4

Kernel density estimation

In previous chapters, we have considered regression models where our target
of inference, namely the regression function, has been parametrised by a finite-
dimensional parameter (albeit at the end of Chapter 3 we considered an asymp-
totic regime in which this dimension increased with the sample size). Where
appropriate, such models can offer several advantages:

e They can provide interpretability: for instance, in the linear model (2.1), for
each j € [p] we can interpret the jth component ; of 3 as the increase in mean
response associated with a unit increase in the jth covariate.

e Estimation, for example via ordinary least squares, is often straightforward.

e We may be able to provide good risk bounds (or even compute risks exactly).
In the linear model (2.1), it follows from (2.3) and (2.4) that the ordinary
least squares estimator 3 of § satisfies E(||3 — 8]|2) = o%tr(X7')/n, where
Li=n Y0 ] =0 XX

e Under further distributional assumptions, approximate or even exact inference
may be possible. For instance, we saw in Sections 2.2 and 2.3 that in ho-
moscedastic normal linear models, we were able to construct hypothesis tests
with exact size and confidence sets with exact coverage.

The important caveat here, however, is the appropriateness of the distributional
assumptions enforced by the models, and this explains why we have emphasised
the importance of topics such as goodness-of-fit testing (Sections 2.3.3 and 3.6)
and model misspecification (Section 2.4). In many circumstances, particularly
where the underlying data-generating mechanism may be complex, we may be
uncomfortable with imposing such restrictions in the absence of expert domain
knowledge. Nonparametric statistics is concerned with making inference about
aspects of an underlying distribution without enforcing explicit structural as-
sumptions on their form.

In this chapter we will study one of the simplest nonparametric statistical
problems, namely where we wish to estimate a (Lebesgue) density f based on
a sample of independent, real-valued random variables! X;,..., X,,. While the
absence of a model for the density, indexed by a finite-dimensional parameter,
may seem daunting initially, at least one type of nonparametric density estimator

! Thus, in contrast to Chapters 2 and 3, where we considered supervised learning problems with
both covariates and responses, here we have an unsupervised learning problem.
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is very familiar: the histogram. This is usually formed by dividing the real line
into equal-sized intervals, known as bins. If I, denotes the bin containing x € R
and b > 0 denotes the binwidth, then the histogram density estimator f¥ = fH,
is given by /

R 1 &
H ._
In (1’) = b ;:1 Tix,ery-

Despite their popularity, however, histograms have some significant drawbacks.
First, in addition to choosing the binwidth b, the analyst also has to choose where
to position the bin edges, and this can have a significant effect on the estimate.
Moreover, the estimator may suffer from suboptimal theoretical performance (es-
sentially due to the fact that we may be approximating a smooth function by a
piecewise constant one), and this motivates us to consider alternative nonpara-
metric estimators. Our focus will be on kernel density estimators, which offer a
simple and intuitive approach to smoothing and can resolve the issues with the
histogram mentioned above, though alternatives such as orthogonal series estima-
tors are also available. We remark that in addition to aiding data visualisation,
nonparametric density estimators are often employed as a first stage of a more
involved statistical procedure such as classification, clustering or highest density
region estimation.

4.1 Kernel density estimators

A kernel® is a Borel measurable function K: R — R satisfying [~ K(z)dz = 1.
For a kernel K and bandwidth h > 0, a kernel density estimator of f based on
observations X1,..., X, is of the form f,(-) = fonx(-; X1,...,X,), where

) 1 n —XZ‘
fn(2) ::nhZK<x - )

We often write Kj,(-) := h='K(-/h) for the scaled kernel, so that

folz) = iif{h(x - X).

Usually in practice, K is chosen to be non-negative (though see later discus-
sion), which ensures that K, and hence fn,is a density; often K is chosen to be
symmetric about zero (see Figure 4.1). One simple choice of K is the uniform
kernel K(x) = lyz<1/2}- Like a histogram, this results in a piecewise-constant
kernel density estimate, but now the discontinuities in the estimate are deter-
mined in a data-driven way. We may instead want to choose a smooth kernel to
avoid these discontinuities altogether, for instance by using the Gaussian kernel
K(z) = e™*"/2/(27)Y/2 =: ¢(z). Perhaps surprisingly, though, it turns out that

2 The use of the term ‘kernel’ in this context should not be confused with its use in the context
of reproducing kernel Hilbert spaces, as discussed in Chapter 6.
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from the point of view of standard performance measures, the choice of the ker-
nel is much less important than the choice of bandwidth; see Figure 4.2. We will
assume throughout that the kernel is selected before seeing the data (standard
choices are discussed in Section 4.6); initially, we will also assume that the choice
of bandwidth is deterministic, though data-dependent bandwidth selection meth-
ods are discussed in Sections 4.5.1 and 4.5.2. When our data are d-dimensional,
kernel density estimators can be defined analogously; see Exercise 4.11.

fn(x)

0.2 0.4 0.6 0.8

0

Figure 4.1 A basic kernel density estimator with a Gaussian kernel. Each of
the n observations (crosses) is assigned mass 1/n, which is smoothed (dotted
lines) and then summed to produce the overall density estimate (solid line).

4.2 Mean squared error of kernel estimators

If we consider f,(z) as a point estimate of f(x), then we would typically try to
choose h and K to minimise the mean squared error (MSE), defined by

MSE{ fu(2)} == E[{fu(x) - f(@)}"].

This is usually preferred to other possibilities, such as the mean absolute error,?
partly because of its appealing decomposition into variance and squared bias
terms:

2

=: Var f,(z) + Bias®f, (z). (4.1)

3 One advantage of the mean absolute error, however, is its invariance to scale transformations.
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Figure 4.2 Top left: Underlying Gaussian mixture density

f(-) =0.6¢(- +3/2) + 0.4¢(- — 3/2) to be estimated. Other plots show kernel
density estimators with A = 0.2 (too small, top right), h = 0.4 (about right,
bottom left) and h = 0.8 (too large, bottom right) based on n = 200
observations.

