
PROBLEMS AND SOLUTIONS

PROBLEMS

99+5+1+Use of the Moore–Penrose Inverse in Canonical Correspondence Analy-
sis, proposed by Jan Graffelman+ Consider a non-negative data matrixN ~e+g+, a
contingency table or count data!+ The correspondence analysis~CA! of this ma-
trix can be performed by the singular value decomposition

Dr
2102PDc

2102 5 UDV ',

with U'U 5 I andV 'V 5 I and whereP is the so-calledi 3 j correspondence
matrix, formed by dividing the data matrix by its grand total: P 5 N01'N1 ~see
Gifi , 1990, Sect+ 8+3; or Greenacre, 1993!+ HereDr andDc are diagonal matrices
of the row and column sums ofP, respectively+ Using a particular scaling, the
coordinates plotted in a CA biplot~principal row coordinatesF and standard
column coordinatesG, representing row and column categories of the data ma-
trix, respectively! are given by

F 5 Dr
2102UD, G 5 Dc

2102V+ (1)

Canonical correspondence analysis~CCA! is a restricted form of ordinary corre-
spondence analysis and can be performed by the singular value decomposition

Dr
2102PZ~Z 'DcZ!2102 5 ZU ZD ZV ',

with ZU' ZU 5 I , ZV ' ZV 5 I and whereZ is a j 3 q matrix of external, usually quan-
titative, variables+ In CCA the standard coordinates of the column categories of
the data matrixN, say, ZG, are restricted to be linear combinations of these external
variables~cf+ Ter Braak, 1986,App+!+ The CCA solution for the column and row
categories ofN is given by

ZF 5 Dr
2102 ZU ZD, ZG 5 Z ~Z 'DcZ!2102 ZV+ (2)

If Z contains more external variables than there are column categories inN
~q . j !, matrix Z 'DcZ is singular, and we run into computational problems+
These can be avoided if we use the Moore–Penrose inverse ofZ 'DcZ+ Show
that, if q . j, by using the Moore–Penrose inverse ofZ 'DcZ, the solutions of
CA ~equation~1! and CCA~equation~2!! will be identical, that is, F 5 ZF, D 5
ZD, andG 5 ZG+
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99+5+2+ Relationship between Two Eigenmatrices of a (Real) Symmetric Ma-
trix, proposed by Heinz Neudecker+ Consider the following two eigenequations
for a ~real! symmetric matrixA of ordern, rank k, andp distinct ~nonzero! ei-
genvaluesl i :

AU 5 UL,

AW 5 WL,

where

U'U 5 W 'W 5 I k

andL is diagonal and nonsingular+ Show then that

W 5 UF,

where

F 5 1
F11

L

Fpp
2

is orthogonal and the order ofFii equals the frequency ofl i , ~i 5 1+ + +p!+

99+5+3+ Does the Link Matter?proposed by Joao M+C+ Santos Silva+ Consider
a binary random variableYi such that

P~Yi 5 16x! 5 F~b0 1 b1 xi !, i 5 1, + + + ,n,

where the linkF~{! is a continuous distribution function+

~1! Show that under certain conditions on the sample ofxi , the value of the log-
likelihood function evaluated at the maximum likelihood estimates ofb0 andb1 is
the same, independent of the form of the link function+

~2! What are the maximum likelihood estimates ofb0 and b1 under the conditions
described previously?

99+5+4+ Robustness of Tests for Functional Form to Serial Correlation, pro-
posed by Jeffrey M+Wooldridge+ This question is motivated by the many simu-
lation studies that have appeared in the last 20 years to evaluate the robustness of
functional form misspecification tests to serial correlation in the errors+Ramsey’s
~1969! RESET has perhaps been the most studied~see, e+g+,Thursby, 1979, 1981,
1989; Porter and Kashyap, 1984!, but it is no more difficult to treat the general
case+

Let $~xt , yt ! : t 51,2, + + + % be a time series process withxt a 13 k vector andyt

a scalar+ In what follows, assume that this process is strictly stationary and weakly
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dependent and has enough finite moments to apply the weak law of large numbers
and the central limit theorem+

A general class of tests for functional form in linear models can be constructed
as follows+ The null model is

yt 5 xt b 1 ut , E~ut 6xt ! 5 0, (1)

wherext contains unity to allow for a nonzero intercept+ To test the null hypoth-
esis thatE~ yt 6xt ! 5 xt b, let g~xt ,d! be a 13 q vector of nonlinear functions ofxt

and some nuisance parameters, d+ UnderH0, E @g~xt ,d!'ut # 5 0+ Let Zd be a!n-
consistent estimator ofd and define [gt [ g~xt , Zd!+ For many tests, Zd 5 Zb+ A
leading example is RESET,where, for example, [gt 5 ~ [yt

