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Abstract

Granville-Soundararajan, Harper—Nikeghbali—-Radziwill and Heap-Lindqvist indepen-
dently established an asymptotic for the even natural moments of partial sums of random
multiplicative functions defined over integers. Building on these works, we study the even
natural moments of partial sums of Steinhaus random multiplicative functions defined over
function fields. Using a combination of analytic arguments and combinatorial arguments,
we obtain asymptotic expressions for all the even natural moments in the large field limit
and large degree limit, as well as an exact expression for the fourth moment.

2020 Mathematics Subject Classification: 11K65, 11T55 (Primary)

1. Introduction
1.1. Background

Let (f(»))p prime be a sequence of independent random variables which are uniformly
distributed on the complex unit circle. Define f: N — C by f(1) =1 and

F)y=fe)™ - flpr)™,

where n = p‘;” .- p% for distinct primes p1, ..., p, and positive integers oy, ..., a,. The
function f is a Steinhaus random multiplicative function (over the integers Z). Random
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786 M. C. E. HOFMANN ET AL.

multiplicative functions were first introduced by Wintner [Win44] in 1944 as a probabilistic
model for the Mobius function in multiplicative number theory. The Steinhaus example is
inspired by archimedean characters n — n' for randomly chosen large values of 7, as well
as by non-archimedean characters n+> y(n) for randomly chosen Dirichlet characters x
modulo ¢ for large prime moduli g (see [GSO01, section 2] for a related discussion).

For fixed x > 2, the random variable

> fm) (1-1)

n<x

and related subsums have generated substantial interest over the past decade. For a
(non-exhaustive) list of examples, see [BS16], [Cai23], [CS12], [GW24], [GW25],
[Har13],[Har19], [Har20], [Har23], [Har24a], [Har24b], [HL16], [HNR15], [Houll],
[KSX23], [LTW13], [Mas22], [PWX24], [SX23], and [Xu24]. While the distribution
of (1-1) remains open (see Gorodetsky—Wong [GW24] for a recent conjecture), there
has been significant progress to describe its moments. Granville—Soundararajan [GS01]
first gave upper and lower bounds for even natural moments of (1-1). About 15 years
later, Granville-Soundararajan (unpublished), Harper—Nikeghbali—Radziwitt [HNR15], and
Heap-Lindqvist [HL16] independently proved that for k € N and x > 3,

E‘ 3 f(n)‘% — (2k - 2) cx - k= Dyol(Byak(og x)*—1° (1 + Ok(log 1logx>)’ (1.2)

k—1

n<x

where vol(By) is the volume of the kth Birkhoff polytope, and

N e (mAk—1\* 1

a=T1(1-3) (X )_). (13
)4 P m=0 k—1 pm

About 10 years prior to this, Conrey—Gamburd [CG06] established essentially the same esti-

mate as (1-2) in the equivalent context of integral moments of partial sums of the Riemann

¢-function along the critical line. Morever, the special case k =2 was studied earlier by

Ayyad—Cochrane—Zheng [ACZ96] and improved by Shi [Shi08] who showed that

4 12
E| Y )] =55 logx+ax® + 0,(57/40%) (1-4)
T
n<x
for ¢ > 0, where c=0.511... is an explicit positive constant. Recently, Harper [Har19,

Har20] determined the order of magnitude of E| ), _ . f (n)|* for all real numbers k > 0.
Our interest lies with random multiplicative functions in the function field setting, namely
the polynomial ring IF,[f] where ¢ > 2 is a prime power and [, is the finite field with
g elements. For an introduction to multiplicative functions over F,[t], see Granville—
Harper—Soundararajan [GHS15] for example. Before presenting our results, we define some
notation. Let M denote the set of all monic polynomials in Fy[f]. Let My € M denote the
set of monic polynomials of degree exactly N, so |[My|=¢". Let (f(P))p be a sequence of
independent random variables indexed by the monic irreducible polynomials P of [F,[#] and
uniformly distributed on the complex unit circle. Define f: M — C by f(1) =1 and

JE)Y=fPD™ - [P

for F € M, where F = P‘l)l1 - - - P for distinct monic irreducible polynomials Py, . . ., P and
positive integers «1, . . ., «,. The function f is a Steinhaus random multiplicative function
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over the ring IF,[¢]. For integers N > 1, the random variable

> ) (1-5)

FeMpy

is the function field analogue of (1-1). Building on work of Harper [Har13] over the integers,
Aggarwal-Subedi—Verreault-Zaman—Zheng [ASV122] established a central limit theorem
for a variant of (1-5) with few irreducible factors. Otherwise, much less is known about (1-5).

1.2. Results

The purpose of this paper is to obtain asymptotics for the even natural moments of (1-5).

Our main result establishes such an estimate as ¢" — oo.

THEOREM 1-1. Fix ke N. For any prime power q>?2 and any integer N> 1, if fis a
Steinhaus random multiplicative function defined over Fy[t], then

2% (log N)k
B 3 | =mosiaong®™ |1+ 00 | =25 | |- (1-6)
FeMy gN? -

where Si(N) is the number of k x k magic squares with magic constant N, and

1 \P /e (mtk—1\* 1
bi(q) = l_[ (1 o qdegP) (Z ( k—1 ) qmdegP>' -7
PeM m=0
irred.
Remark. A k x k magic square with magic constant N is a k x k matrix with nonnegative
integer entries where every row sum and column sum is equal to N. For fixed %, it is a
consequence of Ehrhart’s theorem [Ehr77] that as N — oo,

Si(N) = k= = Dyol(BON D’ (1 4 o(1)). (1-8)

The proof of Theorem 1-1 in Section 6 mostly follows the analytic approach of [HNR15]
and especially [HL16] with some novelties, so we shall provide a brief comparison with
(1-2). First, the asymptotic of Theorem 1-1 over [Fy[7] and the asymptotic (1-2) over Z pos-
sess similar main terms. Recall the number of integers n < x is equal to |x], and the number
of polynomials F € My is equal to ¢". By replacing x in (1-2) by ¢" and utilizing (1-8),
one recovers the same growth rate. Moreover, the arithmetic constants (1-3) and (1-7) have
the same structure.

Second, the error term of Theorem 1-1 over [F[] is comparably stronger than (1-2) over Z.
Replacing x with ¢" again, one might likewise expect the log log x factor in (1-2) to become
a factor of log N in the function field setting, but our error term decays by a power of N.
These gains are primarily due to a more delicate technical analysis of various oscillatory
integrals, and might lead to similar gains in the integer setting.

Third, Theorem 1-1 has complete uniformity in both the g-limit and N-limit. Our adap-
tation of the analytic approach due to [HNR15, HL16] handles the case ¢"¥ — oo provided
N >20. With more effort, a modified analytic approach might allow for all values of N.
Instead, for N > 1 fixed and ¢ — oo, we applied a combinatorial approach to prove this
special case of Theorem 1-1. We state this theorem separately for the sake of clarity.
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THEOREM 1-2. Fix k,N e N. For any prime power q=>72, if f is a Steinhaus random
multiplicative function defined over Fy[t], then

2k

1
E| Y f(F)| =SMNg™ (1 + Oy (5)) :

FeMy
Remark. The main term matches (1-6) since br(q) =1+ Ok(q_1 ).