If g1, g2: R — R are such that (z,2) — g1(x — 2)g2(2) is integrable on R x R, then
their convolution g, * g»: R — R is the Borel measurable? function given by

(ro)@)i= [ o= 2)aalz) d.
For z € R, we can now compute
Bias f,(z) = EK,(z — X;) — / Ky(z—2)f(2)dz — f(x)

= (K f)(x) = f(2).

Turning to the variance, for i € [n], let & = & () := Kin(z — X;). Then, since
&, ..., &, are independent and identically distributed, we have

Var f,(z) = %Var& = *{E &) — (E&)?}

_ ;{(K,% % ) (@) — (K * £)*(2) ).

4 In fact, g1 * g2 is integrable, by Fubini’s theorem (Theorem A.2.19(b)). Different conditions on
g1 and g2 yield different forms of regularity for the convolution; see for example Exercise 4.13.
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Thus,
MSE{f(2)} = (K3 £)(x) — (Ko £2(@)} + {( » @) ~ (@)

Often, however, we prefer to choose h and K based on how well f, estimates f as
a function, typically using the mean integrated squared error (MISE), defined by

MISE(/f,) := E(/Z{fn(x) - f(:z:)}de).

Since the integrand is non-negative, we may interchange the order of integration
by Fubini’s theorem (Theorem A.2.19(a)), to deduce that

MISE(f,) = / MSE{ f,(2)} dz

/{Kh —(Kp = f)? }dq:+/{Kh*f (2)}” da.

Although this expression is exact, it depends on the bandwidth in a complicated
way. We therefore seek appropriate finite-sample bounds to clarify this depen-
dence.?

4.3 Bounds on the pointwise variance and bias

We study separately the variance and bias of f,(z) at 2 € R. For a Borel mea-
surable function g: R — R, let R(g) := [~ ¢*(u) du.

Proposition 4.1. Let fn be the kernel density estimator with kernel K and band-

width h constructed from Xy,..., X, Py f- Then

Varfn(x)S [ flloe R(K).

3""

Proof We have

Var f, (z) = %Varfl < %]E(gf) }1 K2<hZ> () dz

9 1
== / K)o~ uh)du < | ROE),

as required. O

To obtain bounds on the bias, we will introduce conditions on the density f
and the kernel K:

Definition 4.2. Let I be an interval, let 5, L > 0 and let m := [3] — 1. The Holder
class H(B, L) on I is the set of m-times differentiable functions f: I — R satisfying

f0 (@) = f (@) < Llz — 2|77

5 An alternative approach is to seek asymptotic approximations. See Exercise 4.6 for details, but
recall also the discussion in the introduction regarding our preference for finite-sample results.
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for all xz,x' € I.

Where the interval I is unspecified, we will take I = R. For integer g € N, the
class H(3, L) is the set of (8 — 1)-times differentiable functions on I for which
the (8 — 1)th derivative is L-Lipschitz. We will see that improved bounds on the
estimation error can be obtained when the density belongs to Holder classes with
larger values of 8 and smaller values of L. Nevertheless, the issue of nestedness
of these classes is a little subtle, as illustrated by the following example.

Example 4.3 For «a € (0,1], the function z — 2 belongs to H(3,1) on [0, 1], for
every 3 € (0, a]. To see this, assume without loss of generality that 0 < 2/ < x <1,
and write 2’ = ex for some € € [0,1). Then

z® — () x*(1—e) 1— e
(x—a2)f  2P(l—e)f = (1—¢)f
On the other hand, by taking ' = 0, we see that this function does not belong to
H(B, L) for any L > 0 when 8 > a. Moreover, it belongs to H(a, 1) on [0, 00) (by

almost the same argument as in (4.2)), but does not belong to H(3, L) on [0, c0)
for any L > 0 when g # a. &

The densities in (8, L) are given by

<(1-e' P <1, (4.2)

F(B.I) = {fe?—[(ﬁ,L):sz,/Zle}. (4.3)

It turns out that a certain orthogonality of the kernel to low-degree polynomials,
as captured by the following definition, allows the kernel density estimator to
take advantage of higher degrees of smoothness in the underlying density.

Definition 4.4. For { € N, we say a kernel K is of order® ¢ if [ w/K(u)du=0
for j e[t —1].

Most kernels used in practice are kernels of order 2. Kernels of order ¢ > 3
cannot be non-negative, since they must satisfy ffooo u? K (u) du = 0; consequently
the resulting kernel density estimate is not guaranteed to be non-negative (see
Figure 4.3). It is convenient to define

pai) = [l )

—00

ProposiAtion 4.5. Assume that f € F(B,L), and that K is a kernel of order { :=
[B]. If fn is the kernel density estimator with kernel K and bandwidth h derived
from™ X1,..., X, ~ f, then

}Bias fn(az)| <

7 fl)!uﬂmhﬁ

6 Some authors refer to this as a kernel of order £ — 1, while others also insist that, in the
current notation, [* ufK(u)du # 0.

7 Here there is no need to assume that the data are independent, since the bias is unaffected by
dependence.
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Figure 4.3 Left: The non-negative Gaussian kernel K (x) = ¢(x) (dotted)
and fourth-order kernel K (x) = (3 — 22)¢(x)/2 (solid). Right: The
corresponding kernel density estimates based on 100 independent N (0, 1)
observations, with the true density (dashed), the estimates with K(z) = ¢(x)
(dotted), and the estimate based on the fourth-order kernel (solid).

for every x € R.
Proof We have

.o 1 [~ x—z o
Bins fu(a) = 3 [ k(5 ) 1)t - 50) = [ K@)t - uh) - f(@)} du
(4.4)
Now, by a Taylor expansion with the mean value form of the remainder (Theo-
rem A.7.2), with m := [3] — 1, there exists 7 € [0, 1] such that

m— 1 m
f(?") ) (_:1}7;) f(m) (l’ . Tuh)

r=1

f(z —uh)

Since K is a kernel of order £ = m + 1, we obtain

Bias f, (z) = (=h)™ /OO u™ K (u) f™ (2 — Tuh) du

m!

