of Proposition 7.2, by slightly
perturbing g to g1 € Us(f) at ¢ without changing its stable manifolds near z; (i =1, 2),

we can find a normally hyperbolic small arc Z, centered at g such that:

° glgq(q) =1id, where/ =1 or 2;

° W¥(q, g1) N W*(pg,, g1) # ¥ is a transverse intersection; and

° z1 and z» are still intersection points of W¥(pg,, g1) and lie in different components
of W*(q, g1) \ {g}, while for the boundary points g; (i =1, 2) of Z,, we have
g (z)) —> giasn — oo fori =1, 2.

From these facts, we can show Z, C Cy, (pg,) in the same manner as the previous case.

Thus the shadowing property of 811Cq, (pg,) contradicts Lemma 7.1(i), because glgq)

is the identity map and Z, is normally hyperbolic. The proof of Proposition 7.3 is

therefore complete. O

8. Proof of Theorem C

Throughout this section, suppose that f(p) = p is a hyperbolic saddle and that:

° Cr(p)isC I_stably shadowable and the C r(p)-germ of f is expansive.

Thus, for n € Z, f\ré,»( » also has the shadowing property and the Cy(p)-germ of f" is
expansive. Theorem A, Cy(p) admits a dominated splitting Tc, ()M = E @ F such that
dim E = index(p). We show in this section that this splitting is hyperbolic.

Letm >0, C > 0and 0 < A < 1 be the constants given by Theorem B. We may assume
that any periodic point denoted by ‘g’ satisfies w(g) > m. Clearly, if p ~ g with respect
to f, then p ~ ¢ with respect to f™. For the time being (until the end of the proof of
Proposition 8.4), we assume that m = 1 in Theorem B for notational simplicity.

8.1.  Local product structure and its application. To prove Theorem C, we need two
lemmas and one proposition. Let A be a closed f-invariant set that admits a dominated
splitting £ @ F. Then the local center-stable manifold, WS°(x), and the local center-
unstable manifold, W& (x), exist for all x € A.

We write s =dim E and u =dim F, and put Dl ={xeR: x| <r} (r > 0) for
j=s,u. Let Emby(D’, M) be the space of C'-embeddings S : D{ — M such that
B(0) belongs to A endowed with the C!-topology. The following can be found in
[20, Proposition 2.3] (see also [17]).

LEMMA 8.1. There exist ¢° : A — Embp (D3, M) and ¢ : A — Embpa (D%, M) such

that if we define W (x) = ¢*(x) D} and W (x) = ¢"(x)D? (where x € A, 0 <€ < 1),

then the following holds.

(@ T,Wx)=E;and T,W"(x) = Fx forall x € A.

(b) Forevery0 <€ <1, there exists 0 < €2 < L suchthat f(W¢) (x)) C WE(f(x)) and
FHWE(x) Cc WE(F =1 (x)) for all x € A.

(c) Forevery(Q < ey <1, there exists 0 < § < 1 such thatifd(x, y) <8 (x,y € A), then
W (x) N W' (y) # D and this intersection is transverse.
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Let A be aclosed f-invariant set. We say that A has a local product structure if for any
€ > 0, there is § > 0 such that if d(x, y) < § (where x, y € A), then

0+ W (x) N W (y) C A.

The assertions of the next lemma are proved in [34, Lemma 6] for C!-persistently
expansive homoclinic classes when f is germ-expansive. By Theorem B and Lemma 8.1,
we can prove the same assertions for C!-stably shadowable chain components.

LEMMA 8.2. Let ¢ > 0 be the constant for the C y(p)-germ expansivity of f. Then the

following holds.

(@) For any small € > 0, we have W& (x) = Wi(x) and W& (x) = Wl(x) for all x
Cy(p). More precisely, for any €| > 0 there exists € > 0 such that f"(W¢;(x)) C
W (f"(x)) (x € Cy(p)) for all n = 0; similarly for W' (x).

(b) If €1 <c, then for all y € Wi (x) (x € Cr(p)), limyoood(f"(x), f"(¥)) =0;
similarly for Wg' (x). Here €3 is given by (a).

(c) Moreover, Cy(p) has a local product structure.

