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Abstract

The F-signature is a fundamental numerical invariant of singularities in positive characteristic. Its positivity detects
strong F-regularity, an important class of singularities related to KLT singularities in characteristic zero. In this
article, we compute the limiting F-signature function of binomial and other related hypersurfaces in two variables
as the characteristic p — co. In particular, we show it is a piecewise polynomial function, and relate it to the
normalized volume.

1. Introduction

The F-signature is a fundamental numerical invariant of singularities in positive characteristic. Its
positivity detects strong F-regularity, an important class of singularities related to KLT singularities
in characteristic zero birational algebraic geometry. In this article, we compute the limiting F-signature
function of binomial and other related hypersurfaces in two variables as the characteristic p — oo.

Fix a prime p > 0 and let A, denote either F,[x1, ..., x,] the power series ring in n variables over
the finite field F,, or the local ring Fj, [x1, ..., Xu](x,,....x,)- Let R = A, /I for anideal ] C A, It is
natural to study the singularities of R using the behavior of the Frobenius or pth power endomorphism.
By the work of Kunz [17], R is regular if and only if Frobenius is flat, and in general, there are a number
of numerical invariants of singularities which aim to measure the failure of flatness for the iterated
Frobenius. Central among these are the Hilbert-Kunz multiplicity ey (R) [27] and F-signature s(R)
[16], [35], [39], which can be expressed as

. min{m | 3R®" —» F¢R} . max{m | IF¢R » R®"}
enk (R) = lim pedim(R) and s(R) = lim e dim(R)

Provided R is equidimensional, both eyg (R) and s(R) are 1 if and only if R is regular, and s(R) > 0 if
and only if R is strongly F-regular [1], [16], [40]. On the other hand, these invariants are typically very
hard to compute and the precise value is known only for certain limited classes of rings.
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2 Brosowsky et al.

In birational algebraic geometry, it is crucial to consider the singularities of divisor pairs. The notion
of F-signature has been extended to the setting of divisor pairs in [6], [7], where the positivity of the
F-signature again characterizes strong F-regularity. In the case of a hypersurface pair (A,, f*), where
t € Rypand f € A, is contained in m = (x1,...,x,), we have

" . Ap
s(Ap, f') = lim t - -
emeo plt o\ (xPT 0 xETy  flee]

1
A
=1-lim —(|— P
e pen (x{) LA 7xr’l) ’f[tpe])

While this non-increasing function is continuous [7, Theorem 3.3] and even convex [7, Theorem 3.9],
one cannot expect the derivative of this function to behave well (see [7, Remark 4.11] for such an

example). More generally, when n = dim(R) = 2, the function £ — s(R, f »P) is a p-fractal in the
sense of [28], [29] (see [7, Section 4]).

The F-signature function also encodes a number of important invariants of the hypersurface R =
Ap/(f), namely, we have that

0:s(Ap, f0) = —enx (R),  0_s(Ap, f1) = —s(R),

and moreover the least r-intercept of s(A,, f7) is the F-pure threshold of the pair (4, f).

While the F-signature in a fixed characteristic p is not fully understood, it is hoped that limiting as
the characteristic p — oo might produce a more tractable invariant with additional geometric meaning.
However, other than for diagonal hypersurfaces, few cases have been computed (see [9]). In this article,
we add another class of examples in two variables. Our examples include binomials, and geometrically
they encompass both three points in P! and the complete ADE (or simple) plane curve singularities
(see [18, Section 4.3]).

Theorem A (Theorem 6.6, cf. [13, Section 2]). Let g = x*y?(x* + y*)¢ for non-negative integers

a,b,c,u, and v. Assume that u, v, and c are positive. We consider g as a polynomial in Z[x, y], so that
i1
we may consider the reduction of g to characteristic p > 0 for each prime p. Set 1y = a“;” and

,
4124c

A=min{L, L, L Ao} Let y(1) be the limit F-signature function of g, which is defined by

ab’c
Y1) = pliggos(Fpﬂx’y]]’gt)'

Then, fort < A, Y(t) is given by the following formula:

Aftav +u > thu +v + cuvt, then y(t) = (1 —at)(1 — (b + cv)t).

Aftbu+v > tav +u + cuvt, then y(t) = (1 = bt)(1 — (a + cu)t).

Aftcuv +u+v = tav +tbu +2uv, then y(t) = (1 —ct)(v(1 —at) +u(1 — bt) — uv).
. Otherwise, Y(t) = ﬁ(u +v —t(av + bu + cuv))>.

S W N =

In fact, our methods are more precise and give an explicit computation of s(F,[x, y], g’) for any p
and ¢ € %Zzo when u = v = 1, see Theorem 6.4. This is achieved by giving an explicit Grobner basis
for ideals of the form I = (xM, yN | fK) with f = x?y? (x + y)¢, for M, N, K, a, b, c all non-negative
integers, and M + (¢ — a)K < p (see Theorem 4.2).

On the other hand, if one is solely interested in the length computations necessary for Theorem A,
one can do a change of basis and analyze the Artinian Gorenstein algebra F), [x, y, z]/(x™, y", Z5). In
particular, we make use of the fact that for the values of p,m,n, and k in our range of interest, this
algebra has the weak Lefschetz property (WLP) [23]. We present this as an alternative computation to
the explicit Grébner computations in Section 5. Related computations of these lengths assuming some
Lefschetz-type properties have previously been carried out in [13, Section 2].
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Nagoya Mathematical Journal 3

An interesting consequence of the formulas obtained in Theorem 6.6 is that the values match with
that of the normalized volume of the corresponding KLT pair computed by Li in [20].

Corollary B (Theorem 7.2). Let (X,A) = (Spec(Z[x, y]), div(f?)), where f = x*y? (x + y)¢ and
t > 0 is a rational parameter. Then, we have

vol(Xe,Ac) .
TR~ lim s(Xp.A,),
where Xc and X, denote the base changes of X to C and to F,, and localized at (x, y), respectively (and
similarly for A).

The normalized volume introduced by Li [19] is an invariant of singularities over the complex
numbers detecting the stability properties of KLT singularities. While defined very differently, the
normalized volume and the F-signature satisfy many analogous properties (see [11], [24], [38]) and
are expected to be closely related by reduction modulo p. While the exact nature of their relation is not
clear, Theorem 7.2 provides further evidence toward their connection.

2. Preliminaries

In this section, we recall a number of numerical Frobenius invariants of singularities. See [6] for the
general definition of the F-signature functions in the pair and triples settings (especially Theorem 3.5);
in this article, the following description in the hypersurface setting will suffice.

Definition 2.1 (F-signature function of hypersurface pairs). [6], [7] Let K be a perfect field of
characteristic p > 0, R = K[xi,...,x,] or the local ring K[x1,...,%](x,,...x,), and f € m =
(x1,...,x,) non-zero. For t € R, the F-signature of the pair (R, f*) is given by

R
s(R, f') = lim (| — -
e—o0 pen (xf ’.“’x’!; ) : f[tpe‘l

=1- lim

’ R
e—oo pent xfe,. ) .,xfl)e,f“pe]) :

By inspection, it is easy to see that s(R, f7) is non-increasing in r € R, and we have that s(R, f°) =
1and s(R, f!) = 0. In practice, computing s(R, f*) for arbitrary values of € R is difficult. However,
ift = [% with a, b € Z, exploiting the flatness of Frobenius on R gives that

SR, £) < ;ng( R )zl_%g( _ R ) @)
p Xy, xfh ) fe p (7 XY
Importantly, one can show that the function ¢ +— s(R, f*) is continuous [7, Theorem 3.3] and even
convex [7, Theorem 3.9].
A key result about the F-signature states that s(R, f7) is positive if and only if (R, f7) is strongly
F-regular [6, Theorem 3.18] (cf. [1]). Further, the smallest #intercept of the F-signature function ¢
s(R, f*) is the F-pure threshold of f, defined below.