—h)™ >~ m m m
= ( m') /oou K(u){f( )(x—Tuh) — /¢ )(ac)}du.
Hence
A Lr™ [ L
. m B—m — B
Bias fu(a)] < i [l (K ()bl du < s (O,
as required. O

Observe that our upper bound on Var fn (z) is decreasing in h, while our upper
bound on ]Bias fn (x)‘ is increasing in h. This is another prototypical example of
a bias—variance trade-off (see also Chapter 1). In fact, we can state the following:
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Theorem 4.6. Let K be a kernel of order £ := [], and suppose that f € F(3,L).
Then the kernel density estimator fn based on X1,...,X, s f satisfies

~ 2 2

1 L 2 2
By [{Ju(o) = J@)Y] < oW 1RO + o b (O

for x € R. Further, if max{R(K),us(K)} < oo, then there exist C = C(8,K) €
(0,00) and h¥ = h* (B, L, K) > 0 such that

sup  sup  Ef[{fons i(z) — f(x)}Q} < OL/(B+Dp =28/ 2541 (4.5)
2€R fEF(B,L)

The n~28/28+1) dependence on the sample size in this bound is slower than
the O(n™') rate one expects in regular parametric problems; however, such a
rate only holds when the assumed parametric model is correct. Here we work
in a much more general, nonparametric setting, and the price we have to pay is
this slower rate of convergence. Indeed, we will see in Example 8.6 that the rate
in (4.5) is optimal in terms of its dependence on both L and n.

Proof The first part follows immediately from the decomposition (4.1), together
with Propositions 4.1 and 4.5. For the second conclusion, we first claim that there
exists C’ = C’(f) > 0 such that

sup || flloo < C'LMHD,
feFx(B8,L)

To see this, fix a bounded kernel K* of order ¢ with ps(K*) < oo (see Exer-
cise 4.1 for the existence of such a kernel). By the triangle inequality and then
Proposition 4.5, for any = € R and f € F(8, L) we have that

which establishes our claim. Moreover, the right-hand side of the upper bound

; ¢ 1 L* 2 e
MSE{fmh’7K(£L’)} S %L + R(K) + Wuﬁ(K)h

) < utd [ IKie -2l | [ Kite - 25 fl2)

~ h>0 _

[ I o | Lps(K7)
< inf B < /Ll/(/3+1)
—;lfio{ DR ’

is minimised at

1/(28+1)
Cl{@ — 1)!}2R(K)> -1/ (B+1),—1/(2841)

h: =hl(68,L,K) :=
N

We therefore obtain

’ 1/(2B+1)
C 25R(f(i25ﬂ%)(‘§)((2;)2—; 1>26+1> [2/(B+1),,~26/(26+1)
—1)N2(2 '

as required. ]

MSE{ fons ic(z)} < (
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4.4 Bounds on the integrated variance and squared bias

Having gained insight into the performance of kernel density estimators through
pointwise variance and bias bounds in the previous section, we now consider the
extent to which these results carry over to integrated variance and integrated
squared bias bounds.

Proposition 4.7. Let fn be a kernel density estimator with kernel K and band-
width h based on independent and identically distributed observations Xi,..., X,
having an arbitrary Borel distribution P on R. Then

/Z Var f,(z) dz < %R(K)

Proof From the proof of Proposition 4.1 and by Fubini’s theorem,

/_ZVarfn da:</ /K2< >dP(z)da:
_nhQ// Kg(

as required. O

) do dP(z) = %R(K),

Our result on the integrated squared bias will again require smoothness condi-
tions. Since our MISE risk corresponds to the (squared) Ls(R) norm, it is natural
to assume that f is smooth in a related sense.

Definition 4.8. Fiz 8,L > 0 and let m := [3] — 1. The Nikol’ski class N(8, L) is
the set of (m—1)-times differentiable functions f: R — R for which Fm=1 s locally
absolutely continuous® with weak derivative f™ satisfying

{/OO (fr(x+t) — f(m)(x))2 d:z:}l/2 < L|t[p~m

for allt e R.

Nikol’ski classes contain other (more common) smoothness classes such as
Sobolev classes; see Exercise 4.3. The densities in the Nikol’ski classes are de-
noted

Fn(B,L) = {feN(ﬁ,L):fzo,/:f=1}.

Proposition 4.9. Fiz ,L > 0, and let fn be a kernel density estimator with
kernel K of order ¢ := [B]| and bandwidth h constructed from Xi,...,X, ~ f €
Fn(B,L). Then

/Oo Bias® f,,(z) dx < LB—C427 )5 p3(K)h <

o - I(B+1)? us (K.

