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Abstract

Recently, Bondarko constructed a DG category of motives, whose homotopy
category is equivalent to Voevodsky’s category of effective geometric motives,
assuming resolution of singularities. Soon after, Levine extended this idea to
construct a DG category whose homotopy category is equivalent to the full
subcategory of motives over a base-scheme S generated by the motives of
smooth projective S-schemes, assuming that S is itself smooth over a perfect
field. In both constructions, the tensor structure requires Q-coefficients. In
this article, it is shown how to provide a tensor structure on the homotopy
category mentioned above, when S is semi-local and essentially smooth over a
field of characteristic zero. This is done by defining a pseudo-tensor structure
on the DG category of motives constructed by Levine, which induces a tensor
structure on its homotopy category.
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Introduction

Although this program has not been realized, Voevodsky has constructed a trian-
gulated category of geometric motives over a perfect field, which has many of the
properties expected of the derived category of the conjectural abelian category of
motives. The construction of the triangulated category of motives has been extended
by Cisinski-Déglise ([5]) to a triangulated category of motives over a base-scheme
S. Hanamura ([8]) has also constructed a triangulated category of motives over
a field, using the idea of a “higher correspondence", with morphisms built out of
Bloch’s cycle complex. Recently, Bondarko (in [4]) has refined Hanamura’s idea
and limited it to smooth projective varieties to construct a DG category of motives.
Assuming resolution of singularities, the homotopy category of this DG category
is equivalent to Voevodsky’s category of effective geometric motives. Soon after,
Levine (in [11]) extended this idea to construct a DG category of “smooth motives”
over a base-scheme S generated by the motives of smooth projective S-schemes,
where S is itself smooth over a perfect field. Its homotopy category is equivalent
to the full subcategory of Cisinski-Déglise category of effective motives over S
generated by the smooth projective S-schemes. Both these constructions lack a
tensor structure in general. However, passing to Q-coefficients, Levine replaced the
cubical construction with alternating cubes, which yields a tensor structure on his
DG category.

In [3], Beilinson and Vologodsky construct a “homotopy tensor structure’” on the
DG catgegory of Voevodsky’s effective geometric motives. That is, they constructed
a “pseudo-tensor structure” (see Definition 4.2) on the DG category D, (defined
in [3], § 6.1), such that the corresponding pseudo-tensor structure on its homotopy
category is actually a tensor structure.

In the following, we construct a pseudo-tensor structure on a DG category
dg.Cors which induces a tensor structure on the homotopy category of DG
complexes, such that, in case S is semi-local and essentially smooth over a field of
characteristic zero, it induces a tensor structure on the category of smooth motives
over S. Thus, we prove

Theorem 1 Suppose S is semi-local and essentially smooth over a field of
characteristic zero. Then, there is a tensor structure on the category SmM otgffn (S)
of smooth effective geometric motives over S making it into a tensor triangulated
category.
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See Theorem 8.1 and corollary 8.2 for a more precise statement.
The pseudo-tensor structure is constructed in two main steps:

e We show that a pseudo-tensor structure on a DG category C induces a pseudo-
tensor structure on the category Pre-Tr(C) (defined in 1.2). Then we prove that
if the pseudo-tensor structure on C induces a tensor structure on the homotopy
category H°C, then we have an induced tensor structure on K?(C).

e For a tensor category C, with a cubical object with comultiplication, Levine
constructs a DG category dgC (see 2.5). We produce a pseudo-tensor
structure on dg.C that induces a tensor structure on its homotopy category,
assuming some additional technical conditions. Under these conditions,
the DG categories dgC and dg.C are quasi-equivalent, so the homotopy
categories of complexes are equivalent triangulated categories.

We begin with going over some basic definitions and recall Levine’s construc-
tion of the DG category of smooth effective geometric motives over S. Next, we
define a pseudo-tensor structure on a DG category and show when it induces a
tensor structure on the category K?(C). We also prove the existence of a homotopy
tensor structure on dg.C for a tensor category C, with a cubical object with
comultiplication. Finally, we give a proof of Theorem 1. Throughout the paper,
tensor structures will mean symmetric monodial structures. For more background
and proofs of some computational results, we refer to [1].

Acknowledgments: I would like to thank my advisor Marc Levine for helping me
unconditionally whenever I needed and for being very supportive and motivating. I
would also like to thank Dr. Jinhyun Park, Prof. Amnon Neeman and the referee for
pointing out some mistakes and making useful suggestions.

1. Preliminaries

1.1. DG categories

We begin by recalling some basic facts about DG categories. For a complex of
abelian groups C € C(Ab), we have the group of cycles in degree n, Z"C and
cohomology H"C. For complexes X,Y, we have the Hom-complex

Homeawy (X,Y)" := | [Homap(X?,Y"+7)
P

and differential
dxy(f):=dyof—(-1)%/ fody.
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We have the DG category Cz, (Ab) with these Hom-complexes and composition
law induced by the composition law in Ab.

A DG functor F : A — B is a functor of the underlying pre-additive categories
such that the map F : Hom(X,Y)* — Homg(F(X),F(Y))* is a map of
complexes for each pair of objects X,Y in A.

For a DG category C, one has the additive categories Z°C and H°C with the
same objects as C but with morphisms

Hom oo (X.Y) := Z°Home(X,Y)*

and
Hompoc(X.Y) := HHome(X,Y)*.

A DG functor F : A — Binduces functors of additive categories Z°F : Z°A —
Z°Band H°F : H° A — H°B. This makes Z° and H? into functors from DG
categories to additive categories.

1.2. The category Pre-Tr(C) of DG complexes

Definition 1.1 Let C be a DG category. The DG category Pre-Tr(C) has objects £
consisting of the following data:

1. A finite collection of objects of C, {E;,N <i < M} (N and M depending on
&).

2. Morphisms e;; : E; — E; in C of degree j —i +1, N <i,j < M, satisfying

(—1)ide,'j + Zeikekj =0.
k

For objects & := {E;,e;;},F := {F;, fi;}, a morphism ¢ : £ — F of degree n is a
collection of morphisms ¢;; : E; — F; of degree n + j —i in C. Composition of
morphisms ¢ : £ - F, ¢ : F — G is defined by

(Y op)j =Y Vikop.
k

Given a morphism ¢ : £ — F of degree n, define

07,e(p) € Hompre () (€ )

as the collection

0re(@)ij = (=D'd(pi)) + Y _ fixpri — (=" Y _oikex;.
k k
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For an object £ in Pre-Tr(C) and n € Z, we define an object £[n] by

(EnDi = Enti, enlij = (=D "entintj: (En]); — (Eln)i.

Let &, F be objects in Pre-Tr(C) and ¥ € Z° Hompye 1(c) (€, F). We define an object
Cone(y) in Pre-Tr(C) as

Cone(¥); .= F; @ E[1];,

cone(Y);j := ( {l)’ ii[’{]’;

We have the cone sequence of morphisms in Z°Pre-Tr(C):

) :Cone(y); — Cone(y);.

e X 7L Conew) B &)

with i and p the evident inclusion and projection.

Proposition 1.1 ([4], Proposition 2.2.3) Let Tr(C) := H°Pre-Tr(C) be the homo-
topy category of Pre-Tr(C). Then, Tr(C) is a triangulated category, with translation
functor induced by the translation defined above, and with distinguished triangles,
those triangles which are isomorphic to the image of a cone sequence.

We have an inclusion iy : C < Pre-Tr(C) given by io(E) = {E¢ = E;ego = 0}.
Let CP™" be the smallest full subcategory of Pre-Tr(C) containing io(C) and closed
under taking translations and cones. This gives a fully faithful embedding i : C —
CP™™" since

HOmeretr(i (E‘),Z(F‘)))k = Homc(E,F)*.

Clearly HOCP™" is a full triangulated subcategory of H° Pre-Tr(C).

1.3. DG categories and triangulated categories

In this subsection, we recall some basic constructions involving DG categories and
triangulated categories.
Let C be a DG category.

Definition 1.2 For a DG category C, we define a C-module to be a DG functor
M :C — Cg4(Ab). We denote by Cy, (C) the DG category of C°?-modules.

The operations of translation and cones in Cg4q (Ab) induce these operations in
the functor category Cgz, (C).

Let K(C) := H°C44(C) be the homotopy category. With translation functor
induced from that of Cy, (C) and distinguished triangles those sequences isomorphic
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to the image of a cone sequence, K(C) becomes a triangulated category (see [9],
§2.2).

Let AcK(C) C K(C) be the full subcategory with objects the functors M such
that M (A) is acyclic for all A € C, thatis, H?(M(A)) = 0 for all p. Itis easy to see
that AcK(C) is a thick subcategory of K(C).

Definition 1.3 ([9], §4.1) The derived category D(C) is the localization of K(C)
with respect to quasi-isomorphisms, that is,

D(C) = K(C)/AcK(C).

A representable C°P-module is a functor AY := Homc(_,A) for some object
A €C. Sending A to AV defines a fully faithful embedding of DG categories

C — Cag (0).

Let Cé’g (C) be the smallest full DG subcategory of Cgq(C), containing all the

objects A and closed under translations and cones. Let K?(C) := H°C 5 . (C) be its
homotopy category, giving us a full triangulated subcategory of K(C).

We let K2(C)¢*s ¢ K(C) be the full subcategory of K(C) with objects those
objects of K(C) which are isomorphic to an object of K?(C). Clearly K?(C)¢** is a
full triangulated subcategory of K?(C) and the inclusion

Kb (C) N Kb (C)ess

is an equivalence of triangulated categories.
We have a fully faithful embedding iP"" : CP"*" — Cy, (C) given by

g > HOmeprelr(i(),g)*.

The composition ;P o is the functor 4 > A".