Definition 2.2 (F-pure threshold). [37] Let K be a perfect field of characteristic p > 0, R =
K[x1,...,x,] or the local ring K[x1,...,%u](x,,....x,)> and f € m = (x1,...,x,) non-zero. The F-
pure threshold of f'(at m) is

.....

fpt(f) =sup{c: ie ez[l] |fa ¢m[pe]}.
p 4
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4 Brosowsky et al.

While not immediate from the definition, the F-pure threshold is indeed a rational number [3]-[5].
It is closely related to another fundamental invariant, the log canonical threshold or Ict, whose origins
lie in characteristic zero, where it can be computed using a resolution of singularities. See [2] for
an elementary introduction to these invariants and the relationship between them. Here, we point out
several of these connections in the context of reduction to characteristic p > 0 for future use.

Proposition 2.3 [30, Theorems 3.3 and 3.4]. Let f € R = Z[x1,...,x,]| be a non-zero polynomial
contained in m = (x1,...,Xy), o that by abuse of notation, we can view f € Z/pZ|xi,...,Xn|m orin
Qlx1,. .., xnlm. Then, for all p > 0, we have fpt(f) < Ict(f). Further, lim fpt(f) = lct(f).

p—)OO

Definition 2.4 (Limit F-signature function). Let f € R = Z[xj,...,X,] be a non-zero polynomial

contained in m = (x,...,x,). Note that for every prime p > 0 such that f ¢ pR, we can consider
fp € Z|/pZ[x1,...,x,], which is a non-zero polynomial over F,,. Thus, we can consider the functions
¥ (1), defined as the F-signature of the pair (Fj, [x1, ..., Xn]m, f}), as a sequence of functions defined

for all p > 0. We define the /imit F-signature function y(t) as
w(n) = lim (o),

if it exists.

We note that the limit F-signature function is not known to exist outside of some special cases as in
[9], [10]. However, as the following lemma shows, we do not need to compute the F-signature in every
characteristic to compute the limit F-signature of polynomials over Z.

Lemma 2.5. Let f € R = Z[xy,...,x,]| be a non-zero polynomial contained in m = (x1,...,x,). For
every prime p such that f ¢ pR, let Y, (t) denote the F-signature of the pair (Fp[x1,...,xn]m, f").
Suppose we have a continuous, non-increasing function W (t) on the interval [0, 1] with y(0) = 1 and
Y (1) = 0 such that for each rational number u > 0, there is sequence rp(u) of non-negative real
numbers such that:

o rp(u) <uforeachp > 0andr,(u) — uas p — oo, and
o, (rp(u)) converges to y(u) as p — .

Then, the sequence of functions |, converges uniformly to the function y as p — oo. In particular, if
Yp(u) = y(u) as p — oo for each rational number u, then  , —  uniformly.

Proof. First, we show point-wise convergence: for each ¢ € [0, 1], the sequence i, (f) converges to
Y (). This is clear for + = 0,1, so we assume that ¢ is any real number in (0, 1). Choose uj,u; €
(0,1) N Q such that u; < 7 < u,. Using our assumption, we know that the sequences i, (r, (u1)) and
¥p (rp(u2)) converge to y(u1) and ¢ (uz), respectively (as p — o0). Since each function ¢, is non-
increasing, for each p > 0, we have

Yp (rp(MZ)) < %Dp(t) < Wp (rp(ul)) .

This holds since u, > ¢ implies we have r,, (u3) > t for p > 0. By considering the limit p > 0 in the
above inequality, we have

U(up) < I;Hl)ic}.}f'ﬁp(t) < limsupy,(¢) < ¢ (ur). (2.5.1)

p—x

Furthermore, taking rational numbers u; — f and u; — ¢ and using the continuity of (), we must
have limsup ¢, (¢) = liminfy, (r) = (). This shows point-wise convergence of ¥, to 1.

The uniform convergence follows from point-wise convergence since each ¢, () is continuous and
convex (see [32, Corollary 1.3.8]). O
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Nagoya Mathematical Journal 5

3. Lengths and Grobner bases when f =x +y

We will start by doing these computations in a simplified setting where f = x + y is a polynomial in
K[x, y] for K a field. More specifically, our goal in this section is to find a Grébner basis for the ideal

Timn = (XM, 9", (x +9)5),

and then use this to find the length

gk,m,n = f(K[X, y]/lk,m,n)-

We fix a monomial order with x > y. In the first section, we will do a detailed Grobner basis
computation when m < k, and use this to find the lengths. Then, in Section 3.2, we will use the
old Grébner basis to find a new one when m > k. Finally, in Section 3.3, we will compute the
lengths € ..

3.1. Casem <k

Our goal is to find a Grébner basis for the ideal Iy ,,, ,, whenm < k. Inspired by Buchberger’s algorithm,
we first compute some S-pairs. We will then give a nicer description of the resulting polynomials
in Theorem 3.2, and we will give a complete Grobner basis using some of these polynomials in
Theorem 3.4.

We will write 7)) (g) to mean the “truncation of g at x”,” that is, we throw away all terms whose
x-degree is > m. Similarly, T, (g) means throwing away all terms whose y-degree is > n.

Definition 3.1. Define

Jj=0
Now for ¢ < m, recursively define
k+2t—m
Jarer = Yo = | ———— | far-
m—t
_(k+2t-m+1 t(k+1)
Jore2 = (m) fort ((kﬂ_m“)(m_t))yf%-

We use the convention that the empty product is 1. The following proposition solves the recursion.

Proposition 3.2. The recursion for 0 < t < m (or 1 < t < m for the even case) is solved by the
following functions:

m—1-t t .
Sfare1 = Heey(m=7 =0 (k " t)xjykj”.

j=0 Hézl (m - 5)

m—1- .
P Z ! n;etz_(lm -Jj-0 (k + t - l)xj+1yk—j+z—1_
= ez m=0) J
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6 Brosowsky et al.

Proof. Whent =0, f5,41 simplifies to f;. Similarly, when ¢ = 1, f>, simplifies to f>. We now check the
recursions. Substituting the expressions for f», and f5,41 into the equation

7 _k+2t—m+1xf B t(k+1) 7
2 S L T i —mr (m =07
we see that
5 2:(k+2t—m+1)x mi" H;_](m—j—f)(k+t)xjykj+t
" k+t—m+1 P [T (m=0 \ Jj

B t(k +1) " Ty (m = j =€) (k+t—l) PR
((k+t—m+1)(m—l)) JZ=:0 H;;llm—f) J n

and so the coefficient of x/*+! yk=/+

(k+2t—m+1)(ﬂ221(m—j—f))(k+t)
k+t—-m+1 Hi,:l(m—f) J

_( 1(k +1) ) [Tios(m—j—0) (k+t—l)
(k+t-m+1)(m-1) Hzll(m_g) j )

Factoring out the common product of fractions and a binomial coefficient

[T,,(m—j—0) (k+t—1)
m—-0) i’

S

we are left with

(k+2t—m+1)(m—j—1))( k+t )_( t(k+1)

(k+t—-m+1)(m-1) k+t—j (k+t-m+1)(m-1))’

which simplifies to

m-j—-t-1)(k+1)
(m-t)(k+t-J)

We can now recombine these extra factors into the binomial coefficient and the fraction of products
out front to get an x/*!1y*¥=/*! coefficient of

Hm—j-0) (k+t)
1., (m -0 i)

(s =j=-0 ("“)xf“ ke

Meytm=0) JUs )77

(MSm=j-0 (" ”)xf“ kot
[Tey (m = 0) ' ' |

Thus,

m—1—
frs2 =
Jj=0
m—2—
=0

J

since when j = m—1—1,the £ = t+1 term of the product ]_[?:12 (m - j —{) is zero. Hence, the recursion

is satisfied.
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Nagoya Mathematical Journal 7

