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Abstract. The mathematical model for semiconductor devices in three space dimen-
sions are numerically discretized. The system consists of three quasi-linear partial
differential equations about three physical variables: the electrostatic potential, the
electron concentration and the hole concentration. We use standard mixed finite
element method to approximate the elliptic electrostatic potential equation. For
the two convection-dominated concentration equations, a characteristics-mixed fi-
nite element method is presented. The scheme is locally conservative. The optimal
L?-norm error estimates are derived by the aid of a post-processing step. Finally,
numerical experiments are presented to validate the theoretical analysis.
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1. Introduction

The numerical simulation of the transient behavior of semiconductor devices is of
great value both in theory and in practice (cf. [6,17]). The production of actual semi-
conductor devices is mainly based on a planar technology. However, the down-scaling
of the devices brings some severe problems such as increase of power densities and
noise effects. The use of multi-gate field-effect transistors is a possible solution to re-
duce the noise. In such devices, the gate contact encloses the channel region from
different sides to lead to smaller no-signal currents. But such devices require to be
modeled and numerically simulated in three space dimensions. In this paper, we will
consider the drift-diffusion model of three-dimensional semiconductor devices. The
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mathematical model is a coupled system of three quasi-linear partial differential equa-
tions with initial and boundary conditions (cf. [2,4,12,18,19]). The equation for the
electrostatic potential is a Poisson equation. The continuity equations for the electrons
and holes are of convection-dominated diffusion type. The model is described by the
following system

—AyY=V-u=a(p—e+ F(x)), (x,t) € Q x [0,T], (1.1a)
9 =V - [De(2)Ve + pe(x)eu] — R(e,p),  (z,t) € Q x J, (1.1b)
% =V - [Dy(x)Vp — pp(x)pu] — Rle,p), (2,t) €A x J, (1.10)

where J = (0,7], and €2 is a bounded domain in R3. Here 1, e and p are the elec-
trostatic potential, the electron and hole concentrations, respectively. © = —V4) is the
electric field. o = ¢/, where g > 0 is the electronic charge and ¥ > 0 is the dielectric
permittivity. D,(x)(s = e,p) are the diffusion coefficients which are related to the car-
rier mobilities y15(z)(s = e, p) through the Einstein relation Ds(z) = Urpus(x), with Ur
being the thermal voltage. R(e, p) is the net recombination rate. F'(x) = Np(z)—Na(x)
is the doping profile in the device, where Np(x) and N4 (x) are the donor and acceptor
impurity concentrations, respectively.
We consider the following boundary and initial conditions

_ % =u-v=0, 9e =0, op =0, telJ, (1.1a)
o | sa o |5q o |50
6(56,0) = SO(x)a p(CC,O) = po(.CC), T € Q’ (116)
where v is the unit outward normal vector on boundary 2.
The following compatibility condition (cf. [17])
/(P0—60+F)dx:0 (1.1£)
Q

must be imposed on the data in order that a solution is possible. In addition, we apply
the conditions

/Q¢dac:0,0§t§T (1.1g)

to determine a unique ¢ for each ¢.

In reality (1.1b) and (1.1c) might be strongly convection-dominated when D,(s =
e,p) are quite small. In such circumstance, the standard Galerkin or difference scheme
does not work well any more. In order to obtain better approximations, a variety of
numerical techniques, such as characteristic finite element method (cf. [18]), character-
istic finite difference method (cf. [4,19]), upwind finite volume method (cf. [14-16]),
etc., have been used for (1.1) in two or three space dimensions.

Although the modified method of characteristic finite element method (MMOC-
Galerkin) (cf. [5,9]) has advantages of avoidance of numerical diffusion and nonphysi-
cal oscillations and smaller time-truncation, it fails to preserve local mass balance. Pre-
serving mass locally is of great importance in practice. In [1], Arbogast and Wheeler

https://doi.org/10.4208/nmtma.2015.my12031 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2015.my12031

358 Q. Yang, Y. R. Yuan

proposed a characteristics-mixed method for approximating an advection-dominated
transport problem. The scheme, which was based on a space-time variational form,
used a characteristic approximation to handle advection in time and a lowest-order
mixed finite element spatial approximation to discretize the diffusion term. Mass was
conserved element by element because piecewise constants were in the space of test
functions. In order to improve the rate of convergence of the method, a post-processing
step was included in the scheme. However, the scheme included many integrals of the
test function’s mappings which were very difficult to be evaluated and used in practical
computation.

In [13], Sun and Yuan defined a combined approximation scheme for the two-
dimensional incompressible miscible displacement in porous media. It used standard
mixed finite element for the Darcy velocity equation and a characteristics-mixed finite
element method for the concentration equation. Characteristic approximation was ap-
plied to handle the hyperbolic part of the concentration equation, and a lowest-order
mixed finite element spatial approximation was employed to treat the diffusion term.
Although the scheme was much easier to compute compared to that in [1], only global
conservation of mass was proved for it.

In this paper, we will propose a combined numerical method for the system (1.1).
Note that it is the electric field intensity « but not the electrostatic potential ¢ that
appears explicitly in (1.1b) and (1.1c). Consequently, we choose standard mixed finite
element method for the electrostatic potential equation. The electrostatic potential
and the electric field intensity are approximated simultaneously. The direct approxi-
mation of the electric field intensity will give improved approximate accuracy of the
concentrations for the same computational effort. A characteristics-mixed finite ele-
ment method which preserve mass locally is presented for approximating the electron
and hole concentrations. That is, the hyperbolic parts of the two concentration equa-
tions are approximated along characteristics, and the diffusion terms are approximated
by using lowest-order mixed finite element method. The scheme of this combined nu-
merical method is locally conservative. We conduct the convergence analysis of the
scheme and obtain optimal L?-norm error estimates by the aid of a post-processing
step. Finally, we present some numerical experiments to validate the theoretical analy-
sis.