1
{e-12 )'}2

(51)2

W

p3(K)h?,

8 See Section A.7.
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Proof First suppose that m := ¢ — 1 > 1. Since f(™~1 is absolutely continuous
on [z — uh,z] when u > 0, and on [z,z — uh| when u < 0, we have by a Taylor
expansion with the integral form for the remainder term (Theorem A.7.5) that

P —uh) — fa) = 3 U >+m [ a=nm e - runy .
(4.6)

r=1

From (4.4) and (4.6), we obtain

Bias f, (z / K(u (( u_l) /(I—T)mlf(m)(x—ruh)deu

= [T K@ [ (0 ) - 10 dra,

where, in the second equality, we used the fact that the kernel is of order £ = m+1.
Hence, by applying the generalised Minkowski inequality (Lemma A.8.7) twice,
and writing g,, .- (z,u) :== f (x — Tuh) — £ (z),

[ Biast o) o

/ {/ K(u (m—1)! /1(1 = 7)™ G, (2, 0) deu}de
L o T '
[ |u}i|7;) /1(1 - T)ml{/: ERCRY) dz}m dr dur

‘Uh|m ' m—1 B—m ’
= 1) (1 — 7)™ L|Tuhl dr du

_Fﬁ m+1) 2 2 28
=T

as required. When m = 0, we can proceed directly, with one application of the
generalised Minkowski inequality:

/Z Bias® f,(z d:v—/ {/ K (u)(f(z — uh) - f(z)) du}de

<[ / Z(f(x ~ uh) - f(x))de}l/g dur

< Lug(K)h*,

IN

IN

which completes the proof. ]
Putting together our last two results, we have the following:

Theorem 4.10. Fix 5, L > 0, and let fn be a kernel density estimator with kernel K
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iid

of order £ := [B] and bandwidth h > 0 constructed from Xi,..., X, ~ f € Fx(B,L).
Then
MISE(f,) < iR(K) + LMQ(K)hQB
" = nh {(e—1)n2"" '

In particular, when max{us(K),R(K)} < oo, there exist C = C(8,K) > 0 and
h:* = hi*(B,L,K) > 0 such that

sup MISE(fn,h;;,K) < O L2/ (28+1) ), —28/(26+1) (4‘7)
fe]:.’\/'(B7L)

Proof The first part follows from Propositions 4.7 and 4.9. For the second
part, the upper bound on the mean integrated squared error is minimised when
max{ps(K), R(K)} < oo by setting h = h}*, where

1/(28+1)
R(K>{(f( %)'}2> 2/ (2B+1) , —1/(28+1)
28p5 (K

het=hit(B, LK) = <

This yields

1/(26+1)
R(K)?7 3 (K) (28 + 1)2ﬂ+1> [2/(2B+1),=26/(26+1)

{(6=1)1}2(28)*

as required. O

MISE(fn,h;;*,K) < (

4.5 Bandwidth selection

The choice of bandwidth A}* in Theorem 4.10 is not completely practical, be-
cause § and L are typically unknown. Here we present two approaches to band-
width selection: one based on least squares cross-validation and the other based
on a variant of Lepski’s method. The former is attractive because it is reasonably
intuitive, and cross-validation techniques are very common ways of choosing tun-
ing parameters in many different statistical contexts (see Section 3.3); the latter
has the advantage of facilitating adaptive risk bounds.

4.5.1 Least squares cross-validation

Observe that, provided each of the terms is finite,

MISE(f,) = (/ 2 (x dz>—2E</ fulz d:c>+/:f2(x)dx, (4.8)

and since the last term doesn’t depend on h, it suffices to minimise the sum of the
first two terms on the right-hand side. Although this depends on the unknown f,
for n > 2 an unbiased estimator (see Exercise 4.8) is given by

LSCV(h / P2y do -2 Z fu(X2) (4.9)
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where
1

n—1

> Ku(x - X;).

J#

fn,fi(x) = fn,h,K,fi(x) =

The least squares cross-validation bandwidth selector iILscv is chosen to minimise
LSCV. For the problem in Figure 4.2, the least squares cross-validation trajectory
is plotted in Figure 4.4.
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Figure 4.4 Left: Least squares cross-validation trajectory (solid) for the
bandwidth selection problem in Figure 4.2, with n = 200, a Gaussian
kernel K and with fLLSCV shown as a solid vertical line. The third term
in (4.8) is included to facilitate comparison with the MISE trajectory
(dotted), which in this instance can be computed exactly; the bandwidth

that minimises MISE( fmh’ k) s given by the dotted vertical line. Right: A

kernel density estimate (solid) of the density of hpgcy (with bandwidth
chosen by least squares cross-validation!) based on 1000 repetitions of this
experiment; also shown is the log-concave maximum likelihood estimator
(dot-dashed), a nonparametric density estimator with no tuning parameters
that is studied in Chapter 9. The minimising MISE bandwidth is again given
as a dotted vertical line.

4.5.2 Lepski’s method

Lepski’s method is a very general approach for choosing tuning parameters in
an adaptive way; that is, without knowledge of the smoothness of the underlying
density. We present here a variant of the method, specialised to our kernel density
estimation setting, and where we are interested in estimating f at a particular
point z € R. Versions designed for estimating the whole density f are also possible,
but are more involved. Our main goal is to demonstrate that, in terms of mean
squared error, the price we pay for adaptation is only logarithmic in the sample
size when an upper bound on the smoothness is available. The specific algorithm
given here should be regarded as a theoretical device to achieve this aim rather
than a practical recommendation; for instance, successive points in the grid of
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possible selected bandwidths have a ratio of 2, and in practice one would want
to reduce this (which we have not done for simplicity of presentation).

Recall from Theorem 4.6 that if f € F(3,L) with 8 and L known, then we can
compute the kernel estimator f, - x(z) with bandwidth A of order n~1/2f+1);
this balances bounds of the form Cp 1 xh** and C} | ,/(nh) on the squared bias
and variance respectively, where Cp 1k, C 1 , > 0 depend only on 3, L and K.
Suppose now that L is unknown and that we are only given an upper bound ¢ on S.
Lepski’s method adaptively selects a bandwidth A from a pre-defined geometric
sequence H,, of candidate bandwidths. These extend from order n=' to n~ /(1)
up to logarithmic factors, so their range contains h! when n is sufficiently large.
The procedure constructs confidence intervals fnyh for E fn,h, k(x) based on a suit-
able kernel K and different choices of h € H,,. The width of each fny,,, is taken
to be a data-driven proxy for the standard deviation of fmh’ x(z), inflated by a
logarithmic factor, and does not depend on any estimates of 8 and L (and by
extension the bias). The required bias—variance trade-off is achieved by taking h
to be the largest value of h € H,, for which the intersection of all of the confidence
intervals fn,ﬁ with h € #,, N[0, h] is non-empty.