Similarly, substituting the expressions for f>,_; and f>; into

k+2t—m
Sre1 =Yoo - (—) 215

m—t

we obtain that

Sm=j =0 (k+t=1\ ; o iy
Sfar1 =y ( . )jy A
jz(; (m ) J

_ (k +2t—m)m_zl_t H;ZZ(m —J _f).(k - 1)xj+1ykj+t1

m—t = [ m - 0) J

’"Z: (m j—f)(k+t—1) kgt
(m f) J Y

j=0
(k+2l‘— )Z(H (m_f_[))(k+t_1)xfyk—j+t
S\ MZm=0 J=1 |

When j = 0, the coefficient of y¥~7 is already of the form

“Z“m‘”«+t‘ﬁzlznﬁﬁm‘”«+j
im-0\ 0 [Tp_y (m =€) ‘

k=j+t coefficient of

(m=j =0 €+t—j_(k+%—m) Zim=j =0 V+z_v
[Tz (m = 0) J m=t Mizim=0 J\ Jj-1

lm—-j—¢ - 1!
() ) e k)
=1\~ ' '

Otherwise, for 1 < j < m —t, we have an x/y

Since (k+t—j)(m—1t)—j(k+2t—m) = (k+1t)(m— j —t) and since the coefficient again simplifies
to zero when j = m — ¢, we obtain that

m—t—1
Hg 1(’” J_f)(k"'t) Jyk=j+t
forr1 = ; —Hgl(m 0 ; x!y

This concludes the induction. O
Now, we have the following useful lemma.

Lemma 3.3. Let m < k and m + k < p for a prime number p, and let 1 < s < 2m be an integer.
Let fy be one of the functions recursively defined in Definition 3.1. Then, p does not divide any of the

coefficients of f.

In particular, in both characteristic zero and characteristic p, the fg polynomials have leading terms

k+t
in(f2 1) = M k+1 xhl—t—l k—m+2t+1 — (m—t—l)xm_l_t k+2t+1—-m
" H;’:l(m - 5) m—t—1 (m;l) 5
in(f2t) = M ( k +i- 1 )xm—t k—m+2t — (}flttt_—ll)xm_tyk_'_zt_m.
Mmtm—-0 \m-t-1 (T_—ll)
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8 Brosowsky et al.

Proof. Write either s = 2t or s = 2t + 1, depending on parity. We may assume s > 3 (and thus m, ¢t > 1)
since the result clearly holds in the base cases. Recall that the recursion coefficients appearing in

k+2t-m k+2t-m+1 t (k+t) .
Theorem 3.1 are &>, F22=0 and T Sincet <m < kandl1 <t < k+t <k+m < p,
we have that

l<k+t-m+1<k+2t-m+1<k+t+1<k+m<p

and similarly that 1 < k +2f — m < p. Hence, all the coefficients appearing in the definitions of the
recursion are nonzero and less than p. Therefore, the functions f; are well-defined in characteristic p.
If s =2t + 1, then for 0 < j < m —t — 1, the x/ yK=7*! coefficient of f; is
[Ty_ (m—j—0) (k + z‘)
M m—-0 \ Jj )

This coefficient is non-zero and well-defined since
l<m-j—-t<m-—t, 1 <k+t, and j<m—-t-1<m<k<k+t.

This coefficient is not divisible by p because m — j —¢,m —{ <m < pand k+t < k+m < p.
If s = 2t, then since s > 3, we may in fact assume t > 2. For 0 < j < m —t — 1, the x/*ly
coefficient of f is

k—j+t—1

nézz(m_j_f) (k+t_1)
[z} (m -0 i)

This coefficient is non-zero and well-defined since
l<m-j—-t<m-t+1, 1<k+t-1, and j<m-t—-1<m<k+t-1.

This coefficient is not divisible by p because m — {,m — j —€ <m < p,and k+t—-1 < k+m < p.
This concludes the proof of the lemma. O

Proposition 3.4. Assume that m < k, that Iy, = (X", ", (x + y)X), and that the fy;41 are as in
Theorem 3.2. Fix a monomial order with x > y.

1. If'the field K has characteristic 0, then the elements
X"y, forel for 0<t<m

Jform a Grébner basis of the ideal Iy m p.
2. If'the field K has characteristic p and m + k < p, then the elements

XY, forel for 0<t<m

Jform a Grébner basis of the ideal Iy p p.

Remark 3.5. In fact, since y" is in the proposed Grobner basis, this means that taking x™, ¥, T} fo/+1
should also be a Grobner basis. This truncation is non-zero whenever the smallest y-degree appearing
in a term is < n, that is, whenever 2t + k + 1 — m < n or equivalently 7 < ’”’"T‘k‘l Thus, a Grobner
basis is precisely the polynomials

+m—k—1
X",y T forer for 0 <t < min (m, L) )

2
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Proof of Theorem 3.4. Given an element g € Iy, ,, we will show that the leading term is divisible by
x™, y™, or the leading term of one of the T forat. Any element of /i ,,, » can be expressed as

g =gix™ +g2y" + hfk,

where g1, g2, h € K[x,y]. If the leading term of g is divisible by x or y", we are done. We may
therefore assume that the leading term x?y# of g has @ < m and 8 < n. Since every term in g;x”* +g,y"
is divisible by x™ or y", the term x®y” must be the leading term of #f* modulo the terms that are
divisible by x" or y".

Since the ideal Iy ;. , is homogeneous with respect to the usual grading on K[x, y], it is sufficient
to consider the case where g, g2, and /4 are all homogeneous polynomials, and so we can write our
non-zero 4 as h(x,y) = Z?:o arxtyd=t. We first compute

d ko
hfk _ (Z a[x{yd—[) Z (j)xjyk—j

£=0 Jj=0

k+d min(d,j) k
ag(

J\,k+d—j
j—f) T

Jj=0 \¢=max(0,j-k)

Note that we can express this information succinctly in a (labeled) matrix:

TR
Jj=1 (L) (]é) 2 0.0
| G) () () o 0
MO omond)yi= e :
e | 00 (§)
jed |00 0 0 (5]

where the row labeled “;j” corresponds to the term where the x-degree equals j. The coefficient of the
x/ term is the product of the j-row with the column vector [ay, . . ., aq]". Suppose the leading term of
TX (hf*) is x¥yP for non-negative integers  and 8 such that @ < m. Lett = m — 1 — a, so that

a=m-1-t
and 0 < ¢t < m. Note that by homogeneity,
B=k+d—-a=k+d+t+1-m.
We will show that this choice of ¢ ensures that this leading term x®y# is a multiple of in( f/41).
It suffices to show 8 > k + 2t + 1 — m, so that x®y# is divisible by x”~!~7y**2+1=7 (our assumed
constraints and Theorem 3.3 ensure that this is indeed the correct initial monomial). If we knew that
d > t, then we would have

B=k+d+t+1-m>2k+2t+1-m

as desired. Thus, all that remains is to prove the following claim.
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10 Brosowsky et al.

Claim. d > t.

Proof of claim. We will obtain a contradiction by instead assuming d + 1 < ¢. Consider the terms
appearing in X (h.f*). By assumption, the coefficient of x@y# is nonzero. Since this is the leading term,
the coefficients of x*¢yA~* must vanish for 1 < ¢ < ¢. By assumption, all the exponents appearing in
this list are less than m. Consider these constraints on the coefficients of the x?**yf~¢ as a sequence
of ¢ equations with the a, as our unknowns. If 7 > d + k, we can simply consider the extra constraints
as “trivial” constraints. Then, we make the following observations about the matrix representing this
system of equations:

1. The “bottom” row corresponds to ¢ = ¢, that is, the j = m — 1 row of M(f*, m,n, d).
2. The “top” row corresponds to ¢ = 1, thatis, the j =i — ¢+ 1 =m — t row.
3. The number of rows is equal to ¢, which is at least d + 1 by assumption.