2, [yt
3, [yt

4! and [yt 5xt Zb are
the ordinary least squares~OLS! fitted values+ For the Davidson and MacKinnon
~1981! test against nonnested alternatives, theg~xt , Zd! are scalar fitted values for
the alternative, nonlinear conditional mean function~for a summary, see Wool-
dridge, 1991!+

The standard score-type statistic is obtained asnRu
2 from the regression

[ut on xt , [gt , t 5 1,2, + + + ,n, (2)

where [ut are the OLS residuals andRu
2 is the usualR-squared+ An F-test is also

available, but we will focus on then-R-squared form+

~i! Show that, under any needed regularity conditions, the following assumptions are
sufficient fornRu

2 to be asymptoticallyxq
2+

~A1! E~ut 6xt ! 5 0
~A2! E~ut

26xt ! 5 s2

~A3! E~ut ut1j 6xt ,xt1j ! 5 E~ut ut1j !, j $ 1
~A4! $xt : t 5 1,2, + + + ,% is serially independent+

Assumption A1 states the null hypothesis,whereas A2 is the appropriate homoske-
dasticity assumption~underH0!+ Assumption A3 is a kind of strict exogeneity
assumption, which holds when$xt % is independent of$ut %, something that is virtu-
ally always the case in simulation studies+ Importantly, A3 doesnot restrict the
serial dependence in$ut %+ Assumption A4 is the key to understanding a variety of
simulation outcomes: if thext are generated to be independent over time, the amount
of serial correlation in$ut % is irrelevant~subject to stationarity and weak depen-
dence being met, of course!+

~ii ! Let r t [ g~xt ,d! 2 xtP, whereP [ @E~xt
'xt !#

21E~xt
'r t ! is thek 3 q matrix of

population regression coefficients fromg~xt ,d! on xt + Show that without A4, the
size distortions due to serial dependence in$ut % depend onrj L j , j 51,2, + + + , where
therj are the autocorrelations of$ut % andL j [ E~r t

'r t1j !+
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SOLUTIONS

98+5+1+ A Useful Result for Lipschitz Functions of Martingales—Solution,1

proposed by Atsushi Inoue+ Let p be a natural number and7{7p denote theLp

norm, i+e+, 7X7p5 ~E6X6 p!10p+ We replaceE~X ! , ` and E~g~X !! , ` by
E~X p! , ` andE~g~X ! p! , `, respectively, and we shall prove theLp case,

7g~X ! 2 E~g~X !6G!7p # D7X 2 E~X6G!7p,

which includes the proposition as a special case+
By the Minkowski inequality,

7g~X ! 2 E~g~X !6G!7p 5 7g~X ! 2 g~E~X6G!! 1 g~E~X6G!! 2 E~g~X !6G!7p

# 7g~X ! 2 g~E~X6G!!7p 1 7g~E~X6G!! 2 E~g~X !6G7p+
(1)

By definition of the Lipschitz condition, there is a constantM [ ~0,`! such that

6g~x ' ! 2 g~x!6 # M 6x ' 2 x6

for all x, x ' [ U+ Thus we have

7g~X ! 2 g~E~X6G!!7p 5 SE
U
6g~x! 2 g~E~X6G!!6 p dF~x!D10p

# SE
U

M p 6x 2 E~X6G!6 p dF~x!D10p

5 M7X 2 E~X6G!7p, (2)

whereF~{! is the cumulative distribution function~c+d+f+! of X+ By the condi-
tional Jensen inequality~Williams, 1991, p+ 88!,

7g~E~X6G!! 2 E~g~X !6G!7p 5 7E @g~E~X6G!! 2 g~X !6G#7p

# 7g~E~X6G!! 2 g~X !7p+ (3)
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It follows from ~1!–~3! that

7g~X ! 2 E~g~X !6G!7p # D7X 2 E~X6G!7p,

whereD 5 2M+

NOTE

1+ Excellent solutions have been proposed independently by H+White, the poser of the problem+

REFERENCE
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98+5+2+ Within Two Way Is Equivalent to Two Withins One Way—Solution,1

proposed by Dong Li+
~a! Consider the fixed-effects two-way error component panel data model

yit 5 a 1 Xit
' b 1 m i 1 lt 1 nit + (1)