More precisely, given ¢ € N, we will take K to be a bounded kernel of order ¢
that vanishes? outside [—1, 1]. In the following definitions, we suppress dependence

on K wherever possible. Let T" := gg(‘%, and for § € (0, 1], define

2T 2 L% log, (4n) | _ 20
ng.—{nlog( 3 ).j—l,...,{2£+1log2(4n)J}.

Moreover, let f. := max{fn,hmax’K(x), 0} + 1 with Amax = hmaxons := max(H, s),
and define

) (32fooR(K) 1og(2|7vtn,fsl/5))”2

On,h,§ “— nh

Ips = [fnhK(l") — On,hs fn,h,K(l") + Gnohs)-

The Lepski choice of bandwidth can be computed as

]A“L(; = max{h S ’ng : ﬂ IAm;Lﬁ 75 @};

h€Hn,5N[0,R]
see Figure 4.5.

Theorem 4.11. Let K be a kernel of order { € N that vanishes outside [—1,1]
and is bounded. Let Xq,...,X, Y f € F(B,L) with 8 € (0,¢]. Then there exists

9 The existence of such a kernel can be proved in a very similar way to the existence of a
bounded kernel of order £ on R (see Exercise 4.1); instead of working with the Hermite
polynomials, which form an orthonormal basis with respect to the inner product
(f,9) = |7 f(z)g(z)¢(x) dx, we work with the Legendre polynomials, an orthonormal basis

with respect to the inner product (f,g) := f_ll f(@)g(z) dz.
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9min

fn,hmin,K(fE)” o fnj,,{;,x(x) E

Figure 4.5 In Lepski’s method, successive widths of the confidence

intervals for E fn,h’ K (z) decrease by a factor of \/5, and iLg is the largest grid
bandwidth for which the intersection of all of the confidence intervals up to
this point is non-empty. Here, 0min := 0p h,.;.,6 as shorthand, and hpin

min

and ﬁopt are defined in the proof of Theorem 4.11.

C =C(B,L,K) > 0 such that for every 6 € [n=3,1], we have with probability at least
1—6 that

log(log(4n)/5)>6/(25+1)
- )

i sc(®) = F()] < c(

In particular, taking h = }Azna, there exists C' > 0, depending only on B,L and K,
such that for every n € N,

MSB(f, () < ¢ (5"

23/(28+1)

It should be noted that the proof of this theorem does not show that A4 is close
to the optimal A} with high probability for large n. Instead, with reference to an
‘oracle’ bandwidth h,p, that is equivalent to A} up to a logarithmic factor, we
verify that for sufficiently large n > N(8, L, K, ) € N, the selected bandwidth
has the following properties on an event )y of probability at least 1 — ¢:

(a) hs > hopt /2 — the procedure avoids significant overfitting (i.e. undersmoothing).
The reason for this is that for h > 0, we have the decomposition

|fn,h,K<x) - f($)| < |fn,h,K(‘I) - Efn,h,K(xM + |Efn,h,K(‘r) - f(l')|,

stochastic error bias
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and on Qg for n > N, we show in (4.10) and (4.11) respectively that
(i) the stochastic error is at most 6,5, 5/2 for all h € H,, s;
(ii) the bias is at most 6, 5,5/2 for all h € H,, 5 N (0, hopt]-

Therefore, f(x) € I for all h € Hys5 N (0, hope] and hence hs > hop/2;
see (4.12). )

(b) The error |f, ; . (z) — f(z)| of the Lepski estimator f, ; . (z) is compa-
rable to that of the ‘oracle’ estimator fn}hoth(x) whose MSE is of order
(log(en)/n)zﬂ/(zﬁﬂ); see (4.13).

These two guarantees are characteristic of Lepski procedures for adaptive esti-

mation and model selection in a range of statistical contexts, including nonpara-
metric regression (studied in Chapter 5).

Proof Let Z; ), := Ky(z— X;) —EKj,(z— X;) for i € [n]. Then for all h € (0, huax),

Var(Zys) < E{KZ(x — X;)} = % /: K> (‘” - Z>f(z) dz

= fll/_1 K?(u)f(x — uh) du
R(K)

R(K)
su T+t = —foo.
h t:|t\s£,,axf( ) R

Note that |Z; | < 2||K||~/h, so by the version of Bernstein’s inequality in Ex-
ercise A.6.10 with o2 := @foo and ¢ := %, we have for each n € (0,1],
h € (0, hmayx) and n € N that

1/2
. {| Fosc () B ()] < <2fooR(fi)hlog(2/n)) . 2H312|Loo 10g<2)} S1o0

It follows by a union bound that the event 5 = Qy(n,d) defined by
Qp = {|fnhK($) - EfnhK(-r)‘

1/2
< (U=BU ool /9)) | A Ul

nh 3nh )

satisfies P(€25) < 8. Moreover (see Exercise 4.16), there exist ng = no(8, L, K) € N
and A = A(B,L) > 0 such that for n > ng and § € [n~3, 1], we have on £, that

foo < foo S A

Thus, for n > ng and § € [n=3, 1], we have on Qq that for every h € H, 5,

. . 211 R(K)10g(2 sl /0)\ " 20K |loo . [ 2[Hns]
’fn,h,K(x)_Efn,h,K(x”S( - + 37 log 5

< o 2RI Vg (2Hsl )\ _ Guns
- nh 2 7

) for all h € Hn,g}

(4.10)
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where the final bound follows from the definitions of Ayin = huminn.s := min(H, s)
and T, together with the fact that f.o > 1.
Let

)