Now, let D be the top (d + 1) X (d + 1) submatrix of these constraints, so that

a0 a ag
J=m—t (m;;t) (m*Zl‘*l) (m*kfd)
D~ j=m.—t+1 (m—.t+1 m._,) : (m—t.—d+1 )
J=m—t+d (m—1;+d) (m—t]j-d+l) o (mk_t)

or in other words, D is the matrix with entries

D .= k
b m-—t—i+j

for 0 < i, j < d. Then, by applying Theorem 3.6 to the matrix D = D(k,m —t,d +t — m), we see that
D is always invertible in characteristic 0, and is also invertible modulo p since

k+(m—-t)+(d+t-m)=k+d<k+t<k+(p—k)=p.

Thus, the only way for all of these coefficients of x**¢y#~* to be zero is for all of the a, to be zero. But
this contradicts the fact that 4 # 0, and thus d > ¢, proving the claim. O

Lemma 3.6. Let k,a,v be three integers such that 0 < a < kand a+v > 0. Let D(k,a,v) be the

(a+v+1)x(a+v+1) matrix with entries D(k,a,v); ; = (a_’;ﬂ.)for 0 <i,j < a+v, where we define

(];) to be zero when either € < 0 or £ > k. Then,
(&) .- ()
EmyEmz) . (59

In particular, if k + a +v < p, then det D (k, a,v) # 0 modulo p.

detD(k,a,v) = (3.6.1)

Proof. This determinant is computed in [22, Lemma 4.1] and [ 13, Section 2]. Note that all the binomial
coefficients appearing in the formula for the determinant in Equation (3.6.1) are non-zero integers.
Moreover, if k + a + v < p, then every factor in the formula in Equation (3.6.1) is non-zero modulo p,
so the determinant is non-zero modulo p. O

3.2. Casek <m

Now, we consider the complementary case, where k < m. This time, we will find a Grébner basis for
the ideal Iy ,,,, by using a suitable change of variables on our old Grobner basis.
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Nagoya Mathematical Journal 11

Recall from Section 3.1 that when m < k, the polynomials x™, y", and f5,41 for 0 < ¢ < m defined
as in Theorem 3.4 form a Grobner basis for the ideal I ., = (x™, y", (x + y)¥), provided m + k < p
and the base field K has characteristic 0 or p.

Definition 3.7. Let ¢ be the change of variables x +— x + y, y — —y. Now define g, to be the result of
applying ¢ to f>;+1, so that

k—1-t t i
8 = (—H'f_l(k : 5)) (m]+ t) (x+y) (=y)" I
j=0

2\, (k- 0)
el ("‘Zl"(_l)m,-t (n;_t] (k=j- f)) (m - t) ( ,:) -
iz \ 7= [Tpoy (k=) JoJ\i

Proposition 3.8. Assume that k < m, and let I ., = (X, y", (x + y)*). Fix a monomial order with
x>y

1. If'the field K has characteristic 0, then the elements
fE oy g for 0<t<k

give a Grébner basis of the ideal Iy 1, 5.
2. If'the field K has characteristic p and m + k < p, then the elements

fk,y",gt for 0<t<k

Jform a Grébner basis of the ideal Iy y p.
Proof. Note that applying the change of variables ¢ : x — x +y, y — —y to the ideal 7, x_, yields our
desired ideal I ;.. Since k < m, by Theorem 3.4, we have that

xk,yn,f2t+1 forO0<t<k

give a Grobner basis of the ideal I,,, x_, = (x¥, y", (x + y)™).

Our change of variables in particular ensures in(¢(h)) = in(h) for every polynomial /. Thus, ¢ does
not affect the initial term ideal, that is, /¢ ., and I,k » have the same initial term ideal. Likewise, ¢
does not affect the leading terms of the Grobner basis. Since our new proposed basis of f*,y", and
gi are all clearly in Iy ;.0 = ¢(Im k.n), We thus have a set of elements in Iy ;, , Whose initial terms
generate the initial term ideal, as desired. O

3.3. The lengths

We can now use the Grobner bases from Theorems 3.4 and 3.8 to get a unified description of the length
of the ideal I ... To do this, we will first compute the lengths of a family of monomial ideals which
appear in both the m < k and m > k cases.

Lemma 3.9. Assume a > 8 and n are all integers such that a + B < p for p a prime. Consider the
monomial ideal

J=(P, v+ (xﬁ—l—ty(x—ﬁ+1+21 10<t< ’3)
in K[x, y], where K is a field of either characteristic zero or characteristic p.

1. If B+n < a, then

C((K[x, y1/J) = pn.
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12 Brosowsky et al.

2. Ifand a + B < 1, then
t(K[x, y]/J) = Ba.

3.IfB+n>aand a+ B >n, then

(310 = - |

(ﬂ+n—a)2J’

Proof. We first break into cases and compute, then at the end we will re-combine based on some
overlap.
Case S+n < a+1: When S+n < a+1, then for every 0 < ¢ < 8, we have

a—-pF+1+2t>2a-+12n.

So in fact, J = (x#, y7), which has the desired length.

Casea+B<n&pB+n>a+l:IfB+n > a+1, we go back to considering the other monomials in
the ideal J. The largest y degree occurs when # = 8 — 1, for the monomial x°y®*#~!_In particular, when
a + B < n, every one of the x#~1~1y2*@=B+1 5 necessary. By “counting boxes,” we see that

B-1
(R, Y1) = (@ =B+ DB+ D 2(8~1)
t=1

=(@-B+DB+2B(B-1) - (B-1B
= Ba.

Case a+f > n & B+n > a+1: In this case, some of the monomials will become redundant with y”.
Let 1, be the first index such that xf~%~1y2f*+e@=B+1 is redqundant, that is, such that 2fg + @ — S+ 1 > 7.
This means 7y = L@J We now split into cases based on the parity of 8+ 71 — a.

First, suppose that 2ty + @ —5+1 = 1. In this case, our set of monomials not in the ideal is depicted in

Figure 1. In particular, we get
ty
(K%, Y1/0) = (@ =B+ DB+ > 2B 1) = fla—B+1)+2pt0 — to(to + ).
=1
Since @ — B+ 1 =n — 2fg and S + 1 — « is odd, this can be simplified to

C(K[x, y]/J) = B(n —210) + 2Bty — to(to + 1) = Bn —to(to + 1) = B — )

(ﬁ+n—a)2J.

In the other case, then 2fp + @ — 8 = n and our set of monomials not in the ideal is depicted in
Figure 2.
In particular, we get

to—1
C(K[x,y]/]) =(a=B+1)B+ (Z 2(8 - f)) + (B —to)
t=1
=Ba-B+1)+2B(ty— 1) — (to — Do+ (B - t0)
= B(a - B) +2p10 — 12.

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 16 Nov 2026 at 11:10:50, subject to the Cambridge Core terms of use
, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/nm;.2025.10094


https://www.cambridge.org/core/terms
https://doi.org/10.1017/nmj.2025.10094
https://www.cambridge.org/core

Nagoya Mathematical Journal 13

n =t=t0
2(8 — to) Fety 1
2(8—to+ 1) o
a—0+5 ol =2
2(8—2)
a—0+3 t=1
2(8-1)
a—-pB+1 t=0
(a=B+1)8
I % i
f—1—t p-2p-1 p

Figure 1. Case: There exists to witha — B+ 1 + 2ty = 1.

We can again simplify using the fact that « — 8 = n — 219 and 8+ — « is even, to get

(B+n-a)

C(K[x, y1/J) = B(n = 210) + 2Bto — 1 = Bn — 1§ = B — {T :

To simplify the statement, observe that if 8+ 1 = @ + 1, then 81 — {MJ = 17, SO wWe re-group
that into case (c).

Finally, we note that there is overlap between cases (a) and (b) in the statement of the lemma, but

the formula is the same—if @ + 8 < n and B+ 1 < a, this forces 28 < 1. Since S is an integer, this

means 8 = 0. m]

Theorem 3.10 (¢f. [13, Theorem 2.3]). Let m, n, k be non-negative integers such that min(m + k, m +
n,n+k) < p forp a prime. Let €y ., denote the length of the module K[x, y]/(x™, y", (x+y)¥), where
K is a field of either characteristic zero or characteristic p. Then,

1. If n > k +m, then

Ckomon = km.
2. Ifk > m+n, then

Lk mn = mn.
3. Ifm > n+k, then

Cre.mn = kn.