In this paper, we use the following notations and norms of Sobolev spaces:

Lz(Q)z{f:/QlfIde<OO}, 11 = [/ﬂlledwr/Q,

L>Q)={f: esssgp\f\ < ooty |fllpe = esssgp\f\,
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and for m > 0,

07 1/2
m olelf alal
H (Q)z{f el @l <me, = | 3 |5l |
laj<m
olelf olel ¢
Q) = : L>(Q < m =
W(©) {f L & 17(9),|a] < m} I = o | 520
In particular, H(Q) = L?(Q2), WL (Q2) = L>=(f2). Let [a,b] C [0,7] and X be a Sobolev
space. For any function f(z,t) deﬁned on ) x [a, b], we set for m > 0,
b o f 2
H™(a,b; X) = f/ —(,t)|]| dt<oo,aa<my,
o || Ot -
1/2
T [2 / dt] |
m " f
W(a,b; X) =< f:esssup || —=(-,1) <oo,a§m )
[a,b] ote

1w (apx) = Oinagxmessi‘tlf H

L*(a,b; X) = H(a,b; X), L>(a,b; X) = W2, (a,b; X).
For convenience, we drop [a,b] = [0,7] and 2 from the notations. For example, we

write L2(H") for L2(0,T; H()).
For a vector function v = (vy,v2,v3), we say that v € X3 ifv; € X (i = 1,2,3). We
also define the following spaces of vector-functions and norms

H™(div; Q) = {v 1 U1,V9,03, V-0 E Hm(Q)},

[ollzm @iy = (o117 + 2]l + sl + 1V - 0[], m >0,
H(div; Q) = H(div; Q).

We use the following assumptions on the regularity of the solutions of (1.1)

e,p € LX(H))N HY(HY) N L®(WL)n H?(L?),
(R) ¢ ¥ € L®(HY),
u € L®(H(div)) N Lo((Wa,)?) N W (L)) N H?((L?)?).

We make explicit use of the following tacit conditions on the coefficients in (1.1)

(C) 0< D, <Dy(x) <D, |us(x)|+ |Vus(z)] < p*, s=e,p,
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here D,, D* and p* are positive constants. From [6], we know that these assumptions
are reasonable in physics. We assume that R(e, p) is Lipschitz continuous in some ¢¢-
neighborhood of the solutions. Exactly, there exist positive constants ¢y and K, such
that for any |g;| < e¢ (0 = 1,2),

|R(e(x,t),p(x,t)) — R(e(x,t) + e1,p(z,t) + £2)|
§K<|51| n |52|), (z,8) € Q % [0,T). (1.2)

An outline of this paper is as follows. In Section 2, we first formulate the characteristics-
mixed finite element method for the concentration equations and mixed finite element
method for the electrostatic potential equation, respectively. Then we define the com-
bined approximation scheme by combining the characteristics-mixed finite element and
mixed finite element method. A post-processing step is introduced to aid the conver-
gence analysis. We list some properties of finite element spaces and projections in Sec-
tion 3. The optimal-order error estimates are derived in Section 4. Finally in Section 5,
we conduct some numerical experiments to validate our theoretical conclusion.

Throughout, we will use the symbols K and ¢ to denote a generic positive constant
and a generic small positive constant, respectively, which may have different values at
different occurrences.

2. Formulation of the methods

2.1. A characteristics-mixed method for the concentrations

In this subsection, we assume that an electric field intensity v = (uq, u2, us) from
(1.1a) is given and concentrate on defining the locally conservative characteristics-
mixed method for (1.1b) (also for (1.1c)). Noticing the insulated condition (1.1d),
which can be treated as a reflection boundary, it is reasonable to assume that €2 is
a cuboid and that (1.1) is Q-periodic. Throughout the rest of this paper, we assume
that all functions are spatially Q2-periodic. Thus, we can drop the boundary condition
(1.14d).

Define

V= {x:x € H(div;Q), x-vlon =0},

M = {gp cp € L*(Q),p is piecewise constant}; M is dense in L*(Q).

Denote by 7.(z,t) and 7,(x, t) the unit vectors in the directions of (—pcu1, —peug, —peus, 1)
and (ppui, ppus, ppus, 1), respectively. Thus, we can write
Oe Op

Oe dp
¢e6—Te—a—MeU'V€, ¢pa—7p—a+ﬂpu‘vp,

where
1/2

1/2
by = (u2luP +1) " = (k2@ + wd+ud) +1) 7, s=ep.
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Let z. = —D.Ve and z, = —D,Vp. The weak form of (1.1b) and (1.1c) is the problem

of finding a map (e, z¢, p, 2,) : [0, T] — L*(Q) x V x L*(Q) x V, such that

(%5—;,@) + (V- 2e,0) = (eV - (peu), @)

e

=—(Rle,p),9),  Vpe L*(Q),

(D7 '2e,x) — (e,V-x) =0,  VxevV,

(¢p§—g,¢) (Y 2pe) + 0V - (pe). ) = —(Rlenp). ),

Vo € L*(Q),

(D, 'zp,x) — (0, V-X) =0,  Vxe€eV,

e(x,0) =eo(x), p(z,0) =po(z), zc(x,0) =—D.(x)Veo(x),

zp(x,0) = —Dp(2)Vpo(z), Vo € Q.

(2.1a)
(2.1b)

(2.10)
2.1d)

(2.1e)

Partition [0, 7] into 0 = t° < ¢! < ... < ¢V, with At” =" — "=, For convenience,
we drop the superscript from At”, but we point out that our analysis is still valid for
variable time steps. For functions f defined on Q x [0, 7], we write f"(z) for f(x,t").

Define

¢ Ha) =" (@ )

P ) = "N @y,

" =+ peuAt,,

e

—-n—1 __ n
T, =x— ppu"At,

Applying the backward difference quotient in the 7.-direction to approximate (Je™/07.)