Proposition 1.2 ([11], Prop. 2.12) 1. The embedding i*™" induces an equivalence
of DG categories
9 :CM" — Ch ()

and an equivalence of triangulated categories
H()(D . HOCPretr _ ng (C)

2. The evident functor
K5, (C)— D(C)

is a fully faithful embedding.
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Recall that a quasi-equivalence of DG categories is a DG functor
F:A->B

which is surjective on isomorphism classes and for each pair of objects X,Y € A,
the map
Fxy:Homa(X,Y)* - Homg(F(X),F(Y))

is a quasi-isomorphism. Clearly, a quasi-equivalence induces an equivalence on the
homotopy categories
HF:H°A— H°B.

Proposition 1.3 ([12, proposition 3.2] see also [11, theorem 2.14]) A quasi-equi-
valence F : A — B induces an equivalence of triangulated categories

K5, (F): K}, (A) — K5, (B).

1.4. Shedfification of DG categories

Let n — A", n — B" be cosimplicial abelian groups, giving us the diagonal
cosimplicial abelian group n — A" ® B", which we denote as n — (A ® B)".
The Alexander-Whitney map is a quasi-isomorphism of complexes

AW (A%, d)® (B*,d) - ((A® B)*.d)
and is defined as follows: for each pair (p,q), let 811,’p+q 2 [p] = [p + ¢] and
8§’p+q :[q] = [p + ¢q] be the maps
SpprgD) =10 85 p4g()=p+].
The sum of the maps
Ay prg) ® B( 51 ,) : AP @ BT — APT1 @ BPTY

is easily seen to give the desired map of complexes AW. We will not need the fact
that AW is a quasi-isomorphism. See [14], §8.5.4 for more details.

If now n > (A*)" is a cosimplicial object in C(Ab) (a cosimplicial complex),
the cosimplicial structure gives a double complex A** with second differential
coming from the cosimplicial structure, and the associated total complex Tot(A**).
Given two cosimplicial complexes n — (4*)", n — (B*)", the AW map gives a
map

AWy g : Tot(A*™) @ Tot(B**) — Tot((A ® B)*)*, (1.1)
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however, one needs to introduce a sign: for a € (A?)", b € (BY)™
AWa,5(a ®b) = (~1)1" AWa» ps(a ® b).

Following [11], we use the Godement resolution to give a good global model for
a sheaf of DG categories. In particular, for a complex of sheaves F* on a topological
space X, we have the cosimplicial Godement resolution

n > G"(F*)

and the associated total complex Tot(G*(F™*)) of sheaves on X.
Given sheaves F7, /> on X, the naturality of the Godement resolution gives us
a canonical map of cosimplicial sheaves

n—U"(F1,F2): G"(F1) ® G"(F2) = G"(F1 ® F2).

For complexes of sheaves F}, F,, one extends this to a map of cosimplicial
complexes by introducing the appropriate signs:

U (FF)® G I © GM(F3) — G (FT ® F3)
UM (FTL P = ()" U (L),

Composing with the signed Alexander-Whitney map (1.1) gives us the map of
complexes

AW : Tot(G*(FY)) ® Tot(G*(Fy)) — Tot(G*(Ff ® F5)). (1.2)
2. Cubical enrichments in DG categories

2.1. Cubical categories

We first define the “cubical category” Cube to be the subcategory of Sets with
objects n := {0,1}"*, n > 0 an integer, and morphisms generated by

1. Inclusions: 7, e:n—>n+1,e€{0,1},1 <i <n+1,
MniseV1sees¥n) = (V1seees Vie1,€,Yise s Vn)
2. Projections: p,;:n—-n—11<i <n,
PriV1see¥n) = (V1oee . Vie1: Vi 1oe--.Vn)

3. Permutation of factors: (y1....,yn) = (Vo(1)---»Vo(1)) fOr o € S,.
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4. Involutions: 7, ; : n — n exchanging 0 and 1 in the i factor.

Definition 2.1 For a category C, we call a functor F : Cube®” — C a cubical object
of C and a functor G : Cube — C a co-cubical object of C.

Remark 2.2 1. Defining a morphism of (co)-cubical objects to be a natural
transformation gives us the category of (co)-cubical objects in a (small) category

C.

2. Replacing Cube with the k-fold product category Cube” gives us the categories
of k-cubical objects in C and the category of k-co-cubical objects in C.

3. The product of sets makes Sets a symmetric monoidal category of which Cube
is a symmetric monoidal subcategory.

2.2. Cubes and complexes
Let I = (i1,...,im) be an m tuple of integers 1 <i; < ... <i, <n, and let
Pngin—m
be the corresponding projection. Let
NMn,p:m—n
be the inclusion defined by

NMm,I (61,---,€m) = (nm,l (6*)1,---,77m,l(€*)n)

Tt (€0)s = €; ifi =i, for some j
0 else.
The collection of maps {p,,r} for fixed n form an n-cube of maps, which is
compatibly split by the maps {7, 7}, in the sense of [7, §5.6].
Let A be a pseudo-abelian category and A : Cube®” — A a cubical object. Let
(A,.d) be the complex with 4, := A(n) and

n
dp = Z(—l)’(niﬁ,i,l i) P Apgr = A,

i=1

To a cubical object A : Cube®” — A in A, one associates the non-degenerate
complex (Ax,d) (see [1, §1.2.2] and [11, §1.2]). We have the obvious map of
complexes

/\ . A() —> A*
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viewing Aq as a complex concentrated in degree O.

We now take A to be the category of complexes in an abelian category 4 (with
some boundedness condition b,4,—,#). Applying the total complex functor to the
map A gives us the map

A Ay — Tot(Ay). 2.1)

Lemma 2.1 Suppose that for each n, the map i, : 0 — n with image 0" induces a
quasi-isomorphism
A(in) : Ay — Ap.

Then the map (2.1) is a quasi-isomorphism.

Proof: For each m, let

Am@® :=Am)/ Y pr(Am)).

This defines
Agm) : Cube — A

with A, (n) = 0 for n < m and with

(A(m))n = An

for n > m.
For m = 0, the unique projection p, : n — 0 is split (by any inclusion i, : 0 —
n), so we have the direct sum decomposition of cubical objects

A=Ay ® A

where we consider A as a constant cubical object. Since p; : A9 — A(n) is a
quasi-isomorphism, it thus follows that Ag)(n) is acyclic for all n.

We now show by induction on m that A, (n) is acyclic for all n and m. Indeed,
by construction, the sum > ;_;, .y py 1 (Agn—1)(m)) in Apn—1)(n) is a direct sum
of copies of An—1)(m). As Au—1)(m) and An—1)(n) are acyclic by the induction
assumption, the induction goes through.

In particular, the complex A, := A;—1)(n) is acyclic for n > 0, and thus the
total complex of the double complex A4, * > 1, is acyclic. As this latter complex
is quasi-isomorphic to the cone of the map A : A9 — Tot(A), the map A is a quasi-
isomorphism, as claimed. 0

If we have two cubical objects 4, B : Cube®” — C in a tensor category C, we
can define a diagonal object A ® B with an associative map of complexes

Usp: A, ®B,—>AQB,. (2.2)

https://doi.org/10.1017/is011003009jkt144 Published online by Cambridge University Press


https://doi.org/10.1017/is011003009jkt144

Tensor Structure on Smooth Motives 67

2.3. Multiplications and co-multiplications

In this section, we fix a co-cubical object n — (0" (denoted [1*) in a tensor category
(C,®), such that (1° is the unit object with respect to ®.

Definition 2.3 A multiplication y on 0% is a collection of morphisms
Jrp— o” ® " — Dn—l—m
which are

1. bi-natural: Let f : n — p be a morphism in Cube, giving the morphism

fxid:n+m— p+m. Then
Wpmo (f ®id) = (f xid)o pp,m.

2. associative:
MptnmOMpn ®1d = pn+moid® [nm.

3. commutative: Let t, ,, : n + m — n 4+ m be the morphism in Cube defined as
the composition

g
n+m=nxm-—-mxn=n+m

where o is the symmetry isomorphism in Sets. Let t,, : 0" @ O" —
0" ® 0" be the symmetry isomorphism in the tensor category C. Then

MmpnOlnm = Tnm © Mn,m-

4. unital: Let pu, : 0% ® 0" — O" be the identity isomorphism in C. Then the

composition

2 Bt o n Hon o
0" —>0'0 —0

is the identity.

Definition 2.4 Let O0* ® O* be the diagonal co-cubical object n > O0" @ [I". A
co-multiplication §* on O* is a morphism of co-cubical objects

YO ->0O*eO*
such that §* is

1. co-associative:
(0*®ido+)o8* = (ido ® §%) 0 6*.
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2. co-commutative: Let t be the commutativity constraint in (C,®). Then the
composition

* I* *
oS oreo 2 ore o
is equal to §*.
3. co-unital: Let p, : n — 0 := {0} be the projection. The composition

o 2 o g on 222 o g o A o

is the identity.

Let
1. 2 .
Pom:tm—n, p,,.n+m—m

be the projections on the first n (resp. the last m) factors. Given a co-multiplication
8* on O0*, we have the maps

Spm 1O S O" @ O™
defined as the composition

gntm Pn.m®Pn.
Dn-i—m Dn-i—m ® Dn—i—m n.m=on,m o ® 0",

Definition 2.5 A bi-multiplication on O* is a multiplication w4« and a co-
multiplication §* on O0* such that j, » and &, ,, are inverse isomorphisms, for all
n,m>0.

Remark 2.6 Clearly a co-cubical object O0* with a bi-multiplication (ftx«,6%) is
canonically isomorphic, as a co-cubical object with bi-multiplication, to the co-
cubical object

n = (D1)®n

with a bi-multiplication of the form (id,§*).

2.4. Extended cubes

Definition 2.7 Let ECube be the smallest symmetric monoidal subcategory of Sets
having the same objects as Cube, containing Cube and containing the morphism

m:2—1
defined by multiplication of integers:
m((1,1)) =1; m((a,b)) =0 for (a,b) # (1,1).