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 16 Nov 2026 at 11:10:50, subject to the Cambridge Core terms of use
, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/nm;.2025.10094


https://www.cambridge.org/core/terms
https://doi.org/10.1017/nmj.2025.10094
https://www.cambridge.org/core

14 Brosowsky et al.

a—B+1+26+ Ra=]
K 1(ﬁ—t0) t=tg—1
28 —to+ 1) o
a—F+5 ol =2
2(8 - 2)
a—F+3 t=1
2(8-1)
a—0+1 t=0
(a=B+1)8
% | I
B—1—ty p-2p-1 p

Figure 2. Case: There exists to with a — 3+ 2ty = 1.

4. If we are not in any of the above cases (i.e.,ifk + m >nandm+n >k andm > n+ k), then

(k +n+m)?

fk,m,nzkn+km+nm—{ 7]

Remark 3.11. As in the proof of Theorem 3.9, there is overlap between cases (a)—(c) above, but this
only occurs when one or more of k, n, and m are zero.

Proof. Note that since K[x, y]/(x™, ", (x + y)¥) = K[x,y,z]/(x™, y", z5,x + y + z), the length is
unchanged by permutating m, n, k. Thus, without loss of generality, we assume that m + k < p and

m < k.
Consider the Grobner basis found in Theorem 3.4 for when m < k. Recall that the element f>;,; has
k+t
leading term ((,ﬁ;‘l)x”"l” yk*2+1=m Thys, the initial term ideal of Iy, , is precisely
1

in(Ig mn) = (xm_l_tyk_”””zt |0<t<m- 1) + (2™, y™).

These are exactly the monomials that appeared in Theorem 3.9, so applying this lemma with @ = &,
B =m, and = n gives the following cases:

(1) If m+n < k, then
C(K[x,y]/J) = mn.
(2) If k + m < n, then

((K[x,y]/J) = mk.
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(3) If m+n >k and k + m > n, then

{(K[x,y]/J) =mn - 1

(m+n—k)2J

The length formula in case (3) can be rewritten as

. {(m+n—k)2J [4mn m2+n2+k2—2mk—2nk+2mnw

4 4 4

_[2mk +2nk + 2mn —m? — n? — k?
B 4

[ +n+k)?
=|(mk + nk + mn) — %

2
=mk + nk + mn — M
4
Via permuting m, n, k, these give the cases in the original theorem statement. O

4. Lengths and Grobner bases when f = x%y? (x + y)°

We now return to our goal of computing the lengths of the modules of the form

IE;p [x, y](x,y)/(xM»yM’fK),

where f = x%y? (x + y)¢ for non-negative integers @, b, and ¢ and positive integers M, K with M < p.
In order to make use of our previous computations in the simplified case, we will need the following
lemma.

Lemma 4.1. Suppose that J = (x™,x%yPg,y") for some polynomial g in K[x,y]. Define a’ =
min(a, m) and b’ = min(b, n), and let J' = (x™~¢, x3=¢ yb=b'g yn=b"y Thep,

in(J) = (2™, y") +xy" in(J").
In particular, we can easily find a Grébner basis or colength for J if we have the corresponding info
forJ’:
1. If g1, ..., 8s is a Grébner basis for J', then
{x™,y"} U {x“’yb'g,- 1 <i<s}

is a Grobner basis for J.
2. The colength of J is

C(K[x,y]/J) =nb" + (m - b")a" + €(K[x,y]/]").

Proof. First, if either m < a or n < b, then in fact J = (x™, y") and J’ = (1), so the statement clearly
holds. Now assume m > a and n > b, so that J' = (x"¢, g, y*P).

First, we show that the RHS is contained in the LHS. The monomials x"* and y” are both clearly
contained in in(J). Further, consider any & = hox®+h g + hyy"™" € J’, so that in(h) € in(J’). Thus,
in(x*y’h) = (hoy?)x™ + (x*yPh1)g + (hax®)y" € in(J).
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a’ m

Figure 3. The diagram of monomials in K[x,y|/in(J). The diagram for K[x,y]/in(J’) is the
“triangular” region in the upper right.

Now, we show that the LHS is contained in the RHS. Take any & € J, writing h = hox™ + hjx%y’ g +
hyy". Use the Euclidean algorithm to write iy = qoyb +ro and hy = g2x? + 1y, so that

h= x“yb(qoxm +hig+qay") +rox™ + rpy".

In particular, no term of rox” can cancel with any other term, because no term of ry is divisible by y?;
and similarly for r,y". Thus, we have three cases:

e in(h) = in(rox™): Then, in(h) € (x™, y™).
e in(h) = in(rpy™): Then, in(h) € (x™, y").
o in(h) = in(x%y?(qox™ + hig + q2y™)): Since qox™ + h1g + g2y™ € J', we have in(h) € x*y” in(J").

For the Grobner basis conclusion, first note that the proposed basis elements are all contained in J.
By the above discussion, their initial terms also generate the initial ideal of J and thus form a Grobner
basis as desired.

For the length conclusion, we use that K[x,y]/J and K[x,y]/in(J) have the same Hilbert
function, and that the colength of a monomial ideal can be determined by “counting boxes.” More
specifically, multiplying by x# y?" shifts the diagram for K[x, y]/in(J’) up by b” and to the right by a’.
See Figure 3 for an illustration. O

We will now use Theorem 4.1 to extend the Grobner basis and lengths we computed in Section 3
when f = x + y to the case when f = x¢y (x + y)©.

Proposition 4.2. Consider the ideal I = (x™,yV, f&) in K[x, y], where f = x*y? (x + )¢ and where
M,N,K,a,b,c are all non-negative integers. Assume that the field K has either characteristic zero, or
characteristic p where M + (¢ — a)K < p.

1. Ifeither aK > M or bK > N, then
MMy

is a Grobner basis for 1.
2. IfaK < M,bK < N, and (a + c)K > M, then

M yNYU{H, :0<t <M -aK}
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is a Grobner basis for I, where

M-aK-t-1 t .
M—-aK—-j—-¢
b - ( M-ak—j—(
4

M—-aK —-¢

(CK + t)xaK+jy(b+c)K—j+t‘

j=0 =1 J

Thus, I has initial ideal
in(l) = (x™, yN) + (xM—t—ly(a+b+c)K—M+21+l 0<t<M-— aK).
3. Finally, ifaK < M, bK < N, and (a + ¢)K < M, then
(M, YN x KPR (x4 ) KYU{L, 1 0 <t < K}

is a Grobner basis for I, where

cK-1-t [cK-1-t . .
L, = Z Z (—1)M-aK-j-1 [Ty (cK—j=0) (M —akK + f) J xi+aK yM+(b-a)K =i+t
ngl(CK =) J )

i=0 J=i
Thus, I has initial ideal

in(1) = (M, YN, xlareK Ky | (x(a+c)K—t—lyM+(b—a—c)K+2t+l 0<t< cK).

Proof. The first case is clear. For the second case, combine Theorems 3.4 and 4.1. For the last case,
combine Theorems 3.8 and 4.1. The constraint inequalities come from setting m = M —aK,n = M—bK,
and k = cK. O

We can now compute our desired lengths.

Theorem 4.3. Suppose f = x%y’(x + y)¢ is a polynomial in K[x,y] for non-negative integers
a,b,c, and let M, K be fixed positive integers such that aK,bK < M. Assume the field K has either
characteristic 0 or characteristic p, where

min{M + (c —a)K, M + (c - b)K, 2M — (a + b)K} < p.

Let €k p denote the length of the module K[x, y]/(xM,yM, £K).
1. Ifa > b +c, then

k. = (a+b+c)KM —a(b+c)K>.
2. If (a+b+c)K > 2M, then
lx. = M?.
3. Ifb>a+c, then
tk.m=(a+b+c)KM — b(a+c)K>.