(x) = (0e/0Te)(x, ™), we get

oe" e’(x) — e (x
)~ @ =)
O0Te At pn

Similarly, we have
op"
o, S T Ry

Thus, we have immediately

n0e"  e'(z) —e"H(x) nOp" _ p'(x) —p" (@)
“or. At, T TP on, At, ‘

(2.2)

In order to discretize (2.1) in the space variables, we define a family of quasi-
uniform regular meshes 7, of Q with diameter of each element bounded by h.. Let
Mj, x H;, € M x V be the lowest-order Raviart-Thomas-Nédélec mixed finite element

spaces (cf. [7,8]).
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Combining the time difference (2.2) with the standard mixed finite element method
in the space variables, we define the characteristics-mixed approximation of the weak
form (2.1) as follows: for any n > 0, find (e, p}}, 2%, Z;Lh) € M, x M, x H; x Hj, such

that
elrfi — 5271 n n—1 n
TMP + (V- 20,,0) = (ep "V - (eu™), 9)
=—(R(ep"pp 1Y), 0), Ve € My, (2.3a)
(D7'z0,.x) — (7, V-Xx) =0, Vx € Hp, (2.3b)
pn _ﬁn_l n n— n
(%,w) + (Vo zpn ) + (0,7 V- (pu”), @)
= —(R(ey Loy 1), 0), Vo€ My, (2.30)
(Dzjlzgme) - (p;:7v ' X) = 0; VX € Hhv (23d)
eV =&V pd=pY, 20 =20 zgh = 22, Vo €, (2.3e)

where (€, pn, Ze, Zp) are elliptic projections of (e, p, 2, 2,) into My, x M}, x Hp, x Hp,
which will be defined in next section.

2.2. A mixed FEM for the electrostatic potential and electric field intensity

Let
W = L*(Q)\ {w = constant on Q}.

Write (1.1a) as

u = —V), xeQ, tel0,T], (2.4a)

Viu=alp—e+ F), xeQ, tel0,T)]. (2.4b)
The family of saddle-point problems of (2.4) is given by a map (u, ) : [0,7] -V x W
satisfying

(u,v) — (¢, V-v) =0, Yv eV, (2.5a)

(V- u,w) =a(p—e+ F,w), Yw € W. (2.5b)

For any h,, > 0, let 7j,, be a quasi-uniform regular mesh of (2 with diameter of each
element bounded by h,, and V}, x W), € V' x W be Raviart-Thomas-Nédélec spaces of
index k = 0 defined on this mesh (cf. [7,8]). Given concentration approximations ey
and py, at ¢ € [0, 7], the mixed finite element method for approximating the electrostatic
potential and the electric field intensity reads as finding (up(-,t),¥n(-,t)) € Vi x Wy,
such that

(uh,v) + (lﬁh, V- ’U) =0, Vv € Vp, (2.6a)
(V- up,w) = alp, — ey + F,w), Yw € Wy, (2.6b)
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2.3. The combined approximation scheme

In practice, the electric field intensity usually changes less rapidly in time than the
electron and hole concentrations. Thus, it is appropriate to use longer time steps for
(2.6) than for (2.3). We partition [0, 7] into electrostatic potential time steps 0 = ¢y <
t1 < --- <ty = T and let At$ =ty — tp—1. In general, At$ > At.. We may use
variable At7!, but we drop the superscript except for At}ﬁ. We set each electrostatic
potential level to be also a concentration level, i.e., for each m there exists n such
that ¢,, = t". Let j = Aty /At. and j; = At}p/Atc. For functions f(x,t), we use the
notation f,,(x) = f(x,t,,). Thus, subscripts correspond to electrostatic potential levels
and superscripts to concentration levels.

For each n > 1, if the concentration level ¢" relates to potential levels by ¢,,,_1 <
t" < t,, we shall use an electric field intensity approximation Fu} to replace u" in
(2.3a) and (2.3c). If m > 2, set

n t" —tm_1 t" —tm_1
Eupy=\14——"—Upm-1— 77— Unm—2;
tm—l - tm—2 tm—l - tm—2
if m =1, set
Eup = upp.

We notice that E'uj! is first-order in time during the first electrostatic potential level and
second-order during later levels. It explains why we have retained the superscript of
Atl.

s

By combining (2.3) and (2.6), we now define our time-stepping numerical proce-
dure for solving (1.1), which finds (en, zen, prs zpn) : {t°, 1, -+ (N} — M), x Hp, x M), %
H;, and (uh,wh) : {to,tl, R ,tM} — Vi, x W), such that

n n—1
e — € n n— n
<7" g ,s0> + (V- 20, 0) = (ef 'V - (e Eup), )

At,

= ~(R(ep i), ), Vo € My, n>1, (2.7a)

(D721 x) — (e}, V - x) =0, Vx € H,, n>1, (2.7b)
i — by n n—1 n

(thv <P> + (V- zpps ) + (0 V- (pEug), )

= —(R(e;, s ) 9), Vo€ My, n>1, (2.70)
(D;lzgh,x) —(py,V-x) =0, Vx € Hy,, n>1, (2.7d)
e =¢& p)=p0 29 =20 zgh = Zg, Va € Q, (2.7¢)
(Upm, V) + (Ypm, V - v) =0, YveV,, m>0, 2.70)
(V- U, w) = a(Phm — €pm + Fyw), Ywe Wy, m >0, (2.79)
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where

G @) = T @) = 67 (o B AL

Py @) =pp @) = pp (2 — pp BupAt,).
The numerical procedure (2.7) is computed in the order as follows:
e (1) compute (€9, 2% ,pY, zgh) from initial data, then solve (uxg,¥no) from (2.7f)
and (2.7g);
e (2) solve (e}l,zc}h,p}l,z;h), (eh , eh,ph , 2 ) from (2.7a)~ (2.7d);

e (3) noting that (ef,pf) = (en1,pn1), calculate (up1,vp1) from (2.7f) and (2.7);

1 j1+1 i1+1 i1+1
(]1+ Ji+ Jj1+ z]1+ )’_ (J1+] Ji+i  Ji+i ]1+J) (uh27wh2)

e (4) calculate Zoh DR % €L % P Zph

in similar order;

e (5) calculate the approximations in turn analogically at other time levels.

