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We propose an active cognition approach to bounded rationality, in which agents use a
calculation algorithm to improve on the forecasts provided by a purely adaptive
learning rule such as least-squares learning. Agents’ choices of calculation intensity
depend on their estimates of the benefits of improved forecasts relative to calculation
costs. Using an asset-pricing model, we show how more rapid adjustment to rational
expectations and forward-looking behavior arise naturally when there are large
anticipated structural changes such as policy shifts. We also give illustrative applications
in which the severity of asset price bubbles and the intensity of hyperinflationary
episodes are related to the cognitive ability of the agents.
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1. INTRODUCTION

Although the rational-expectations approach has been the dominant methodology
in economics for over two decades, economists still have scant understanding of the
processes by which agents might acquire rational expectations. A recent outpouring
of work, however, has explored the idea that rational expectations may emerge from
passive adaptationon the part of agents. The typical model in this vein endows
agents with an adaptive learning rule that revises expectations in a given way each
time a new data point becomes available.1 A drawback of the passive adaptation
approach is that agents are not allowed to engage in any inferential process beyond
the updating procedure that is imposed by their learning rule. Importantly, publicly
available information concerning abrupt structural changes or future policies can
elicit only gradual responses that occur after the fact, because expectation revision
is driven solely by the ex-post accumulation of data. In essence, passive adaptation
restricts agents to highly inertial, backward-looking behavior, which rules out the
possibility of fast-adjusting, forward-looking behavior that may be realistic in
many contexts.
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We propose a new approach to modeling expectation formation, in which ex-
pectations emerge fromactive cognitionby agents. The key hypothesis in our
expectation-formation framework is that agents possess acalculation algorithm
that they use to formulate expectations. The algorithms that we study, which are
based on a true model of the economy, incorporate information about present
and future economic structure, and can be used with variable intensity within a
given period. Thus, agents are given an explicit capacity to adjust expectations
rapidly, and also to anticipate future events. Further, the algorithms are able to
approximate rational expectations arbitrarily closely if calculation intensity and
the forecast horizon are sufficiently great. In our framework, the cognitive effort
exerted by agents determines the extent and speed of adjustment toward rational
expectations.

Adaptive behavior also plays a role in our framework. Agents possessinput
functionsthat specify the initial inputs that are fed into the algorithm on its first
iteration in any period. The input functions map observed economic data, as well as
calculations made in past periods, to expectations that serve to initialize calculation.
If agents choose not to calculate, then expectations are determined by the input
functions; thus, the input functions constitute the passive adaptive component of
our framework. As a consequence, our approach may be viewed as building a
calculation capacity on top of an adaptive learning scheme.

In the active cognition approach to bounded rationality, a central issue is the
determination of the intensity of cognitive effort. In our past work on expectation
calculation [Evans and Ramey (1992, 1995)], we resolved this issue by positing
that agents choose their intensity of calculationoptimally; that is, they make the
calculation decision that gives the optimal balance between theiractuallosses from
forecast errors and the costs of calculation.2 We break new ground by develop-
ing an alternative approach to calculation decisions, which utilizes the algorithm
itself to assess the gains in forecast accuracy obtaining from calculation, rather
than endowing agents with “correct guesses” of these gains. The key idea is that
agents perform adiagnostic calculationas part of each iteration of the calculation
algorithm. The diagnostic calculation computes atarget expectationthat is used to
evaluate how the algorithm has performed on its previous iterations. Agents cease
calculating when the reduction in losses from forecast errors, as assessed relative
to the target expectation, fails to make up for the costs of calculating.

We continue our practice of developing our calculation framework in the con-
text of a specific economic model. Here, we consider a version of the classical
overlapping-generations model, in which there is a single durable asset. Young
agents’ demands for the asset are determined by the expected rate of return. We
endow the agents with calculation algorithms that are well suited for computing
expected returns in dynamic macroeconomic settings; in particular, agents may use
one of two versions of the extended path algorithm of Fair and Taylor (1983), or
the parameterized-expectations algorithm of Marcet (1991). A very broad class of
adaptive learning rules gives suitable specifications of the input function. In partic-
ular, we develop an application that generates initial inputs using an autoregressive
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forecast rule, the parameters of which are estimated from the observed data via
recursive least squares. Calculation decisions are made according to a simpleadap-
tive sequential calculation decision rule(CDR) under which calculation is halted
as soon as the preceding iteration is assessed to have yielded a negative net benefit.

We verify analytically that, in a stationary environment and with suitably re-
stricted versions of the three calculation algorithms, the adaptive sequential CDR
generates expectations that give an arbitrarily close approximation to rational ex-
pectations, when the forecast horizon of the algorithm is sufficiently long and
calculation costs are sufficiently low.3 We show further, however, that the speed
of adjustment to rational expectations, and the degree to which agents anticipate
future structural changes in a nonstationary environment, depend on the level of
calculation costs. In a numerical simulation that relates the path of expected re-
turns to the costs of calculation for an anticipated policy change, the solution path
shifts smoothly from the fully adaptive solution to the fully rational solution as
calculation costs fall to zero. In this way, our framework fills in the gap between
adaptive and rational expectations.

To illustrate potential applications of our approach, we assess the implications
of expectation calculation for asset pricing when the adaptive forecasting rule leads
agents to forecast asset price bubbles. The characteristics of bubbles are sensitive to
the level of calculation costs: As calculation costs fall, bubbles become smaller and
break sooner, and the crashes that ensue are less intense. In the limit, the solution
path approaches the steady-state rational-expectations equilibrium (REE). Thus,
our expectation-formation framework yields a theory in which financial-market
instability is linked explicitly to the cognitive abilities of traders.

In a second application, we develop an extension of the overlapping-generations
model in which the government may issue money to finance persistent deficits, giv-
ing an overlapping-generations version of the Cagan-Fisher hyperinflation model
[see Evans and Ramey (1995)]. The government’s ability to temporarily run an
unsustainably-high deficit depends critically on calculation costs: For lower lev-
els of calculation costs, agents’ expectations adjust faster during the high-deficit
phase, giving rise to a hyperinflationary episode that terminates in collapse of the
currency. Thus, the costs and benefits of policy choices, as well as their long-
run effects, can depend critically on agents’ cognitive abilities as expressed by
calculation costs.

In addition to developing a new approach for determining calculation decisions,
the current paper builds on our two previous papers by allowing calculation al-
gorithms to have an arbitrarily long forecast horizon, and also input functions
may utilize observed data. We restrict attention to a deterministic environment;
fully incorporating stochastic elements into our calculation framework remains a
high priority for future work. In addition, we continue our practice of assuming
that agents possess an accurate structural model of the economy with which they
can perform calculations. We also plan to relax this assumption in future work.
There exist few other papers on active-cognition approaches to modeling bounded
rationality in economic contexts; see Conlisk (1988) and de Palma et al. (1994)
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for models in which cognitive effort serves to reduce stochastic errors in one-
agent decision models. Conlisk (1996) gives methodological arguments in favor
of bounded-rationality approaches, along with an extensive survey of the literature.

The sequel proceeds as follows. Section 2 introduces the overlapping-generations
model that gives our economic structure, and Section 3 develops the calculation
framework. Analytical results are given in Section 4, a numerical example of an
anticipated policy change is presented in Section 5, applications to asset price bub-
bles and deficit policy are developed in Section 6, and conclusions are presented
in Section 7. Proofs of the analytical results are collected in the Appendix.

2. ECONOMIC MODEL

In this section, we develop a structural economic model that will form the base
on which we construct our calculation framework. We consider a deterministic
version of the classical overlapping-generations model in which there is a sin-
gle durable asset. Each generation consists of a unit mass of atomistic agents
that live for two periods. Letc1 andc2 denote consumption in the first and sec-
ond periods for each generation. Utility is given byV(c1) + W(c2), where we
assumeV ′, W′ > 0, V ′′, W′′ < 0 and limc1→0 V ′(c1) = limc2→0 W′(c2) = ∞. Let
y1 > 0 denote first-period endowment income, and assume that second-period en-
dowment income is zero.

There is a single durable asset, the total supply of which isG in every period.
The asset yields a dividend ofd > 0 per unit in each period. Letqt denote the price
of the asset in periodt . The one-period gross rate of return on the asset between
periodst andt + 1, writtenrt+1, is given by

rt+1 = d + qt+1

qt
.