An extended cubical object in a category C is a functor F : ECube®” — C, and an
extended co-cubical object in C is a functor F : ECube — C.
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If O* is an extended co-cubical object in a tensor category C, a multiplication,
resp. co-multiplication, resp. bi-multiplication on [0* is defined as for a co-cubical
object in C, with all functorialities and naturalities extending to ECube. Concretely,
a co-multiplication §* : O0* — O*®O* is required to be a morphism of extended co-
cubical objects and a multiplication is required to satisfy the bi-naturality condition
of definition 2.3(1) with respect to all morphisms in ECube.

2.5. DG categories associated with cubical categories

The category of cubical abelian groups AbC"™”” carries the structure of a symmetric
monoidal category. A cubical category is a category C enriched with cubical abelian
groups. Explicitly, for objects X,Y in C, we have cubical abelian groups

Hom(X,Y, ):Cube’” — Ab

n— Hom.(X,Y,n)

with the following property:
For each object X in C, we have an element idy € Hom.(X,X.,0) and we have an
associative composition law, for objects X,Y,Z,

oxy,z  Hom(Y.Z, )® Hom(X.Y, ) > Hom(X.Z, )

with ng,X,ZidX = f and idZQX,Z,Zg =4g.
There is a functor C + Cy from cubical categories to pre-additive categories,
where Cy has the same objects as C and

Homey(X.Y) := Hom,(X.Y.,0).

A cubical enrichment of a pre-additive category C is a cubical category C with an
isomorphism C ~ Cj.

We can associate a DG category to a cubical category C. For objects
X, Y in C, let Homggc(X,Y)* be the non-degenerate complex
Hom.(X,Y)*/Hom.(X ,Y);‘egn associated to the cubical abelian group n
Hom.(X,Y,n). and composition law oy y z induced by oy y ; and the product
(2.2).

It is easy to check that the complexes Homggc(X,Y)* together with the above
composition law defines a DG category dgC with the same objects as C.

We now show how to construct a cubical category and hence a DG category
from a tensor category with a co-cubical object.

Let [0* be a co-cubical object with a co-multiplication §. Defining

Hom(X,Y,n) .= Home(X @ O7",Y)
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gives a cubical abelian group n — Hom(X,Y,n). Let Hom(X,Y)* be the
associated complex. The co-multiplication gives a map

QX,Y,Z :M(Y’Za*) ®MC(X7Y’*) _)MC(Xﬂz’*)
by sending f ® g € Hom(Y.Z,n) ® Hom.(X,Y,n) to the morphism

idy®8", ®idon
Yoo iy e e Y yeon L 2.

Proposition 2.2 Let (C,®) be a tensor category with a co-cubical object O* and a
co-multiplication § on 0. Then, the cubical abelian group Hom(X,Y, ) with the
composition law oy y,z defined above describes a cubical enrichment of C.

Now, we give some variations on the theme of cubical categories and DG
categories discussed in §2.5. We fix an tensor category C with a co-cubical object
O* having a co-multiplication &§*

2.6. Homotopy invariance

Let p; : O' — [O° be the map induced by 1 — 0 in Cube. For X € M, let
px : X ® O! — X be the composition

idx ®p1
—_—

X O Yoot x

where py : X ® 0% — X is the unit isomorphism in C.

Proposition 2.3 Suppose that O0* is an extended co-cubical object of C and that §*
extends to a bi-multiplication (W «x,8™) on the extended co-cube [1*. Then the map

px i Homage(X,Y)* — Homgee(X @ OV Y)*

is a homotopy equivalence.

Proof: We have the map i := 19,1,0 : 0 — 1, sending 0 = 0 to 0 € 1. We have the

map iy :=idy ®ig: X — X ® O'. Clearly px oix = idy, hence iyopy =id. To

complete the proof, it suffices to show that p% oi} is homotopic to the identity.
For this, recall the multiplication map

m:2—1
m(1,1) =1, m(a,b) =0if (a,b) # (1,1).

Consider the map
qn:D1®Dn+1—)Dl®Dn
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defined as the composition

11®1n 1,1 ®id mQid

O'eoOrt Ol — > 1Pl — 0Ol @ O".

We thus have the map
hy:=q; : Homgge(X @ O'Y)" — Homgge(X @ O, Y)" 1,

which we claim gives a homotopy between the identity and p¥ oi¥.
To prove this, we note the following identities (we identify 0°®0“ and 04 ®0O°
with [0¢ via the unit isomorphism)

1. Let f : n — m be a morphism in Cube and let f; :=id; x f. Then
gmo (d® f1) = (id® f)ogn.
In particular, fori >2,n > 1 and € € {0,1}, we have
gn© (1A @ Nn,ie) = (1A @ Nu—1,i—1,¢) ©gn—1-
2. Gno (@ 1nuy) = id.
3. qno(id®nn,1,0) = (oo p1) ®id.

In the additive category generated by Cube (which is a tensor category with product
x), this gives the identity

n n—1
Gno(Gd X Y " (=1) (it — Nni0) + Gd X D (=1 (1,41 = Nn—1,.0) © Gn—1

i=1 i=1
=gn o (idXnp,1,0 —id® Nn,1,1)

n
+qn 0 (dx Y (1) (M1 = Mni0))
i=2

n—1
+(idx Y (1) (1,411 — M—1,i.0) © Gn—1
i=1
=gy o (id x Mn,1,0 —id x nn,l,l)
n—1

+ (id x Z(—l)i+1(nn—1,i,1 —Nn—1,i,0)) ©qn—1
i=1

n—1

+(id x Y (=1 (1,411 — M—1,0.0)) © Gn—1
i=1
= (ip o p1 —idy) X idy.

Therefore, the maps #,, gives the desired homotopy. O
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Remark 2.8 Letixo: X — X ® O' be the map induced by ig := 19,10 : 0% — O!
with image 0. As px oixo = idy, it follows from proposition 2.3 that

i%o: Homgee(X @ OV Y)* — Homgge(X,Y)*

is a homotopy equivalence, assuming that we have a bi-multiplication on the
extended cube [0*.

2.7. Multi-cubes

Next, we see what happens when we replace a cube with a multi-cube. Let C be a
tensor category with a co-cubical object 0*. Form the k-cubical object

(ai,...,ap) =~ Home(X @ O @ ... @ O%.Y).

Taking the quotient by the degenerate elements with respect to each variable gives
us the k-dimensional complex

HomC(X’Y)*b...,*k
and then the total complex
Homc(X,Y)]’: = TOtHOmC(X’Y)*,...,*'

Take an integer k' with 1 < k' < k. Identifying Hom(X,Y)*1>**" with the k'-
dimension subcomplex Home(X,Y)*1>*,:0:20 of Home(X,Y)*1>++** induces
the inclusion of total complexes

Ak gt Home(X,Y ), — Home(X,Y)y. (2.3)

Lemma 2.4 Suppose that O0* is an extended co-cubical object with a bi-multi-
plication. Then for 1 < k' < k, the map (2.3) is a quasi-isomorphism for all X
andY inC.

Proof: We proceed by induction on k. For k = 1 there is nothing to prove and it
suffices to prove the case k' = k — 1.

Note that Home(X,Y); is isomorphic to the non-degenerate complex of the
total complex of the complex associated to the cubical object

ni— Home(X @ O"Y);_;:

Home(X,Y); = Tot{Home(X @ O*,Y);_,].
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In addition, via this identity, the map Ax_; x is transformed to the map (2.1)
A:Home(X,Y);_y — Tot[Home(X @ O%,Y);_,].
By our induction hypothesis the map
Mg—1: Home(X @ O",Y)] — Home(X @ O".Y);_,
is a quasi-isomorphism for all X,Y and n. Also,
Home(X @ O",Y)] = Homgge(X @ O",Y)*,
so by proposition 2.3, the map
pn i Home(X,Y)T — Home(X @ O",Y)]
is a quasi-isomorphism for all #n. Our induction hypothesis thus implies that
Pn i Home(X,Y);_; — Home(X @ O",Y);_,

is a quasi-isomorphism for all n. By lemma 2.1 the map A is a quasi-isomorphism,
hence Ax_; k is a quasi-isomorphism. ]

2.8. The extended DG category

Next, we look at what happens when we add cubes to the target. Let C be an additive
category with a co-cubical object n — [1”. We define a new DG category dg.C, with
the same objects as C. The Hom complexes are defined as follows: for each m, we
have the non-degenerate complex Homggc(X,Y ®O™)*; let Homgge(X,Y @ O™);
be the subcomplex consisting of f such that

pmiof =0 Home(X,Y @O HY*: i=1,..m.
For the co-cubical object m — Homggc(X,Y ® O™)*, we have
Homgge(X,Y @ O™)g := NIL ker(pm,ix)-
We define

Homgg,c(X.Y)? = ETot? Homgge(X.Y ®0*)5 := [[ Homgge(X.Y ®0™)"

m—n=p
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as the extended total complex. For f := (f, € Homc(X,Y ® OFT") ™), define
df = ((df)n € Homc(X,Y @ O"TPT1) M) with

n n+p

@f)n =Y (=) fus10 (it =1ni0) = (=17 D (=1 (hnt pist =Nt p.i.0)° fo-

i=1 i=1
which we write as
df)n = fat10dx —(=D)Pdy o fp; df := fody —(—1)Pdy o f.
The composition (g,,) o ( f,) with
fu € Homgge(X,Y @ O" )" C Home(X @ O, Y @ O"1P)
gm € Homgge(Y,Z @ O™19);™ C Home(Y @ O™, Z @ O™ 1)

is the sequence (gn+p © fx), Where we use the composition in C. One checks that
this does indeed define a DG category, which we denote by dg.C.