The proof of Theorem 1-2 in Section 4 adapts the GCD matrix construction first intro-
duced by Vaughan—-Wooley [VW95] and used by Granville-Soundararajan [GS01] for
moments in the integer setting. Gorodetsky [Gor24, section 5-1] outlined this strategy to
establish an asymptotic for moments in the function field setting as ¢ — co. Our proof
follows his outline.

By specializing the analytic (Theorem 1-1) and combinatorial (Theorem 1-2) approaches
to the case k =2, we provide two proofs of an exact formula for the fourth moment.

THEOREM 1-3. For any prime power q > 2 and integer N > 1, if f is a Steinhaus random
multiplicative function defined over Fy[t], then

4
E| Y fF)| =NgN (1—(—1]>+q2N.

FeMy

These two short proofs appear in Sections 3 and 5. In addition to establishing
Theorem 1-3, they also have the advantage of outlining the key steps leading to Theorems 1-1
and 1-2 in a simple case. This exact formula in the function field setting can be compared
with the asymptotic (1-4) in the integer setting.

1.3. Organisation

Section 2 outlines notation, prepares the starting point for all of our main proofs, and
includes some discussion of our methods compared to the proof of (1-2). Sections 3 and
5 respectively contain the combinatorial proof and the analytic proof of the 4th moment
formula in Theorem 1-3. These expositions also serve as simplified introductions for the
general case with each approach. Section 4 generalises the combinatorial approach to all
2kth moments in the g-limit and proves Theorem 1-2.

The rest of the paper (Sections 6 to 10) is dedicated to the proof of Theorem 1-1 for all
2kth moments via an analytic approach. Section 6 proves Theorem 1-1 assuming several
key propositions and proceeding with the strategy of Section 5 for k = 2. The key proposi-
tions are postponed to the subsequent sections. Section 7 establishes analytic theory for the
relevant multivariable generating function and its convergence (Proposition 6-1). Section 8
rewrites the 2kth moment as an integral in terms of this generating function and performs
a convenient change of variables (Proposition 6-2). Section 9 extracts the main contribu-
tion from this integral and expresses its value in terms of the number of magic squares
(Proposition 6-3). Section 10 handles the remaining error term integral by carefully subdi-
viding the region of integration to control the fluctuations in the integrand (Proposition 6-4).
The bulk of the contribution comes from a high peak on a narrow region, so this analysis is
fairly delicate.
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2. Preliminaries
2.1. Notation

For the sake of clarity, we fix some standard notation and conventions. This repeats some
discussion from the introduction. Let ¢ > 2 be a prime power, and let [F;[] be the polynomial
ring over the finite field ', with ¢ elements. Let M denote the set of all monic polynomials
in Fy[7] and let My € M be the subset of degree N polynomials, so [My| = ¢" . The letters
F and G will always denote monic polynomials, and the letters P and Q will always denote
monic irreducible polynomials. The zeta function ¢, for function fields is defined as

_ - _ _ de _1_ 1
g(z)—NngmZN_]:[(l der) =

where products over P will always run over all irreducible monic polynomials.

A magic square of size k with magic constant N is a k X k matrix whose entries are
nonnegative integers such that the entries of each row and column sum to N. The number of
such matrices will be denoted by Si(N).

For variables a and b, we write a < b or a = O(b) to say that there exists an absolute
positive constant C such that |a| < Cb. If the constant C depends on a parameter, say k, we
shall write a < b or a = O(b). If a and b depend on a positive parameter x, then we say
that a = o(b) as x — oo if the ratio a/b converges to 0 as x — oo.

Sums of the form

Myt =mgey )+ o
will be taken over non-negative integers my, . . ., mo > 0.

2.2. Setup

For the entirety of the paper, let f: M — C be a Steinhaus random multiplicative function
over [Fy[z]. Our goal is to calculate the 2kth moments of (1-5) for integers k. All of our
proofs begin by reducing to a natural counting problem. By complete multiplicativity and
independence of f on distinct irreducibles P, it follows for any F, G € M that

E[f(F)f(G)] = Lir=q),

where 1 4 denotes the indicator function of a set .A. For the case k = 1, this implies that

2
E| Y )| =Y S EFEFGI=>.Y g =IMyl=4".

FeMy F,.GeMy F.GeMy

Similarly, the 2kth moments are given by

Y Y EIFRD . fEFE) - FERI= Y Y Npy e s

Fi,...Fore My Fi,...Fore My

leading to the key initial identity:
2k

B| Y o =#{r .. Poe MY | PR Fo=FunFro o Fa. @)
FeMy
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2.3. Remarks on the integer setting

The moment problem over the integers can be reduced to a counting problem similar to
(2-1). More precisely, the left-hand side of (1-2) is equal to

#[(nl,---,nzk)€{1,2,---,LXJ}Zk ny - g = N4l "'”2k}~ (2:2)

Estimating this quantity takes several approaches in the literature. Granville-Soundararajan
[GSO01] give upper and lower bounds for (2-2) via their GCD matrix construction. Our proof
of Theorem 1-2 applies this method over Fy[7] to produce an asymptotic in the g-limit; see
also Section 3 for the case k = 2.

Harper—Nikeghbali—-Radziwilt [HNR15] and Heap-Lindqvist [HL.16] count (2-2) using
the analytic theory of multivariable Dirichlet series. They enforce the condition 1 <n; <N
with a suitable bump function, which is written as 2k line integrals via Mellin inversion. This
essentially rewrites (2-2) as an iterated integral over the multivariable Dirichlet series

1
Yooy o 23)

ny,ng,..., 2k
R R =Nk |- N2k
By expressing this Dirichlet series as a product of Riemann zeta functions and an Euler
product with an expanded region of absolute convergence, they can extract the integral’s
asymptotic size. Roughly speaking, after a change of variables of the form s; > 1/2 + it;,
they show that the main contribution is concentrated when #; € R is very small for many j.
This truncation requires a careful case analysis by subdviding the remaining large region of
integration, where the complicated integrand decays rapidly as #; grows for some fixed ;.
Our proof of Theorem 1-1 in Section 6 adapts this strategy to the function field setting.
The multivariable Dirichlet series (2-3) over the integers corresponds to a multivariable
power series (6-1) over F,[7]. As established in Section 7, this power series will also
factor as a product of zeta functions and another series with expanded radius of conver-
gence. By construction, the quantity (2-1) is a specific coefficient of our multivariable power
series, expressed as an iterated integral via Cauchy’s integral formula. The case k =2 for
Theorem 1-3 yields a sufficiently simple series factorisation and integral expression, which
we compute directly in Section 5. For k > 3, we parameterise the resulting integrals, and per-
form a truncation like Heap—Lindqvist. After an analogous change of variables in Section 8§,
the main contribution near the origin is extracted in Section 9. The proof concludes in
Section 10 with a technical analysis of the integral over the complement of the truncated
region.

3. Fourth moment computation using a combinatorial approach
We provide a short proof of Theorem 1-3 by counting coprime pairs of monic polynomials
of fixed degree. We require the following lemma.