10g<m75|/5>>1/<2ﬂ“>

n

hopt = (Dg,L,K

with Dg 1 == ([8] — 1)!\/8R(K)/{Lus(K)}, so that by Proposition 4.5 and the
fact that fo > 1, the b1as bound

L 2f.  R(K) log(2|Hnsl/6)\ "/
|]EfnhK |_ A= ),M,B( )P §2< fooR(K) Zi( |Hn,sl/ ))
= &”éh’é (4.11)

holds for all h < hepe. Since 1 < 28 +1 < 2041 and [H,s| = 575 log,(4n)] >
%H log,(4n) — 1, there exists ny = ny(3,L, K) € N such that for n > n; and
§ € [n73,1], we have

_2r 2|H, 5 426/ 2|H, 5
hmin - ? 10g< (5 S hopt S in/(28+1) lOg 5 S hmaX7

whence ﬁopt = max(?—[mg N (O,hopt]) > hept/2. It follows from (4.10) and (4.11)
that for n > ny Vn; and § € [n3, 1], we have on § that

| Foic (@) = f(2)] < Gnns  for all b € Hys 0 (0, hop)- (4.12)
In other words, on Qy and for n > no Vn, and § € [n~? 1] _we have f(z) €
ﬂheHn 50, In h.5, SO hs > hopt > hopt /2. Moreover, In o I, 1,5 79 by the
definition of hs. Thus, for n > ng Vny and 6 € [n=3,1], we have on Q that
| Frioie @) = F@)] < | Fos (@) = oo e @]+ o i (2) = ()]

S (&n,ﬁg,é + 6—n,i~10pt,§) + Un,fz

opt >0

N 1/2

n,hopt, 6 7
Pt nhopt

§ 24{AR(K)}1/2 (10g(2 10g2(4n)/5) >ﬂ/(25+1)7 (4.13)

1/(28+1)
D[},L,K n

where the final bound uses the facts that foo < A on Qg and |H, 5| < log,(4n).
Now observe that since hs > hpin > I'/n, we have even when €2y does not hold
that

2 K K
Fp (@) < Wl 1Bl g p0y < 4.
ELLT R h5 1’\

In particular, for n < ngVny, we have |fn,ﬁ5,K(~T> —fz)] < % + A, so by
choosing C' = C(8, L, K) > 0 sufficiently large, we can ensure that the first part
of the theorem holds for all n € N.
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For the second part, take 6 = 6,, =n=3, Qo = Qy(n,d,) and h= iAL(;". Using the
inequality (a — b)? < 2(a? + b?) for a,b € R and the fact that P(Q§) < n™3, we
have

MSE{f, . x(2)} = E[{ £ 1.1c(@) = F(2)} Tou] +E[{f k(@) = F(@)} 1os]

1 31oe(4 28/(28+1) 2 2
n I2

<c (log<en> )”“”*”

B n
for suitably large C' = C’(8, L, K) > 0. dJ

It turns out that the logarithmic price for adaptation is necessary; see Exer-
cise 8.20.

4.6 Choice of kernel

Having considered the choice of bandwidth, it remains to discuss the choice of
kernel. Here, we restrict attention to non-negative kernels, which are the ones
most commonly used in practice. The choice of kernel is coupled with the choice
of bandwidth, because replacing K with K(-/2)/2 and halving the bandwidth
leaves the estimate unchanged. We therefore fix the scale by setting ps(K) = 1.
Then, in view of Theorem 4.10, it is natural to seek to minimise R(K), subject
to the constraints that K is a non-negative second-order kernel with ps(K) =1,
as this would minimise our upper bound on the MISE in the case 5 > 2. The
solution to this optimisation problem is the Epanechnikov kernel Kg, given by

3 x?

K =—(1-=— )1 : 4.14

() 4\/5< 5) {lz|<VB}s ( )

see Exercise 4.9 and Figure 4.6. The ratio R(Kg)/R(K) is called the efficiency

of K; it measures the ratio of the sample sizes needed to obtain the same up-

per bound on the MISE when using Ky compared with K. Table 4.1 gives the
efficiencies of some standard kernels.

Kernel K(z) Efficiency
Epanechnikov Kg(z) 1
Normal o(x) 0.951
: 1
Triangular Z( - D1 <vs  0.986
Uniform ﬁﬂ{\zléﬁ} 0.930

Table 4.1 The efficiencies of some standard kernels.

From Table 4.1, we see that kernel shape does not affect efficiency greatly, and
other factors such as smoothness may be deemed more important.
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Figure 4.6 The Epanechnikov (left) and triangular (right) kernels.

4.7 Exercises

Exercise 4.1 Let ¢ denote the standard normal density function, which is a
bounded, second-order kernel. For r € Ny, define the rth Hermite polynomial
H.:R—Rby H.(z) = (-1)"¢") (x)/é(x). Prove that H, is a monic polynomial
of degree r that is even if r is even and odd if r is odd. Show further that

rl ifr=s,

| mmwswac={ ¢ 2

Now fix an integer ¢ > 2 and define

— H.(0)H,(u) _,z
K,(u) ::Z()Me 2,

Prove that K, is a bounded kernel of order #.
Exercise 4.2 For 8, L > 0, show that
F(B,L) = {z— LYF (LY g —a) : f € F(B,1),a € R}.
Show further that
Fn(B,L) = {a — L¥ P f(LY g —a) : f € Far(B,1),a € R}
Interpret the dependence on L of the bounds in (4.5) and (4.7) accordingly.