Remark 2.9 Note that contrary to the DG category dgC, we did not require a co-
multiplication to define the composition law.

Now assume that [1* has a co-multiplication §*. We define a DG functor
F:dgC—dg.C

as follows:
Suppose we are given f : X ® 0" — Y. Define F(f) := (F(f)m), where

F(f)m: XeO"™ 5y O™
is the map defined by the composition

gntm Pn‘m®p%,m ®idm
xoomtn S x g ortm g ontm Pl v oo g om T2 v o om

One checks that sending f to F(f) defines a map of complexes
Fxy :Homgge(X,Y)" - Homgg,c(X,Y)*
and is compatible with composition, giving us the DG functor
F:dgC—dg.C. 2.4)

In many situations, the functor F is a quasi-equivalence of DG categories,
that is, the induced map Fy,y on the Hom-complexes is a quasi-isomorphism (in
general, one also supposes that F is a surjection on isomorphism classes, but as F
is a bijection on objects, this is immediate).

We first require a definition:
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Definition 2.10 Let (0* be a co-cubical object in an additive category C, with a co-
multiplication §, giving us the DG category dgC. Call (O*,8) homotopy invariant
if for all n and all X,Y in C, the morphism i, : 0 — n with image 0" induces a
quasi-isomorphism

ins: Homgge(X,Y)* = Homgge(X,Y ® 0%)* — Homgge(X,Y ® O")*

Proposition 2.5 Suppose that O0* is homotopy invariant. Then the functor (2.4)
F :dgC — dg.C is a quasi-equivalence.
Proof: Let

" Homgg,c(X,Y)™™ — Homgge(X,Y)™"

be the projection on the Hom¢(X ® O",Y )-component; this gives us the map of
complexes
XY ! Homdgec(X,Y)* — Homdgc(X,Y)*

with my y o Fx y = id. To show that F y is a quasi-equivalence, it suffices to show
that, for a given element g = (g,) € Homgg,c(X,Y)? with dg = 0, we can find an
he Homgg,o(X,Y)?~! with g — F(n(g)) = dh.

For this, we note that g’ := g — F(7(g)) has w(g’) = 0, that is, the Hom¢(X ®
O~P,Y)-component of g’ is zero. Let n > 0 be the minimal integer such that the
Hom(X®O""?,Y @O")-component g, of g’ is non-zero. By assumption, the “X -
differential” dx g/, of g/, in Hom¢(X @ O"~?~1 Y @ O") is zero, hence g/, defines a
cohomology classin H"~?(Hom ggc(X,Y ®")*). Also, by definition, p, 1(g;,) =
0, but since J* is homotopy invariant, the map on cohomology induced by p, 1 is
an isomorphism. Thus, there is an element h, € Homggec(X,Y ® O0")" 27! with
dxh, = g,. Using the splittings 7,—1,i,1 t0 p,,;, we can assume that /1, is in the
subgroup Homgge(X.Y @ O")a P~" of Homgge(X.Y ® O0")"~P~1, We view &,
as an element of Homgg,c(X,Y)?P~! by taking all other components to be zero.

Now we can replace g’ with g” := g’ — dh, giving us a new element such that
the minimal m for which g” has a non-zero Hom¢(X 0"~ ?,Y ® 0™)-component
has m > n. Repeating, we construct a sequence of elements i, € Home(X,Y ®
O")e 7~ with

d(hy) = (g}) in Homgg,o(X.Y)?.

as desired. L]

2.9. Extended multi-cubical complexes

For later use, we combine the extended total complex construction with multi-cubes
in the source. Let

Home(X,Y @ O™)}  C Home(X,Y @ O™ )}
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be the intersection of the kernels of the maps
Pm,i - Home(X,Y @ O™)¢ — Home(X,Y @ O™ 1)}
i=1,...,m, and let
HomC(X,Y),"C’,ext = l_[ Home(X,Y ® O™)}.
n+m=p
We note that
Homgg,e(X.Y)? = Home(X.Y)T o

just as in the case k = 1, the differential dx in Home(X,Y ® O™); and the
differential dy formed using the co-cubical structure m — Home(X,Y ® O™):
For f = (fu) € Home(X,Y)y ., with f, € Home (XY @ OPH"), 7" set

(df)n = fas10dx —(=1)Pdy o fu.
The maps (2.3) give rise to maps

Ak feext : Home (X, Y )50 o = Homc(X,Y);:’ext (2.5)

Lext
forl <k’ <k.

Proposition 2.6 Suppose that O0* is an extended co-cubical object with bi-
multiplication. Suppose further that (0* is homotopy invariant. Then the map (2.5)
is a quasi-isomorphism.
Proof: By our assumption that 0* is homotopy invariant, together with lemma 2.4,
the map

Pnx : Home(X,Y ® O"); — Home(X,Y )y,

is a quasi-isomorphism for all X, Y, k and n. The same proof as we used in
proposition 2.5 shows that the projection on the Homc(X,Y )} -factor gives a quasi-
isomorphism

s Home(X,Y)} o — Home(X,Y)f.

In addition, the diagram

Home(X.Y)l, .~ Home(X.Y)},

Ak’.k.exll \L’lk/.k

Home(X,Y)} o = Home(X,Y)}

Tk

commutes; as the maps mx, g and Axs  are quasi-isomorphisms, the map Ax’ k ext
is a quasi-isomorphism as well. O
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3. DG categories of motives

We briefly recall Levine’s construction of the DG category of smooth motives over
a base. Let S be a fixed regular scheme of finite Krull dimension. Let Sm/S be
the category of smooth S-schemes of finite type and Proj/S C Sm/S be the full
subcategory of Sm /S consisting smooth projective S-schemes.

Definition 3.1 For X,Y € Sm/S, the group of finite correspondences, Corg(X,Y),
is defined to be the free abelian group on the integral closed subschemes W C
X xg Y such that the projection W — X is finite and surjective onto an irreducible
component of X.

The category Corg consists of the objects of Sm /S and has morphisms
Homcyrg (X,Y) :=Cors(X,Y)
where the composition of correspondences
0:Cors(X,Y)®Cors(Y,Z) — Cors(X,Z)
is defined as

WoW':= pxz«(pxy (W) -xvz py (W)

where - yyz is the intersection product of cycleson X xsY xs Z and pxy, pyz.pxz
are the respective projections.
The product xg extends to finite correspondences, making Cors a tensor
category.
Assigning [0, = A% gives a co-cubical object in Corg. In fact, O extends to
a functor
0% : ECube — Sm/S

sending m : 2 — 1 to the usual multiplication
ms: ng — Dg; us(x,y) =xy.

Since the tensor product in Corg arises from the product in Sm /S, we have the
identity
5= O%%"
the collection of identity maps thus gives a multiplication pt4+/s on the extended
co-cubical object (0%. The diagonal

5[]22D'§—>D§XSD”= g@ljg

gives the co-multiplication § on O*. It is easy to check that (««,8*) defines a
bi-multiplication on the extended co-cubical object [1*.
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Definition 3.2 We define the category dgCors = (Cors,®,00%,6%). Let
dgPrCorg be the full subcategory of dgCorgs with objects in Proj/S.

Proposition 3.1 /. Corg is a tensor category.

2. The identity multiplication |« and diagonal co-multiplication §* define a bi-
multiplication on the co-cubical object (I5.

3. The co-cubical object (I is homotopy invariant.

Proof: 'We have already remarked on (1) and (2). The proof of (3) follows the proof
of the homotopy invariance of the simplicial Suslin complex given in [6, lemma 4.1].
O

Let S be a fixed regular scheme of finite Krull dimension. Fix a Grothendieck
topology = on some full subcategory Opn¥ of Schs. Suppose we have a presheaf
of DG categories U — C(U) on S;. For objects X and Y in C(S), we have the
presheaf

[f:U— S|~ Homcw)(f*X. f*Y),

which we denote by Hom7(X.Y).
Let RI'(S,C) be the DG category with the same objects as C(S) and with Hom-
complex
Hompgr(s,c)(X,Y)* = Tot(G* (Hom[(X.Y))*(S)).

The composition law is defined using the Alexander-Whitney map (1.2) composed
with the composition law on the presheaf of DG categories U — C(U). For a proof
that the composition of morphism is an associative map of complexes, see [11, §3.1]
(but note that we have introduced a sign-correction in both the Godement resolution
and the Alexander-Whitney map, which was missing in [11, loc. cit]).

Definition 3.3 We denote by dgPrCor s the Zariski presheaf of DG categories
UwrdgPrCory.
The DG category of smooth effective motives over S is defined to be
dgSmMotd" = ng(RF(S,ngrCorS)).

taking t to be the Zariski topology on the category Opng 4" of Zariski open subsets
of §. The triangulated category, SmM otgf,fn (S) of smooth effective geometric
motives over S is defined as the idempotent completion of the homotopy category

HongmMotgff.
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The triangulated category of smooth motives over S, SmMotgp,(S) is the

triangulated category formed by inverting ®LL on SmM otgf,fn (S).

Remark 3.4 Suppose that S = Spec Oy, for X a smooth scheme of finite type over
k, and v a finite set of points of X. Suppose that the field k has characteristic zero.
Then by [11, corollary 5.6] together with [6, theorem 8.1], the natural functor

F(S,ngrCorS) — RF(S,ngrCorS)

is a quasi-equivalence of DG categories. Thus, we have the quasi-equivalence of
DG categories

Che(T(S,dgPrCor .)) — Cj,(RT(S,dgPrCor .)) = dgSmMot§"

and therefore the idempotent completion of H°C g < (C'(S,dgPrCor S)) is equivalent
to SmMotgm(S).