LEMMA 3-1 ([CSWZ98, proposition 3]). The number of coprime pairs of monic polynomi-
als of degree exactly N > 1 over Fy[t] is g?N — N1

Proof of Theorem 1-3. By (2-1), the fourth moment is given by

2.2 2.0

F1,F2,G1,Goe My
F1F=G1Gy
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We note that F1F>, = GG if and only if

F F G G2
(F1,G2) (F2,G1)  (F2,Gy) (F1,Ga)’

where (F,G) denotes the GCD of F and G, which is equivalent to

F G d F> G
= an = .
(F1,G2)  (F2,Gr) (F2,G1)  (F1,G2)

Letting A := F1/(F1, G2) and B := G /(F1, G2), we observe that A and B can be any monic,
coprime polynomials such that

degA =deg B=N —deg (F1, G2) =N —deg (F», Gy),

while (F1,Gy) and (F2,G1) can be any monic polynomials of degree N —degA =N —
deg B. Thus, counting the possible values of (F|, G2) and (F»>, G1) for each possible value of
A and B, we have

2

222 2.0= 2> | 2!

F1,F2,G1,GoeMn (A.B)=1 FeEMN_dega
F1F2=G,G deg A=deg B<N
- XY ()
(A,B)=1

deg A=deg B<N

N
LD 2 I
m=0

(A,B)=1
deg A=deg B=m

1
(1= D)
q
where the last line follows from Lemma 3-1.

4. Combinatorial method in the large g limit: proof of Theorem 1-2

This section is dedicated to the proof of Theorem 1-2 by generalising the combinatorial
approach of Section 3. As in the k = 2 case, we can divide the equation

Fi- - Fr=G; -Gy

by certain greatest common divisors to reduce the problem of computing the 2kth moment
to a problem of counting sets of polynomials with certain coprimality conditions. For k > 2,
these coprimality conditions are more complex and, to the best of our knowledge, there are
no known exact formulas for counting the number of polynomials satisfying these condi-
tions. For simplicity, rather than describing equivalent conditions to Fi - - - Fy =Gy - - - Gg,
we define an injection from

{(F1,....Fi.G1,...,G e MF | Fi -+ - Fx=Gy -~ Gy} (4-1)

to M* and then apply simple bounds to the image of (4-1).
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We first present the argument for k = 3 as an example that will illustrate the general case.
We consider

Fi1 Fy, F3=G1 G, Gs,

where F;, G; € My. Due to the additional factor compared to the k = 2 case, we will require
multiple recursive steps to decompose the products. We begin by letting

A=, Go)
Ay = (F>,G3)
Az = (F3,Gy).

Here the indices are determined by the permutation o = (1 2 3), so that A;s ;) = (Fi, Go())-
For the next set of GCDs, we repeat this shift in the indices by letting

A o = _Fi - Gory
fon AiU(i)’Ao(i)Jz(i) ’

Fi G
Ap=|—7——7],
A A
Fr, G
A21=<_7 _>7
Az Az
F3 Gy
A32=(—,—>-
Az Az

Repeating the shifts a third time, we have

so that

F; _ Gi
AicAio2G)  As-1@iAo—20)i

Aio(i)3 =Aji=

with the last equality following from the fact that for i # j,

( Fi Gj ) -1
Aio(i)Aioz(i) ’ Ayt (f)jAU 23 '

We then have that
Fl' = Aia(i)AiGZ(i)Aii and Gj = Aa—l(j)jAo—2(]')jAjj-
Thus, we have mapped (F1, F2, F3, G1, G2, G3) to a unique matrix

A1 A12 Az
A1 A Axz
A3 Az Aszs

in which the product of the entries in row i is F; and the product of the entries in column j
is Gj. We will call this matrix the GCD matrix of (Fy, I, I3, G1, G2, G3).
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Now, letting deg A;; = a;;, we note that the matrix containing the degrees of the polyno-
mials in the GCD matrix,

ap a2 ai3
azp azz az |,
asp aszz asz

is a magic square since row i must sum to deg F; = N and column j must sum to deg G; = N.
We will call this the GCD degree matrix of (F1, F», F3,G1, G2, G3).
For S a magic square of size 3 for the number N, we let R(S) count the number of tuples in

{(F1, F2,F3,G1, Gy, G3) € MY, | FIF2F3 = G1G12G3)

with GCD degree matrix given by S. We then have that

g Y o =Y ke

FeMy S

where the sum is taken over all magic squares of size 3 for the number N. We would
now like to bound R(S). We first note that R(S) is bounded above by the total number of
3 x 3 matrices with entries in M and with the degrees of the entries given by S. Thus
R(S) < gttant+antas — (3N To bound R(S) from below, we consider a 3 x 3 matrix
with entries A;; in M such that the entries are pairwise coprime and the degrees of the
entries are given by S. We have that (A;1ApA;3, A1jA2iA3;) = Ajj, so this matrix is the GCD
matrix of (F1, Fa, F3, Gy, G, G3), where

Fi=AnApAi
and
Gj =A1jA2jA3j.

It follows that R(S) is bounded below by the number of pairwise coprime monic polynomials
with degrees equal to the entries of S.
Before establishing an asymptotic for this lower bound, we return for the moment to the

general case. For k >3, giveno = (12 ... k) and s <k, we let
A; ()_( Fi Gosiiy )
ioS(i) — s .
[l <sAiocry Tli<sAo—ayosa)

As we saw for k = 3, we have

F; G;
A=A, 1 = = ,
CTTO T, L Aierty Tk Aoy

meaning that

k k
Fi:l_[Aih and Gj:l_[Ahj-
h=1 h=1
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In this way, we map (F1, ..., Fi, Gi, . . ., Gi) to the GCD matrix
A - A
At - Ark

in which the product of the entries in row i is F; and the product of the entries in column j
is G;. Letting deg A;; = a;;, we note again that the GCD degree matrix

ary - aik

Akl - -+ Agk

is a magic square. We remark that a similar GCD matrix construction was explored by
Granville and Soundararajan in [GS01] in their study of 2kth moments in the integer setting.
For S a magic square of size k for the number N, let R(S) count the number of tuples in

{(Fl,....Fi,G1,...,G) e MY | Fi---Fr=G1--- Gy}

with GCD degree matrix S, so that

IE‘ 3 f(F)‘2k=ZR(S).
S

FeMy

As before, the sum is taken over all magic squares of size k for the number N. We observe
that R(S) is bounded above by the total number of k x k matrices with entries in M and

koo
with the degrees of the entries given by S. Thus R(S) < qz":l L4 — g*N. To bound R(S)
from below, we consider a k x k matrix with pairwise coprime entries A;; in M such that
the degrees of the entries are given by S. We have that

k k
( H Aip, 1_[ Ahj) =Ajj,
h=1 h=1

so this matrix is the GCD matrix of (Fy, ..., Fi, G, ..., Gy), where

k k
Fi:l—[Aih and Gj:nAhj-
h=1 h=1

It follows that R(S) is bounded below by the number of pairwise coprime monic polynomials
with degrees equal to the entries of S.

To obtain the g-limit asymptotic and complete the proof of Theorem 1-2, we will need the
following result on the number of pairwise coprime polynomials of fixed degrees.

LEMMA 4-1 ([HJL16, corollary 3]). For (di, . ..,ds) € N° the number of monic pairwise
coprime polynomials f; € F,[t] with deg (f;) =d, fori=1,...,sis

-1 1 1
qdl+...+d5 (1 _ S(S ) =4 OS,dl,---’dY <_2>) ’
2 g -\
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Applying Lemma 4-1 to our lower bound for R(S), we see that

202
R(S)zqu (1—M‘l+0kw (%))
2 q q

Thus R(S) = ¢*¥ (1 + Ok n(g™1)), and Theorem 1-2 follows.