The period-1 consumption of each generation is given byc1(r e
t+1), which solves

max
c1

{
V(c1) + W

(
(y1 − c1)r

e
t+1

)}
, (1)

wherer e
t+1 gives agents’ expectation ofrt+1 held in periodt . Throughout this

paper, we make the assumption that the substitution effect strictly dominates the
income effect, so thatc1(r e

t+1) is a strictly decreasing and differentiable function
that satisfies 0< c1(r e

t+1) < y1 for every positiver e
t+1. It is also convenient to impose

the added condition thatc1(r e
t+1) → 0 asr e

t+1 → ∞ andc1(r e
t+1) → y1 asr e

t+1 → 0.
The level ofqt that clears the asset market, writtenF(r e

t+1), is determined by

F
(
r e

t+1

) = y1 − c1
(
r e

t+1

)
G

. (2)

Observe thatF(r e
t+1) is strictly positive, strictly increasing, and differentiable, and

thatF maps the positive reals onto(0, y1/G). For a given pair of expected returns
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r e
t+1, r e

t+2, the realized returnrt+1 is expressed as the functionT(r e
t+1, r e

t+2), which
we call theT-mapping. In particular, theT-mapping is defined by

T
(
r e

t+1, r e
t+2

) = d + F
(
r e

t+2

)
F
(
r e

t+1

) . (3)

The T-mapping is strictly decreasing inr e
t+1, strictly increasing inr e

t+2, and dif-
ferentiable. This map provides the basis for the calculation algorithms discussed
below.

In a REE, agents’ expected returns are in agreement with the realized re-
turns generated by those expectations. Because our model is nonstochastic, ra-
tional expectations amount to perfect foresight and such a solution will satisfy
rt+1 = T(rt+1, rt+2). Let rt+1 = S(rt+2) denote theperfect-foresight solutionim-
plicitly defined by this equation.S(rt+2) gives the level ofrt+1 that is associated
with an equilibrium in periodt for givenrt+2:

S(rt+2) = d + F
(
rt+2

)
F(S(rt+2))

.

It is straightforward to verify that there exists a single valuer̂ that satisfieŝr = S(r̂ ).
Thus,r̂ is a unique steady-state REE. Further,Sis strictly increasing, differentiable
with S′(r̂ ) < 1, and maps the positive reals into a bounded interval. It follows
that no REE exists other than the steady state: Ifr1 > r̂ initialized a REE, then
returns would follow the upward-sloping path determined byrt = S(rt+1), which
eventually would generate returns too large to be compatible with market clearing.
Similarly, r1 < r̂ would initialize a downward-sloping path of returns that would
eventually violate market clearing.4

3. CALCULATION FRAMEWORK

3.1. Overview

Before giving a detailed presentation of the particular calculation algorithms that
we consider, it is helpful first to present a general overview of our expectation-
formation framework. The basic idea is that agents possess a recursive numerical
algorithm that they use to calculate expectations in each period. From the infor-
mation that they hold at the start of a period, the agents determine a starting point,
or initial input, for calculation in the period. Agents then perform iterations of the
algorithm, each of which takes the output of the preceding iteration as input. After
some number of iterations, agents cease calculating and use the output of the final
iteration as the expectation on which their economic decisions are based.

More formally, letβ be anexpectation parameterthat represents possible ex-
pectations agents may hold. LetB give the set of allβ, and letBk denote the set
of all k-tuples of elements ofB for givenk. Let ht denote an agents’information
setat periodt , which comprises (1) the history of realized returns up to period
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t − 1; (2) expectations held by the agent in preceding periods; and (3) informa-
tion about future economic structure that the agent possesses at periodt , such as
preannouncements of future government policy. LetHt give the set ofht . The
expectation-formation framework is composed of three ingredients:

1. Acalculation algorithm, A :Ht ×B→B, which recursively determines outputsβk =
A(ht , β

k−1) from an initial inputβ0.
2. An input function, I:Ht →B, which maps information sets to initial inputsβ0 =

I (ht ).
3. A CDR,K :Ht ×∪∞

k=0Bk+1 → {Continue, Stop}, which indicates whether to continue
calculating or to stop following thekth iteration, givenht and the ensuing calculation
trajectoryβ0, . . . , βk.

Calculation ceases at the first value ofk such thatK (ht , β
0, . . . , βk) = Stop.

Let this value ofk be denoted bykC
t ; thus,kC

t gives the number of calculations
that are performed in periodt , given the information setht . Let βC

t = βkC
t de-

note the final output of the algorithm in periodt . In the context of the structural
model of Section 2,βC

t determines an expected returnr e
t+1(β

C
t ) and a realized price

qt (r e
t+1(β

C
t )). Further, for an information setht+1 that is a continuation ofht , the

expectationsβC
t andβC

t+1 calculated in periodst andt + 1 determine the realized
rate of returnrt+1 = T(r e

t+1(β
C
t ), r e

t+2(β
C
t+1)).

5

3.2. Calculation Algorithms

We now introduce some particular specifications of calculation algorithms that
can be used to implement our framework. These algorithms have been designed
for calculation of REE in dynamic macroeconomic applications, making them
well-suited for expectation calculation by our agents. Each of the algorithms we
consider is based upon theT-mapping described in the previous section, i.e., upon
the true structural model of the economy. This assumption could be relaxed to
allow agents to have misspecified models of the economy, but endowing them with
a correct structural model is a natural benchmark specification for our calculation
framework.

3.2.1. Extended path (EP) algorithm.The EP algorithm of Fair and Taylor
(1983) calculates expectations by iterating a structural model of the economy
out to a given forecast horizon. Expectations in periodt are parameterized by
βt = (rt,1, rt,2, . . . , rt,H+1), whereH gives the forecast horizon of the algorithm,
andrt,s denotes the expectation ofrt+s held at periodt . The EP algorithm fixes
rt,H+1 at its initial input levelr 0

t,H+1, and on each iteration it adjusts the other rates
rt,s, s≤ t toward the realized rates that would be generated by the expectation
βk−1

t . Thus, iterations are performed as follows:

r k
t,H+1 = r k−1

t,H+1,
(4)

r k
t,s = λT

(
r k−1

t,s , r k−1
t,s+1

)+ (1 − λ)r k−1
t,s
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for s = 1, . . . , H . The damping factorλ ∈ (0, 1) is applied to counteract numerical
problems in calculating equilibria, such as explosive oscillation.

3.2.2. Modified extended path (MEP) algorithm.The EP algorithm can be
modified by making use of the fact thatr k

t,H+1 remains fixed, while the values
r k−1

t,s+1 are recursively fed backward into revisions of earlier forecasted rates. This
makes it possible to use newly calculated valuesr k

t,s+1, rather than the valuesr k−1
t,s+1

from the previous iteration, in revising the earlier rates. In particular, the MEP
algorithm operates as follows:

r k
t,H+1 = r k−1

t,H+1,
(5)

r k
t,s = λT

(
r k−1

t,s , r k
t,s+1

)+ (1 − λ)r k−1
t,s .

Observe that the only difference between EP and MEP is thatr k−1
t,s+1 in equation

(4) is replaced byr k
t,s+1 in equation (5). In essence, EP iterates the entire string

(rt,1, . . . , rt,H+1), whereas MEP revises the string element-by-element via back-
ward recursion. An advantage of MEP is that it makes use of information that is
calculated within the current iteration.

3.2.3. Parameterized expectations (PE) algorithm.The PE algorithm of
Marcet (1991) specifies a functionJ :Ht ×B→ RH+1 that, for a given informa-
tion setht , maps the expectation parameterβ to a string(rt,1, . . . , rt,H+1) giving
the forecasted rates of return. The key feature of the PE algorithm is that the set
of possible expectation strings.(rt,1, . . . , rt,H+1), which may be very large, is re-
duced to a more managable subset that is parameterized byβ. Each iteration of
the PE algorithm consists of two steps.

Step 1. Simulated datâr k
s , s = 1, . . . , H are generated by combining the forecasted

returnsJ(ht , β
k−1
t ) = (r k−1

t,1 , . . . , r k−1
t,H+1) with theT-mapping:

r̂ k
s = T

(
r k−1

t,s , r k−1
t,s+1

)
. (6)

Step 2. The model̂r k
s = Js(ht , β), s = 1, . . . , H is used to estimatêβ

k
t , e.g., by nonlin-

ear least squares, and the expectation parameter is adjusted towardβ̂
k
t :

βk
t = λβ̂

k
t + (1 − λ)βk−1

t .

For expositional ease, we have thus far focused on a stationary structural envi-
ronment; in particular, the parametersy1, G, andd have been taken to be invariant
across periods. It is immediate, however, to extend the preceding calculation al-
gorithms to incorporate nonstationarity. For example, if first-period endowment
incomes are given by a sequencey1,t , t = 1, 2, . . . , then we may letTt (r e

t+1, r e
t+2)

give theT-mapping that corresponds to the pairy1,t , y1,t+1.6 The preceding algo-
rithms then may be modified by usingTt+s(r e

t+1, r e
t+2) in (4), (5), and (6). In this

https://doi.org/10.1017/S1365100598007020 Published online by Cambridge University Press

https://doi.org/10.1017/S1365100598007020


              

CALCULATION, ADAPTATION AND EXPECTATIONS 163

way, the algorithms can incorporate agents’ beliefs about future changes in the
environment that are contained inht .