Stack the data in the way that indext grows faster than indexi, i+e+, y 5
~ y11, y12, + + + , y1T , y21, + + + , yNT!'+

We will show a formal proof first and then give some intuitive explanations+
One can obtain the within two-way estimator ofb by applying the following

within two-way transformation given by Wallace and Hussain~1969!,

Q 5 EN J ET 5 IN J IT 2 IN J NJT 2 NJN J IT 1 NJN J NJT , (2)

whereEN 5 IN 2 NJN, ET 5 IT 2 NJT , NJN 5 JN0N, NJT 5 JT0T, JN is anN3 N matrix
of ones, JT is a T 3 T matrix of ones, IN and IT areN 3 N andT 3 T identity
matrices, respectively+The within two-way transformation “sweeps out” both the
individual and time effects and the constant+

The within estimator ofb is therefore given byZbW 5 ~X 'QX!21X 'Qy, by not-
ing Q'5 Q andQ2 5 Q ~for details, see Baltagi 1995!+

Now we will show that ZbW can be obtained by applying two within one-way
transformations+

The within one-way transformation ignoring the time effect is given by

Q1 5 IN J ET 5 IN J IT 2 IN J NJT + (3)

This transformation removes the individual means~and the constanta! from
observations+

The within one-way transformation ignoring the individual effect is given by

Q2 5 EN J IT 5 IN J IT 2 NJN J IT + (4)

This transformation removes the time means from observations+
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The resulting regression, after the preceding two within one-way transforma-
tions, is given by the following vector form:

Q2Q1 y 5 Q2Q1 Xb 1 Q2Q1n+ (5)

The ordinary least squares~OLS! estimator ofb in the preceding regression, Db, is
given by Db 5 ~X 'Q1

'Q2
'Q2Q1 X !21X 'Q1

'Q2
'Q2Q1 y+ By noting thatQ1

'5 Q1,Q2
'5

Q2, and

Q1Q2 5 ~IN J ET !~EN J IT ! 5 EN J ET 5 Q, (6)

we have Db 5 ~X 'QX!21X 'Qy 5 ZbW; i+e+, the within two-way transformation is
equivalent to two within one-way transformations+

Now we will give some intuitive explanations+
The typical element in the resulting regression after the within two-way trans-

formation given in~2! is

~ yit 2 Syi +2 Sy+t 1 Sy+ +! 5 ~xit 2 Sxi +2 Sx+t 1 Sx+ +!b 1 ~nit 2 Tni +2 Tn+t 1 Tn+ +!, (7)

where Syi + , Sy+t , and Sy+ + are average over time, average over individual, and overall
average, respectively, by noting that the transformationIN J NJT yields the aver-
age over time for each individual and that the transformationNJN J IT yields the
average over individual for each time period and that the transformationNJN J NJT

yields the overall average+
Now consider the two within one-way transformations+ For the first one-way

transformations given in~3!, the typical element in the resulting regression is

~ yit 2 Syi +! 5 ~xit 2 Sxi +!b 1 lt 2 Nl 1 ~nit 2 Tni +!+ (8)

After applying the second within one-way transformation to the preceding re-
gression, the typical element is

~ yit 2 Syi +2 Sy+t 1 Sy+ +! 5 ~xit 2 Sxi +2 Sx+t 1 Sx+ +!b 1 ~nit 2 Tni +2 Tn+t 1 Tn+ +!, (9)

which is the same as the typical element in~7!+
~b! It is easy to show that the order of these two within one-way transforma-

tions is unimportant+ Note that

Q1Q2 5 ~IN J ET !~EN J IT ! 5 EN J ET 5 Q2Q1+ (10)

Thus the order of these two transformations is unimportant+
For the regression, these two within one-way transformations remove the con-

stant, time effects, and individual effects+Also, for each variable inX, the trans-
formations remove the average over time and the average over individual and add
the overall average+ The order of these operations is not important+

NOTE

1+ Excellent solutions have been proposed independently by B+C+ Jung and S+H+ Song, and by
Badi H+ Baltagi, the poser of the problem+
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98+5+3+ Contrast of the Asymptotic Properties of Least Squares Estimates in
Symmetric Seasonal Processes—Solution, proposed by Paulo M+M+ Rodrigues+
If $ yt %1

T is generated from~1+1! with y21 5 y0 5 0, f1 5 0, andf2 5 21, then

yt 5 HS1,n t mod 25 1

S0, n t mod 25 0
, yt21 5 HS0, n21 t mod 25 1

S1, n t mod 25 0

and

yt22 5 HS1,n21 t mod 25 1

S0, n21 t mod 25 0
, (2.1)

wheren 5 @~t 2 1!02# 1 1, @{# represents the greatest integer equal or less than
~t 2 1!02 andSin is a partial sum process defined by