Exercise 4.3 For § € N and L > 0, define the Sobolev class S(3,L) to be the
set of (8 — 1)-times differentiable functions f: R — R for which f#~Y is abso-
lutely continuous with weak derivative satisfying [*_ (¥ (2)? do < L*. Recalling
the Nikol’ski class N (3, L) from Definition 4.8, prove that S(8,L) C N (B, L).
Writing Fs(3, L) for the set of densities in S(3, L), deduce that a kernel density
estimator f, constructed from Xi,..., X, N f € Fs(B,L) with a kernel K of
order ¢ := 8 and bandwidth h > 0 satisfies

L Ry +

A 1
MISE(f,) < - |

R A
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Exercise 4.4 (a) Verify the algebraic identity

¢U(m - M)¢U’ <.’E - /’Ll) = ¢00//(02+0/2)1/2 (.’E - ILL*)¢(O'2+O'/2)1/2 (/’L - /J’/)7
where p* := (6?u+ o?p') /(0 + ¢’*), and ¢, is the N(0,0?) density.
(b) Let Xy,..., X, 15 N(0,0?%). Taking K to be the N(0,1) density, show that
the mean integrated squared error of the kernel density estimate f,, = f,, » x with
kernel K and bandwidth h can be expressed exactly as

; 1 1 1 1 23/2 1
MISE =——q—+(1-= - —r.
SE(fn) = 5072 {nh +(1-1) (Z+o0i2 (2t 2072 T g}
Exercise 4.5 Use the expression from Exercise 4.4(b) to prove that

. 3nt
2ml/2nh - 3271/205°
Show further that ¢, € Fy (2, L) with L? = 3/(87'/25°).
Hint: You may find it easier to show that ¢, € Fs(2, L) with L? = 3/(87'/25°).
Compare the bound from the first part of this question with that obtained

from the general theory of Section 4.4 (using the intermediate bound in Proposi-
tion 4.9).

Exercise 4.6 Let f be a bounded density that is twice differentiable at = € R.
Let h = h,, be deterministic, with h — 0 and nh — oo as n — oo, and let K be a
non-negative, second-order kernel with max{R(K), u2(K)} < oo. Show that the

MISE(f,) <

kernel density estimator fn = fmh’ x based on X4,..., X, i f satisfies

MSB{f, ()} = [ RO ) + ) () h4+0< i +h4>

as n — o0.

Exercise 4.7 Let X1,..., X, ~ Exp(1), and consider the kernel density estimator

fn = fn n,x With the umform kernel K(x) := l{j4/<1/2} and bandwidth A > 0. Show
that

E{fn(l‘)} — %{67 max(z—h/2,0) e max(m+h/270)}.

By considering separately the cases h € (0,6] and h > 6, or otherwise, show that
there exists a universal constant ¢ > 0 such that

/OO Bias®{ f,(z)} dz > cmin(h, 1)

for all A~ > 0. Show further that there exists another universal constant ¢/ > 0
such that

/ZVar{fn }da;>—h

for all h € (0,1]. Conclude that
lim inf n'/? 1nf MISE(fn nx) > 0.

n— oo
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Exercise 4.8 Check that LSCV(h) as defined in (4.9) provides an unbiased esti-
mator of the sum of the first two terms in the expression for MISE(f,) in (4.8).

Exercise 4.9 Recall that the Epanechnikov kernel Ky from (4.14) is a second-
order kernel satisfying us(Kg) = 1. Let K, be another non-negative second-order
kernel with ps(Ky) = 1. By considering the function e := Ky — K, or otherwise,
show that R(Ky) > R(Kg).

Exercise 4.10 For 8,L > 0 and with m := [8] — 1, let F(3, L; [0, 1]) denote the
set of densities f: R — [0,00) that vanish outside [0, 1], are continuous on [0, 1]
and are m-times differentiable on (0,1) with

|f (@) = fO ()] < Llw = 2’1"~
for all z,2’ € (0,1). Prove that, given Xy,..., X, S F(B,L;[0,1]) and zq € [0, 1],
there exist a kernel K, a bandwidth h;, = h;,(8, L, K,z0) > 0and C = C(8,K) > 0
such that the kernel density estimator f, »- x satisfies

< L,2/(B+1) \y [2/(26+1) 1)

2B/ (25+1) Vo

sup By [{ fone x(m0) — flwo)}] < C

feF(B,L;[0,1])

Hint: Consider a ‘one-sided’ kernel and show that sup ez 101 [[fllec < C'(1V

LYB+DY for some C' = C'(B) > 0.

Exercise 4.11 In this question, we use multi-index notation for partial deriva-

tives, so for a = (ay,...,aq4)" € N&, x = (21,...,24)" € R? and a function f

whose ath partial derivative exists at z, we write f(*)(x) := a,ﬁ‘%(m), with
:Ll ld

la| == 2?21 a;. For B, L > 0, write m := [] — 1 and let F4(5, L) denote the class

of densities f on R? that are m-times differentiable, and for which

d B—m

for all z = (z1,...,2q4)", 2’ = (2,...,2,)" € R? and a € N¢ with |a| = m.
Further, let K be an integrable kernel on R of order ¢ := [f] that satis-

fies max{ps(K), R(K)} < oo. Given Xi,...,X, Yre Fa(B,L), where X; =

(Xi1,...,X;q)T for i € [n], consider the kernel density estimator f, obtained us-
ing a product kernel, namely

fulw) = 7 ZﬁK(W)

i=1 j=1
Prove that
A 1
MSE{ fu(z)} < WHfIIOOR(K)d + L*h* 03 4(K),

for some appropriate C 4(K) € (0,00). Deduce that
: ; < 124/ (B+d), 28/ (26+d)
’111;% MSE{ f.(z)} <CL n ,
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for some C' = C(B,d,K) € (0,00). The dependence of the exponent of n on the
dimension d is a manifestation of the curse of dimensionality, namely the increased
difficulty of statistical estimation problems in higher dimensions.