4. If we are not in cases (a)—(c), then

fK,M = (Cl+b+C)KM—

(a+b+c)K?
1 .
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Proof. Theorem 4.1 usingm =M —aK,n=M — bK, and k = cK gives
Ck.m = M(DK) + (M = bK)aK + Lok p-ak M-bk = (a+D)KM — abK? + Cck M-ak M-bK -

Now, we use Theorem 3.10 to get ek pm—ak,m-bx and then simplify:

1. The condition (M — bK) > cK+ (M —aK) is equivalentto a > b +c, and gives {ox M-ak . M-bK =
cK(M - aK). Therefore,

lk.m=(a+b+c)KM —a(b+c)K>.

2. The condition cK > (M — aK) + (M — bK) is equivalent to (a + b + c)K > 2M, and gives

lek M-ak M-bk = (M — aK)(M — bK). Therefore,
lx. = M?.

3. The condition (M —aK) > (M — bK) +cK is equivalent to b > a +c, and gives {ox M—-ak M-bK =
cK(M — bK). Therefore,

lx.r = (a+b+c)KM —b(a+c)K>.

4. If we are not in any of these cases, then €.k p—akx M-bK 1S

cK(M = bK) + cK(M — aK) + (M - aK)(M - bK) - VC’“ (M — bK) + (M ~ aK>)2J

4
4M2+4(c—a—b)KM+(c—a—h)21<2J

:M2+(2c—a—b)KM+(ab—ac—bc)K2—{ 1

Therefore,

AM? +4(c —a - b)KM — - Db)2K2
fK,M=M2+26KM—c(a+b)K2—{ +4(c—a-b)KM+(c—a—-b) J

4

=(a+b+c)KM —

(a+b +c)2K2J
2 )

O

Remark 4.4. When M = p and K has characteristic p > 0 in Theorem 4.3, the hypotheses can be
simplified: in this case, the ideals (x”, yP, (x¢y? (x + y)©)X) and (x?, y?, (xy? (x + y)*)X) are related
by a linear change of coordinates, and hence have the same co-length. Thus, we may permute a, b, and
¢ to assume that ¢ < a, in which case, the hypothesis now becomes simply aK < p and bK < p, with
no need to consider the minimum.

5. Connections to Lefschetz properties

We now present an alternate perspective on computing the lengths in Section 3.3. In the setting of
Section 3, we can re-express our length £x ., as

Cimn = € (KL Y1/ G5, (4 9)9) ) = € (KLx, y, 2167y, 25 x v +2)

This suggests a connection to the WLP: recall that a standard graded Artinian F-algebra S has the WLP
if there is a linear form L € S; such that for all degrees j, the multiplication map XL : S;_1 — S; has

maximal rank. Such an volL is a weak Lefschetz element. Further, in the case that S = K[x1,...,x,]/I
for I monomial, it suffices to check whether L = x; + - - - + x,, has this property [23, Prop. 4.3].
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Lemma 5.1. Let S be a standard graded Artinian, Gorenstein K-algebra, where K is an algebraically
closed field. If L is a weak Lefschetz element for S, then

C(S/LS) = dimg(S|s/2)),

where t is the socle degree of S.

Proof. Since L is homogeneous, we can decompose

t
€(S/LS) = dimg coker(S BLEEN S) = Zdichoker(Sj_l BLEEN Si).

=0

Since L is a weak Lefschetz element, these maps are injective up until some degree, from which point on
they switch to becoming surjective, by [26, Prop. 2.1]. Since S'is standard graded Gorenstein, dimg S; =
dimg S, ; and so this symmetry forces the switch point to be at | #/2]. So

Lz/2] [z/2]
€(S/LS) = " dimg coker($; 1 —E5 §;) = " (dimg §; — dimg S;-1)
j=0 j=0

=dimg S|;/2) — dimg S_1 = dimg S|;/2).
O

Consider the following result of Lundqvist and Nicklasson (which extends an earlier result of Cook
II[12, Prop. 3.5]), stated here in the three-variable case.

Theorem 5.2 [23, Thm. 4.4]. Let R = K[xo, x1,x2], where K is a field of characteristic p > 0. Let
dy>dy>dy>1andlett = Zfzo(di —1). If max(p, dy) > % then R/(xgo,xfl,xgz) has the WLP.
We can now use this to compute €, directly, as the following result shows.

Theorem 5.3. Suppose {k,m,n} = {dy = d\ = d»}, and lett = k + m + n — 3. Suppose K is a field of
characteristic p, where p is a positive prime, and assume 0 < m,n < p — k. Then,

1. Ifdy < I'%], that is, if 2dy < t + 1, then
2
(Le/2] +2 Lt/2] —d; +2
fk,m,n = ( > - lzz(; b .
2. Ifdy > [5], that is, if 2dy > t + 1, then
Ck,mn = d1d.

Proof. The starting assumption of 0 < m,n < p—k means thatt = m+n+k—-3 < p+n-3 < 2p—-k-3.
But then

2 2

t+1}42p—k—ﬂ=p—1—m<p.

Thus, S = K[x, y,z]/(x™, y", z) has the WLP. From here, we handle each case separately.
1. Since S has the WLP, this means
Cie,mn = C(S/(x +y +2)S) = dimg(S|1/2)).

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 16 Nov 2026 at 11:10:50, subject to the Cambridge Core terms of use
, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/nm;.2025.10094


https://www.cambridge.org/core/terms
https://doi.org/10.1017/nmj.2025.10094
https://www.cambridge.org/core

20 Brosowsky et al.
Further, we in general know that dimg (K[x,y,z]); = (’;2), and by inclusion—exclusion, that

dimy (g, x{", x52)) is

ZZ: i—dj+2)) 3 i—dj—dp+2\| (i=do~di~dy+2
2 £ 2 2 '
0<j<j'<2

7=0
However, since d, < di < dy < [t/2], this means that

t t t
bj—d,-—dj,u: bJ+d,,—z—1=dj~—[§]—1 <0.

Thus,

dimie (e, 2", x5 j2) =

J

2\ (Lt/2] —dj+2
(507

Now subtracting gives our desired result.
2. In this case, we return to our original two-variable perspective. We can by change of variables
assume that k = dy, and rewrite the inequality as k > [%1. This implies that 2k > (k + m +
n—3) + 1, that is, that k > m +n — 1. This then ensures that (x + y)¥ € (x™, y"), and so

Cemn = C(K[x, y]/(x™, y")) = mn = dd,. O

Remark 5.4. By expanding out the formula in case (a), we get that the length i ,,, , 1s

d0+d1+d2+1

_ (do + l)do + (dl + 1)d1 + (d2 + 1)d2
5 .

2

B {d0+d1+d2+1

2
3 J +(do+di+dr+ 1)

Since in general w - |n/2] — |w/2]> = |w?/4], we can combine and simplify the above to
4dydy—(dy—dy—dp)?+1 J
4

, which can be directly checked to be the same as the formula we got in
Theorem 3.10.

Remark 5.5. The referee pointed out to us that Han computes the same length formulas as above,
but with the assumption that (x + y)X is a non-zero divisor on the degree M component
of K[x, y]/(x™,y") (see [13, Thm. 2.3]). Recently, Nicklasson [31, Thm. 3.2] has classified mono-
mial complete intersections in two variables with the strong Lefschetz property (SLP) (also see
Cook II [12, Cor. 4.8] for the characteristic 2 case), which confirms Han’s assumption whenever
m,n, k, p satisfy the hypothesis of Theorem 5.3. This yields a third computation of the lengths in
Theorem 3.10.

6. Limit F-signature

In this section, we will use the computation of the lengths from Theorem 4.3 to compute the limit F-
signature functions of the polynomials f = x%y?(x + y)¢ and g = x%y?(x* + y¥)¢ for non-negative
integers a, b, ¢, u, and v. In what follows, by abuse of notation, we view the polynomials in rings of
varying characteristics, which is well-defined since f'and g have coefficients in Z.