Sin 5 ~21!S (
i51

@~t 2 1!02#

~21! i11et22iD1 et (2.2)

or more concisely as

Sin 5 ~21!Sin21 1 et + (2.3)

From the functional central limit theorem,

1

s#N
Sin n Wi ~r !, (2.4)

whereWi ~r ! is a standard Wiener process andN5T02+Thus, from the continuous
mapping theorem, ~2+1! and~2+3! imply the following convergence results:

1

T 102 (
t51

T

yt21 n
s

#2
E

0

1

D
1'F 0 1

21 0GW ~r ! dr, (2.5)

1

T 102 (
t51

T

yt22 n
s

#2
E

0

1

D
1'W ~r ! dr, (2.6)

1

T 2 (
t51

T

yt2i
2 n

s2

4
E

0

1

W ~r !'W ~r ! dr, i 5 1,2, (2.7)

1

T2 (
t51

T

yt21yt22 r 0 a+s+, (2.8)

1

T (
t51

T

yt21et n
s2

2
E

0

1

W ~r !'F0 21

1 0 G dW ~r !, (2.9)

1

T (
t51

T

yt22et n
s2

2
E

0

1

W ~r !' dW ~r !, (2.10)
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wheren denotes weak convergence, r indicates convergence in probability,

D
1 5 ~1,1!', and W ~r ! is the vector of standard Wiener processesW ~r ! 5
~W1~r !,W0~r !!'+ Consequently, the normalized least squares biases

TF Zf1 2 f1

Zf2 2 f2
G 5 3

1

T 2 (
t51

T

yt21
2

1

T 2 (
t51

T

yt21 yt22

1

T 2 (
t51

T

yt22 yt21

1

T 2 (
t51

T

yt22
2 4

21

3
1

T (
t51

T

yt21et

1

T (
t51

T

yt22et
4 (2.11)

converge to

TF Zf1 2 f1

Zf2 2 f2
Gn 3

s2

4
E

0

1

W ~r !'W ~r ! dr 0

0
s2

4
E

0

1

W ~r !'W ~r ! dr4
21

3 3
s2

2
E

0

1

W ~r !'F0 21

1 0 G dW ~r !

s2

2
E

0

1

W ~r !' dW ~r ! 4 +
Thus,

T~ Zf1 2 f1! n

2E
0

1

W ~r !'F0 21

1 0 G dW ~r !

E
0

1

W ~r !'W ~r ! dr

, (2.12)

T~ Zf2 2 f2! n

2E
0

1

W ~r !' dW ~r !

E
0

1

W ~r !'W ~r ! dr

+ (2.13)

On the other hand, if f1 5 0 andf2 5 1, ~2+1! continues to apply except that
now,

Sin 5 (
i51

@~t21!02#

et22i 1 et (2.14)

and

Sin 5 Sin21 1 et + (2.15)
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Consequently, this will imply some changes to the results presented in~2+5!–
~2+10!+ In particular, ~2+5!, ~2+8!, and~2+9! will become

1

T 102 (
t51

T

yt21 n
s

#2
E

0

1

D
1'F0 1

1 0GW ~r ! dr, (2.16)

1

T 2 (
t51

T

yt21 yt22 n
s2

4
E

0

1

W ~r !'F0 1

1 0GW ~r ! dr, (2.17)

1

T (
t51

T

yt21et n
s2

2
E

0

1

W ~r !'F0 1

1 0G dW ~r !+ (2.18)

It is the result presented in~2+17! that determines that the covariance matrix will
not be diagonal and therefore the regressors will not be orthogonal whenf1 5 0
andf2 5 1+

Proof of~2+8! and~2+17!+ Under the assumption thatyt is generated from~1+1!
with y21 5 y0 5 0, f1 5 0, andf2 5 21, we can see from~2+1! and~2+3! that

1

T 2 (
t51

T

yt21 yt22 5
1

4N2 H(
n51

N FS1,n21

S0,n21
G 'F0 21

1 0 GFS1,n21

S0,n21
G

1 (
n51

N Fe1,n

0 G 'F0 1

1 0GFS1,n21

S0,n21
GJ + (2.19)

Notice that

et 5 He1,n t mod 25 1

e0,n t mod 25 0
,

because

1

N2 (
n51

N Fe1,n

0 G 'F0 1

1 0GFS1,n21

S0,n21
G 5 op~1!+ (2.20)