Proof. The method of the proof is the same as that of [34, Lemma 6], so I will just outline
it. Recall that the set of hyperbolic periodic points homoclinically related to p is dense in
Cr(p) (see Remark 3.7). By Theorem B and Lemma 8.1, we can show items (a), (b) and
(c) for any g € Cy(p) N P(f) with g ~ p since the Cs(p)-germ of f is expansive (see
the proof of [34, Lemmas 4 and 5]). We then extend these results to C(p) by using the
density of the above hyperbolic periodic points and the continuity of the local stable and
unstable sets (for the details, see [34, Lemma 6]). Similar results were proved in [19]. O

Remark 8.3. By Lemma 8.2, for any given pseudo-orbit of f in Cy(p), we can find a
shadowing point in C s (p). More precisely, for every € > 0, there is § > 0 such that for any
§-pseudo-orbit {x,-}f’:a CCyr(p)of f(—o0o=<a<b=<o00),thereisy € Cy(p) satisfying
d(fi(y), xj) <eforalla <i <b—1 (see [26] and [34, Lemma 7]).

Since Cy(p) is C!-stably shadowable, hyperbolic periodic points are dense in C r(p).
We can prove, however, a stronger result which plays a key role in the proof of Theorem C.

PROPOSITION 8.4. Suppose that C¢(p) is C'-stably shadowable and that the Cr(p)-
germ of f is expansive. Then every periodic point g € Cs(p) N P(f) is hyperbolic.

Proof. Let g € Cr(p) N P(f) be given. The method of the proof is the same as that
of [34, Proposition 5]. Indeed, by Lemma 8.2(a), for any fixed small € > 0, we have
W (x) = WS (x) and W (x) = Wl (x) for all x € C¢(p). Since the set of all hyperbolic
periodic points in Cy(p) that are homoclinically related to p is dense, we can pick a
hyperbolic periodic point g1 € C7(p) as close as we wish to g, such that:

o W (p)NWHq1) #¥and W(p) N W'(q1) # 0; and

° We(q) N W¥(g1) # ¥ and W2 (q) N W¥(q1) # ¥ (see Lemma 8.1(c)).

Since these intersections are all transverse, by applying the A-lemma to g; we have

W@ NW"(p)#0 and W) N W*(p) # 0. (12)
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7(q)
T, Wiq)

Observe that by Lemma 8.2(a) and (b), the modulus of any eigenvalue of D, f|
is <1, and similarly for D, fl;;‘g,q;( 0"

We now show that g is hyperbolic by contradiction. If this were not true, then by slightly
perturbing f throughout the orbit of ¢ (mimicking the proof of Proposition 7.2) we can get
a diffeomorphism g arbitrarily near f such that:

(1) g is a hyperbolic periodic point of g possessing the weakest normalized eigenvalue
whose modulus is arbitrarily close to 1; and

(i) WC(q, g) is arbitrarily C'-close to W2 (¢) = W (q) (o = s, u), so that g ~ Pg by
(12).

On the other hand, recall that, under the assumption that Cr(p) is C!-stably
shadowable, we have shown in the proof of Proposition 7.3 that the family of periodic
sequences of linear isomorphisms of RY%™M generated by Dg along the hyperbolic
periodic points ¢ € Cq(pg) such that g ~ p, is uniformly hyperbolic for all g near f.
Thus the (i) and (ii) above contradict what we have shown in Proposition 7.3. O

8.2.  End of the proof of Theorem C. Suppose that Cr(p) is C I_stably shadowable and
that the C ¢ (p)-germ of f is expansive. By Theorem A, C ¢ (p) admits a dominated splitting
Tc;(pyM = E @ F such that dim E = index(p). We now show its hyperbolicity.

First, let me emphasize that Theorem B, together with Proposition 8.4, implies the
existence of constants m >0, C >0 and 0 <A <1 such that for any g € Cr(p) N

P(f) (m(g) = m),
k-1 k—1
. k . —m k
[1)Psma B, | <€ and []IDpmfig | | <Co
i=0 " (q) i=0 [T (q)

where k = [7(g)/m]. Observe that, by the uniqueness of the dominated splitting, £, = Ej
and Fy; = EZ forany g € C¢(p) N P(f) (see Remark 3.4).

For notational simplicity we put g = f™. Before starting the proof, we prepare two
lemmas. The first lemma, which is easily checked by the continuity of the dominated
splitting, is a simple consequence of the above fact (cf. [20, Proposition 2.4]).