4. Pseudo-tensor structure on DG categories

Our goal is to see if we can construct a DG tensor structure on dgCors. Working
with Q-coefficients, Levine has constructed a DG tensor structure on dgCorsg
(see [11, § 1.7]). It turns out that, in general, there is a weaker structure, a pseudo-
tensor structure (defined below), on dgCors and also on C 5g (dgCorgs) such that,
on passing to the homotopy category, we get a tensor structure. Such a structure on
a DG category is called a homotopy tensor structure (see [3, § 1.9]). This is what we
would need to define a tensor structure on the category of smooth motives. The idea
of defining a pseudo-tensor structure on dgCors comes from Remark 2.8. In this
and the following two sections, we make some observations in the general theory of
homotopy tensor DG categories.

Definition 4.1 ([2], pg. 11-14) A pseudo-tensor structure on an additive category
A is the following datum:

1. For any finite non-empty set /, an /-family of objects X; € A, i € I, and an
object Y € A, we have an abelian group PIA({XZ- Yier, Y).
[We denote PA(X;Y/_,.Y) == Py \({Xi}ier,Y) ]
2. Given any surjective map of finite sets 7 : J — I, we have the composition
map
PAAY:LZ) @[ [ PR(X e Yi) — PRAUX;3.2).  (fi(80) — f(g1)
iel

where J; := 77 1(i).
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The following properties must hold:

1. The composition is associative: for another surjective map K — J, {W;} an
K-family of objects, and & € Pk“j (Wi tkek;. X;), we have f(gi(h))) =

(f(g))(hj) € PR({Wi}. Z).

2. For any object E € A, there is an element idg € P{*({E},E) with didg =0
such that for any f € P{*({X;}.Y), we have idy (f) = f(idx,) = f.

Now, let C be an additive DG category. We define the notion of a pseudo-tensor
structure on C.

Definition 4.2 A pseudo-tensor structure on C is the following datum:

1. For any finite non-empty set /, an /-family of objects X; € C,i € I, and an
object Y € C, we have a complex of abelian groups (P5 ({X;}ier.Y)*.0).

[We denote PS({X;}'_y,Y)* 1= P ,\({Xi}ier,Y)*]

2. Given any surjective map of finite sets 7 : J — I, we have the composition
map

PEAYi2)" @ Qicr PS (X} jes Y — PY({X ;3. Z)ymHem,
(f.(g)) = f(gi)

where J; := 77 1(i).
The following properties must hold:
1. The composition is a map of complexes:
P
B(f(g1)) = () (gn) + D (=D Ei=i" £(g1. . gk 08k Gkt 10w Ep)
k=1
taking I = {1,..., p}.

2. The composition is associative: for another surjective map K — J, {Wy}
an K-family of objects, and h; € PI%j ({Witkek,.Xj)P/, we have in

PIC(’({Wk}’Z)m‘FZni‘FZPj,

f(gi (hj)) — (_I)Zf):l(Zf;ll Qjer, PiNmi (f(gl))(hj)

3. For any object E € C, there is an element idg € PF({E}, E)® with didg =0
such that for any f € P{({X;},Y)", we have idy (f) = f(idx,) = f.
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Remark 4.3 The condition for associativity stated above is precisely the commuta-
tivity of the following diagram.

P1({Y:}.2) @ Q) (Pr, ({X;}1.Y:) ® Q) Pi, (Wi}, X))

iel J€J;

\

o Pr({Y:}.2) ® Q) (Pk, (Wi} X))

iel

(Pr(Y3.2) @ R Pr,(X3.Y)) @ R Px, (Wi} X)) E

iel jeJ

\

P;({X;3.2) ® Q) P, (Wi} X))
jeJ

The sign that comes into the associativity condition is to make sure that 6 is a map
of complexes.

Lemma 4.1 If PIC is a pseudo-tensor structure on a DG category C, then it induces
a pseudo-tensor structure on the homotopy category H°C.

Proof: Let PIHOC({Xi},Y) = H°P{({X;},Y)*. We want to show that PIHOC is
a pseudo-tensor structure on H°C. Since composition map on P¢ is a map of
complexes, we have the map

0 0 0
Py 2) @ [ [P CUX ) jen i) — PFUC(X;1.2).
iel
Associativity of composition is clear and idy € Z°PC({X},X) implies that its
image in H° P{({X},X) has the required properties. O
Lemma 4.2 A pseudo-tensor structure P§({X;}.Y) on a DG category C is func-

torial in each of the X;’s. The same is true for a pseudo-tensor structure on an
additive category.

Proof: Let f : X; — X; be a morphism of degree m for any k € I = {1,....n}.
Then, we have a map

f*
PECXiY=1Y) — PE({X e Xi—1. X X1 X 1Y)

i=1
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given by g — g(idx,,....idx,_,, f.idx,,,....idx,). Note that f* is a map of
degree m in Cg4qg (Ab). Clearly, idy = id and it follows from the associativity of
composition that (f 0 f2)* = f,f o fi*. O

Corollary 4.3 The functor Pf is additive in each component.

Lemma 4.4 Ifn : J ~ I is a bijection and the objects {X j}je is a permutation of
the objects {Y;}i, such that X -1y = Y;, then

PEUYiL)* = PSUX )"

Proof: Since 7 is a bijection, forany j € J, j = 77 '(i) fori = n(j) € I. Then,
Xj = Xp—14) = Yi = Yn(;). Thus we have g; = idy, € P{({X,-1(;)}.Y:)° and
hj =idx; € P{f({Yr(j).X;)°. This gives us maps

o: Pf({Yi}.2)* — PY({X;0.2)* ©:P{(X;02) — Pf({Yi}.2)*

given by o(f) = f(gi) and ©(f") = f'(h;). Then toa(f) = (f(gi)(h;) =
f(gi(hj)) = f(giohy—14)) = f(idy,) = f and similarly, 0 o = id. Hence, o is
an isomorphism with inverse t. O

If we have a pseudo-tensor structure on a DG category C, then each collection
of objects {X;}ier in C gives rise to the C-module

P{({Xi}.)" :C — C(Ab),
which we may consider as an object of D(C°P). Similarly, each object X of C gives
us the object Home(X, )* of D(C°P), lying in the full subcategory K?(C°P).

Definition 4.4 A pseudo-tensor structure is called representable, if for any collec-
tion of objects {X; };es in C, there exists an object ®;e7 X; in C and an isomorphism
in D(C?)

A{X,'}ie1 : PIC({XI'}’_)* - HomC(®i€IXi,_)*

such that for | 7| = 1, the object corresponding to { X1 } is X and A(x,; is the identity.

Remark 4.5 1. For an additive category C, a pseudo-tensor structure is representable
if and only if for any collection of objects {X;};c; in C, there exists an object
®;er X; in C and an isomorphism of functors from C to Ab

A‘{X[};e[ : PIC({XI}’_) - HomC(®i€IXiv_)~
2. Suppose a given pseudo-tensor structure on C is representable, via objects X1 ®

... ® X, and isomorphisms A(x;,., for each collection Xi,..., X, of objects of C.
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Suppose we have another choice of objects (X; ® ... ® X,;)’ and isomorphisms
Aix.y,.,- Then we have the isomorphism in D(C®?)

Home((®ier Xi)',)* = Home(®ier Xi,)™;
in particular, the respective identity maps give us the morphisms in H°C
[:X1®.98X, > (X1®..0X,) 2:(X19..0X,) > X1®...0 X,
which are inverse isomorphisms in H 0C. and we have
kf{Xi}iel = A{x;}c, 8-
Thus, the data (X; ® ... ® Xn.A(x;},.,) is determined up to canonical isomorphism

in HOC.

If the Py are representable, the composition map gives for a surjection 7 : J —»

I,
Home(QR)(Q) X).R(R) X))™ & Q) Home () X;.Q) X;)"

iel jelJ; iel jeJ; iel jeli  jeJ;
J/z

PEAR) X1 QR X))™ @ Q) PS (X} jes; - Q) X )"

jedJ; iel jeJ; iel jedi
PFUX;3 Q) X))t
iel jeJ;
¢

Home () X;. Q)R X )™ Er.

jeJ iel jeJ;
The image of (id®ie[(®jeji x,),(idg;., x,)i) under this map is denoted
€x . ®jeJXj — ®iel(®jeJin)~

Note that €,; € ZOHomC(®jeJXj,®ie](®jeJin)).
If f:X —Yand f': X' — Y’ are morphisms in C, we define a morphism
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f ® f’ as follows. Consider the map

Hom(Y ®Y', )@ Hom(X,Y)® Hom(X',Y')
2

PZ({Y’Y/}7_) ® Pl({X}?Y) ® Pl({X/}7Y/)

PZ({X’X/}’_)

¢

Hom(X ® X', ).
The image of (idygy-, f. /) under this map is denoted /' ® /' € Hom(X ® X', Y ®
Y)).

7’ T
Lemma 4.5 If K — J — [ are surjective maps and the pseudo-tensor structure
is representable, then the following diagram commutes.

Rk Xj — ®(®k, Xk) — = ®1(®,(¥k, Xk))

k %’
1

®1(®k; Xi)

where J; = w7 1(i),K; = 7n'71(j).K; = (wn') "1 (i) and 7! := 7' |k, : Ki = J;.

Proof: Commutativity of the above diagram is the same as the commutativity of
the following diagram

Py ({®cek, Xk} Pk ({Xc}.)

€x €
T @r6,)" T
PI ({®j€]{ (®k€Kj Xk)},_) PI ({®kEK[ Xk}?_)‘
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Let f € P1({®,es; (®rek,; Xr)}._), then
v (€x ()
= (/o (Mg x01y0s, (o @1, x0DieD) @ (Ot (o, x)) )
=fo ((/\{_5,(/ Xejes, (e @k, X)) © ((l{_;}k}ke,{j (idex, xi))jer;))iel
=fo (A{_p}k}ke,{i (€x)))ier
[By definition of €,/]
= /0 (ex 0 Ao (da e x)ier
[Since A’{Xk}keKi (enl{ © (A{_)}k}keKi (id®/<i Xk))) = 67'[1{ ° (id®[(l- Xk) = ET[;
by naturality and A is an isomorphism.]
=(fo(ex)ier)o (l{_;}k}ke,(i (idex, xi))iel
= € (®167)"(f)).
O]

Lemma 4.6 Suppose that the pseudo-tensor structure PS is representable and €
is an isomorphism in H°C for all surjections w. Then, the pseudo-tensor structure
PIc gives a non-unital tensor structure on H°C.