Exercise 4.12 Let K be a continuously differentiable kernel that vanishes outside
[—1,1], let f, denote a kernel density estimator with kernel K and bandwidth £,
and consider f; as an estimator of f’. Derive a bound of the form

/ Var f1 (z (K),

where the universal constant a > 0 and the function C;(K) of the kernel should
be specified. Let F denote the set of differentiable densities on R. Prove that if
f € Fis such that f' € N(B,L), and if K is of order ¢ := [S3], then

/ Bias® f/ (z) dz < Co(8, L, K)h?,
where the universal constant v > 0 and function Cy(3, L, K) should be specified.
Determine § > 0, depending only on §, such that

inf sup MISE(fn ni) < M
h>0 e F:freN(B,L) n
for all n € N. What does this say about the relative difficulty of estimating f

and f’ with respect to the mean integrated squared error criterion when they
each belong to N (3, L)?

Exercise 4.13 Let p € [2,00), and suppose that we wish to estimate a density f
with respect to the mean integrated pth power error

oo

MIPE(f) i= [ |f(a) - fla)P o
For 8,L > 0 and m := [B] — 1, let N,(5,L) denote the set of (m — 1)-times
differentiable functions ¢g: R — R for which ¢(™~b is locally absolutely continuous,
with weak derivative ¢(™ satisfying

oo 1/1’
{/ ’g(m)(;p—i—t) _g(m>(x)|pdx} < L[t~

for all t € R. Further, let Fx (3, L) denote the set of densities that are in NV, (3, L).
Prove that if f € Fu (3, L), and if K is of order [3], then the kernel density
estimator f, , x with bandwidth 2 > 0 and kernel K satisfies

_ p—1 p/2 p/2 _
2210 R,(K)  2PTCLR(K)P2(|fI[),  2r—2re (WP,

MIPE(funi) < = 5% DR e e

with R,(K) := [~ |K(u)Pdu and || f||; := (/7 \f(x)|qu)1/q for ¢ € [1,00), and
where C),, > 0 is as in the following hint.
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Hint: Rosenthal’s inequality states that if W1,..., W,, are independent and identi-
cally distributed with E(W1) = 0, and if p € [2,00), then

T e

npfl np/2
where C, > 0 depends only on p. Young’s inequality states that if g1,g2: R = R are
Borel measurable with max (||g1lg,, l92/l¢.) < 00 for some q1,qz € [1,00), then their
convolution g1 * go is Borel measurable and satisfies

g1 % g2llr < llg1llq, 1921l g2
where 1/q1 +1/qa = 1/r + 1.
Exercise 4.14 Let f be a density on R, and for A > 0, define f,: R — [0, 00| by
fn(z) :== (2h)7! fx+hf Let K be a kernel that vanishes outside [—1,1], and let
fn = fmh’ x denote the kernel density estimator with bandwidth h and kernel K

derived from Xi,...,X,  f. Prove that for p € [0,1/2] and § > p/(1 — p), w

have

> R 0o ) 21/2 1/2
]E/Oo|fn(x)—Efn(m)|dx < ||K||oo/oom1n{wl‘)ff/2,4fh}
TR [

229 K| CF, (1 + h)1-P R
< e ([ sl i)

where Cp 5 := [T (1 + |z|)~°=Aede =2p/((1 - p)d — p) € (0,00).

Exercise 4.15 Fix §,L > 0 and let m := [8] — 1. Recalling the definition of the
Holder class of densities F(3, L) from (4.3), prove that there exists A = A(8, L) >
0 such that

sup max Hf(j)||<>O < A
fEF(B, L)_] =0,1,...,

Deduce that there exists L' = L'(8,L) € (0,00) such that F(3,L) C F(«, L") for
all a € (0, ).

Exercise 4.16 In the proof of Theorem 4.11, show that there exist ng =
no(B,L,K) € N and A’ = A'(3,L) > 0 such that for n > ny and § € [n73,1],
we have on the event Qy = Qg(n,d) that

fo S f <A

4.8 Bibliographic details and background

The origins of kernel density estimation can be traced back to Fix and Hodges
(1951), later republished as Fix and Hodges (1989). Significant early papers in-
clude Rosenblatt (1956) and Parzen (1962), while the topic is also covered in the
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books of Devroye and Gyorfi (1985), Silverman (1986), Devroye (1987), Wand
and Jones (1995), Hart (1997), Wasserman (2006), Tsybakov (2009) and Scott
(2015). The finite-sample approach that we adopt here was emphasised by Tsy-
bakov (2009). As mentioned, applications of kernel density estimation include
classification (Hall and Kang, 2005), clustering (Matioli et al., 2018) and highest
density region estimation (Hyndman, 1996; Samworth and Wand, 2010; Doss and
Weng, 2018), among many others.

Bandwidth selection was a popular topic in nonparametric statistics in the
1980s and 1990s; see Wand and Jones (1995, Chapter 3) for a detailed account
of various practical proposals. Building on general cross-validation proposals by
Stone (1974) and Geisser (1975), the least squares cross-validation approach of
Section 4.5.1 was introduced by Rudemo (1982), with theoretical support pro-
vided by Stone (1984) and Hall and Marron (1987). The calculation of the MISE-
minimising bandwidth for mixtures of normal densities in Figure 4.4 was given
in Marron and Wand (1992). Lepski’s method, which provides a very general
approach to choosing tuning parameters in an adaptive way, was introduced by
Lepskii (1990); for a version tailored to estimating the whole density, see Lacour
et al. (2017). The price for adaptation to smoothness in nonparametric estima-
tion with pointwise loss was studied by Lepskii (1991), Brown and Low (1996)
and Tsybakov (1998).

The properties of the Epanechnikov kernel were described by Epanechnikov
(1969). Theoretical properties of multivariate density estimators over anisotropic
Nikol’ski classes were studied in detail by Goldenshluger and Lepski (2014); these
classes allow different levels of smoothness in different directions. For proofs of
Rosenthal’s inequality and Young’s inequality, see Petrov (1995, Theorem 2.9)
and Folland (1999, Proposition 8.9a) respectively. Exercise 4.14 is taken from
Feng et al. (2026, Lemma S29).
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