LEMMA 8.5. With the above notation, for any 0 < A < y < 1, there exists € > 0 such that
forany q € Cy(p) N P(f) and x € C¢(p):
(@) ifd(g'(x), §'(q)) <éforall0<i <k — 1, then we have

k—1

[T

i=0

) k.
Dgl(x)g\Egi(X) < Cy";

() ifd(g7 (x), g7 (q)) <éforall0<i<k— 1, then we have

k—1

[T

i=0

-1 k
Dgﬂ-(x)g‘Fi <Cy".

gl

Here k = [ (q)/m].
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Recalling that the C ¢ (p)-germ of g is expansive and denoting by ¢ > 0 the expansivity
constant, for 0 <€ <c¢/2 let 0 <§ =§(¢) < € be the number in the definition of the
shadowing property for g|c(p). The next lemma is well-known; see [20, Proposition 1.1]
and [4].

LEMMA 8.6. For every periodic §-pseudo-orbit of g in Cy(p) with period l, there exists
a periodic point e-shadowing the periodic §-pseudo-orbit whose period is a divisor of I.

We are now in a position to prove the theorem. By Lemma 8.6, following the proof
of [34, Theorem 3] we can show that C ¢ (p) is hyperbolic since C 7 (p) has a local product
structure by Lemma 8.2(c). However, here I will give another proof based on [20, Proof of
Theorem C] and [19]. This involves showing that ch(p)M = E @ F is hyperbolic, i.e.
there are constants K >0 and 0 < u <1 such that ||Dygfi | < Kp" and [[Dygpl |l <
Kp" forall x € Cy(p) and n > 0. The proof is by contradiction.

Denote by S the family of compact f-invariant subsets of Cy(p) which are not
hyperbolic. It is easy to see that if {A, : ¢ € A} C S satisfies Ay C Ay or Ayr C Ay for
alle’, o” € A, then (), Ay € S. Hence, by Zorn’s lemma, there exists a minimal element
Aof S,i.e.a A eSsuchthat A’ € Sand A’ C A implies A’ = A. It is proved in [20] that
A € S implies that {|| Dg™" (v)|| : n > 0} is bounded for some x € A andv € E, (v # 0), or
{lIDg" (v)|| : n = 0} is bounded for some x € A and v € F, (v # 0) (see also [19, pp. 171—
172]). We consider the first case.

CLAIM 8.7. The minimal element satisfies A = o (x).

Observe that «(x) € S, because if «(x) is hyperbolic, then lim,,— || Dy g ™" (v)|| = 00).
Thus a(x) = A.

If x € Cy(p) N P(f), then a(x) is the orbit O, (x) of x which is hyperbolic. This gives
a contradiction, so we can assume that x is not periodic. Since x € A, we see that x € a(x).
Thus, for any § > 0, there exists [ > 0 such that d (g7 (x), x) < 8. Therefore

P €5 N IR €9 RO e € Wl €9 NV € M-SRl €9 M|

is a periodic §-pseudo-orbit of g. By Lemma 8.2(c), g|c(p) has the local product structure.
Thus, for any € > 0, we can find g € C¢(p) N P(f) such that d(g™' (x), g7'(q)) < € for
0<i <m(q) by Lemma 8.6. In general, m(g) is less than or equal to the length of the
above periodic §-pseudo-orbit of g.

Let € be given by Lemma 8.5 for some fixed A <y < 1, and put z =g 7@ (x).
Since € is arbitrary, we may assume that d(g'(z), g'(¢)) < é for 0 <i < m(g). Thus,
by Lemma 8.5,

7(g)—1
1071 <[] 1Dge81E, 1 < Cr™@. (13)
i=0
On the other hand, the existence of x € A and v € E, implies that there is a constant
K = K (v) > 0 such that | D,g " (v)|| < K|jv]| foralli > 0. So
T

vl 1
||ng|E =

(?)||z—_—>0.
: IDxg @) ~ K
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Since x is not periodic, by taking € small enough (and hence by taking § small enough),
we can suppose that 77 (¢) is arbitrarily large so that Cy™“) < 1/K. This contradicts (13)
and completes the proof of Theorem C. O

9. Proof of Theorem D
As mentioned in §1, the ‘if” part of Theorem D is proved in [2, Proposition 2.9]. We give
here a more basic proof that takes a conventional approach.

9.1. End of the proof of Theorem D: the ‘if’ part. This follows directly from the next
proposition, and the result is independent of the dimension of M.

PROPOSITION 9.1. Let Cy be a chain component of f € Diff(M). If Cy is hyperbolic,
then it is locally maximal.

Proof. Since Cy is hyperbolic, fic, has the shadowing property and the Cg-germ of f is
expansive. First we show the following claim.