5. Fourth moment using an analytic approach

795

We provide another proof of Theorem 1-3 by studying a power series in 4 variables

indexed over all 4-tuples of monic polynomials:

d eg F| deg Fy
A1 22,23 24) = ZZZZH{M =gt

(-1

We will check at the beginning of Section 6 in a more general case that A converges
uniformly on compact subsets of {(z1, 22, 23, z4) € C*|z| < 1/g for 1 <i<4}. By (2-1), cal-
culating the fourth moment E| ). My SE )|* amounts to computing the coefficient of

lev e Zav in the above power series.

Observing that the indicator function 1{p,F,—F,F,) is multiplicative (see the Section 6

footnote for a definition of multiplicative), we find that

A(z1,22,23,24) = 1_[ (Z Z Z Z @ m4)deg P)

my+my=m3-+m4

(5-2)

The product runs over all irreducible monic polynomials and the internal sum iterates over
the possible ways to distribute a given irreducible factor P among F1, . . ., F4 such that the
number of factors of P in F'|F> and F3F4 are equal. As in [HLL16], we factor this product as

2 4
A(z1,...,24)=B(z1,...,24) 1_[ 1_[ £4(zizj).

i=1 j=3

Here, B is defined implicitly by (5-3), namely

(5-3)

B(21,22,23,24) = l_[ ( Z Z Z Z (Zrllilzrznngl%ZT“)degP) ﬁ li[ (1 _ (ZiZj)degP)~

m|+my=m3-+my =1 J:3

(5-4)

We note that absolute and uniform convergence of this expression for |z;| < 1.1/,/g will

follow by applying Proposition 6-1, which we prove in Section 7, for k = 2.

Recall that by the multivariate version of Cauchy’s integral formula, obtaining the desired

coefficient of A can be done by computing

1 f A(Z1,.-.,Z4)d iz
— .. cedz
(27”)4 lz4]=¢4 lz1|=¢1 ZN+1 ZNH

1 / B(zi,...,z4) ]_[,2:1 ]—[;-23 §q(ZiZj)d
|z4|=¢4 lz1|=¢1

= Qrif
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where we integrate over a polydisc with small radii 0 < &; < ¢~! around the origin. We

proceed to find a simple formula for (5-4) which will enable us to explicitly compute the
above integral. To do so, we study the local factors of the B-term in the following lemma.

LEMMA 5-1. If |zizj| < 1 forie {1,2} and j € {3, 4}, then the following identity holds:

2 4

(Z YN zi"‘z?%?zﬁ”“) [TIT(1 —zz)=1- 2122234

my+my=m3+my i=1j=3
Proof. Note that if |z;zj| < 1 for i € {1,2} and j € {3, 4}, then

2 4

k k k koa _ki3+kp3 _kia+k
l_[ 1_[ . — Z Z Z ZZ 13+ 14, 2z+ 24Z313+ 23Z414+ % (5-5)
- Z[Z
1j=3

k13,k14,k23,k24>0

We can thus write the product of (5-5) times 71222324 as

Z Z Z Z Z(lkl3+1Hk”zgm+(k24+1)zgkl3+l)+k23Z§l4+(k24+1). (5-6)

k13.k14,k23,k24>0

Subtracting this from (5-5) amounts to multiplying (5-5) by (1 — z1z223z4). Now, notice that
the monomial in (5-6) associated to the index (k13 — 1, k14, k23, koa — 1) can be paired with
the monomial associated to the index (ki3, k14, k23, kp4) in (5-5) to cancel each other out.
This way of pairing terms is not unique, but with this choice the only remaining terms come
from monomials in (5-5) where either k13 =0 or kx4 = 0.

Now, it suffices to show that given a tuple (m, ma, m3, ma) such that
m1 +my =m3 + my,
there is a unique tuple (k3, k14, k23, k24) with either k13 = 0 or ko4 = 0 such that
(my, my, m3, my) = (k13 + k14, k23 + koa, k13 + k23, k14 + kog).

To see this, assume without loss of generality that m; is maximal among the m;. Then
my1 — mg = k13 — kpg > 0 so we must have ky4 = 0. It then follows that ko3 =mo, k14 =my,
and kj3 =m3 — my.

We then observe

B(zi,...,24)= l_[ (1 — (Z1zzz3Z4)degP)

P
~1
= {,(21222324)
=1 —qgz122z324.

Substituting our formula for B(zy, . . ., z4), the precise moment for k = 2 is therefore

1 / (1 — qz1z22324) [Ty TTis Z9(@izy) g
—- PR Zl o e 24’
Qmi)* |z4|=e4 |z11=¢1 leerl e ‘Zi\url

https://doi.org/10.1017/S0305004125101321 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004125101321

Moments of random multiplicative functions over function fields 797

which we may split using linearity as

2 4
1 o [Ti=i [Tj=3 ¢q(@iz)
Qi Jizgi=es ail=er 2y T gyt

—g 1 . / My H;}:3 gq(ZiZj)dm cedzy
(27Ti)4 |z4]=¢4 lz1]1=¢1 lev o Ziv

Z1 - - dzy

The following proposition will allow us to conclude.

PROPOSITION 5-2. Fix0 <& <q~\. For each integer k > 1,

dz) - - - doog = " Sp(N). (57)

k 2k
1 / o [Tizi [Tjzk41 &e(@izy)
Qi) Jip=e  Jigi=e AT A

Indeed, noting that Sp(N) = N + 1, it then follows that the fourth moment equals
(N + 1) — g NgPN-D — quN( >+q
q

as desired.
Proof of Proposition 5-2. Fix je {k+1,...,2k}. Note that we can compute the integral
over z; by computing the coefficient of Z;V in the product

k
1_[ £4(zizj). (5-8)

Recall that {4(z) = ano q" - 7". The coefficient of sz in (5-8) is then just
qNZ...ZZTl...ZZlk'
my+---+mg=N

Observe that this product is independent of our choice of j, and since the j’s are independent
of each other in the product, we can integrate out Zx4 1, . . . , 22¢. In this way we can transform
the integral expression in (5-7) into

k
2 : m m
le '.'Zkk>

m|+ +mk—N
dzy - - - dzg.
(27”) /|Zk =¢ '/|Zl| =¢ ZNH

At this point we can directly compute the coefficient of lev o zl,;’ in the numerator.
Reindexing the sums, we expand it as

P I S WY () P S
7 gy 7y )

my 1 +-+mg =N my g+-+mi k=N
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This product is precisely

Zﬁ:l mp Zﬁ:l my
DN g

my 1+ +myg =N
m1,k+"-—‘&-mk’k=N

We observe that the coefficient of lev e ziv is given by the number of sets of k> integers
m; j such that in the square

myy - Mgl

Mg - Mgk

each row sums to N (enforcing the condition over the summation) and each column sums
to N (ensuring that all exponents are raised to the Nth power). Thus the integral is precisely
equal to g™ Si(N).

Remark. Strictly speaking, the above analytic proof of Theorem 1-3 does not require any
complex analysis or Cauchy’s integral formula. The argument can be reformulated using
only formal power series. We chose this approach because it closely parallels the proof of
Theorem 1-1 and we hope the reader can benefit from those parallels.