3.3. Input Functions

The input function generates an agent’s initial guess of the REE path that is obtained
from past observed rates of return and the agent’s own past calculations. As such,
the input function represents the passive adaptation component of our expectation-
formation framework. Suitable specifications of the input functions may be drawn
from the variety of learning schemes that have been studied in the recent literature.7

The following gives a representative example of a recursive least-squares learning
rule.

3.3.1. Autoregressive forecasting rule.Let (r 0
t,1, . . . , r 0

t,H+1) be determined
recursively by

r 0
t,s+1 = α0,t + α1,t r

0
t,s (7)

for s = −1, 0, 1, . . . , H , where under our timing assumptions,r 0
t,−1 = rt−1 gives

agents’ most recent observation of the realized rate of return as of periodt . The
parametersαt = [α0,t , α1,t ]′ are estimated using recursive least squares. Putting
xt−1 = [1, rt−1]′, we have

αt = αt−1 + γt Z−1
t xt−1(rt−1 − x′

t−1αt−1), (8)

Zt = Zt−1 + γt (xt−1x′
t−1 − Zt−1) (9)

for given initial valuesα0 and Z0, whereγt , t = 1, 2, . . . is a prespecified gain
sequence (recursive least-squares setsγt = 1/t). The string(r 0

t,1, . . . , r 0
t,H+1) gives

β0
t directly for the EP and MEP algorithms, whereas for the PE algorithm the initial

valueβ0
t is obtained by fittingr 0

t,s = Js(ht , β), s= 1, . . . , H + 1.

3.3.2. Prior calculations. Alternatively, an agent may rely solely on his cal-
culations from preceding periods to provide initial inputs for calculations in the
current period. Let (r C

t−1,1, . . . , r C
t−1,H+1) give the final outputs from periodt − 1

calculations. Period-t inputs are given byr 0
t,s = r C

t−1,s+1 for s = 1, . . . , H , whereas
r 0

t,H+1 is determined using some additional relationship. Input functions also may
combine past calculations with past observations, e.g., initial inputs might be an
average of the autoregressive forecasts and the past calculations.

3.4. CDR

The CDR determines the number of iterations to be performed as a function of the
information set and the realized calculation trajectory. One simple specification
of the CDR, which mimics the practice of applied macroeconomists, would set a
toleranceδ > 0 and stop as soon as|βk

t −βk−1
t | < δ. We are interested, however, in

obtaining a CDR that reflects a balancing of the costs and benefits of calculation;
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for example, an agent with a lower cost of computation presumably would set a
smaller value ofδ.

We consider a CDR wherein agents perform adiagnostic calculationto estimate
the gain in utility due to reduced forecast errors, and then compare this estimate to
the costs of calculation in order to evaluate the net benefit of continued calculation.
Let U (r e

t+1, rt+1) denote the agent’s utility when the expected return isr e
t+1 and

the realized return isrt+1:

U
(
r e

t+1, rt+1
) = V

(
c1
(
r e

t+1

))+ W
((

y1 − c1
(
r e

t+1

))
rt+1

)
.

Let vk denote the utility cost of thekth iteration fork = 1, 2, . . . , n, wheren
gives the maximum number of iterations that are possible in a period. Beginning
with an initial inputβ0

t andk = 1, the calculation decision is determined as follows:

Step 1. Calculateβk
t .

Step 2. Calculate atarget expectation r∗t+1 = T(r k
t,1, r k

t,2). Stop calculating if eitherk = n
or

U
(
r k

t,1, r ∗
t+1

)− vk < U
(
r k−1

t,1 , r ∗
t+1

)
. (10)

Otherwise, continue to thek + 1st iteration.

Here, step 1 represents the usual operation of the calculation algorithm, whereas
step 2 gives the diagnostic calculation that assesses the performance of the algo-
rithm by estimating the net benefit of the preceding iteration, relative to a target
return computed from theT-mapping. The target return indicates roughly where
the calculation trajectory is headed, allowing agents to assess the marginal impact
of the latest iteration on forecast accuracy. Note that the CDR requires at least one
iteration of the algorithm to be performed in each period. This initialtest calcula-
tion forces at least one pass through the algorithm in every period, and it thereby
ensures that anticipations of future structural changes are incorporated into the
estimated net benefits of calculation.

This CDR isadaptive, in the sense that it relies only on information that is either
in the agent’s information set or obtained by the agent’s own calculations. The CDR
is alsosequential, because a decision as to whether to stop calculating is made after
each iteration.8 Thus, we refer to it as theadaptive sequential CDR. Importantly,
the adaptive sequential CDR does not necessarily generate a calculation decision
that isfully optimalfrom the agent’s point of view, in contrast to the optimal CDR
considered by Evans and Ramey (1992, 1995). In the present case, calculation
decisions may be suboptimal either because the criterion (10) serves to stop calcu-
lation prior to carrying out the optimal number of iterations, or because the target
returnr ∗

t+1 does not give the actual rate of return that would be realized given the
calculation decisions of the other agents. The advantage of the adaptive sequential
CDR, however, is that it gives a complete description of how agents form expec-
tations, unlike the optimal CDR, which endows agents with correct conjectures of
the benefits of calculating without modeling how those conjectures are obtained.
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4. ANALYTICAL RESULTS

4.1. Convergence

In this section, we investigate whether the algorithms of Section 3.2 are well be-
haved, in the sense that, for the stationary environment, the calculation trajectories
converge to the steady-state REE from any initial inputs. Convergence may be
problematical, however, in that the outputs of the algorithm are potentially un-
bounded: As expected rates of returnr e

t+1 approach zero, the corresponding prices
F(r e

t+1) also approach zero, so that from (3) we haveT(r e
t+1, r e

t+2) → ∞. To ad-
dress this difficulty, we impose aprojection facility that replaces ratesr k

t,s > r̄ ,
either inputs or outputs, with the rater k

t,s = r̄ , for some given̄r > r̂ . We may take
r̄ to be as large as desired.9 Further, we need to ensure that the algorithms are
sufficiently damped; for the propositions that follow, we assume thatλ ∈ (0, λ̄),
for a given level̄λ > 0 that is derived in the Appendix.

The following proposition establishes convergence of EP and MEP for arbitrary
initial inputs.

PROPOSITION 1.
(i) For anyβ0

t , infinite iterations of either EP or MEP yield a limitβ∞
t that satisfies

r ∞
t,s = S(r ∞

t,s+1), s= 1, . . . , H ; and
(ii) For any given neighborhood of̂r , there existsH such that, for any β0

t and H≥
H , r ∞

t,1 lies in the neighborhood.

Part (i) of the proposition states that EP and MEP converge to a string (r ∞
t,1, . . . ,

r ∞
t,H+1) that gives a perfect-foresight solution for periodst to t + H . Because

we haver ∞
t,H+1 = r 0

t,H+1 by definition, the limiting expectations define a perfect-
foresight path leading tor e

t+H+1 = r 0
t,H+1. This convergence result utilizes the

projection facility and damping assumption to generate calculation trajectories
that aremonotonicfor each element of the string. Monotonicity ensures that limits
of (4) and (5) exist, and clearly these limits must give perfect-foresight solutions.
Part (ii) indicates that, in the stationary case, sufficiently long perfect-foresight
paths must have initial elementsr e

t+1 that are very close to the steady-state REE,
as a consequence of the fact that the backward dynamics of the perfect-foresight
solution converge tôr .

To illustrate how the PE algorithm can be implemented in the stationary environ-
ment, let us takeβ simply to be a nonnegative scalar giving the agents’ expectation
of the steady-state rate of return. It then suffices to putJs(ht , β)= β, s= 1, . . . ,

H + 1 (i.e., for any information set,J generates a constant string of lengthH + 1)
and to specify any unbiased estimator for step 2. We refer to this specification as
thesteady-state PEalgorithm. By analogy to Proposition 1, we have the following
proposition.