CLAIM 9.2. For any € > 0, there is a § > 0 such that for any §-pseudo-orbit {x;};cz, of f
inCy, thereis a 'y € Cy satisfying d(f(y), x;) < e fori € Z; that is, the shadowing point
y can be taken from Cy.

To prove the claim, it is enough to show that fic, has a local product structure (see
§8.1 and Remark 8.3). Since Cy is hyperbolic, for any € > O there is a § > 0 such that
if d(x,y) <& (withx, y € Cy), then W (x) and WZ(y) have a non-empty transverse
intersection. Fix any x, y € Cy with d(x, y) < §, and let

z=W (x)NWi(y) and w=W:x)NW(y).

We show that z, w € Cy.

For any n > 0, there is n > 0 such that max{d (f"(x), ")), d(f~"(y), f"(2))} < n.
Since fi(Cf) =Cy, we have f"(x), f7"(y) € Cy. Thus f"(x)~» x and x ~ f7"(y),
i.e. there is a n-pseudo-orbit {xi}?io with xo = f"(x), Xn, = X, and a n-pseudo-orbit
{y,-}:n=”0 with yo =x, ym, = f~"(y). Since n is arbitrary, z «~ x so that z € Cy. Similar
reasoning shows that w € Cy and thus f|c, has a local product structure, proving the claim.

Now fix 0 < € <c¢/2 (where ¢ > 0 is the expansivity constant), and let 0 < § < € be
the number in the definition of the shadowing property for fic,. Furthermore, choose
0 <& <48/2 such that d(x, y) <& implies d(f(x), f(y)) <38/2. We will show that
Cyr=icz [1(By(Cy)). The C part is obvious. To show the converse, we need to
demonstrate that any x € mieZ fi(Bg/(Cf)) isin Cy. For each i € Z, pick x; € Cy such
that d(fi(x), x;) <&'. It is easy to see that {x;};c7 is a 8-pseudo-orbit of f|cf by the
choice of §’. By the shadowing property of fic s together with Claim 9.2, thereisa y € Cy
satisfying d(f*(y), x;) < € for all i € Z. Thus

d(fi), F1) <d(fl(x), x) +d(xi, fi(y) <8 +e<ec
foralli € Z,sothatx =y € Cy. O

Hereafter, let M = M? be a surface, and suppose that:
° f(p) = pis a hyperbolic saddle and C¢(p) is C!-stably shadowable.
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9.2. Dynamics on the local center-stable and center-unstable manifolds. Before
starting the proof of the ‘only if’ part, we prepare two lemmas. Let m, C, and A be given
by Theorem B, and write g = f™ for convenience. Since there is a dominated splitting
ch(p)M2 = E & F by Theorem A, if we fix €] > 0, then there is a § > 0 such that
x,y € Cy(p) and d(x, y) < implies that W¢'(x) transversely intersects W¢*(y) at one
and only one point by Lemma 8.1(c). Under this condition, put

[x, y]= W (x) N W' (y).

Moreover, if x € Cy(p) and y € WS (x), we let ds(x, y) =infl{e : y € W (x)}. Also,

for x € Cy(p) and y € W('(x), define d,(x, y) =inf{e : y € W"(x)}. We may assume
further that d(x, y) < § implies

g(lx, yD =[g(x), g1 and g '([x, yD =g (x), g M. (14)
The following lemma was proved in [20, Lemma 4.1].

LEMMA 9.3. There exist K > 0,0 < < 1and e > 0 such that if x; € C¢(p) (i =1, 2),

I >0and y =[xy, x2] satisfy ds(g" (x1), g"(y)) < €2 and d,(g" (x2), g"(y)) < & for all
0<n <l then
dy(g"(x1), " (y) <Ky d,(g"(x2), g" ()
dg(x1, ) dy(x2, )

forall0<n <lI.

If xeCys(p) and y € Wecl"(x) (o0 =s, u), then let A°°(x, y) be the compact arc
in We‘l" (x) with boundary {x}U {y}. For w € A°(x, y) (respectively w € A(x, y))
define E,, = T}, W' (x) (respectively Fy,=T, W¢!(x)). The following lemma is an easy
consequence of Theorem B (the result does not depend on the dimension of the manifold).