Let M), be a space of discontinuous and piecewise linear functions over the mesh
Th.. We begin by finding some appropriate approximations (Ep, PY) € M;, x M, to
(eo,po). For each n > 1 and each m > 0, we find first (ez,zgh,pz,zgh) € My, x Hp, x
My, x Hy and (upm, Yrm) € Vi, x Wy, such that

el — En—l - "
("7"&) + (V- 2l 0) — (B - (peEup), ¢)

At,
—(R(EPPY), ), Vo € My, n>1, (2.8a)
(D721 x) — (e}, V - x) =0, Vx € Hy,, n>1, (2.8b)
n_ pn-l

(Z%, s0> + (Ve zp ) + (PIV - (pEuiy), )
—(R(E, P4, 0), Vo € My, n>1, (2.8¢)
(D, p Zpns X) — (P, V - x) = 0, Vx € H,, n>1, (2.8d)
(Uhm, V) + (Vpm, V - v) =0, Yo eV, m>0, (2.8¢)
(V- upm, w) = a(Pppm — Epm + F,w), Yw e Wy, m>0. (2.80)

We then locally postprocess (e}, py) by defining (E}!, P)') € M), x M, such that

(Ep —ep,1)g =0, (2.92)
(D.VEy + 20, Vw)g =0, Yw € My, (2.9b)
(P = ph, 1) =0, (2.9¢)
(D, VP + 20, Vw)s =0,  Yw e My, (2.9d)
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for any element B € Ty, .
The steps of computation are as follows:

e (1) when (E}, P?) are given, solve (upg,vn0) by (2.8€) and (2.8);

e (2) use (2.8a)~(2.8d) to solve (e}l,zgh,p}l,z;h), then use post-processing step
(2.9) to obtain (E., P});

e (3) analogically, for 1 < n < ji, when (e} ',z i~ 1,,2;}: 1) are known, use
(2.9) to obtain (E}Z_l,P,f_l), then use (2.8a)~(2.8d) to solve (GZ,Zgh,pZ,Zgh)

and use (2.9) to compute (E}, P});

e (4) noting that (Eil,P,{l) = (Fh1, Pn1), then use (2.8e) and (2.8f) to solve

(un1,%¥n1);
e (5) similarly, calculate in turn (e{j“, é}fl,pﬁﬂ, IJ)}LH), (Bt pithy ..
+i gt +j iti j1+j +j .
( ‘}711 ja i}ll ]ap?—bl ja ;}'L ]) (E}jll ]anl ]) — (EhQ)PhQ), (uhZ)th)’

e (6) calculate approximations at other time levels step by step as above.

2.4. Principle of local mass conservation

Assume that the recombination rate R(e,p) = 0 and the boundary insulates, we can
derive the following principle of local mass conservation on each 5 € 7j,,

0
%€ + / Ze - Vpds — / pe(x)eu - vpds = 0,
B Ot oB oB

o)
P e+ / zp - vpds + / pp(z)pu - vgds = 0.
B Ot o8B o8B

We now turn to prove that the corresponding discrete principle of local mass conserva-
tion holds.

Theorem 2.1. Assuming R(e,p) = 0, then on each B € T}, we have
_ sn—1
/ Mdm —|—/ 20, - vpds — / ueez_lEuZ -vpds = 0, (2.10)
5 At oB oB

~n—1
/ ]%dx + / Z;Lh . I/Bds + / /’Lppz_lEuZ . I/Bds =0. (211)
B c 9B o8

Proof. For each element B € 7}, by choosing ¢ in (2.7a) to be the characteristic
function on B, we get

n sn—1
/ Ch” h gy —|—/ V20, dr — / ey IV - (peEuft)dx = 0.
B At B

Since e}~ L' e Mj, is a constant on B and the normal component of uy,, € Vj, continues
across interior element boundaries over the mesh 7, " (2.10) follows from the use of
integration by parts to the second and third left-hand side terms.

The result (2.11) can be proved from (2.7c) by a completely similar argument. [
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3. Properties of finite element spaces and some projections

3.1. For the concentrations

From [7, 8], the spaces H;, x M, and My, satisfy the following approximation and
inverse properties
inf || f — ol < Kohel fll1,
peM},
™ Xlenlgh lg — x|l < Kohellgll,
Xienlgh g — Xl (divy < Kohellgll i @iv)
—3/2

[@llLee < Kohe 3/2||s0||, Vip € My,

[w][zee < Kohe ”"|Jwl], Vw € My,
For each t € [0, 7], we define the projections (€, Z, pn, Zp) € My, x Hp x My, x Hp,
of the exact solutions (e, z., p, z,), such that
(gh — S, QO) + (v : (28 - z5)7 ()O) = 07 V(p c th s=e,p, (313)
(D7Y(Zs — 25),x) + (3, — 5,V - x) =0, Vx € H,, s=-¢,p. (3.1b)

We can get the existence and uniqueness of (3, Z5) from [7,8].
Using (Z, Z,), we can post-process (€, pj,) to obtain (Ej, Py). E, € My, is defined
by
(Ep — é5,1)5 = 0, (3.2a)
(DeVE) 4 20, Vw)s = 0, Yw € Mj,. (3.2b)
Similarly, P, can also be defined. Denote
Ne=¢n—e, Ee=ep—¢én fle=E,—e, & =E,— B
Pe = ge — Ze, Ce = Zeh — 2@7

p> &p, and so on, are similar.
The counterparts of following Lemmas can be found in [1] or [8].