6. Analytic computation of Steinhaus moments: proof of theorem 1-1

The remainder of the paper will be dedicated to the proof of Theorem 1-1. We provide a
brief outline. This section establishes the theorem assuming some key propositions whose
proofs will be postponed to subsequent sections; the strategy closely parallels Section 5.
First, we form the formal power series A(zy,...,z2r) for counting solutions to (2-1).
We express this series as a product of zeta functions and another power series, denoted
B(z1,...,z0k), and then form the contour integral representation of (2-1). Second, using
analytic properties of B (Proposition 6-1 is proved in Section 7), we express (2-1) as an iter-
ated integral over an expanded polydisk after a suitable change of variables (Proposition 6-2
is proved in Section 8). Third, we extract the main contribution of this integral in terms of
the arithmetic constant b(g) and the number of magic squares Si(N) (Proposition 6-3 is
proved in Section 9). Finally, we compute the size of the residual error term via a delicate
analysis of an oscillatory integral (Proposition 6-4 is proved in Section 10), thus establishing
the main theorem.

Proof of Theorem 1-1. One can check by hand that the explicit formula for k = 1 matches
the asymptotics given in Theorem 1-1. We may thus assume k > 2. Furthermore, note that if
N eventually remains bounded by 20 as ¢ — oo, then Theorem 1-1 is already implied by
Theorem 1-2. We may therefore also assume that N is at least 20. Both of these assumptions
will be convenient for technical estimates later in the proof.

We proceed as in Section 5. Namely, we want to recover the coefficient of lev .- .levk in
the power series

. deg F'y deg For
A(Zh ey ZZk) = Z e Z ]]-{Fl-‘-FkZFk+1-~F2k}Z1 £ e szg (61)
Fy,....ForeM
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in 2k variables, which is precisely the 2kth moment by (2-1). Note that this function is

dominated by
deg F deg F
Z...Z‘Zleg L. 7 eg 2% Hé“q(lzzl)
Fi,....FeM
which converges uniformly on compact subsets of {(zl, oz eC iy < 1/q

for 1 <i<2k}.

Since the indicator function is multiplicative , we have the product expansion

A(Z],. ..,ZZk)zl_[( Z . Z (ZTI A _.ZEHka)degP).

P 1y -y
=Mt 1+ gk

PROPOSITION 6-1. Let

Bz, ...,z0) = H( Z Z (z ,,,Zg’ka)degP>l_[ 1—[ (1— degP degP)

my+---+mg i=1 j=k+1
=My +---+mog

The infinite product B(z) converges absolutely and uniformly on
R:= {(a, o) €CTzl < —=for1 i< Zk}»
NZ
and hence B(z) is holomorphic on R. Furthermore, if 7, w € R, then
1
IB(2)| <k 1 and  |B(z) — Bw)| <k —=[Iz — Wllco-
Vi

Proof. The proof is postponed to Section 7.

We may thus factor A(zy, . . ., z2k) as

Azt, ..., 220) =Blz1, ..., 220) l_[ H ¢q(ziz))s

i=1 j=k+1

where this equation holds when both functions are defined.
By the multivariate version of Cauchy’s integral formula, we have

Az, ... 22k)
‘ F )‘ / . / dzy - - - dzok,
F; (Zm)zk 2ok =€2x |z11=¢1 ZN+1 levlj_l

1

where 0 < &; < g™, so that A converges on the closed polydisk with radii ;.

' For r € N, a function ¢ : M" — C is multiplicative if (A,B,,...,A.B,)=¢(A,,...,A)¢(B,,...,B,) for
every A,,...,A.,B,,...,B.€e Msuchthatged(A,---A,B,---B,)=1.
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PROPOSITION 6-2. Letc; € (1/4,3/4) forie{(2,...,2k}. We have the following equality:

(k 1) N —(C2+192+“'+C2k+i92k)
‘ Z f(F)‘ (2 )2k Q11 / / N (1 (ci+i0i+cj+i0;)/N
FeMy —nN ]_[z 21—[ =k+1 ( —e )

(6-2)
2%

do;
Xjﬂl N (1 _ e(Cj+i9j)/N)

< B (q—l/z, LY AT ,q—1/26<c2k+i92k>/1v>
x db, - - - db.

Proof. The proof is postponed to Section 8. The main idea is to use the factorisation of A
in terms of B and the zeta functions along with several substitutions to center the integrand
around z;. Finally, we plug in explicit parametrisations of the contour.

Remark. The integral (6-2) is similar to one considered by Heap-Lindqvist in [HL.16, sec-
tion 4-2] when computing the moments of truncated characteristic polynomials with secular
coefficients, and our proof proceeds similarly. For more discussion on connections with ran-
dom matrix theory and secular coefficients, we refer the reader to works of Heap-Lindqvist
[HL16], Conrey—Gamburd [CG06], Najnudel-Paquette-Simm [NPS23] and Gorodetsky

[Gor24].
Now, we let br(q) ::B(q’l/z, .. .,q’l/z) so that 0 < br(q) < 1 by Proposition 6-1.
Rewrite
2k W
B[ 3 1P| =buag™ i+ o),
FeMy
where
N(k—l)2 7N N o~ (CoFibatFcor+ifar)
Py o
Qm)*-1 J__ v - }ikﬂ N (1 — elertibire+i)/N)
2k
do;
< ] N (1 = et dbs - - - db,
j=k+1
and
ol -
bk(‘])‘] ‘ Z

FeMy

We claim that bk(q)qu I; is our main term.

PROPOSITION 6-3. We have that I}, = Si(N).

Proof. See Section 9 for a detailed proof and Proposition 1 of [CG06] for a similar
statement. Our proof more closely follows part of the argument for Theorem 2 in [CG06].
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It remains to show that the error term J; is o(Sip(N)) as gN — oo. Since
Si(N)/N k=12 < 1 (see the remarks after Theorem 1-1), it suffices to estimate the quantity

~ e (caFifr+-Fcon+ibn)
Ji = / / - (6-3)
(2n)2k 1 N 1—[ <, 1—[ ke N(1— e(c,-+zei+cj+zej)/1v)
2%k s,
< I1 N (1 — el BN
j=k+1
% (B(q—l/z,q—l/ze(c2+i92)/1v’ g Pelentitn/Ny bk(q))

x dby - - - db,
and show that J; converges to 0 as gN — oo.

PROPOSITION 6-4. Fix ke Nwith k>2. For 2<X <N/10 and 10X <Y <N (recall the
assumption N > 20),

~ 1 (log N1 1 X
Tt < 228N L0 X

q X1-1/k q N Y

1/ X\k=1 1Y k
+—<—) + —— (log N)".

q qN

Proof. See Section 10 for the proof. The idea is to split up the region of integration. The
difference of B-terms will contribute the factor of 1/g. We will show that if any of the 6; or
0; is large, i.e, not o(N), the integral over that part of the region converges to 0 as N — co.
On the other hand, if we have 6;, 6; = o(NV) for all i,j, the difference B( - ) — bi(q) will ensure
convergence to 0 even for fixed g.