PROPOSITION 2.For any β0
t , infinite iterations of steady-state PE yield a

limit β∞
t that satisfiesβ∞

t = r̂ .
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Here,H = 1 suffices to generate convergence to the steady-state REE; largerH
serves only to generate redundant data.10

4.2. Calculation of Steady-State REE

Under the adaptive sequential CDR, the intensity of agents’ calculation is related
to calculation costs, where the latter are reflected by the parametersn andvk. In
this section, we consider calculation behavior under low calculation costs in the
stationary environment. Here, the input functions are assumed to generate constant
stringsr 0

t,s = r 0, s= 1, . . . , H + 1; this reflects the notion that agents are seeking
to calculate the steady-state REE. If calculation costs are sufficiently low, then the
adaptive sequential CDR leads agents to calculate expectations that are arbitrarily
close to the steady-state REE, as the following proposition demonstrates.

PROPOSITION 3.For any given neighborhood ofr̂ and every H sufficiently
large, there existn andv̄ such that if n≥n andvk < v̄, k = 1, . . . , n, then calcula-
tion ceases under either EP or MEP only if rk

t,1 lies in the neighborhood, uniformly
overβ0

t .

Proposition 3 expresses the sense in which expectations under our calculation
framework approximate full rationality when calculation costs are low. High levels
of n and low levels ofvk mean that agents are able to perform a great many
iterations in a period, at a low cost per iteration. As shown in Proposition 1(ii),
intense calculation generates expectations that approximate the steady-state REE
if the forecast horizonH is sufficiently long. Thus, agents obtain approximately
rational expectations when they can look far ahead and carry out many iterations
at low cost. The proof of Proposition 3 exploits the monotonicity of convergence
under our assumptions, which ensures that agents perceive increases in their utility
as they continue to calculate.11

We have a parallel result for steady-state PE; as above, it suffices to setH = 1.

PROPOSITION 4.For any given neighborhood ofr̂ , there existn andv̄ such
that, for n ≥n andvk < v̄, k = 1, . . . , n, calculation ceases under steady-state PE
only if rk

t,1 lies in the neighborhood, uniformly overβ0
t .12

4.3. Nonstationary Environments

We conclude our theoretical analysis by establishing some properties of the adap-
tive sequential CDR that hold in nonstationary environments. Input functions now
are allowed to generate arbitrary strings (subject to the projection facility). The
following proposition considers how calculation costs affect the intensity of cal-
culation.

PROPOSITION 5.If vk is reduced for every k, then for any given ht andβ0
t ,

calculation in period t ceases under any algorithm after a weakly greater number
of iterations.
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This proposition, which is a trivial implication of the stopping rule (10), shows
that the adaptive sequential CDR delivers the correct comparative statics with
respect to calculation costs.

We next consider how the results pertaining to EP and MEP for stationary en-
vironments extend to nonstationary settings. Proposition 1(ii) continues to hold
in the nonstationary case, given that the parametersy1, G, andd are restricted
to a compact set. Further, if the environment is stationary for all periods follow-
ing t ′, for somet ′ > t , then the perfect-foresight path emanating backward from
the limiting steady state determines a unique REE; as an immediate corollary to
Proposition 1(ii), the limiting expectationsr ∞

t,1 can be made arbitrarily close to the
corresponding REE values by takingH sufficiently large.13

Finally, we derive the following special property of MEP.

PROPOSITION 6.If vk = 0, k = 1, . . . , n, then for any given ht andβ0
t , calcu-

lation does not cease under MEP until k= n.

This full-calculation result emerges from the fact that, under MEP, monotonic
convergence ofr k

t,1 ensures that perceived utility must rise with every iteration.
As long as the cost per iteration is zero, the adaptive sequential CDR leads agents
to make as many calculations as possible.14 Given that the economy eventually
achieves a steady state, it follows that the adaptive sequential CDR yields an
arbitrarily close approximation of the REE whenH andn are sufficiently large and
the valuesvk, k = 1, . . . , n are sufficiently small. We do not obtain a corresponding
result for EP because the needed monotonic convergence cannot be guaranteed for
arbitrary nonstationary environments.15

5. NUMERICAL EXAMPLE

In this section, we analyze a numerical example in which agents are confronted
by an anticipated future change of a structural variable. Let the utility function be
given by

V(c1) + W(c2) = c1−σ
1

1 − σ
+ φc1−σ

2

1 − σ
,

where we takeσ = φ = 0.5. The economy begins in a steady-state REE with
y1 = 30 andG = d = 1, in whichr̂ ∼= 1.15. At the beginning of period 1, the gov-
ernment announces an income tax such thaty1 will be permanently reduced to 20
beginning in period 11, giving a new steady-state REE ofr̂ ∼= 1.215.16 Solution
paths for expected rates of returnr e

t+1 are shown in Figure 1. The announcement
produces a unique REE that is depicted by the solid line in Figure 1: The large
capital loss in period 10 is fully anticipated, and it leads to a steady decline in
returns leading up to period 10. In contrast, expectations under the adaptive rule
(11), along with the correct expected returns corresponding to adaptive expecta-
tions, are given by the dashed lines. Under adaptive expectations, agents take no
account whatsoever of the policy announcement, and they react only following
period 11, when the policy change begins to show up in the observed data.
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FIGURE 1. Rational and adaptive expectations solutions.

The calculation framework is specified as follows: Let the algorithm be given by
MEP, with H = 5 andλ = 0.1. Here, we invoke an alternative projection facility
that replaces any valuesr k

t,s < 0.1 with 0.1. For the input function, we use the
following simple adaptive rule:

r 0
t,s = 0.3rt−1 + 0.7r 0

t−1,1 (11)

for s= 1, . . . , H + 1. Observe that (11) relies only on past observed rates of return
and generates a constant string as the initial input. The adaptive sequential CDR
hasn = 60 andvk = v, k = 1, . . . , n, i.e., the cost per iteration is constant. We
consider the effect of calculation costs on the solution paths by varying the level
of v.

Under our calculation framework, the announcement enters agents’ information
setsht for t ≥ 1, and calculation algorithm incorporates the corresponding future
path ofy1,t . Figure 2 depicts paths of the number of calculationskC

t generated by
the CDR for various levels ofv. For sufficiently low calculation costs, intensive
calculation commences prior to period 11, as agents seek to adjust their expec-
tationsin anticipation ofthe structural change. Further, as calculation costs fall,
agents react sooner as well as more intensively. Figure 3 reports the corresponding
paths of calculated expected rates of returnr C

t,1, together with the REE and adaptive
paths from Figure 1. As calculation costs fall, expectations shift smoothly from
adaptive to REE levels. Note that the shift occurs bothbeforeand after the policy
change.17
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FIGURE 2. Number of calculations per period.

FIGURE 3. Paths of expected returns.

https://doi.org/10.1017/S1365100598007020 Published online by Cambridge University Press

https://doi.org/10.1017/S1365100598007020


              

170 GEORGE W. EVANS AND GAREY RAMEY

6. APPLICATIONS

6.1. Asset-Pricing Bubble

The structural model of Section 2 exhibits bubble-like dynamics, in the sense
that, for rates of return above the steady-state REE, the perfect-foresight dynam-
ics given by the maprt+1 = S(rt+2) generate temporarily self-fulfilling upward-
sloping paths of returns (and analogously downward-sloping paths for rates of
return below the steady state). Temporarily explosive or bubble-like paths may
emerge under adaptive expectations, given forecasting rules that allow for the pos-
sibility of such phenomena.18 In this section, we present an example of our calcu-
lation framework in which an adaptive component of the input function generates
a self-sustaining upward bubble that leads eventually to a crash. As calculation
costs fall, agents become better able to anticipate the crash; correspondingly, the
bubble becomes smaller, and it breaks sooner.

Consider the example of the preceding section, withy1 = 30 for all periods and
the calculation algorithm and CDR unchanged. The input function is given by
a combination of the autoregressive forecast rule developed in Section 3.3 and
past calculations. Let the forecasted rates determined by (7)–(9) be denoted by
r A

t,s, s= 1, . . . , H + 1, and let the inputs be determined by

r 0
t,s = 0.2r A

t,s + 0.8r C
t−1,s+1

for s = 1, . . . , H + 1, where we taker C
t−1,H+2 = r C

t−1,H+1. The autoregressive
rule is initialized byα0,0

∼= −1.15,α1,0 = 2 with Z0 equal to the 2× 2 identity
matrix and a fixed gain ofγt = 0.02. These initial parameter values are consistent
with a steady-state REE atr̂ ∼= 1.15, whereas the high value ofα1,0 ensures that
agents are prone to forecast a bubble should higher rates appear in the data. Past
calculations are initialized so that agents begin by conjecturing a slight bubble,
with r C

0,1 = r̂ and

r C
0,s+1 = r C

0,s + 0.001
(
r C

0,s

)2

for s = 1, . . . , H . A key feature of this input function is that inputs are not restricted
to constant strings, but rather can take the form of upward- or downward-sloping
bubbles.