Lemma 3.1. (cf. [1,8]) Foranyt € [0,T] and h. > 0 sufficiently small,

Hns” < thcstHh HPSH < thcstHh (333)
il < Kl(uzsul V- zsul)hi, (3.3b)
6775 82’5 628 2
< K s V- oz V- h?, 3.3
e
1/2
( > HWA\%) < K1 zs 1 he, (3.3d)
BeT,.

where s = e, p.
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By the inverse inequality (I.) and a priori estimation (3.3c), there exists a constant
K5 > 0 independent of h. such that

1Bl oo zooy < Ko, Pl oo (o) < Ko (3.4)

Lemma 3.2. (cf. [1]) We have

(&5 —&5,80) = 116z — &211%, (3.52)
l€r(l < 1€l (3.5b)
|DY2VEM 5 < | DY, (3.5¢)
I€7 — €75 < K3||VE? ||, (3.5d)

where s = e, p and K3 is a positive constant independent of h..

Lemma 3.3. (cf. [1]) For each positive integer n, there exist functions &7 € H L),
s = e, p, such that

121 < A{lI€ -1 + 1N} s = e p,
and, for sufficiently small h,,

lor = €xll < Ka (€1 + 6 e s = e,

where K, depends on the positive upper and lower bounds for Ds and on || Ds|lw1 (q), and
|| - ||-1 denotes the norm of the dual to H*(%2).

Remark 3.1. From the proof of Lemma 6 in (cf. [1]), we know that &7 (s = e, p) are
in the standard Galerkin space of continuous, piecewise linear or trilinear functions (as
appropriate) which are defined by their nodal values over the grid 7j, .

3.2. For the electrostatic potential and electric field intensity

The Raviart-Thomas-Nédélec mixed finite element spaces V}, x W}, have the follow-
ing properties (cf. [7,8])
inf ||f —v| < Ksh
g I = oll < Kshyll 1.
(Ay) Ulen‘ﬁh If = vl z@iv) < Kshyll £l a1 (div)»
inf — < Ksh
it lg =il < Kshy gl
lollzoe < Kshy o], Yo € Vi,

(Ty) A
Y Illwa e < Kshy vl Yo € Vi,

where K is any element in 7, and K is a positive constant independent of /.
We introduce a map (up,, z,f)h) : [0, T) — Vi, x W}, defined by

(i, v) — (Y, V -v) =0, Yo € Vi, (3.6a)
(V-ap,w) = (ap—e+ F),w), Yw € Wy, (3.6b)
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From [7, 8], (uy, ih) exists uniquely, and there exists a positive constant K¢ indepen-
dent of hy, such that

llw — @i || oo (aredivy) + 1% — Vnll oo (r2)
< KG(HUHLOO(H(diV))a ||¢\|Lw(H1)>hw- (3.7)

From (2.8e), (2.8f) and (3.7), there exists a positive constant K7 independent of
hy, such that

Huhm - ahmHH(diV) + Hwhm - ihm”
< Kz (llem = Bl + 19m = P

< K (iemll + [7pmll + €l + 1pmll)- (3.8)

4. A priori error estimates

In this Section, we obtain the optimal a priori error estimates. For the approxima-
tions of the concentrations and their flux, we have the following optimal convergence
rates.

Theorem 4.1. Suppose that (R), (C), (Ao, (I.), (Ay) and (1) hold, and that the dis-
cretization parameters satisfy the relations

Ate = O(hy), hy=O0(R?), (Ath)¥? =O0(hy), (Aty)* = O(hy). (4.1)

If we choose Ef) = EY, P? = P? and if there is a constant K’ such that At, > K'R2?,
then for h. and At, sufficiently small,

EP — o? Pt
max (B} — €|+ 1P ="}

< K(h?;/2 +hy + Ate+ (Aty)? + (At;)3/2), (4.2)
max {llef — e+ I — "}

< K(hc +hy + At + (Aty)? + (At}p)?’/?), (4.3)

N 1/2 N
(zuzz—zghnwc) + (zuz;; —zghumc)
n=1 n=1

< K{he + hy + Ate + (Aty)? + (At))*?}, (4.4)

1/2

where the positive constant K principally depends on (R), (C), (Ao, (1), (Ay), (Iy), (3.3),
|0e/072|| and ||8*p/072|, but is independent of At., Aty, h. and hy.
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Proof. From (2.1a), (2.1b) and (3.1), we have

e — én—l
(T’ ¢) (V- 3200) — (€7 (). ) = ~ (R 1), )

en — en—1
—_— — (n M )
<¢e o AL ,<p> (e, 9), Vi € My, (4.52)
(D73 %) — (87, V - x) =0, Vx € Hy,. (4.5b)

Combining (2.8a), (2.8b) and (4.5), we get the following error equations

n—1
ge ge n
( At y P ) + (v : Ce ’SO)

e n sn—1
_ n o, ny __ g1 pn—1 e —¢ N val n
(R(e",p") — R( n oA ),¢) + <¢68Te A—tc P (e"V - (peu™)
2n—1
—Ep7IV - (peBupy), ) + (1, ¢) — (%AO), Vo € My, (4.6a)
(D¢ x) = (€8,V -x) =0, Vx € Hy. (4.6b)

Choosing the test functions ¢ = ¢ and x = (" in (4.6) and then adding (4.6a) and
(4.6b) together, we get

n—1
Se ge n —1,n ,n
( At 7§e)+(De CevCe)

Je™ et —ent
_ no,ny __ n—1 n—1 n _
- (R(e D ) R(Eh 7Ph )7£e)+ (¢€ 87—6 A 7§e>

n—1
— ("V - (neu™) — E} 7'V - (e Eupl), €8) + (n, €8) — (nTﬁ> )

Combining (3.2a) and (2.9a) yields

€ 0) = (€0, 9), (MF,¢) = (i, ¢), Y € My, (4.8)

Set

= w4 peBuAte,  fPNx) = fPNEY,

e
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where f is any function defined on 2 x [0, T]. Applying (4.8) in (4.7), we have

Se 71 n sn
< At a€e> ( e Ce)(e)

_ xn—1
(|5 - mebur - ver| - 55— )+l - ) v g

C

- (env : (Neun) - E}TLLilv : (:ueEuh)’ 5?)
+ (72, €0 + (R(e™, p") — R(ER, PP, €0)

- ﬁn 1 énfl o énfl ﬁn 1 _ ﬁn 1
<¥7§?) + <77£g) <¥7§e>
Atc Atc A C
Fn—1 n—1 ~n—1 _ =n—1 cn—1 n—1
- <75€ 5 ,5e> (777@ o ,£e> <756 5 5) 4.9)

For the first term on the left-hand side of (4.9), it follows from Holder’s inequality
and (4.8) that

(€& — &) =€) - [<~2‘1,~?‘1>+<52,§2>]
=@ - &g
=5 [@a - @] - s @ -a.é.