Theorem 6.1. Assume a > b > ¢ > 0 are non-negative integers. Let y(t) be the limit F-signature
function of f = x%y? (x + y)€, so that

Y(t) = ph_r}io sp(Fp [x, y](x,y)aft)~
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Let A = lIct(f). Then, for any real number t > 0, we have:

1. Ift = A, then yr(¢t) = 0.

2. Ift <danda = b+c, theny(t) = (1 —at)(1 - (b+c)t).
2

3. Ift <danda < b +ec, then (1) = (1 - %t) .

In other words, when a > b + ¢, we have

W) = {(1 —an(l-(b+c)) 0<t<1i

0 r>1
a

and when a < b + ¢, we have

2
(a+b+c) 2
lp(l)z (1—TI) Ost<m'
2
0 1z a+b+c

We first observe what happens in the ¢ = 0 case before diving into the full proof.

Lemma 6.2. Fix non-negative integers a,b > 0. Then, for any non-negative real parameter t > 0, the
F-signature function of the pair (Fp[x, y](x,y) (x%y?)), denoted by Y, (t), is given by

J-an(i-br) 0<r<min{l, 1}
w,,(r)_{o t>min{l, 1}

Proof. See [6, Example 4.19]. O

Proof of Theorem 6.1. To check that our proposed piecewise formula is indeed the same as our
proposed list of cases, observe first by an easy computation after blowing up the origin that A = lct(f) =
min{é, ﬁ} Therefore, we see that 1/a is the minimum exactly when a + b + ¢ < 2a, equivalently
whena > b +c.

Let ¢(t) denote the candidate formula for the limit F-signature. In other words, if a < b + ¢, then

_ 2
A= andfort >0,
1 - Mi ? 0<t< _2
¢(l)= 2 = atb+c
2
0 1z a+b+c

Similarly, ifa > b + ¢, then 1 = é and for ¢t > 0, we have

1
0 tz -

(I1-at)(1-(b+co)t) 0<t<i
¢(1) = { .
Note that in either case, the function ¢(¢) is continuous and non-increasing. Our goal is to prove that
¢(t) = (). For notational convenience, let

‘/’p(t) = Sp(Fp [x’y](x,y)v ft)

If ¢ = 0, then a > b and we are in the case of Theorem 6.2 which clearly matches our proposed ¢ ().
So now assume ¢ > 0.

For any + > 0 and prime numbers p, write r, = [tp]| so that lim, .. %” = t. By
Theorem 2.5, to compute the limit F-signature function ¢ (¢) (and show that it exists), it suffices to
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show that limp, e ¥ p(%) = ¢(¢). This is clear when ¢ > A, since then ¢ > fpt(f) (see Theorems 2.2
and 2.3) and thus ¢, (¢) = 0 for all p. So we now fix a ¢t with A > ¢ > 0, and define r, as above.
Let S}, denote the ring Fj, [x, y](x,y)- Then, by Equation (2.1.1), we have

p (2] = 25t5, 5y mle1: 170
By the exact sequence,
0= Sp/(mlPh: ) — 8, fmlPl = 5, /(mlPL, f7) — o,
where the left map is given by multiplication by f"», we see that
vy (fﬂ) - s, (S, (P, 7, 7).
p p

Thus, to prove the theorem, it suffices to show that

lim s, (S"/(xpz’ LI 1—¢(1). (6.2.1)

P p

We will check this using the lengths computed in Theorem 4.3. Since we have assumed that 0 < ¢ <
A< é, for all p > 0, we have r,, > O and also r,, b < r, a < p. Thus, we may apply Theorem 4.3
with M = p and K = r, (see Theorem 4.4).

First consider the case when a > b + ¢, which is part (a) of Theorem 4.3. Then, the length formula
gives

ls (S, /(xP,yP, f'p a+b+c)yr,p—a(b+c)r?
m 5, Sp/ 77 ))z lim ( n P ( "y =(a+b+c)t—a(b+o),

li 3

which is easily seen to be equal to 1 — (1 — at)(1 — (b + ¢)t).
Next, assume a < b+candt < A. Since t < ——5—, this means for all p > 0, we have r,(a+b+c) <
2p. Since also a > b, we must be in part (d) of Theorem 4.3. Thus, we have

_ (a+b+c)2r]2,
s, Syl yp, frey) aTbEarp { i J
lim —=% = lim

p—oo p2 p—oo p2
(a+b+c)?
=(a+b+c)t - ——
(a c) )
:1_@_£z§:2ﬁ2
as required. This completes the proof. O

Remark 6.3. Given three positive rational numbers ry, ry, and r3, it is possible to choose integers
a, b, c and a rational number ¢ > 0 such that r| = at, r, = bt, and r3 = ct. Thus, Theorem 6.1 can be
used to compute the limit F-signature of x"1y"2(x + y)" for any three positive rational numbers ry, 1,
r3. Moreover, the cases in the statement of Theorem 6.1 depend only on the r; and not on the specific
choices of a, b, ¢, and ¢t. Therefore, if we assume r; > r; > r3 and let 5o, denote the limit F-signature
of the pair (Z[x, y],x" y"2(x + y)"*), then Theorem 6.1 gives:
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1. Ifri+ry+r3>2o0rr; > 1, then s = 0.
2. Ifri<L,ri+r+r3<2,andr; > ry+ri, thenseo = (1 —r)(1 = (rz +13)).

3.Ifry <, ri+rm+r; <2,and r; < ry +r3, then se = (1 - —(r1+r22+r3)) )

Remark 6.4. While proving Theorem 6.1, we in fact computed the F-signature function s, itself for
certain values of ¢. For polynomial fand parameters a > b > c as in the theorem statement, and for any
integer 7 and prime p with 0 < £ < min{<, il +b —7= > we have

(,,) 1—(a+b+c)%+a(b+c);—22 a>b+c
"\p] l—(a+b+c)%+#|_%] a<b+c

Remark 6.5. The F-signature functions i, () from Theorem 6.1 do not always stabilize to the limit
Y (t) for large values of p on any sub-interval of (0, 1). Indeed, take a, b, ¢ to be positive integers such
that a < b+ c and @ + b + ¢ is odd. Then, in any sub-interval @ # I c (0, 1), we can find primes
p > 0 and odd integers r;, such that % € I, so that by comparing Theorems 6.4 and 6.1, we see that
V4 ,,(%”) # w(%). We do not know if ¢, (¢) stabilizes for p > 0 for a fixed ¢, but we expect the answer
to be negative. See [9, Theorem 7.1] for a similar phenomenon.

Theorem 6.6. Let g = x®y” (x* + y¥ )€ for non-negative integers a, b, c, u, and v. Assume that u, v, and
¢ are positive. We consider g as a polynomial in Z[x yl, so that we may consider the reduction of g to

L Ao} Let (1) be the limit

characteristic p > 0 for each prime p. Set 1y = ?,r, " ,and A = min{L, o b s

F-signature function of g, which is defined by
w(e) = lim 5, (Fy[x.].g").

Then, fort < A, Y (t) is given by the following formula:

1. Iftav+u > thu+v + cuvt, then y(t) = (1 — at)(1 — (b + cv)t).

2. Ifthu+v > tav +u + cuvt, then y(t) = (1 = bt)(1 — (a + cu)t).

3. Iftcuv+u+v > tav+tbu+2uv then (1) = (1 —ct)(v(l —at)+u(l = bt) —uv).
4. Otherwise, Y(t) = (u+v —t(av + bu+ cuv))?.

4uv
Remark 6.7. If instead any one of u, v, or ¢ is zero, then the F-signature function of the pair
Fplx, ¥l(x.y)> 8 = x4yl (x" + y¥)¢) reduces to the monomial case from Theorem 6.2. This is because
in that case (x* + y")¢ is a unit in the localization F, [x, ¥](«,y), so the divisor defined by g is the same
as the divisor defined by x?y”, and consequently, the F-signature functions are the same.

Before proving Theorem 6.6, we prove some useful lemmas, the first of which will allow us to
reduce to the case whenu =v = 1.