Proof: If we have morphisms X 1> Y% Zand X' i) v & 7z , then we have that

gf ® &' f' = rxxy (g zy(idzez)(g/.8' 1)

=Mxx (Az 27 (idzez) (8.8 N f)

=2x.x1 (g ® &)y yny idyey)(f. )

= (e ® & )sMx.x Ay ynidyey)(f.f)

=(g®g)o(f®f). 4.1

since, by naturality,
Ay yi (€ ® 8)sAiyynidyey)) = (g ® &)sAryy(Ay yn(idyvey) =g ® ¢’

=Ayyy Az 24 (dzez)(2.8)

and Agy,y/y is an isomorphism. The associativity isomorphisms are given by the
diagrams

XY ®Z) * XQY)®Z

XQYQ®~Z.
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We need to check that the following pentagonal diagram commutes:

XQY)®(Z®W)

/

f

XY QEZW)) €12,34 (X®Y)®2)W
€12.3®idw
m /
idx ®a XRQYQRQZW a®idw
€1.23Qidw
Tdx ®¢€23.4 \
XR((Y®Z)QW) ¢ XY Q2)W.

The upper left triangle commutes since idx @ €2,34 = €123 0€1,2,34 and €12,34 =
€12,3 © €12,34 by Lemma 4.5. Similarly, the upper right triangle commutes too.
Again, using Lemma 4.5, the lower triangle commutes since idy ® €34 =
€1,230€1,23,4 and €1 23 @ idw = €12,3 0 €] 23,4. The other two triangles commute
by definition of & and (4.1). The pentagon commutes since all the inner triangles
commute.

By Lemma 4.4, we have the isomorphism P,({X», X1}, ) = Pr({X1,X2},)
which along with representability, gives the commutativity constraint 7y, x, : X1 ®
X> > X, ® X;. We also need to verify the commutativity of the following diagram.

XY ®2Z) « X®Y)®Z fren.z ZR(X®Y)
XRY®Z = ZQXQ®Y
idxQ®ty,z \ / o
XR®RZRY ~
/ \Lz
X®(Z®Y) _ X®Z)®Y e (ZRX)®Y.
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The three inner triangles commute by definition of «. But all the inner
quadrilaterals commute by Lemma 4.5, implying the commutativity of the outer
hexagon. Hence, ® gives a non-unital tensor structure on H°C. O

5. Pseudo-tensor structure on DG complexes

The goal in this section is to show that a pseudo-tensor structure on a small DG
category C induces a canonical pseudo-tensor structure on the category Pre-Tr(C)
(see Definition 1.1). In section 6, we show that, if the original pseudo-tensor
structure is representable and defines a tensor structure on H°C, then the pseudo-
tensor structure on Pre-Tr(C) is representable and induces a tensor structure on the
category K?(C).

We begin by defining the induced pseudo-tensor structure on Pre-Tr(C).

Let& ={E%. el 1 Ef — Efyn;<jk<m;si € 1:={1,...m}and F = {Fy, fjx :

Fi — Fj}N'<jk<m be objects in Pre-Tr(C). We define

PPeU((EY p FY" = P PE(E: Yier F)" *Hoieii (5.1
Ni < ji =M,
N <k<M

Let ¢ = (pr.(ji1) € P (1€ }ier, F)™. Then we define

00)k,jy = (=D¥dere gy + kaz(sﬂl,{j,»})
1

m
(1) C$GdiD gy S A I .
(-1 ;N;M( 1) Ot gy oidpi elidps idpy )
(5.2)

where s(i, ji,[) := j1+ -+ ji-1 + (i =L + D(it1 + -+ jm) and J (@, ji 1) ==
{j1se-sjiz1.0,ji+1s--., jm}. One can check that 3% = 0 (see [1]).
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The composition map is defined as follows

P;retr({gi},f)m ® Hiel P;[_retr({,Hj}’gi)ni (53)

i — i j iNni—l; icy. kj
@ji,k,kj,li PIC({E;[},Fk)m k+Y_ ji ®Hi€1({H]gj }’Eljl)” +Z/ JiJ

|

‘ - i / \ni—Ji ies kj
DB s, PTAES} Fo)™ k2 ®Hie]({H;ij},Eji)" JitXjeriki

|

@ji @kj P P; ({H]gj }’Fk)m+2ni—k+2jej kj

@, Py ((H/}, Fymtin

Iz

P (M g Fymr

where i is defined as, for ¢ € Pfrelr({c‘:"},]:)m and Y' € Pﬁfelr({?-l-"},gi)"i,

(U Nitiyy = p_(=D)SUHEDD g @l ),
{i}

. d -1 .
where S({ji}. ;) ni}) = 35 (021 p(ni = i + X5,k + (2, k) p).
The following proposition follows by direct computation.

Proposition 5.1 ([1, Prop. 2.2.1]) Given a pseudo-tensor structure on a DG
category C, the complexes (5.1) with differential (5.2) and with composition law
(5.3) define a pseudo-tensor structure on Pre-Tr(C).

For later use, we prove the following result:

Lemma 5.2 Let {£',...,E™} be objects of Pre-Tr(C).
1. Let F be in Pre-Tr(C). Then

Prrer((el, L EM FI1]) = PREU(EL, .. .EML (1]
2. Let y : F — G be a morphism in Z°Pre-Tr(C). Then

PY({EL,....E™} . Cone(y)) = Cone[ P ({EL,....E™V. F) — PE"({EL,....Em}.G)].
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Proof: We note that

PR (€ ier, FI)" = D P((E} Sier. Fey)" 4 hier
Ni = ji = M;
N —-1<k<M -1

— P'[r)lretr({gi}iel’f)n—i-l‘
Let 3; be the differential on Ph"({£}ics . F[1]))* and 9 the differential on

PY"({EYier . F)*. Now, for ¢ € PE({E}ier, F[1])", it follows by direct
computation that

ki = =@ (O)r.giy-

That is, 8, = 9[1]. Thus, PR ({€ }ier, F1]) = PR (€ Yier, P[]

To see the second assertion, first note that Ph"({E}ic;.G ® F[I)* =
P ((Eie1.G)" @ P ({€}ier F)[1]" as abelian groups. If ¢ = (¢'.¢?) €
P (€7 ier.Cone()" = Pi™" (1€ }ie1.G)" ® Pi (€' }ier, F)[1]", we check
that

cone )@ = (00 .t} + Vi 41974111 Ok iy) = d(9'.9%)

where d is the differential on Cone[ P2 " ({E1,....E™V, F) — PE"({EL,....£™}.G)].
O

6. Pseudo-tensor structure on the category CP™"

We now suppose that C has the structure of a pseudo-tensor DG category. Let
£.{GK }1<k<n be objects in CP**". Then, we have functors

Pg,{gk} = Pnpfitlr({g,gl,7gn}’l(_))* € Cdg(cop)

Proposition 6.1 Let &,F,{GF}1<x<n be objects in CP*" and let
v € ZHomeper (E,F). If Pg (gky and Px (giy are representable in CP™", then

*

50 i Pcope(y) 1ok} and is isomorphic to the object Cone(Px gy LR P gr)[1] .

To prove the above proposition, we begin by proving the following lemma.

Lemma 6.2 Let £, F, w,g" be as above. Then the cone sequence

— Cone(¥)[-1] =& g F — Cone(yy) — -+
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in CP™ induces a cone sequence

* w* * *
T PRy T Pewgny T Peonei-nniony T Prigen T
-—> P* AN Cone(Y*) ———— Pr oy [1]" ——
Faoy — Pegony FAGH

— P*

£ 16k} is defined by

in Cqg(C°P). Here the map y* P;,{gk}
W (@0, 1, fn} = Z(—l)(i_l)zj"fpo,{l,jl,...,j,,}(lﬁli,idG;,l snidgn )
I

forp € Pf (gky

Proof: We show that Cone(y*)[—1] = We have

Plonew) ity
Py ({Cone(y).G"....G" i)™
= P PLIGF ®Ei1.G)....Gh } )" HiTRik

L3 J1seesin
= D PR G R
[ J1sesJn
o( P PYI(ELG),....G} b )=t AR,
Ly j1seeesn
Thus, Pénone(w) Gy = Péf”{gk}[ 1] P” 7 (gky S Sets. We need to check that the

differentials are equal to prove equality as complexes of abelian groups. Let ¢ =
@ijtrni) € DB jy sy Prs i (Fi @ E,+1,G LG, ym+i+Jk As an element

of Pc*one(W) (gry Ve have
0P)ijyrrjn = A(Piji....jn)
S D HE g, (T YR Y G e
( ) Z( ) gpl,jl,...,j”( O _€l+l,i+1 ! G/l‘] ! Gjn)

1
n
_(_1)m+1 ZZ(—l)s(k’lk)QD{i}UJ(k’lk)(idFi@EiJrl ,idG}l ""’ggckjk ldG;'”).
k=1 I

Writing ¢ = (¢* ¢*) and denoting the differentials in Pg (gxy[—1] = Pepy) ¢y and
Py (gry by 0¢[1] and 9+ respectively, we check that

_( 9F =DMy

which completes the proof. O
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Proof of Proposition: This follows directly from the lemma. Indeed, suppose
that {£,{G¥}} is represented by (A,1;) and {F,{G¥}} is represented by (3,1,).
Composition with the morphism v (and the identity maps on the G¥) gives the map
in D(cpretrop)

w* . P]:,{gk} —> Pg,{gk}.