N)lH

Using Lemma 3.2, we have
(€ — €l = 1 — €1 < K ) | VEIhe < K3hg|| DY)
BET,

Thus, we bound the left-hand side of (4.9) as follows

1 cn cn—1 ¢n —1,n ,n
At (fe — Se 7§e)+(De C67Ce)

>oar [€8) — (@718 + gar At - KDL (@410)

We denote the right-hand side terms of (4.9) by 71, T, --- , T1; and estimate these
terms one by one.
In order to estimate 77, we write
Oe™ Oe™

B B Ve = oG ow) = [1+ |t 2,

where 7, is the unit vector along (— ueEu", 1). From [5, 9], we obtain

T1| <

Ate + K[1€2]*. (4.11)

LQ(tn 1 tn LQ)
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For Ty, we see that

ITo| <||peVe™||pee|lu™ — Eu"[|[|E ]|
9%u ||

<K(Aty)? 52

+ K| €712 (4.12)
LQ(tm—Qytm§L2)

When t" < t;, the temporal error term should be replaced by K(At}p)2 H8u/8t\|ig(t0 tL2)-
For the estimate of T3, we write

T3] = (peu™) = BTV - (e Bup), €2)]

- (peu™) — E}?ilv - (peu™), &)
+ (BRI - (peu”) — BTV - (peBupy), €0))
HETIV - (peu”) — BTV - (peBu), 97))|
F €TV (peu™) = BTV - (neBup), & — 97)].
Noting the remark about ¢! after Lemma 3.3, we have the following inequality as

in [10]
1922 < Khg /2] 271

Then, the above inequality, the Lemma 3.3 and the inverse property (I.) give that

T3] < (lle” = Bp IV - (e oo + 1Bp oo |V - (e = Bup)]| ) €2

TN - (e = B @2 e + 1€ 1o IV - e — Bup)] €2 — o7

<K (Jle™ = e+ I+ D€ + e = Bu i + 1 Bu" — Buillmaw) )I€2]
+ K0P - e — Bup)] )22
+ KRS PEV - e — Bup)]| €2 — @7

<K (Jle" — e+ I+ 1€ + e = Bl + 1 Bu" — Buillmaw) ) I€2]
KB IE (e = B + 1B — B i €21+ 162D

<K (Jle = e+ 170+ 1€ ez
+ K+ b PIE ) (e = B s + 1B — Bul ) ) 1621
+ Kb 2 (= B + | Bu” = Eug i ) 16211

Now we need an induction hypothesis. For any fixed integer [ > 1 such that ¢! < T,
assume that

hUETE =0, RGP =0, he =0, n=1,-- L. (4.13)
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Applying (4.18), (3.7), (3.8) and (3.3c), we have
9%u ||

< x (|5 gl
M || L2t s s H (div))

T K(néz—lu? FUEN + Womo 2 + Iemsll? + [Epmen [ + uép,mz||2)
+e|| D72, (4.14)

for h, sufficiently small. The remark after (4.12) about the temporal error term applies
here as well.
For T}, using Holder’s inequality and (3.3c), we can easily get

de||?

o Ate+ bt + 12+ (Aty)?

L2 (tn—l 7tn;LQ)

7l < 5 (1002 +1€1P) < & (4 ez 1P). (4.15)
By using (1.2), we have
(75 <K (Jle” = Bp 7 + " = B gz

<K (Jlem = e M+ g™ = o D€ D+ N ) ez
e ||? ap

<K (At, + At + ht
( 8t L2(tn717tn;L2) at L2(tn717tn;L2)
I + 1€ + N2 ). (4.16)
By (3.3d), we have, for the bound of Tg,
aﬁe 2 ni2
Tol <K (A1)~ | + K
L2 tn— 1 tn L2)

1h4 <HzeHL2 tn—1 A7 Hl + Hv ZGHL2 tn—1 RS Hl)

0z, 2
ot

826
ot

v

) + K[ (4.17)

‘ \

To bound T%, as in [5.9], we first deduce that

~n—1
Te  Pen—l1
en—l —gn-l :/ dz
sn—1 az
E¢

L §en—1
= & (1 — 2)E 7 + 2277 Y| pe| | Eu" — Eul|Atodz,  (4.18)

where z denotes the unit vector in the direction of Euj — Eu™. Define

L2(tn—l7tn;H1) LQ(tn—17tn;H1)

186”_1 n—1 san—1
ge(x) = . Tos (L =2)zl " + zzp ")dz.

https://doi.org/10.4208/nmtma.2015.my12031 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2015.my12031

An Approximation of 3D Semiconductor Devices by Mixed Methods 373

Noting that g.(x) is an average of certain first partial derivatives of e"~!, we have
lgellzee < Klle"™ [lwy .
Thus, (4.18), (3.7), (3.8) and (3.3c) imply that

7| = 1 [ sc@lnliEe - Bjgias

< lgellzoe e (B — B[] < K (I1Bw" - Bufl* + €2])
< K{13, + hp + [[emn—1 ] + [eom—2ll® + 1€pm—1l® + [Epm—2ll® + IE211°}. (4.19)

Now, we come to bound T3. We see that

it = Y = e B — up) At

e

< el (| B = Bl|pos + | Baf, — Buf o ) At
From [3,11], it can be expected that
|Eu" — Euy||fee — 0, hy — 0.
Noting that for v € Vj,, [|[v1,x < ||v]| g(div;k)> We can obtain

~ —1/2 ~
1B — Bupllp=qe) < Khy 2| By — Bl

—1/2 ~
< Kh,'"?||Biy, ~ Eub| v

Note that we will prove (inductively) that ||| = O[h/*+hy +Ate+(Ath +(AL2))].