Lemma 6.8. Fix non-negative integers a, b, ¢, u, and v, and fix a prime p > uv. Consider the
polynomials
g= xayb(xu +yV)C’ g;: xva(x +y)cuvyub’ and g0 = xv(ufl)yu(vfl)'

Then, for any t > 0, we have

<‘"‘

L
sp(Fp [x’ngt) =uv sp(]Fp [x,y], géw guv).

Proof. Let R =F,[x,y] and define
S=R[x",y']/((x)" =x, ()" = ).
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Note that S is isomorphic to the polynomial ring generated by x” and y’ (over F,), and R can be
identified with the subring of S generated by x = (x")* and y = (y”)”. Denoting X = Spec(R) and
Y = Spec(S) and « to be the induced map 7 : ¥ — X, we have that 7 is a finite separable map of degree
uv (it is separable since p > uv). Note that the ramification divisor Ram is given by

Ram, = (u — 1) div(x") + (v — 1) div(y’).
Now, we consider the Q-divisor

ta+ (u—-1)

div(x) + ct div(x +y) +

b —
priv=]) (VV D div(y).

Lt
Ax = diV(gé”gu\z) =

Then, using the fact that 7*(div(x)) = wudiv(x’), 7*(div(y)) = vdiv(y’), and 7*(div(x + y)) =
div((x")* + (y")"), we compute

Ay = n*Ax — Ram, = ta div(x’) + ctdiv((x")"* + (y)") + tb div(y’) = div(g"),

where we view in g as a polynomial in x” and y’. Note that Ay is effective. Furthermore, since R — S
is a finite separable extension of normal domains and the degree is coprime to p, and since the
corresponding map on the residue fields is an isomorphism, the number of Tr-summands of S over R is
equal to 1 by [11, Lemma 2.13]. Now, by applying [11, Theorem 4.4], we conclude that

sp(Y,Ay) =uvs,(X,Ax)
as required. o
Lemma 6.9. Assume a, b are non-negative integers and c, u, v are positive integers. The log canonical

threshold of g = x*y? (x* + y¥)€ is equal to

2 1l 1
=mmny—, ,—, )
b 0

a C

1,1
where 1o = 5.
+2+c

a
u

Proof. We provide a proof using finite covers similar to the proof of Theorem 6.8. Let gy =
KDy @1 and let § = x"(x + y)““Yy*?. Then, the pair (C[x,y],g’) is KLT if and only if
(Clx,y], g(l)/ “Ygt/wvy js KLT. This follows from the exact same computation as in Theorem 6.8 and
using the transformation rule for multiplier ideals under finite covers [8, Theorem 8.1]. Alternatively,
we could also use reduction modulo p to prove the statement for F-regularity first, in which case it
follows from Theorem 6.8 and the fact that the F-signature is positive if and only if the pair is strongly
F-regular [6, Theorem 3.18]. In any case, this shows that the log canonical threshold is given by the
supremum

u—l+at v—1+bt

—1l+at v—-1+0bt —  t— tct

P<1;.
v 2

u
sup {t > 0| max{ , ,ct,
u

One checks that the four possible values for A as proposed correspond to the four values in the above
maximum being equal to 1. This shows that A is equal to the supremum as required. O

Proof of Theorem 6.6. First, we note that the proposed formula for ¢ (¢) in the theorem defines a
continuous, non-increasing function. Thus, by Theorem 2.5, it is sufficient to show that ¢ (#) matches
with the limit F-signature function for rational values of 7. Therefore, we may assume that ¢ is rational.
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From Theorem 6.8, for each p > uv and ¢t > 0, we have the transformation rule

at+u—1 ht+v 1

sp(Eplx,y].8") =uvsp(Eplx, yl,x e (x +y)).

Then, for rational number ¢ < A, we may compute the limit F-signature ¢ (¢) using Theorem 6.1 for the
right-hand side (see Theorem 6.3) and we obtain the following cases:

1. If ”’HT'H > % + ct: In this case, we have

(1) = uv (1 - "”Z‘l)(l—(b”:_l +ct)) = (1=at)(1 = (b +ev)).

at+u 1 bt+v—-1 L :
Note that by rearranging the inequality > ZE= +ct, it is equivalent to tav + u 2

tbu +v + cuvt.
bt+v-1 at+u 1
2. IfT > attu—l

+ ct: By symmetry between (a, u) and (b, v), in this case, we have
Y(t) = (1 =br)(1 - (a+cu)t).

3. Ifct > %’H + @: In this case, we have

y(t) =uv(l-ct) (1_(at+:—l +bt+:_l)) = (1 -ct)(u+v—avt — but —uv),

and the last term simplifies to v(1 — at) + u(1 — bt) — uv. We also note that the condition ct >
M + M can be rearranged to fcuv + u +v > tav + tbu + 2uv.

4. Otherw1se Lastly, we note that in the complementary cases, the formula in Theorem 6.3 is
symmetric in r1, rp, and r3 so the relative order does not matter. Therefore, in the complementary
cases, we have

2

1 fu+at—-1 bt+v-1 1

y)=uv |1- < urd + YTyl = —(u+v — (atv + btu + ctuv))?
2 u v 4uy

as desired. ]

7. Relation to the normalized volume

In this section, we provide a geometric interpretation for the formula of the limit -signature obtained in
Theorem 6.6 in terms of an invariant of complex KLT singularities called the normalized volume. Recall
that KLT singularities are related to strongly F-regular singularities via reduction to characteristic p
[14], [15], [25], [34], [36]. See [33, Section 4] for an introduction and additional references. More
recently, the normalized volume of KLT singularities was introduced by Li in relation to K-stability and
the existence of Kéhler—Einstein metrics on Fano varieties. We begin by reviewing the definition of the
normalized volume.

Definition 7.1. [19] Let x € (X,A) be a local KLT pair over C at a closed point x € X. Then, the
normalized volume vol(X, A, x) is defined as

\7(;1(X, A, x) = inf{Ax A (v)" vol(v) | v divisorial valuation centered at x}.

Here, n denotes the dimension of X'and Ax A denotes the log discrepancy of a divisorial valuation with
respect to (X, A).

Let f = x® y? (x + y)¢ for non-negative integers @ > b > ¢ and ¢ > 0 be a rational parameter. For
pairs considered in this article, namely, of the form (X = Spec(C|x, y]), A = div(f")), the normalized
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volume of (X, A) was computed by Li in [20, Section 4.1]. In our notation, the formula from [20] is
written as:

1. Ift 2 min{_, 1
2. Ift < min{l
3. Ift < min{_, 1

}, then Vol(X A) =
}anda > b +c, thenvol(X A)=4(1-(b+c)t)(1 - at).
}anda < b +c, thenvol(X A)=Q2—-(a+b+c))

a+b+c
a+b+L
a+b+L

By direct inspection with the formula obtained in Theorem 6.1, we obtain the following relation
between the normalized volume and the limit F-signature.

Corollary 7.2. Let (X, A) = (Spec(Z[x, y]), div(f?)), where f = x* y? (x+y)¢ and t > 0 is a rational
parameter. Then, we have

vol(Xc, Ac)

T = lim sy (X, ,). (7.2.1)

where Xc, X), denote the base changes of X to C and to F, respectively (and similarly for A).
We thank Yuchen Liu for pointing us to this connection.

Remark 7.3. The F-signature and the normalized volume satisfy many analogous properties (see
[11], [24], [38]) and are expected to be related via the reduction modulo p process as evidenced in
Theorem 7.2 (see [21, Section 6.3.1]).

We also note that Equation (7.2.1) holds for all two-dimensional KLT singularities (X,x), when
A = 0, since they are quotient singularities. This leads to the following natural prediction for the
values of the limit F-signature function of homogeneous polynomials in two variables in terms of the
normalized volume as computed in [20, Section 4.1].

Question 7.4. Does Equation (7.2.1) hold for all homogeneous polynomials f € C[x, y] and all rational
numbers ¢t > 0?
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