Solution paths for expected rates of return are shown in Figure 4. Under adaptive
expectations, returns are driven steadily upward by feedback from the adaptive
forecasting rule. The bubble breaks in period 15, and a sharp crash ensues.19

When the calculation algorithm is utilized, there is an initial wave of calculation
that counteracts the upward path of the bubble, followed by a second wave that
counteracts the crash. These waves occur sooner for lower levels ofv. This pattern
is seen in Figure 4, where the bubble is smaller and peaks sooner, and the crash
is less severe for lowerv. At v = 10−7, the bubble is barely distinguishable from
the steady-state REE.
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FIGURE 4. Expected return paths for bubble example.

6.2. Deficit Finance and Hyperinflation

To illustrate the relevance of our calculation framework for macroeconomic policy
analysis, we modify the structural model of Section 2 to incorporate government
spending financed by borrowing. LetGt denote the stock of government debt in
periodt . For convenience, we assume that the debt is entirely composed of zero-
coupon bonds, so thatd = 0; thus,Gt can be interpreted as the stock of money. The
goods price of money then is given byqt , andrt = qt/qt−1 gives the rate of return
on holding money, which is the inverse of the inflation rate. Letb> 0 denote the
amount of government borrowing within a given period. The government budget
constraint is given by

qt Gt = b + qt Gt−1.

As in Section 2,qt is determined by market clearing in the asset market, i.e.,
qt Gt = y1 − c1(r e

t+1). The level of real money demand can be written

F
(
r e

t+1

) = y1 − c1
(
r e

t+1

)
.

From the government budget constraint, we obtainrt = [F(r e
t+1) − b]/F(r e

t ),
providedF(r e

t+1) > b.20

The new feature of the deficit finance model is the possibility that, for large
b and smallr e

t+1, there does not exist a nonnegative price that clears the asset
market and satisfies the government budget constraint. In this case, we assume
that the government defaults and that its currency becomes worthless, i.e.,qt falls
to zero in the current and all subsequent periods. We refer to this event ascurrency
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collapse. Taking into account this possibility, we arrive at the following mapping
that determines realized rates of return:

rt+1 = T
(
r e

t+1, r e
t+2

) ≡ max
{

0,
(
F
(
r e

t+2

)− b
)/

F
(
r e

t+1

)}
, (12)

providedrt > 0, andrt+1 = qt+1 = 0 if rt = 0. Associated with (12) is a perfect-
foresight solutionrt+1 = S(rt+2) that givesrt+1 > 0 if rt+2 > F−1(b), andrt+1 = 0
otherwise.

Multiple monetary steady states, corresponding to multiple strictly positive fixed
points of theS map, will exist if b is not too large. All such steady states must
satisfyr̂ < 1, representing positive inflation; further, as long asc′′

1 ≥ 0, there will
be, at most, two of them. Letr̂ denote the higher of the two steady-state rates of
return associated with the lower rate of inflation. The collapse steady state exists
for all b. The calculation framework can be applied directly to this case, and the
results of Section 4 hold for a suitable choice of the projection facility.21

We now consider a policy experiment in which the government temporarily runs
an unsustainable deficit. The economy begins in an initial monetary steady state
with b= 1, which corresponds tôr = 0.8 under the parameterization of Section
5.22 In period 1, the government announces that the deficit will be increased to
b= 2 for 10 periods, reverting tob= 1 in period 11. The deficit levelb= 2 is
too high to sustain a monetary steady state, and, in this example, the unique REE
following the announcement is immediate collapse.

Results are reported in Figure 5. Under adaptive expectations, expected rates
of return begin to adjust downward in the direction of collapse, but adjustment

FIGURE 5. Expected return paths for hyperinflation example.

https://doi.org/10.1017/S1365100598007020 Published online by Cambridge University Press

https://doi.org/10.1017/S1365100598007020


        

CALCULATION, ADAPTATION AND EXPECTATIONS 173

proceeds slowly enough to prevent collapse from occuring prior to period 11; the
policy reversal then leads to restoration of the monetary steady state. A similar
outcome arises for calculation costs ofv = 0.0015. When calculation costs are
lowered to 0.0007, however, more rapid adjustment leads to collapse in period 8,
and collapse occurs even sooner, in period 3, for calculation costs of 0.0003. This
example dramatically illustrates how long-run policy effects, as well as the impor-
tance of timely policy responses, can hinge on the cognitive abilities of the agents.

7. CONCLUSIONS

Building on our previous two papers, this paper develops a framework wherein
agents form expectations by means of a recursive numerical algorithm. Calculation
in each period is initialized by input functions that draw on both observed data and
calculations from prior periods. The intensity of calculation, as reflected by the
number of iterations of the algorithm in a given period, is determined by a calcu-
lation decision rule that utilizes diagnostic calculations to assess the performance
of the algorithm in reducing forecast errors.

Our approach has the major advantage of making it possible for expectations to
adjust rapidly, should agents perceive sufficient benefits from doing so, as well as to
take account of future structural changes that agents anticipate. In essence, we have
provided an approach to modeling active cognition that takes passive adaptation as
a base, and builds on it a capacity to calculate, in the form of a numerical algorithm.
Nevertheless, the framework in this paper remains fully adaptive, in the sense that
expectations are derived exclusively on the basis of information that agents possess
at the start of a period. Importantly, the framework makes no use of equilibrium
notions whereby agents obtain correct beliefs through some unmodeled process.

We present numerical examples that illustrate the performance of our calculation
algorithm in applications. A full range of outcomes between adaptive and rational
expectations is obtained as calculation costs decline. Notably, we provide a natural
resolution of the tension that arises between adaptive and rational approaches to
modeling phenomena such as degree of anticipation of future events and expecta-
tional bubbles; our framework gives a synthetic treatment of such phenomena, and
resolves the tension by reference to the level of calculation costs. Further, we have
tried to provide a straightforward and easily implemented setup that can be applied
readily in a variety of settings. The framework would appear to be especially useful
in the context of monetary models, where calculation costs would serve as a natural
source of nominal rigidities.23 Because the detailed implications of our analysis
depend critically on the size of calculation costs, we hope that future research will
attempt to estimate these costs, e.g., through empirical studies of the calculation
horizons of different economic agents.

It would be natural to apply our framework to the analysis of overlapping-
generations models with multiperiod lives. Many important policy issues, such
as the reform of social security, involve tax and expenditure changes that extend
decades into the future. Auerbach and Kotlikoff (1987) and Laitner (1990), for
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example, study these kinds of issues in the context of perfect-foresight solutions
of an overlapping-generations model with 55-period lifetimes. In settings such as
these, solutions that assume nonnegligible calculation costs and limited forecast
horizons seem highly salient, both for their realism and potential importance for
policy.

One limitation of the framework developed in this paper is that it does not
explicitly take account of stochastic elements in the economic structure. In the case
of the EP algorithm and its modified version, noise is easily handled simply by
treating expectations as certainty equivalents; indeed, this is the approach taken by
Fair and Taylor in applying their algorithm to stochastic environments. In practice,
however, parameterized expectations appear to give better results in the presence
of noise.24 We plan to investigate more detailed specifications of the parameterized
expectations algorithm in the context of a stochastic structural model. A key issue
is that the parameterization must exhibit a degree of time-dependence in order to
capture anticipations of future events.

A deeper limitation of our framework is that agents’ inferential processes are not
sufficiently rich to allow them to take full account of the behavior of other agents;
in particular, agents cannot give any recognition to the fact that other agents are
engaging in expectation calculation, just as they themselves are. In other words,
our agents are adaptive robots that cannot think about how the calculations of their
fellow robots ought to affect their expectations. This limitation is the price we pay
for moving away from the optimal CDR of our earlier work, which posited that
agents takefull account of the calculation behavior of other agents. We believe
that a fruitful middle ground can be developed between the extremes of zero and
full mutual recognition of rationality. A natural formulation would have agents use
their algorithms to calculate the expectations ofotheragents; such a formulation
could be applied to analyze problems having a game-theoretic structure, such as
optimal monetary policy.25

Deeper still, our framework imposes a number of very sharp modeling assump-
tions in the interests of coherence and tractability. Breaking expectation formation
into an adaptation stage, in which data are incorporated costlessly into an in-
put function, followed by a calculation stage that employs a single prespecified
algorithm, is only one possible specification from among a much richer set of
possibilities. More generally, expectation formation could entail active efforts to
obtain data from the environment, interspersed with data processing using various
calculation algorithms. Further, agents may not have at hand an accurate structural
model of the economy for use in calculation, as we have assumed, but instead may
face the problem of estimating a structural model on top of the problem of calcu-
lating expectations. Our adaptive sequential CDR also gives a very simple version
of a diagnostic decision procedure that, in principle, could be much more involved
and potentially could give better decisions on average. However the framework
is elaborated, our main point remains that expectation formation is most usefully
regarded as emerging from agents’ attempts to balance benefits and costs, just as
with any other economic activity.
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NOTES

1. Papers that exemplify the passive adaptation approach include Bray (1982), Evans and
Honkapohja (1994, 1995), Lucas (1986), Marcet and Sargent (1989a, b), and Woodford (1990). See
Sargent (1993) for an extensive survey and a discussion of applications to macroeconomics.