This fact, (3.8) and (3.3c) imply that
|Euy — Euj|lpe — 0, he— 0.

Thus, we conclude that

Then, it is reasonable to assume that, for each 2 € B, 7! and #7~! belong to one ele-

ment B’ for sufficiently small h.. Thus, using (4.18), (3.3¢), (3.3¢), (3.7), Lemma 3.3
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and (3.8), we get the bound

Zn—1

!
mi= |3 [ g = | 3 [ onlelBe - Buplerds
C

BET,, ' B BETh,

1/2
K< > H%H%) [Eu”™ = Eup||([| 9 |Loe + (| 2 — & Ml>)

BETh,

/\

1/2
< < > v 1!!3) 1Bw" = Bup|h (€21 -1 + 1K)

BET,
< K (12 4B+ W P+ U2l + Voot P+ -2l + €217
+e| DS VACT (4.20)
Handling Ty in the manner as Tg, we obtain

1/2
7] < K( > uvss*u%) 1B — Bl 2 (€2l + 162

BeTy,
< KIDZ2C 0 2 (g + B2 + [€emot ] + el

o U=l + Npam2l) (g2l + lic21)

< Kh ' (2 4+ Woml + Weam-ol® + Wpam—1 12 + I m—al2) 1D /2¢2 )2
B2 (B + 12+ Nl + €l
gt ll+ € m-2ll) (1D 712 + IDZV2CHR) + KRR, 4.21)

Furthermore, the induction hypothesis (4.13) and the condition hy = O(h3/ ) give us

o] < (1D 272 + 1D 2¢H1P) + KlEz . (4.22)
For T}y, we use Lemma 3.3 to obtain
Taol < (Ate) ™ (I~ =i, o) + (" — e~ €2 — @)

< (At (17 = At enlh + It - A ter - ez)

< () (It = A+ Rl = ) (Nl + 16e)- 4.23)

From [5, 9] we have
72" =2 - < K72 At
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and we see that
et =i < Kl

Now, substitute the above two estimates into (4.23) and then use (3.3c) and e-Cauchy
inequality to obtain

Tiol < K (1727 4+ 172 1AL R ) €8] + 12
< elD 2GR + K (i + mE(AL) 72+ Jl€22). (4.24)
For the last term 737, by Lemma 3.3 and (3.5c), we have

1 2
| < K(Hés—lu n ( S |vér lus) (Atcrlhz) (ug;wl ; ||<3u>

BeTy,
K((At)2h4(HD V2G4 1D WCeH)+Hf§2‘1HQ+H§?HQ>- (4.25)

Assembling (4.9), (4.10)~(4.12), (4.14)~(4.17), (4.19), (4.20), (4.22), (4.24) and
(4.25), we obtain

s (€€ = @7L&D)] + ga (2at — KD, ¢)

2 2
<K ave + ' % At
T tn 1 A7 L2) 6t L2(tn717tn;L2)
9%ul|’
+ ‘ = (Aty)?
L2(tm 2,tm;L2) ot L2 (tm—2,tm;H(div))
2
+‘ o (At.)?
aTe L2 tn—1 RALE L2) an LQ(tnfl tn.LQ)

<||Z€HL2 tn—1 LR Hl + ||v ZeHLQ(tn 1 AR Hl)

0%, 2 aze
ot ot

v

+‘ (At,) A1
LQ(tn—l’tn;Hl)

+ K (B 4 b+ h(A) ) + K (Iem-1l? + el

+ 1 Epm—tl® + 1pm—all® + I1E27H1P + 116711 + H§~?H2>

+ K(At) 2 (1D 22 + D72

L2 (tn—l Jn;Hl)

+e| DSV + 4e|| DSV (4.26)
By (4.1) and At. > K’ hi/ 2, we deduce that

Kih? < KK ALRL?, BS(At) ™2 < (K H(AL)?,  (At.)2hd < (K')72h,.
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Multiply (4.26) by 2At. and then sum it over 1 < n < [. Choosing ¢ and h,. sufficiently
small, and using Lemma 3.2, we obtain

l
N7+ IS Ate
n=1

!
<r (B2 + (an)! + A #2413 ) + K (114 1§17) ate. - 427)
n=1
For the hole concentration equation, a same argument gives us

l
117+ G 1P At
n=1 !
<i (AP + @)+ (AP 024 12) 4 K3 (1817 + 1§17 Ate. 420

n=1

Summing (4.27) and (4.28) and applying the discrete Gronwall lemma, we have
. . l l
€N + &I + D I P At + ) 16 1At
n=1 n=1
<K ((AtC)Q + (Aty)* + (At))? + 1 + hi) : (4.29)

_ To complete the proof, we turn to check the induction hypothesis (4.13). Since
€0 = &) =0, we get b |E0]|? = h[|€)]1? = 0. It follows from (4.29) and (4.1) that

he HEP < Khgt ((Atc)z + (Aty) + (Aty)? + b + hj) —0, he—0, s=e,p.

Thus, (4.29) holds for all concentration time levels.
Finally, (4.29) and (3.3) yield (4.2)~(4.4), the desired results. [

Combining (3.7), (3.8) and (4.2), we obtain at once the following bound for ap-
proximations of the electric field intensity and the electrostatic potential.

Corollary 4.1. Supposing that the assumptions of Theorem 4.1 hold, we have
\max (llunm = )+ [ — o)
< K(hi/2 + hy + At 4 (Aty)? + (At}ﬂ)f‘ﬂ).