Choosing

x NI-1/k N(Zk kl)li
X=(NlogN)%*1 and Y= =

X (logN) =
we obtain the final error estimate

é(M)zﬁl . é((logm%z—%)%u o 1 oz

k—1 k—1)2 1 3k=2 °
N N( k) qN2 4k2 -2k

A short computation shows that

@) =Bq ">, ....q7

-IX( Y (5 >””“g”>nn< (™)

P m=0 mi+--+mg=m i=1 j=k+

Using stars and bars for the inner sum (cf. [MV07, lemma 7-7]), and noting that the second
double product no longer depends on i,j, this reduces to

()0
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Thus,
1\degP\K> & /m+k — 1\? /1 \mdegP
b"(Q)ZPl;[AO_(Z]) ) ,,;( k—1 )(Z]) ‘

This completes the proof of Theorem 1-1 assuming Propositions 6-1 to 6-4.
The last four sections will establish the remaining propositions.

7. Proof of Proposition 6-1: convergence of B series

Recall sums over my, . . . , my; will always be over non-negative integers and

B(zi, ..., 700) = l_[( ZZ (ZTI"’ m2k)degP>l_[ 1_[ (1— degP degP)

P my+--+mg i=1 j=k+1
=Mt | etk

Our proof proceeds by first looking at the local factors (i.e. for fixed P). Write £ := deg P

and let
. mit moyl
Fo(zi, ... 20) i = Z Z FARNRERY 4
my—+--+my
=Mt 1+ ik
and

Gz, ..o z00) 1= 1_[ 1_[ (l—Z,ZJ

i=1 j=k+1

Expanding the sums and products, we get

k2% o0
Foro0=14+Y >z + > | D> @)

i=1 j=k+1 M=2 my+---+mp=M
My +---+mop=M

and

ko 2k K2
G"(Z"“"@k):l—z Z Zfo+Z ZZ c(ni, ... n)(@] -+ )"

i=1 j=k+1 L=2 | nj+-4m=L
N1 +++ny=L
0=<ny,....nox <k

for some constants c(ny, . . ., ny) depending on ny, . . ., ny;. Consequently,
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(Fz.Gz)(Z1,...,sz)=1+Z ZZ (ZTI"'Z’;,fk)Z

M=l my+---+m=M
M 1++-+mop=M

[e.e]
mi+ny mog+nog €
_Z ZZ ] 2y )

=0 \ my+--+mg=mpy1+--+my=M
ny A ng=ngq1+-+nge=1

o k2
mi)+n Mok +n2i\L
+ E E E e E C(l’ll, ey I’lzk)(zl DR szz Zk) . (71)
M=0L=2 Ognl,‘..,nstk

my+--+mg=mjy+---+my=M
ny+eng=njy+--+ny=L

Collecting terms, we see that the M = 1 term in the first series cancels with the M = 0 term
in the second series and that when m} + - - - +m =m_ | +-- -+ m), > 2, the coefficient

m m) ..
of (z, ' -+ z,) is given by

dmy, - my)i=1-— ZZ 1+ ZZ c(ny, ..., 0.

0=<ny,....nox <k 0<ny,...,npx <k
Ryt =g A ng=1 Ryt =g 4> 2
m,—n;>0 m,—n;>0

‘We observe that

cOml, o mhy) S THIE Y e, ),

0=<ny,...nox <k

so these constants are uniformly bounded in k. Thus, (7-1) can be rewritten as 1 + Cp(2),
where

Cp(z) = Z Z e Z c(my, .. .,mz;r()z'ln'(Z . -Zgl,f"(. (7-2)

M=2 m+--+m=M
Mje 1+ +moy=M

For simplicity, fix D = 1.21¢%! > 1 (this choice is somewhat arbitrary). We now give bounds
on the local factor.

LEMMA 7-1. Forzwe R={(z1,...,2%) € CZk:Izil < l.lq_l/zfor 1 <i <2k}, we have
D 20
Crl < ()
q
and
2¢

D
1Cr(@) = Cpml < tlle = wloa(", )
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Proof. For z € R, we have

o (XY G

2 my+-+m=M
Mje 1+ +mop=M

i(M—i—k 1) ((1.1)2>m

q

<& ZMZ(" 1’(121) , (7:3)

M=2 q

“1\2 . L.
Mlj_kl 1) is a polynomial in M of degree at most

2(k — 1). Observe that (1.21/g)""" = e=01M¢(D/g)™*, and further for M > 2,

where the last inequality follows since (

M2(k—1)e—0.lMZ S]‘/IQ(k—l)e—O.lM < 1.

We conclude that

SUERC LS o] C) LT L

where the last estimate comes from bounding the convergent geometric series by its first
term. This proves the first estimate in the lemma.

Now, we prove the upper bound for the difference |Cp(z) — Cp(w)|. From the definition
in (7-2) and using that |z;|, |w;| < 1.1¢~ /2, we find that

ICp(2) = CoWI <k D Y o Y |@ ) — W)

M=2 mj+--+m=M
Mjey 1+ +mo=M

o0

1.1\ 2M(e=1) o "
S5 5{L0 D SO0 SR
=2 q m1+---+mp=M
Mgt 1+--+mox=M
(7-5)
where we implicitly used the identity A” — B" = (A — B) ZZ;(I) An1=kpk,
Now, we claim
mi mog my Mok 1.1\2M—1
R e (4 BRI U ol I 2M(ﬁ) Iz —wlloos (7-6)

where m| + - - - + my = my41 + - - - + moyxr = M. Observe that when k = 1, we can write

|Z’]’ll _Wl W22|_|Z’lnlzg”2_zmlwm2 +Zmlwm2_w’lnlwm2|

<lz1I™25% — wy | 4+ [wWh2|IZ]" — wi|
<(1.1>M|| | (1.1)m2 1+<1.1>M2| | (l.l)mﬁl
=\— 2 —waima\ —= — 1 —wiimp\ —=

N Nz N Nz,

e = wilooms +ma)(—2 )™
=12 = Wlloolmy +my (—) .

o0 \/a
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For any other k > 2, the claim follows by induction after rewriting

m Mok mi Mok (M e My ik ms ok
20wy =2 (g Lk —W3 W)

ms3 "o o _mjp _mp my.
Fws” Wy (T 2y — W W,y )]

1.1\ m3+-+my—1
< [a1 "2l - (s -+ ma) (== ) 2= wlloo
Vi
1.1 \mi+my—1
Il el ™ oy o) (=) Iz = wlloo
Ja

1.1\ mi4-4my—1
) e = Wlloo,

S(ml+"‘+m2k)<_

Ja

as required. Thus, the estimate (7-6) implies that (7-5) is

00 2
M+k—1 1.21\M¢
L Llz=wloov/d ) M( r—1 ><T> :
M=2

At this point, we use the same manipulation as we did in going from (7-3) to (7-4) to recover
the estimate

D\ 2
|Cp(2) — CpW)| Kk L1z — wlloon/gq (g) .

Recall that by definition, B(z) =][p (1 + Cp(z)). By Lemma 7-1 and the observation
D <2 <gq,if £y > 1 is sufficiently large depending only on k, then

ICpP(2)| = % whenever deg P > . (77
For £y > 1, define
Q=[] (1+Cr). K@= [] (1+Crx)
deg £<eo deg 53@0
so that B(z) = J(2)K(2).
LEMMA 7-2. Assume Lo = £y(k) depends only on k and satisfies (7-7). For z € R,
J(2) <k 1, K(z) < 1.

In particular, |B(z)| <y 1.