Via the isomorphisms A;, ¥* induces the map in D (CP*"°P)
Y™t Home(B,)* — Home(A, )"

thus we have the map ¥ *(idg) : A — Bin H°CP™" which we may lift to a morphism
W in Z0CP™", Then the lemma shows that Cone(W) represents Pc,,, e fgky- U

We now show that it follows from the above proposition that
Proposition 6.3 The pseudo-tensor structure Ph°" on CP™" is representable if P
is representable in C.

Proof: 'We make use of the fact that CP™"" is generated by i (C) by taking translations
and cones and proceed by induction. First note that by the representability assump-
tion, for objects X1,.... Xy, in C, PR ({i (X1).....i (X,m)}.i())* is representable by
the object i (®7L, X;), that is, we have a isomorphism

PR (X1).. o d (X} ) = PSUX 1o X}, ) 5> Home (7, Xi,)")

in D(C°P). Thus Py ({i(X1).....i(X,»)}, )* is in the full subcategory K?(CP)¢sS
of D(CP), and the above isomorphism is in K?(C7)¢*.
We may represent this isomorphism as a diagram

P,Blretr({l.(Xl)s--'?i(Xm)}’—)*) <i F i HOmC((X)lm:lXia_)*)

for some functor F : C — C(Ab), with « and § quasi-isomorphisms. Now, each
functor F : C — C(Ab) extends canonically to a functor

F :CP™ — C(Ab)

by taking the total complex of the evident double complex. This extension is
compatible with translation and taking cones. By [11, Proposition 2.16], this gives
a natural equivalence D(CP™"P) ~ D(CP*™"). In particular, the isomorphism A
extends to the isomorphism in D (CP™"P)

A PR (i (X 1) i (Xm) 1)) = Home (R X, )").

By lemma 5.2, the canonical extension of P ({i (X1),....i (Xm)}. )*) agrees with
the definition of P ({i (X1),....i (X,m)}, )*) given in section 6.
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Let K>(C)™ ep C D(C)™ be the full subcategory of D(C)™ with objects the m-
tuples (E1,...,E™) of Kb(C) such that P5°"({E',...,E™}, ) is representable in CP™",
By our above computation, we see that K? (O)7%, contains i (C)™ for each m. Also
note that

PEC({E,.. EF[),....E™}F) = PRU(EY,...£™ )],

so K? (O)7%, 1s closed under taking translation in each variable. It follows from
Proposition 6.1 that K? (O), is closed under the operation of taking the cone of a
morphism v : £ — F' in the ith variable, and leaving all other objects the same.
Thus K o, = K?(C)™ for each m, i.e., PE°"({E,...,.E™}, ) is representable in
CP™t for all finite collections {£!,...,E™} in CP¥, O
Lemma 6.4 For objects &, F, Gkincrer 1 <k <m, and a morphism Y €
Z°Homeme(€.F) f E®G' ® - ®G" > (E®G)®~®G" and F®G' ®
@M S (FRGH ®--®G™ are isomorphisms, then so is Cone(y)RG' ® - ®
G"—(Cone(y)®G"H Q- @ G™.

Proof: It is enough to show that for objects E,F,GL.G?in CP*", and a morphism
Y € Z°Homew (€, F) ifEQG' RG> S (E®GH®G*and FRG' ®G* S (F®
G')®G? are isomorphisms, then sois Cone(¥)®G! ® G2—(Cone(¥)RG') @ G2.
To see this, we start by showing that the following diagram commutes

PI({F.G' .G, ) —— Py ({£.61.G%}. )
PPretr({f®gl gZ} _) v* Ppretr({g®g1 g2} _)
For f € Pzpretr({}'@) G'.G%}., ), we get
€5 3(f) = flid rgg.idg) € PY"({F.G1 .G}, ),

where id rgg1 = AT \F @ G' € PY"({F,G'},F ® G'), A being the isomorphism
giving the representation of the pseudo-tensor structure. And ¥*(ey, 5(f)) =

(f(id rggi.idg2))(Widg,idg) which equals f(id rgg1 (V.idgi).idg2) by the
associativity of composition of the pseudo-tensor structure. Going the other way,

Y*(f) = f(y ®idgi,idg2). Then
523U () =(f(W ®idg1.idg))(id cggr.idg) = f((Y ®idg)a(id cgg).idg).
But note that in P ({£.G'}.F @ GY),

(V¥ ®idg)w(ideggr) = id rogr (V,idgr)
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since

MW ®idg)a(id egq) = Qidg)xAidego) =V ®idgi =A(id rgg (V.idg))

and A is an isomorphism. This shows that the above diagram commutes. Taking the
cone of ¢* and using Lemma 6.1 and the 5-Lemma gives an isomorphism

PY({Cone() ®G",G%). ) —> P ({Cone(¥).G".G%}. )

which shows that Cone(y) ® G1 ® G2 > (Cone(y) ® G1) ® G2.
The same argument shows the general case. O

Theorem 6.5 If a pseudo-tensor structure Pf, on C is representable and gives
a tensor structure on HOC, then the induced pseudo-tensor structure on CP™Y is
representable and gives a tensor structure on Kgg (C). In addition, this tensor

structure makes the triangulated category K 3 < (C) a tensor triangulated category.

Proof: In view of the last proposition and Lemma 4.6, we need to show that the

morphisms
€x ®8j — ®(®5j)

jeJ iel jelJ;

given by the representable pseudo-tensor structure PP, are isomorphisms for all
surjective maps 7 : J — I. We prove this by induction. Firstly, we note that,

ex 1 ()i (X)) — QR i (X))

jeJ iel jelJ;

is an isomorphism in the homotopy category K sg ©).

Lemma 4.4 along with the representability gives isomorphisms £! ® -+ ® £ ~
E°M @ ...® 70 Since the category Cé’g (C°P) is generated by i(C) by taking
translations and cones, it follows using the above Lemma and applying induction
on number of cones taken, that all the €, ’s are isomorphisms in K f;g (C°?). Thus,
by Lemma 4.6, PP*" induces a tensor structure on K 2 . (C) with unit induced by the

one for the tensor structure on H°C.
To show that this makes K Sg (C) atensor triangulated category, we need to show
that, if
A— B — C — A[l]

is a distinguished triangle in K Sg (C)and X isin K Sg (C), then

ARX > BRX —->C®X - A® X[1]
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is a distinguished triangle. This follows directly from the compatibility of the
pseudo-tensor structure on CP™" with cones, as given in proposition 6.1, since the
distinguished triangles in K sg (C) = HOCP™" are those triangles isomorphic to the
image of a cone sequence in CP™". O

7. Pseudo-tensor structure in the category dg.C

Let O* : Cube — C be a co-cubical object in a tensor category (C,®) with co-
multiplication §*. Then assigning (X,Y,n) — Home(X ® O",Y) defines a DG
category dgC := (C,®,00*,6*). We have as well the DG category dg.C with Hom-
complexes

Homgg,c(X,Y)" :=ETotHome(X @ O*,Y ® O%)

and DG functor (2.4) F : dgC — dg.C.

In this section, we will define a pseudo-tensor structure on dg.C. Under suitable
hypotheses on (0*, we show that this pseudo-tensor structure is representable and
defines a tensor structure on H°%dg.C. Finally, using our results from §6 and §2.8,
we show that we get the structure of a tensor triangulated category on K s < (dgeC)
and Kf,g (dgQ).

Definition 7.1 Let / = {1,...,k}, and let X1,...,X;,Y bein C.

1. Let PIC ({Xitie 1,Y)G1* 61 e k_dimensional non-degenerate complex asso-
ciated to the k-cubical object
(ar,...,ap) = Home(X1® .. X ¥ ® ... 0% .Y @ O").

2. Let PIC ({Xi}ier.Y)* be the extended total complex associated to the n + 1
dimensional complex Py ({X;iYier,Y)tmo%k)* that is

Pi({XiYier, V)" =[] PF(XiJier, )00,
(ay,...,ar),n
n—y ;aj=m

Remark 7.2 Referring to the extended multi-cubical complexes defined in §2.9, we
have the identity

Pf({Xi}ier,Y) = Home(X1®...® X V)% exte

We now proceed to define the composition law for this pseudo-tensor structure.
Letw:J ={l....,p} = {1,....[} = I be a surjection, let X;,....X,.Y1,....Y;,Z be
objects of C, and let J; := 7~ 1(i), p; :=|J;|,i =1,...,1. Write

Ji={jl g i <<b.
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c (@1yesa)) o c Gioebyi Nai
and take f € P;y({Yi}ies.Z2) 90", g; € PJ,-({inl}’Yi) 1 it =

1,....,.LetB:Jy U...I1J; — {1,..., p} be the bijection sending i to i.
Let X/ =X, ®..®@X; 0" := 0°4 ®...00 7, and let
n: X entWe. xentV 5 xg. X etV g .. @O
be the symmetry isomorphism permuting the factors (1?¢/1) and X /i, let
n:X'®.0X" X ®..09X,
be the symmetry isomorphism induced by the bijection 8 and let
0P @0t s oh g .. @O

be the signed symmetry isomorphism induced by B, where we give [(1? degree b.
Similarly, we have the symmetry isomorphism (without sign)

4:7190®..0Y, 0% -Y,1®..0Y, 0" ®..00O%

We define f o™ (g1 ® ... ® g7) as the composition in the following diagram:
X; ®---®XP®E|”‘ ® - ® [Obr

7 lo(zy @)

XNheotUg.. e X Ot

g21®...08;

V104 ®...QY, @ O%

T4

1.0Y04®..0%

f

Z@0O".