5. Numerical experiments

5.1. Numerical example 1

First, we assume that « is known and focus on the characteristics-mixed finite ele-
ment approximation combined with a post-processing step for approximating convection-
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Table 1: Numerical results of ||e — ep||n for example 1.

h=1/4 h=1/8 h=1/16
e=1 | 8.37936e-003 | 2.04794e-003 | 4.46738e-004
2.03 2.20
e=10"7 | 1.46724e-002 | 3.77369e-003 | 9.62809e-004
1.96 1.97
e=10"% | 1.46678e-002 | 3.75608e-003 | 9.41237¢-004
1.97 2.00

Table 2: Numerical results of ||ze — zen||n for example 1.

h=1/4 h=1/3 h=1/16
e=1 | 1.28241e-003 | 3.07871e-004 | 6.83190e-005
2.06 2.17
e =107 | 2.88104e-003 | 9.02797e-004 | 2.32485e-004
1.67 1.96
e =10 % | 2.89707e-003 | 9.13636e-004 | 2.42117e-004
1.66 1.92

dominated diffusion problem. We consider

Oe €

E—i—u-Ve—wAe:f, reQ, 0<t<T,

e(z,0) = ey, x €, (5.1)
@:0, red, 0<t<T,

ov

where Q = (0,1)x(0,1)x(0,1) and v is the unit outward normal vector on boundary
00. u = (uq,ug,us) and

uy = exp(—et) sin(mzy) cos(mxs) )/ (3w

2) )/ (3w

uz = exp(—et) cos(mzy) cos(mxa) sin(mwxs))/(3m).

cos(mxs ),
ug = exp(—et) cos(mzy) sin(mxs) cos(mrs )

)

We choose f and e such that the exact solution is e = exp(—et) cos(mx1 ) cos(mxs) cos(mxs).
We approximate (5.1) by using the characteristics-mixed finite element method, which
has been employed to discretize the electron and hole concentration equations in our
paper. We set At = 0.001 and ¢ = 1.0. We numerically solve (5.1) for e = 1,1073,1078,
respectively. The numerical results of the errors |le — ey, ||, and ||z — zen ||, are presented
in Tables 1-2, where ||- ||;, denotes the approximate L2-norm defined by using numerical
integration. We can see that the errors decrease by a satisfactory factor as the space
step h decreases by a factor of two. This indicates that all errors converge at rates of no
less than first-order. The comparison sectional drawings of e and e;, at z3 = 0.28125 for
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Figure 1: The sectional drawing of e, at Figure 2: The sectional drawing of ey, at
t=1, for h=1=16. t=1, for h=1=16.

Z Axis

Figure 3: The quiver plot of z., at t = 1, Figure 4: The quiver plot of z.p, att =1,
for h = 1/16. for h = 1/16.

¢ = 1073 are presented in Figures 1-2. Figures 3-4 show the comparison quiver plots of
2. and z.j, at the section z3 = 0.28125 for e = 1073,

Remark 5.1. From Tables 1-2 and Figures 1-4, we can see that the method is stable and
capable of approximating e and z. simultaneously. It is also shown that our method is

efficient for small e.

5.2. Numerical example 2

Now, we solve a system consisting of an elliptic equation and a convection-diffusion
equation. We consider

([ —_AYp=V.-u=ec+F, 20 0<t<T,
%+U.Ve—eAe:f, €0 0<t<T,
e(z,0) = ey, x € §), (5.2)
9 _ rEIN 0<t<T,
ov
L 2N, 0<t<T,
ov

https://doi.org/10.4208/nmtma.2015.my12031 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2015.my12031

An Approximation of 3D Semiconductor Devices by Mixed Methods 379

Table 3: Numerical results for example 2.

h=1/4 h=1/8 h=1/16

[ — tnlln | 1.82852e-004 | 1.17235e-004 | 3.30572e-005
0.64 1.82

[ — upll | 6.95898e-003 | 1.86974e-003 | 4.74263e-004
1.90 1.98

e —enlln | 1.39414e-001 | 8.76624e-002 | 4.46468e-002
0.67 0.97

[z — znlln | 1.78590e-003 | 8.88468e-004 | 4.85070e-004
1.01 0.87

oo 0 o

Figure 5: The sectional drawing of 1, at Figure 6: The sectional drawing of 1, at
t=1, for h =1/16. t=1, for h =1/16.

where 2 = (0,1) x (0,1) x (0,1) and v is the unit outward normal vector on boundary
0f). We choose F, f and ¢ such that exact solutions are

) = el (xil(l —21) 25 (1 — zo) w3 (1 — z3)"

—23(1 — 21)%23(1 — 22)?73(1 — x3)?/217%),

3
e=—ey" (12x§(1 — )t = 3203 (1 — ) + 1227 (1 — xi)Q)
i=1
: 33?+1(1 - xi+1)4xz4+2(1 - 3fiJr2)4a
where 24 = x1 and x5 = x2. We apply mixed finite element method to approximate the
first equation in (5.2), and the characteristics-mixed finite element method to approx-

imate the second one. The numerical results for ¢ = 10~3 are showed in table 3, and
the comparison plots are provided in Figures 5-12.

Remark 5.2. From Table 3 and Figures 5-12, we can conclude that the combined nu-
merical method is effective to treat the system as (5.2).
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Figure 8: The quiver plot of uy,

for h = 1/16.

=1

at ¢

1

Figure 7: The quiver plot of u

for h = 1/16.

at

Figure 10: The sectional drawing of ey,

, at
t=1, for h =1/16.

Figure 9: The sectional drawing of e

t=1, for h =1/16.

X Axis

Y Axis

X Axis

Y Axis

=1
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Figure 12: The quiver plot of zj,

for h =1/16.

=1

at ¢t

Figure 11: The quiver plot of z

for h = 1/16.
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