2. Although this approach to modeling calculation decisions has the advantage of linking calculation
decisions to the benefits and costs of calculation, it can be criticized on the same grounds as the rational-
expectations hypothesis itself, i.e., it does not explain how agents acquire their beliefs about the forecast
errors obtaining from their calculation decisions.

3. The algorithms are restricted by imposing a projection facility that rules out extremely large
values of expected rates of return, along with suitably heavy damping of the expectation revision on
each iteration. We extend the approximation result to a large class of nonstationary environments for
one of the versions of the Fair-Taylor algorithm.

4. This type of argument for ruling out rational bubbles was used by Diba and Grossman (1988).
5. To simplify the framework, we have specified that agents cannot take actions to expand their

information sets, e.g., by purchasing new information. Expanding the framework to incorporate active
observation together with calculation is conceptually straightforward, however. Further discussion of
issues in specifying the calculation framework is given in the Conclusions.

6. Letc1,t (r e
t+1) denote the solution to (1) fory1 = y1,t , and letFt (r e

t+1) denote the price function
determined by (2) withy1,t and c1,t (r e

t+1). Then,Tt (r e
t+1, r e

t+2) is given by (3) withFt (r e
t+1) and

Ft+1(r e
t+2). We will consider nonstationary paths ofy1 in some of the numerical examples of Sec-

tion 5.
7. Sargent (1993) surveys a broad class of adaptive learning algorithms drawn from the econometrics

and artificial intelligence literatures that may serve as input functions.
8. As a simple alternative to the adaptive sequential CDR, agents may perform multiple iterations

in step 1 before making the diagnostic calculation, thus giving anonsequentialCDR. Broader issues
in specifying the CDR are discussed in the Conclusions.

9. We also replace initial inputsr 0
t,s < 0, which may emerge from an adaptive forecasting rule,

with r 0
t,s = 0. In the numerical simulations of Sections 5 and 6, we use an alternative projection facility

that replaces ratesr 0
t,s < r with r 0

t,s = r , for givenr ∈ (0, r̂ ). Our theoretical results continue to hold
under the latter specification.

10. Richer specifications ofJ become necessary when stochastic elements are introduced into the
environment. See the Conclusions for further discussion of the use of PE in our framework.

11. Proposition 3 establishes upper bounds on calculation costs for givenH that lead agents to
approximate the REE. IfH is increased, the boundsn andv̄ may have to be tightened, because a larger
number of iterations may be needed to bringr k

t,1 into the neighborhood of̂r .
12. We omit the proof of Proposition 4, because it is very close to that of Proposition 3.
13. Here we exploit Fair and Taylor’s basic insight that REE can be calculated by positing the

presence of a limiting steady state.
14. Proposition 6 provides a rationale for the use ofH andn as an alternative measure of calculation

costs when MEP is used, where the CDR would specify simply that agents performn iterations per
period at a forecast horizon ofH .

15. The properties of PE for nonstationary environments depend on additional details of the pa-
rameterizationJ, which we do not take up in this paper.

16. We assume that household utility is additively separable in the utility of private consumption
and the utility of government consumption.

17. Similar findings emerge if agents are confronted by a surprise permanent change iny1: if y1

shifts unexpectedly to 20 at the beginning of period 1, then expectations adjust more rapidly toward
the new steady state asv falls. For very smallv, we obtain an essentially fully rational outcome, in
which expectations jump at once to the REE.

18. For example, see Brock and Hommes (1996).
19. In later periods, this initial crash is followed by a very sharp spike, eliciting an abrupt downward

shift in α1,t . Rates of return then follow a cyclical path that converges slowly to the steady-state REE.
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20. This constitutes an overlapping-generations version of the Cagan-Fisher hyperinflation model;
see Evans and Ramey (1995) for further discussion and references.

21. It is straightforward to verify that results of Section 4 hold when the projection facility restricts
inputs and outputs to [r , r̄ ], wherer is chosen between the two monetary steady-state returns. In
particular, thêr steady state is stable under our algorithms, and agents will choose to calculate it when
calculation costs are sufficiently small, for the indicated projection facility. Further, our propositions
can be modified to establish stability of the collapse steady state for an appropriately chosen projection
facility, whereas the lower of the two monetary steady states is unstable.

22. In this example, we lower the value ofλ from 0.1 to 0.05, whereas the other parameter val-
ues are maintained. Here the projection facility simply replaces valuesr < 0.1 with 0.1 and because
0.1< F−1(1), it is possible for agents to calculate either of the two stable steady states.

23. Evans and Ramey (1992) illustrates how nominal rigidities arising from calculation costs give
rise to new Keynesian phenomena, such as long-run nonneutrality and hysteresis in monetary policy.

24. See Taylor and Uhlig (1990) and the papers that follow.
25. This approach to applying our framework in game-theoretic settings is discussed further

by Evans and Ramey (1988). See Selten (1991) for an alternative approach having some related
features.
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APPENDIX

The subsequent proofs will make use of the following three lemmas.
LEMMA A.1.

sign
[
r e

t+1 − S
(
r e

t+2

)] = sign
[
S
(
r e

t+2

)− T
(
r e

t+1, r e
t+2

)]
.

Proof. r e
t+1 > S

(
r e

t+2

)
implies that

T
(
r e

t+1, r e
t+2

) = d + F
(
r e

t+2

)
F
(
r e

t+1

) <
d + F

(
r e

t+2

)
F
(

S
(
r e

t+2

)) = S
(
r e

t+2

)
.

Clearly, the reverse implication holds as well. A similar implication holds forr e
t+1 > S(r e

t+2).

LEMMA A.2. For any r̄ > r̂ , there exists̄λ > 0 such that, for all r e
t+1, r e

t+2 ≤ r̄ , and
λ < λ̄, we have

sign
[
λT
(
r e

t+1, r e
t+2

)+ (1 − λ)r e
t+1 − S

(
r e

t+2

)]= sign
[
r e

t+1 − S
(
r e

t+2

)]
.

Proof. Putr = r e
t+1, x = r e

t+2. For(r, x) such thatT(r, x) 6= r , put

λ(r, x) = S(x) − r

T(r, x) − r
. (A.1)

Lemma A.1 implies thatλ(r, x) ∈ (0, 1). Let λ̄ denote the infimum ofλ(r, x) over(r, x) ∈
[0, r̄ ]2, T(r, x) 6= 0, and suppose that̄λ = 0. Then there exists a sequence
{(rn, xn)}∞

n=1 ⊂ [0, r̄ ] such thatλ(rn, xn) → 0, and further, we may take the sequence to
have a limit(r ′, x′). We have

S(xn) − rn

T(rn, xn) − rn
= 1 − T(rn, xn) − T(S(rn), xn)

T(rn, xn) − rn
= 1 + T1(r̃n, xn)

S(xn) − rn

T(rn, xn) − rn
, (A.2)

whereT1 denotes the derivative ofT with respect to its first argument, andr̃n lies between
rn andS(xn). Next note that

T1(r̃n, xn) = −(d + F(xn))

F(r̃n)2
F ′(r̃n) → −(d + F(x′))

F(r ′)2
F ′(r ′).

Let us show thatF(r ′) > 0. First, if T(r ′, x′) 6= r ′, thenλ(r, x) is defined at(r ′, x′), and
we then haveλ(r ′, x′) = 0 becauseλ(r, x) is continuous wherever it is defined, which is
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a contradiction. Thus,T(r ′, x′) = r ′, and from (3) we have thatF(r ′) = 0 would imply
r ′ = ∞, which contradictsr ′ < r̄ .

Thus,T1(r̃n, xn) approaches a limitT1(r ′, x′). Combining (A.1) and (A.2) gives

λ(rn, xn) = 1

1 − T1(r̃n, xn)
→ 1

1 − T1(r ′, x′)
> 0,

which contradictsλ(rn, xn) → 0. This proves̄λ > 0.
Suppose thatλ < λ̄ andr > S(x). Then, Lemma A.1 givesT(r, x) < r , and we have

λ < λ̄ <
S(x) − r

T(r, x) − r

from which the result follows. A similar argument applies forr < S(x).