Finally, we define the composition law

o P ({(Yitier, 2)* QI®i_1 P§,({X ;i 1Y) T > PF({Xj}jes 2)* (1.1)

veey
......

.....

.......
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the sequence (1, o” (®f=1ng

120>

).
b,
We record the following result without proof; the proof is a straightforward
verification.

Proposition 7.1 The maps (7.1) are maps of complexes and satisfy the associativity
property required by a pseudo-tensor structure.

Theorem 7.2 Suppose that the extended co-cubical object O* admits a bi-multi-
plication and is homotopy invariant. Then the pseudo-tensor structure on dg.C is
representable and induces a tensor structure on H%dg,C.

Proof: From remark 7.2, we have the identity
Pi({Xi}Yier.Y)" = Home(X1® ... ® Xp. Y )f o
By proposition 2.6 we have the natural quasi-isomorphism
Akt : Home(X1 ® ... ® Xi,Y)] o = Home(X1 ®...® Xk,Y)}:,ext;
by definition, we have
Home(X1® ... ® Xp,Y)] oy = Homgg,c(X1 ®...® Xi,Y)",

thus, Pf({X;}ier._)* is represented by X ® ... ® X.
By Lemma 2.4, we want to show that that for each surjection 7 : J —> I, the
induced map

€ QjeyXj — Ricr1(®jes; X))

is an isomorphism in H°dg,C. For this, it follows immediately from the definition
of the quasi-isomorphism A, x ey and the composition law for the pseudo-tensor
structure that the map €, is just the evident commutativity constraint in the tensor
category C, and is thus an isomorphism. Finally, the unit object for the tensor
structure in C is clearly a unit object for the tensor structure on H%dg,C. O

By the results of §5, the pseudo-tensor structure PIC({Xi}iel,_)* we have
defined on dg.C gives rise to a pseudo-tensor structure Plcpre"({X iYier, )* on CPre,

Corollary 7.3 Suppose that the extended co-cubical object O* admits a bi-
multiplication and is homotopy invariant. Then the induced pseudo-tensor structure
Pldg eCr™ ({Xi}ier, )* on dg.CP™" is representable and gives rise to a tensor struc-
ture on the homotopy category K?(dg,.C), making K®(dg.C) a tensor triangulated
category.
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Proof: This follows from theorem 6.5 and theorem 7.2. O

Remark 7.3 Suppose that an extended co-cubical object (0* admits a bi-multi-
plication and is homotopy invariant. By proposition 2.5, the functor (2.4) F :
dgC — dg.C is a quasi-equivalence. Thus, by proposition 1.3, we have an
equivalence of triangulated categories

KP(F): Kb(dgC) — K®(dg.C).

Thus, the tensor structure on K?(dg.C) gives rise to a tensor structure on K?(dgC),
making K?(dgC) a tensor triangulated category.

Definition 7.4 Let [0* be a homotopy-invariant extended co-cubical object with bi-
multiplication in a tensor category C and C is Q-linear. Note that the symmetric
group S, acts on Home (X ® 0", Y ® 0*) through the permutation action on n (and
hence [1"). Let

Home(X @ O™, Y) c Home(X @ O"Y)

be the subcomplex on which S, acts by the sign representation. We define a pseudo-
tensor structure on dg.C given by

ahPIC({Xi}iel,Y)n = Home(Qier Xi ® D—n’Y)alt'

Letalt: Home(®ier X; @ O",Y) — Home(®ier X; ® 0", Y ) be the map

1 S
_ _ _1\5gn(p)
alt = alt, = 0 E -1 Dx -
PESH

The composition law o for the pseudo-tensor structure is the composition

o'': Home((®ier i), 2)}'7 ® Q) Home ((®jes; X;j). Y1

iel
— Homc(( Qjes Xj),Z)f+Zqi

all .
5 Home((®jes X;), Z)MP 2
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where ¢ is defined as follows:

®je] Xj ® DIH-Z;? qi

RjesX; @01 ®...@0O% 07
.

i1 (®jes X, @O%) @07
£18...0g,®idop
1®...9Y, 07

S
Z.

It follows from [11, Proposition 1.14] that this is indeed a pseudo-tensor
structure. In fact, this is the pseudo-tensor structure induced by the tensor structure
on (C,®,0*,8)¥ defined in [11, § 1.7].

Proposition 7.4 1. The pseudo-tensor structure ™ PS is representable.

c .
2. For C = Corsq, alt p =0TSQyduces the same tensor structure on
c
H%dg.Corg as Py °"5°.

Proof: (1): It follows from [11, Proposition 1.7] that the inclusion
Home(®ier Xi.Y)]™ — Home(®ier Xi.Y)}
is a quasi-isomorphism. Also, by Proposition 2.5,
Fe,c,x;v : Home(®ier Xi,Y)T — Homag,c(®ier Xi,Y)*
is a quasi-isomorphism. Thus, P ({X;};es,_)* is representable by ®;es X;.
(2): The map alt : Home(®ier Xi,Y)T — Home(®ier X;,Y)I™* is a quasi-

isomorphism for C = Corgsg (see [10, Theorem 4.11]). We have the quasi-
isomorphism

C * 1
P OVSQ({XI.}’Y) 2 Homcorgo (®X;,Y)]

alt

a altpC
- HomCorso (®Xi’Y)T = ltP] orSQ({Xi}’Y)*
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given as

k
H HomCo,5@(®Xi QI ®--@O%,Y @ O™) 4 Homcorso (®X; @ O7P.Y)
m—3 a;=p i
Sam—p
By Proposition 2.5 and Proposition 2.6, we get that ¢ is a quasi-isomorphisms. Also,
it follows from the definition of the composition laws that ¢( f(g;)) = ¢t(f)o(t(gi)).
Thus,

alt(¢(f(gi))) =alt(c(f)3(u(g)))
= alt(alt(c(f))3(alt(t(g))))
=alt(t(f))o™ (alt(.(g;))).

Hence the quasi-isomorphism alt o ¢ is compatible with the composition laws of the
two pseudo-tensor structures. O

8. Tensor Structure on Smooth Motives

Let S be a fixed regular scheme of finite Krull dimension, giving us the DG
categories dgCorgs and dg,Cors.

Theorem 8.1 There is a pseudo-tensor structure on dg,C orgretr inducing the
structure of a tensor triangulated category on the equivalent triangulated categories
ng (dgeCors) and ng (dgCory).

Proof: By proposition 3.1, the co-cubical object (I admits a bi-multiplication and
is homotopy invariant. Thus we may apply corollary 7.3 and remark 7.3 to complete
the proof. O

Corollary 8.2 Suppose that the base scheme S is a semi-local regular scheme over
a field k of characteristic zero. Then the tensor structure on K 3g (dgCorg) extends

<t (S) and SmMotgm(S) the structure

canonically to give the categories SmM otg,§1

of tensor triangulated categories.

Proof: Recall that PrCorg is the full subcategory of Cors with objects the
smooth projective S-schemes, giving us the full DG subcategory dgPrCors of
dgCors with objects in PrCorg, and the full DG subcategory dg.PrCors
of dg.Cors similarly defined. Since PrCors is a sub-tensor category, the
pseudo-tensor structure we have defined on dg.Corg restricts to a pseudo-tensor
structure on dg.,PrCorg, giving us a pseudo-tensor structure on the full DG

subcategory dg. PrCory™" of dg,Cory™". Thus, as the pseudo-tensor structure on
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dgeCor¥"™" gives us by theorem 8.1 the structure of a tensor triangulated category

on the homotopy category K 3 i (dgeCorgs), the same holds for the full triangulated
subcategory ng(dgePrCorS) of ng(dgeCors).
This tensor triangulated structure passes to the pseudo-abelian hull
SmMot&e,ffn (S) of Ké’g (dgePrCorg) and, after inverting ®L, on SmMotg,(S).
O
Remark 8.1 Taking S = Spec(k) in corollary 8.2 gives us a tensor structure on
Bondarko’s category of motives.

Corollary 8.3 Working with Q-coefficients, the tensor structure we defined on
SmMotgf,fn (S)q agrees with the one defined by Levine in [11].

Proof: Working with Q-coefficients, we get a tensor structure on the category
S mMotgf,fn (S)g when S is semi-local and smooth over a field of characteristic

0. The pseudo-tensor structure Py "5 defined in Definition 7.4 is induced
by the tensor structure on dgCorsg defined in [11, § 1.7]. Thus by part (2) of
Proposition 7.4, it follows that the tensor structure on SmM otgf,fn (S)q defined by
Levine coincides with the one induced by the pseudo-tensor structure described in
Theorem 8.1. O

9. Future directions

The first question that arises is the one of extending our main result corollary 8.2
to an arbitrary regular base scheme S. The obstruction to this is the extension of a
pseudo-tensor structure on a presheaf of DG categories U +— C(U) on a topological
space X to a pseudo-tensor structure on the Godement resolution RI"(X,C).

Cisinski-Déglise ([5]) have defined a tensor triangulated category of effective
motives over a base-scheme S, DM*T(S), and a tensor triangulated category of
motives over S, DM(S), with an exact tensor functor DMT(S) — DM(S) that
inverts ®IL (see also [13]). Levine ([11]) defined exact functors

p‘gff : SmMolgt;,(S) — DM(S), ps:SmMotgm(S) — DM(S)
which give equivalences of SmM ot‘z,ff (S), SmMotg,,(S) with the full triangulated

m
subcategories of DMT(S) and DM(S) generated by the motives of smooth
projective S-schemes, resp. the Tate twists of smooth projective S-schemes. It
would be interesting to check if these are equivalences of tensor triangulated
categories. In fact, it is enough to check that ,o‘“'Sflc is weakly monoidal. If pg
is monoidal, it would follow that for X € Projg of dimension d, X — XP? :=

X ® L™ gives an exact duality
D :SmMotgn,(S)°P — SmMotg,(S).
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