Thus asN r `,

1

T 2 (
t51

T

yt21 yt22 r 0 a+s+

The proof of~2+17! follows similar lines except that the matrix

F0 21

1 0 G
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considered in~2+19! has to be modified to

F0 1

1 0G,
which then delivers the result given in~2+17!+ n

98+5+4+Further Examples of Accelerated Time Regression Models That Are Not
Proportional Hazard Models—Solution, proposed by S+K+ Sapra+

Model 1 (Pareto model). Assumes , a+ The moment generating function
~m+g+f+! of log t is

Mlog t ~s! 5 E~es log t ! 5 E~t s! 5 aks0~a 2 s!+ (3)

Therefore, the cumulant generating function~c+g+f+! of log t is

Klog t ~s! 5 log a 1 s log k 2 log~a 2 s!+ (4)

Equation~4! yields

K '~s! 5 log k 1 ~a 2 s!21 (5)

and

K ''~s! 5 ~a 2 s!22, (6)

where the primes denote the derivatives+
Hence,

E~ log t! 5 K '~0! 5 log k 1 a21, (7)

Var~log t! 5 K ''~0! 5 a22+ (8)

Using the parametrizationk 5 eb'x, equation~7! yields the regression-like
equation

log t 5 b 'x 1 u, (9)

whereu has meana21 and variancea22 and is therefore homoskedastic+ Hence,
model~1! is an accelerated failure time regression model+

To show that model~1! is not a proportional hazard model, note that the hazard
function for model~1! is

h~t! 5 a0t 5 h0~t! Þ h0~t!eb 'x for x Þ 0,

h0~t! being the baseline hazard for whichx 5 0+

Model 2 (inverse Gaussian model).Using formulas in Johnson and Kotz~1970,
p+ 139!, the m+g+f+ and c+g+f+ of log t are easily derived as

Mlog t ~s! 5 m~s!e10mm2s, (10)

wherem~s! 5 ~21!s1+3+5+7+ + + ~2s2 3!,

Klog t ~s! 5 log m~s! 1 10m 1 2s log m+ (11)
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Therefore,

E~ log t! 5 Klog t
' ~0! 5 m'~0!0m~0! 1 2 logm, (12)

Var~log t! 5 Klog t
'' ~0! 5 @m''~0!m~0! 2 ~m'~0!!2 #0~m~0!!2+ (13)

Thus, for m 5 eb 'x, equation~12! leads to a regression like equation~9! with a
homoskedastic errorU with variance in equation~13!+ Hence, model ~2! is an
accelerated failure time model+

To show that model~2! is not a proportional hazard model, we note that the
survivor function is

S~t 6x! 5 12 F~t 2 m0m#t! 2 e20m~12 F~t 1 m0m#t!!, m 5 eb 'x, (14)

F~{! being the cumulative distribution function of a standard normal random
variable+ It follows from ~14! that

S~t 6x! Þ @S0~t 6x!# eb'x

, (15)

whereS0~t 6x! 5 S~t 6x! for x 5 0+ Hence, model~2! is not a proportional hazard
model for which equality holds in~15!+
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98+5+5+ A Property of the Companion Matrix of a Reduced VAR—Solution,
proposed by Farshid Vahid+We show thatF has at leastp~k2 r ! zero eigenvalues
by showing that rank ofF p is at mostpr+ ConsiderF 2:

F 2 5 S F

Ipk2k I0~ pk2k!3k
D F 5 S FF

Smatrix F without
its lastk rows DD

5 1
FF

F

Ipk22k I0~ pk22k!32k
2 +

Similarly,

F 3 5 S F

Ipk2k I0~ pk2k!3k
DF 2 5S FF 2

Smatrix F 2 without
its lastk rows DD

5 1
FF 2

FF

F

Ipk23k I0~ pk23k!33k

2 +
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Hence it becomes apparent thatF p will be

F p 5 1
FF p21

FF p22

I

FF

F

2 +
BecauseF has rankr, FF j has at most rankr for j 5 1, + + + , p 2 1, and therefore
there are at most onlyr linearly independent rows in thejth block ofk rows of
F p for all j 5 1, + + + , p, which implies that the rank ofF p is at mostpr+ There-
fore, F p has at leastp~k 2 r ! zero eigenvalues+ Because the eigenvalues ofF p

are thepth power of the eigenvalues ofF, we have thus shown thatF must
have at leastp~k 2 r ! zero eigenvalues+
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