LEMMA A.3. Suppose thatsign(r 0
t,s − S(r 0

t,s+1)) is the same for all s= 1, . . . , H , and
thatλ < λ̄. Then, under EP, for all k and s= 1, . . . , H ,

sign
(
r k

t,s − S
(
r k−1

t,s+1

)) = sign
(
r k−1

t,s − r k
t,s

) = sign
(
r 0

t,s − S
(
r 0

t,s+1

))
.

The same holds for MEP, except thatr k−1
t,s+1 is replaced byr k

t,s+1.

Proof. First consider EP. Suppose sign(r 0
t,s− S(r 0

t,s+1)) > 0. Using Lemmas A.1 and A.2
we have

r 0
t,s > r 1

t,s > S
(
r 0

t,s+1

)
for s= 1, . . . , H , where the first inequality follows fromr 0

t,s > T(r 0
t,s, r 0

t,s+1). Now suppose
that fork = 1, . . . , k′ − 1 we have

r k−1
t,s > r k

t,s > S
(
r k−1

t,s+1

)
. (A.3)

Thenr k′−1
t,s+1 ≤ r k′−2

t,s+1, s = 1, . . . , H and the induction hypothesis imply that

r k′−1
t,s > S

(
r k′−2

t,s+1

) ≥ S
(
r k′−1

t,s+1

)
for s= 1, . . . , H . Using Lemmas A.1 and A.2, it follows that equation (A.3) holds for
k = k′, and by induction for allk. A similar argument applies for sign(r 0

t,s − S(r 0
t,s+1)) ≤ 0.

Now consider MEP. Suppose sign(r 0
t,s − S(r 0

t,s+1)) > 0. We have

r 0
t,H > r 1

t,H > S
(
r 0

t,H+1

) = S
(
r 1

t,H+1

)
.

Suppose that fors = s′ + 1, . . . , H we have

r 0
t,s > r 1

t,s > S
(
r 1

t,s+1

)
. (A.4)

Becauser 0
t,s′ > S(r 0

t,s′+1) > S(r 1
t,s′+1), we haver 0

t,s′ > T(r 0
t,s′ , r 1

t,s′+1), using Lemma A.1, and
so,

r 0
t,s′ > r 1

t,s′ > S
(
r 1

t,s′+1

)
using Lemmas A.1 and A.2. Thus, equation (A.4) holds fors = 1, . . . , H .

Now, suppose that fork = 1, . . . , k′ − 1 we have

r k−1
t,s > r k

t,s > S
(
r k

t,s+1

)
(A.5)
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for s= 1, . . . , H . Becauser k′−1
t,H > S(r 0

t,H+1) implies thatr k′−1
t,H > T(r k′−1

t,H , r 0
t,H+1), we have

r k′−1
t,H > r k′

t,H > S
(
r 0

t,H+1

)
.

Suppose that fors= s′ + 1, . . . , H we have

r k′−1
t,s > r k′

t,s > S
(
r k′

t,s+1

)
.

Then,r k′−1
t,s′ > S(r k′−1

t,s′+1) > S(r k′
t,s′+1), where the first inequality uses equation (A.5); this im-

plies thatr k′−1
t,s′ > T(r k′−1

t,s′ , r k′
t,s′+1), and so,

r k′−1
t,s′ > r k′

t,s′ > S
(
r k′

t,s′+1

)
.

Thus, equation (A.5) holds for everyk. A similar argument applies for sign(r 0
t,s−S(r 0

t,s+1)) ≤
0.

Proof of Proposition 1. First consider EP. Suppose thatr 0
t,H > S(r 0

t,H+1) for givenβ0
t .

From Lemma A.1 we haver 0
t,H > T(r 0

t,H , r 0
t,H+1), so thatr 1

t,H < r 0
t,H . From Lemma A.2,

we haver 1
t,H > S(r 0

t,H+1). By induction,r k−1
t,H > S(r k−1

t,H+1) = S(r 0
t,H+1) impliesr k−1

t,H > r k
t,H >

S(r 0
t,H+1); thus,r ∞

t,H exists, and clearlyr ∞
t,H = S(r 0

t,H+1). A similar argument applies for
r 0

t,H < S(r 0
t,H+1), while r 0

r,H = S(r 0
t,H+1) impliesr k

t,H = S(r 0
t,H+1) for all k.

Now suppose thatr ∞
t,s exists fors = s′ +1, . . . , H , andr ∞

t,s = S(r ∞
t,s+1). Choose anyδ > 0,

and fix K so thatk > K implies that∣∣S(r k−1
t,s′+1

)− S
(
r ∞

t,s′+1

)∣∣ < δ.

Let N denote theδ-ball aroundS(r ∞
t,s′+1). If k > K andr k−1

t,s′+1 < S(r k−1
t,s′+1), then Lemma A.2

gives

r k−1
t,s′ < r k

t,s′ < S
(
r k−1

t,s′+1

)
.

BecauseS(r k−1
t,s′+1) ∈ N, we have thatr k−1

t,s′ ∈ N implies thatr k
t,s′ ∈ N, whereasr k−1

t,s′ 6∈ N im-
plies thatr k

t,s′ lies either below or withinN. If r k
t,s′ lies belowN, then we haver k

t,s′ < S(r k
t,s′+1)

becauseS(r k
t,s′+1) ∈ N. Thus, fork > K andr k−1

t,s′+1 < S(r k−1
t,s′+1), the sequencer k−1

t,s′ , r k
t,s′ , . . .

either lies inN or increases monotonically towardN. In the latter case, suppose thatr k
t,s′ → r ′

for somer ′ below N. BecauseS(r ) < r̄ for all r ∈ [0, r̄ ] [which follows from r̄ > r̂ , which
implies thatS(r̄ ) < r̄ ], we haver k

t,s′ < r̄ for all k > K . Thus, for eachk we have

r k
t,s′ − r k−1

t,s′ = λ
(
T
(
r k−1

t,s′ , r k−1
t,s′+1

)− r k−1
t,s′
)
.

Convergence implies thatr k
t,s′ − r k−1

t,s′ → 0, and so,

T
(
r k−1

t,s′ , r k−1
t,s′+1

)− r k−1
t,s′ → 0 = T

(
r ′, r ∞

t,s′+1

)− r ′,

which implies thatr ′ = S(r ∞
t,s′+1). Thus, the sequence must lie inN. Symmetric arguments

hold for r k−1
t,s′ > S(r k−1

t,s′+1), and becauseδ is arbitrary, we haver k
t,s′ → S(r ∞

t,s′+1). The same
proof applies for MEP, except thatr k−1

t,s′+1 in the above expressions is replaced byr k
t,s′+1, and

r k
t,s′+1 is replaced byr k+1

t,s′+1. This proves part (i).
Given the stationary environment, part (i) implies thatr ∞

t,1 = SH (r 0
t,H+1). It is easily

checked thatS′(r̂ ) < 1; thus, becauseS(r ) 6= r for any r 6= r̂ , we have that, for any given
ε > 0, S(r ) − r is bounded above zero forr ≤ r̂ − ε, and bounded below zero forr > r̂ + ε.

https://doi.org/10.1017/S1365100598007020 Published online by Cambridge University Press

https://doi.org/10.1017/S1365100598007020


              

180 GEORGE W. EVANS AND GAREY RAMEY

It follows that there is someH such thatSH (r ) ∈ (r̂ − ε, r̂ + ε) for H ≥H , uniformly over
r ∈ [0, r̄ ]. This proves part (ii).

Proof of Proposition 2. The parameterization for steady-state PE givesr k
t,s = βk

t , s=
1, . . . , H + 1, and so, step 1 gives

r̂ k
s = T

(
βk−1

t , βk−1
t

)
.

Unbiasedness of the estimator implies thatβ̂
k
t = T(βk−1

t , βk−1
t ), so that step 2 yields

βk
t = λT

(
βk−1

t , βk−1
t

)+ (1 − λ)βk−1
t . (A.6)

For β0
t = r̂ , equation (A.6) givesβk

t = r̂ for all k. Suppose thatβ0
t > r̂ . Then, we have

β0
t > S(β0

t ), and Lemma A.1 givesβ0
t > T(β0

t , β
0
t ). From equation (A.6) we then have

β1
t < β0

t , whereas using Lemma A.2 givesβ1
t > S(β0

t ) > S(β1
t ); the latter implies thatβ1

t > r̂ .
Proceeding inductively, we haveβk−1

t > βk
t > r̂ , and there exists a limitβ∞

t ≥ r̂ . Using
equation (A.6) and continuity of theT-mapping, we haveβ∞

t = T(β∞
t , β∞

t ) = r̂ . A similar
argument applies forβ0

t < S(β0
t ).