LEMMA 9.4. Forany 0 < A <y <1, there exists €3 > 0 such that for any x € Cy(p) and

yE W;l"(x) (6 =s,u):

(a) if there is a hyperbolic periodic point g € Cy(p) N P(f) (m(q) = m) and a w €
A (x, y) such that d(g'(w), g'(q)) <e€3 for all 0<i <k —1, then we have
T2 1Dy, I < Crh

(b) if there is a hypegrbolic periodic point g € Cy(p) N P(f) (w(q) >=m) and a w €
A (x, ¥) such that d(g7"(w), g7'(q)) <e€3 for all 0 <i <k — 1, then we have
1% 1Dgams I <Cr™.

Here k = [m(q)/m]. o

Proof. For any € > 0, there is a § > 0 such that for w € A“*(x, y), if d(w, q) < § then
| Dy 8|E, | <ellDyg E} ||. Thus assertion (a) follows from Theorem B in a straightforward
manner. The proof of assertion (b) is analogous. O

9.3. End of the proof of Theorem D: the ‘only if’ part. Let Cr(p) be C!-stably
shadowable and locally maximal. Recall that g = f". To obtain the conclusion, it suffices
to show that the Cs(p)-germ of f is expansive, by virtue of Theorem C. Since Cs(p) is
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locally maximal, if we prove that g|c,(p) is expansive, then the C¢(p)-germ of f will be
expansive (because gjc,(p) = fl’gf( » is expansive if and only if fic,(p) is expansive).

By Remark 3.7, hyperbolic periodic points g (7 (¢) > m) are dense in Cz(p). Thus we
can show that g|c () is expansive in the same way as the proof of [20, Theorem A], which
is outlined here for completeness (see [20, pp. 390-392] for the details).

Fix €; >0, and let § > 0 be as in (14). Let 0 < e, <€ be the number given by
Lemma 9.3, and let 0 < €3 < €; be the number given by Lemma 9.4 (for some fixed
A <y < 1). Fix 0 < §; = §81(e3) <4 small enough such that dg(x, y) < §; (where x, y €
Cr(p)) implies that dg (x, [x, y]) < e3/2 and d,(y, [x, y]) < €3/2.

Now, taking any points x, y € Cr(p) such that d(g"(x), g"(y)) <46; for all n € Z,
we show that x =y and thus that §; is an expansive constant for g|c,(p). If x # y, then
y ¢ W(x) or y ¢ Wi (x). We consider the former case (the other case is similar). Let
z =[x, y]; then, by (14), z # y and g"(z) = [g" (x), g"(y)] for all n € Z. Thus

dy(8"(y), 8" (@) <e€3/2 <€y forallneZ (15)

by the choice of 8;. Since C ¢ (p) is locally maximal, by reducing ¢; if necessary, we have
the following.

CLAIM 9.5. A“(y, z) C Cy(p).

Fix €4 > 0 such that ds (v, x1) < €4 implies ds(g(v), g(x1)) < €2 forv e W' (x1) (x1 €
Cr(p)). By Claim 9.5 we can pick a hyperbolic periodic point g € C¢(p) N P(f) near
A (y, z) and, in particular, near z, which satisfies

ds(q, g, yD
€  ——— < €4.
du(y’ [47 )’])

Here K > 0 is the constant given by Lemma 9.3. We may suppose that w(g) > m is
arbitrarily large because transversal homoclinic points associated with p are dense in
Cr(p) (see Remark 3.7).

Obviously, d, (g" (v), g"([g, ¥])) < e for all n > 0 by (15). Since §; is small enough,
by the choice of €4 and (16), it follows inductively from Lemma 9.3 that
ds(q. [q, yD
du(y, g, yD

for all n > 0. Thus there is n’ > 0 such that if n > n’, then

ds(g"(q), 8" (lg, y]) < €3/2. (17)

By combining (15) with (17) we see that n > n’ implies

(16)

ds(g"(q), &"(lq. y)) < Ku'"e; -

ds(g"(q), g"(w)) < €3 forany w € A“(y, 2).
Observe that the above n’ does not depend on the choice of the hyperbolic periodic point ¢
in the inequality (16).
Finally, put k = [ (¢q)/m] and apply Lemma 9.4 to the hyperbolic periodic point
g"/(q). Then ||Dwg|kﬁ | >C~'y=® > 1 for any w € A" (g”/(y), g"/(z)). This contradicts

the fact that gk (acH (g"/ (), g”/ (2))) = A (gk (g”/ ), gk (g"/ (2))) remains bounded when
k — oo. Therefore g|c,(p) is expansive, and the proof is complete. o
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