Proof. Recall the prime polynomial theorem implies that

¢
my(£) :==#{P € M, : P irreducible} « q? (7-8)

so we have

val=| T] a+cre)
)

deg P<{y
D2 deg P DZE 74(6)
<k 1_[ (1 + q2degP> - 1_[ (1 + W)
deg £<€0 Ist<to
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= [T e (0™ 0*/0)) «i1.
1<t<ty

Here, we have used that (1 + 1/x)* < e for all x > 0 and that D = 1.21%1 < /2.

By our assumption on £y, we have |Cp(z)| <1/2, so we may use the expansion
|log (1 +w)| = O(Jw|) for |w| < 1/2. Thus, the prime polynomial theorem (7-8), Lemma
7-1, and the fact that D < +/2 together imply that

2€ (Z
| log (K(2))| < ICp(2)| < <<k <k g o<l
23 pe g
P P €>EO
deg P>¢ deg P>/

In particular, |K(z)| <k 1.

Lemma 7-2 shows in particular that |B(z)| < 1 as claimed in Proposition 6-1 The remain-
der of Proposition 6-1 rests on the following consequence of the triangle inequality: for
LWER,

|B(z) — Bw)| = J(2)K(z) — J(W)K(w)|
=@ —=JW)| - [K@)[ + |K(2) = KW)| - [J(W)]. (7-9)

Therefore, showing that the differences |J(z) —J(w)| and |K(w) — K(z)| are bounded in
terms of k and explicitly in terms of g will allow us to complete the proof of Proposition 6-1.
We now choose a suitable value for £ by means of the next lemma.

LEMMA 7-3. There exists £o={Lo(k) sufficiently large such that (7-7) holds and for
LweR,

2

\<<kf||z—w||oo(l;)

Lo

‘1 K(2)

©5 K(w)) =3 |1°g

K(w)

Proof. By Lemma 7-1, K(z) is an absolutely convergent infinite product inside R. So, it
is never zero in that region and we can take its logarithm. Using the Taylor expansion of
log (1 + z) for |z] < 1/2, we find that

‘ 11<(((Z))‘ _‘ log(l—i—CP(Z))—lOg(l‘i‘CP(W)))‘

degP>Zo

Y S G ey

P n= !

deg P>{g

< Z Z”(Z),1—p(w)|Z|Cp(z)’CP(W)n_l_l|
deggzﬁo = =

< > ICpR) — Cw).
deglgzeo
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Applying Lemma 7-1, as well as the prime polynomial theorem (7-8), we see that

£
> (Cr@ - Cpom) <k D Llle— w||oo\/a(§)2z"7
degfezﬁo tzto
2
— vall—wlle Y (2

>4y 4

2

D=\ %o
<k valle = wlloo( )
This is the second estimate that we claimed. Since ||z — wl|oo K 1/,/q and D2/q < 1 for any
q > 2, the first estimate also holds provided £g = £o(k) is taken to be sufficiently large.
We proceed to bound the differences in (7-9), starting with |K(z) — K(w)|.

LEMMA 7-4. If z,w € R and Lo = Lo(k) is sufficiently large according to Lemma 7-3, then

2 to

K@ — Kool < yalz—wlloe (=)
Proof. We simply observe that

b}

K(z) K(z)
K- Kol < | K2 1] [ 1og KO
K@) — Kw)l <k |2 ) <|log )
where we used Lemma 7-2 for the first bound, and ¢* = 1 + O(|z]) for |z] < 1/2 and Lemma
7-3 for the second bound.

The last estimate is an upper bound for the difference |J(z) — J(w)|.

LEMMA 7-5. Forz,w € R, we have that

D2
[V(z) = JW)| Kk ollz = wlloo—=.

Ja

Proof. Let N be some subset of the set of all monic irreducible polynomials P of degree
less than £(. We will show by induction on |A/] that

[T+ cr@n = [T+ Coonn| <itova Y llz— WHOO(B)“Sgi
PeN PeN Per q

If | V] = 1, this statement is just Lemma 7-1 and the fact that deg P < €. In general, we have

| TTa+cr@n— [T a+Ceom)

PeN PeN
=ICh@=Crml T[] N+l
PeM\{P1}
+la+enon( [ a+ce- [ a+crom)
PeM\{P1} PeN\{P}
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for any P; € N. Now, we can trivially bound |1 + Cp,(w)| <x 1, and by essentially the
+ Cp(z))‘ < 1. Applying the induction
hypothesis and Lemma 7-1, we find that the above is bounded by

same argument as in Lemma 7-2,

2deg P

tovalle—wllo(2) " P Vallz =il (2)
PeN\{P}

up to constants depending only on k, as claimed. In particular, we now get

D 2deg P
Q= Il <k loy@ 3 lle=wileo( )
deg£<io
D ZEqZ D2
<& Iz — wl| ( ) L <tollz—=wlloe ==,
szeo 0 : ~

by the prime polynomial theorem (7-8). This proves the lemma.

Inserting Lemmas 7-2, 7-4 and 7-5 in (7-9), we obtain

) +llz=wlloov(2) el =il

IB@) — Bw)| < ||z — w||oo( 7

7

as desired. This completes the proof of Proposition 6-1.

8. Proof of Proposition 6-2: integral representation

Recall that
Az, - .. ,zzk)
o 3 ol e
F; (27”)2k |zok =82 lz11= SIZNI ZNH

Recalling that {4(z) = 1/(1 — gz), we can further rewrite this as

1 / / (z1 - zo5)”NHD
- -B(z1,...,200)dz1 - - - dzor.  (8-1)
Qi) J iy =en lz1]=¢1 l—[f:l l—[]gik—i—l (I - gziz))

‘We make several changes of variables as a means of centering the integral around z;. In each
case the contour integrals can still be taken along circles of small radii around 0. First, we
modify zx1 through zp; by sending

g2 q g for k4 1<j<2k
This yields the expression

(Zl . ZZk)_(N+l) B (Zl, Ce, zl_lq_lz2k)
(2m)2’< / / T, ' der o doe

j:k+1 (A —zz/z) 2 n}ik—i—l (I=z)

Here, the second product in the denominator of the integrand corresponds to the contribution
from the double product in (8-1) in the case where z; = z1. We may also factor out a qu by
considering the contributions from the numerator of the integrand in (8-1) as well as the
changes in the increment.
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We make the second substitution
Zi> 71z for  2<i<k,

and our integral becomes

sz) (N+1) B <Z1,Z1zz, e ,Zfqulzzk) p p
(2711)2k / / 21 ]_[ " ' o

2k
j k+1 — 2i%j) Hj=k+l (I—-2z)
(8-2)
Before proceeding with our analysis of (8-2), we observe that along this contour, where
|z1] > 0, the term B(z1, 2122, - - - , zl_lq_lzgk) is independent of the value of z;. Indeed,
m1+ g deg P d
_ my o —mp JMk\deg P
B(z1, 2122, - »2, ¢ ' 2n) = 1_[ Z Z ( mk+1+ +m2k> (2, q ")

P myt--tmyp=
My Fmog

k 2k 2k
X 1_[ l_[ (] —(C]_lZiZj)degP) 1_[ <1 —(q_IZj)degP>.
i=2 j=k+1 Jj=k+1

Since my + - - - + my = myp41 + - - - + moy, the z; term vanishes and we are left with

2k
1_[ Z Z (Z . _mZk mzk)degPl_[ l_[ = (C] IZZ])degP) 1_[ a- ((] Z)degP)
my+---+my i=2 j=k+1 Jj=k+1

=Mpeq 1+ +mog

which is clearly independent of z;. We further note that in (8-2), the only term that depends
on z; is the 1/z; factor. Thus, we can integrate out z; multiplying our expression by 27 i.