Proof of Proposition 3. Let r k
t,1(r

0) andr ∞
t,1(r

0) denote the values ofr k
t,1 andr ∞

t,1 when
r 0

t,s = r 0, s= 1, . . . , H + 1. These functions are continuous inr 0 [where continuity of
r ∞

t,1(r
0) follows from r ∞

t,1(r
0) = SH (r 0), as implied by Proposition 1]. Choose anyδ > 0;

Proposition 1(ii) allows us to fixH so that, for allr 0 ∈ [0, r̂ ],∣∣r ∞
t,1(r

0) − r̂
∣∣ < (δ/2). (A.7)

For eachr 0 ∈ [0, r̄ ], choosek(r 0) to satisfy∣∣∣r k(r 0)
t,1 (r 0) − r ∞

t,1(r
0)

∣∣∣ < (δ/2).

Continuity ofr k(r 0)
t,1 (r ) andr ∞

t,1(r ) implies that we can find a neighborhoodN(r 0) of r 0 such
that, for allr ∈ N(r 0), ∣∣∣r k(r 0)

t,1 (r ) − r ∞
t,1(r )

∣∣∣ < (δ/2).

Because the neighborhoodsN(r 0) form an open cover of [0, r̄ ], we can find a finite subcover
N(r 0

i ), i = 1, . . . , I . Put

n = max
i

k
(
r 0

i

)
.

For anyr 0 ∈ [0, r̄ ], we haver 0 ∈ N(r 0
i ) for somei , whence∣∣∣r k(r 0

i )

t,1 (r 0) − r ∞
t,1(r

0)

∣∣∣ < (δ/2). (A.8)

If r 0 > S(r 0), then using Lemma A.3 we have, for anyn ≥ n,

r
k(r 0

i )

t,1 (r 0) > r n
t,1(r

0) > r ∞
t,1(r

0). (A.9)

Forr 0 < S(r 0), equation (A.9) holds with reversed inequalities, whereasr 0 = S(r 0) implies
thatr k

t,1 = r ∞
t,1 = r 0 for all k. Combining equations (A.8) and (A.9), it follows that, for allr 0
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and alln ≥n, ∣∣r n
t,1(r

0) − r ∞
t,1(r

0)
∣∣ < (δ/2). (A.10)

Combining equations (A.7) and (A.10) gives, for allr 0 and alln ≥n,∣∣r n
t,1(r

0) − r̂
∣∣ < δ. (A.11)

Next, putN = (r̂ − δ, r̂ + δ) and

1 = inf
r 0 6∈N,k≤n

∣∣r k−1
t,1 (r 0) − S

(
r k−1

t,2 (r 0)
)∣∣.

Suppose1 = 0. Then, there exists a sequence{r 0
j , kj }∞

j =1 with∣∣∣r kj −1
t,1

(
r 0

j

)− S
(
r

kj −1
t,2

(
r 0

j

))∣∣∣→ 0.

Further,r 0
j ∈ [0, r̄ ] ∼ N andkj ≤ n, and so the sequence has a limit point(r̃ 0, k̃); further,

we may take a subsequence withr 0
j → r̃ 0 andkj = k̃ for all j . Continuity ofr k̃−1

t,1 (r 0) and
r k̃−1

t,2 (r 0), as well as ofS(r ), then gives∣∣r k̃−1
t,1

(
r̃ 0
)− S

(
r k̃−1

t,2

(
r̃ 0
))∣∣ = 0.

According to Lemma A.3 this can hold only ifr̃ 0 = S(r̃ 0), which implies that̃r 0 = r̂ . We
have a contradiction, becauser̃ 0 6∈ N is necessary. Thus,1 > 0 is necessary.

We next consider the utility functionU .

∂

∂r k
t,1

U
(
r k

t,1, r ∗
t+1

) = [V ′ − W′r ∗
t+1

] ∂c1

∂r k
t,1

.

The first-order condition that determinesc1(r e
t+1) implies thatV ′−W′r ∗

t+1 = 0 forr k
t,1 = r ∗

t+1.
Moreover, atr k

t,1 = r ∗
t+1, we have

∂

∂r k
t,1

[
V ′ − W′r ∗

t+1

] = [V ′′ + W′′(r ∗
t+1

)2] ∂c1

∂r k
t,1

> 0.

Thus, we haveV ′ − W′r ∗
t+1 < 0 for r k

t,1 < r ∗
t+1 andV ′ − W′r ∗

t+1 > 0 for r k
t,1 > r ∗

t+1. It follows
that

sign

[
∂

∂r k
t,1

U
(
r k

t,1, r ∗
t+1

)] = −sign
(
r k

t,1 − r ∗
t+1

)
. (A.12)

Using (A.12), we have

min
r k
t,1≤r ∗

t+1−1

∂

∂r k
t,1

U
(
r k

t,1, r ∗
t+1

) = ν+ > 0,

max
r k
t,1≥r ∗

t+1+1

∂

∂r k
t,1

U
(
r k

t,1, r ∗
t+1

) = ν− < 0.
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Now consider EP. Forr 0 ≥ r̂ + δ, k ≤ n, we have

r k−1
t,1 − r k

t,1 = λ
(
r k−1

t,1 − T
(
r k−1

t,1 , r k−1
t,2

))
> λ
(
r k−1

t,1 − S
(
r k−1

t,2

)) ≥ λ1.

Moveover, Lemma A.3 givesr k
t,1 > S(r k

t,2), and so,

r k
t,1 − T

(
r k

t,1, r k
t,2

)
> r k

t,1 − S
(
r k

t,2

) ≥ 1.

Thus,

U
(
r k

t,1, T
(
r k

t,1, r k
t,2

))− U
(
r k−1

t,1 , T
(
r k

t,1, r k
t,2

)) = −
∫ r k−1

t,1

r k
t,1

∂

∂r k
t,1

U
(
r, T
(
r k

t,1, r k
t,2

))
dr

≥ −(r k−1
t,1 − r k

t,1

)
ν− ≥ −λ1ν− > 0.

(A.13)

Similarly, for r 0 ≤ r̂ − δ, we have

r k−1
t,1 − r k

t,1 < −λ1 < 0,

r k
t,1 − T

(
r k

t,1, r k
t,2

)
< r k

t,1 − S
(
r k

t,2

)
< −1.

Thus,

U
(
r k

t,1, T
(
r k

t,1, r k
t,2

))− U
(
r k−1

t,1 , T
(
r k

t,1, r k
t,2

)) ≥ (r k
t,1 − r k−1

t,1

)
ν+ ≥ λ1ν+ > 0. (A.14)

Putv̄ = min{λ1ν+, −λ1ν−}. It follows that ifr 0 6∈ N, thenvk ≤ v̄ for k = 1, . . . ,n implies
that at leastn iterations will be performed, in which case (A.11) assuresr k

t,1 ∈ N once
calculation ceases. Forr 0 ∈ N, we haver k

t,1 ∈ N for all k, using Lemma A.3.
For MEP, in the caser 0 ≥ r̂ + δ, k ≤ n we have, usingr k

t,2 ≤ r k−1
t,2 ,

r k−1
t,1 − r k

t,1 = λ
(
r k−1

t,1 − T
(
r k−1

t,1 , r k
t,2

))
> λ
(
r k−1

t,1 − S
(
r k

t,2

)) ≥ λ
(
r k−1

t,1 − S
(
r k−1

t,2

))
> λ1

Thus, we have (A.13) as before, and similarly (A.14) continues to hold forr 0 ≤ r̂ −
δ, k ≤n. Definingv̄ as above gives the result for MEP.

Proof of Proposition 6. Suppose that afterk iterations we haver k−1
t,1 ≥ S(r k

t,2). Using
Lemma A.2, we have

r k−1
t,1 ≥ r k

t,1 ≥ S
(
r k

t,2

)
.

Lemma A.1 gives
r k−1

t,1 ≥ r k
t,1 ≥ T

(
r k

t,1, r k
t,2

)
. (A.15)

Thus, we have

U
(
r k

t,1, T
(
r k

t,1, r k
t,2

))− U
(
r k−1

t,1 , T
(
r k

t,1, r k
t,2

)) =
∫ r k

t,1

r k−1
t,1

∂

∂r k
t,1

U
(
r, T
(
r k

t,1, r k
t,2

))
dr ≥ 0,

where the inequality follows from equations (A.12) and (A.15). Combining this with the
hypothesis thatvk = 0 for k ≤ n, it follows that equation (10) cannot hold for anyk < n. A
similar argument applies forr k−1

t,1 ≤ S(r k
t,2).
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