In the input of B, we can thus pick any value for zj, so without loss of generality take
1= qil/ 2. Our integral now becomes

/ / sz)_(NH) B (7% g7 Pz g Pa)
(27”)2k 1

dzy - - - dzoy.
%
= k+1(1 Zi%j) [TZk (1 —2)

(8-3)
Despite the changes of variables, the ith integral is still taken around some disk of positive
radius &; which now only have to satisfy 0 < &; < 1.1 due to Proposition 6-1 and our choice
z1 = ¢~ /2. For each integral, we can parametrise its contour in terms of its argument 6; by

y(6) =eNe,

Here, the ¢; € (1/2,3/4) are some constants, chosen to be independent of N and ¢g. Note
the radius satisfies e“/V < ¢3/80 < 1.1 as N > 20 by assumption. Explicitly substituting the
contours, we rewrite (8-3) as

/ 6*02* —Cok—iN(O2+--+02) ﬁ 1
(zn)zk 1 . 1—[ ) ] k+ (1 eleite)/N-+ifi+it)) it 1 — eC/N+ib;
< B (q—l/Z’ q—l/Zecz/N-HGz’ L q—l/Zeczk/N+i62k) dos - - - dby. (8-4)
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Here, we see some cancellations arising from the derivative term and the original numerator
of the integrand from (8-3). Note that the factor of i2k=1 cancels with the constant term
preceding the integral. At this point, we make the change of variables

6 6;/N for j=2,3,...,2k

We will also multiply the numerator and denominator by N(k_l)z, preceding each term in
each product of the denominator in (8-4) by N. This ultimately yields

NG=D? / / —(caifr+-+eo+ifn)
(2n)2k 14 2N _an—[ <, jzikH N(l _ e(c,-+i9,-+c,-+iej)/N)

X l_[ e(c,+ze,) )

Jj= k+1

«B (q—l/z’ g~ 2elcatioD/N

. q—l/ze<czk+fezk)/1v)

X dbs - - - dbk,

completing the proof of Proposition 6-2.

9. Proof of Proposition 6-3: magic squares

This section is nearly identical to [CG06, section 3], but we have included the argument

for the sake of completeness. Making the change of variables 6; — —0; forj =2, ..., 2k, we
turn each integral into a complex line integral along some vertical strip of length 2z N with
real part —c;. Letting s; = —c; + i6);, our integral becomes
N] —2k —cok+in N —cr+in N esz+---+52k
(Zﬂi)zk_l /;Czk—l'JTN /—CQ—iT{N 1—[/'6_2 H25k+l (1 — e_(si—i—s")/N)
X 1_[ sJ/N
Jj= k+1

X dSz B dSQk.

Let u:=(s2,...,st) and v:=(Sk+1, - - - » S2k)- Then, using the geometric series formula, the
integrand becomes

2k

esz+"'+52kﬁ 12_1‘[ 1 % l_[ 1
s (l—e_sj/N)

i=2 j=k+1 (1 —e bt/ N) J=k+1

_ ﬁ 12—k[ ( Z (e(fs,-ij)/N)aij) 12_k[ (Z (efsf/N)bj>

i=2 j=k+1 tl,‘jZO Jj=k+1 ijO
— oS2 s Z Ma,ﬁe_a'”/Ne_'B'V/N,
aeN]{)",ﬂeNﬁ
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where - denotes the usual dot product and, letting o = (2, . . . , o) and B = (Bg+1, - - - » P2k)s
the coefficient My g > 0 counts the possible choices for a;; and b; such that

Y aj=a; for i=2,....k, and  bj+» ay=p for j=k+1,...,2k
j=k+1 =

The sum is convergent on the compact region of integration. Applying Fubini’s theorem, we
may thus interchange sum and integral to obtain

Nl —2k 7czk+mN —cr+in N
Iy= Z a.B / / €_a'u/Ne_ﬂ'v/Nesz-i_'”+32de2 - dsoy

(27”)2k ! cop—IinN cr—inN
ﬁeNk
N1—2k —Cop+in N Bot—Nysae/N —cy+inN ( Nysa/N
= M, B / e \Pak—N)S2%k dSZk) o (/ e (2% dS2>
(27”)2k_l Xk:_l “ —cop—InmN —cp—inN
cxeNo s
BeNE
NI1-2 (e~ @i=N=cirtitN)/N _p=(@i=N)(—ci—~ixN)/N) k
(27Tl)2k 1 Z Ma.p 1_[ N—a; H(znlN)
aeNk! ’ i=2
" ’ al#N o=
BeNg

2% (B—N)Y(—citi —(Bi—N)(—cii 2%
N (e=Bi=N)=¢j+inN)/N _ ,—(Bi=N)(=¢; mN)/N
< ] ( 5 ]_[ (2miN).
J=k+1 =B J=k+1
Bi#N Bi=N

Now, observe that
e~ @i=N)(—citinN)/N _ ,—(@i=N)(—c¢i=itN)/N _ (ei/N=D)cin;oin ((—a; + N)m)),
and as «; € Z, this (and the corresponding expression for §;) evaluates to 0 for all i,j. Thus,

the only term in the summation that contributes to Iy is My, .. n) ..., ~N), Which is just the
number of possible choices for a;; and b; such that

.....

> aj=N for i=2,....k, and  bj+) ay=N for j=k+1,...,2k
j=k+1 i

It follows that we also have

2k 2k k k 2k
S b= (h+Ya) = Y ay=kN—(k—DN=N.
j=ktl  j=ktl i=2 i=2 j=k+1

This gives the desired equality Iy = Sp(N), establishing Proposition 6-3.

10. Proof of Proposition 6-4: estimating the error term
To facilitate notation, we define

1

PO = PO V)i = =,
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forweC.Fori=2,...,2k, denote

. 13
zi=ci+10;, «ci€ (Z,Z> , 0;eR.

2%—1
]

For any Lebesgue-measurable region R C [—7 N, 7N , we further define

IR) = / / H H IF(zi + 3| H |F(z)| dbs - - - dby
i=2 j=k+1 Jj=k+1
and

AR) = sup
(03,....00k)ER

B (q—l/z,q—l/Ze(cz—Hez)/N’ o ’q—l/Ze(czk-i-iGZk)/N) _ bk(Q)‘- (10-1)

To give a brief outline, the proof of Proposition 6-4 will involve splitting the region of
integration, [—7 N, 7N 11 into three regions:

Ri:=[-7N,zNP* "\ 6X), R :=6X)\6(X.,Y), R3:=6(X,Y),

with G(X) and S(X, Y) € &(X) specified later by (10-2) and (10-4) and dependent on the
parameters X and Y given in the proposition. We observe that the integral J; from (6-3) can
be bounded by

I(RDAR)) + 1(R2)A(R2) + I(R3) A(R3).

In Lemmas 10-3 and 10-4, we will give estimates for /(R1) and I(R;), respectively. Here
we take the trivial estimates for A(R;) and A(R;) coming from Proposition 6-1. In Rz,
we loosely estimate /(R3) in Lemma 10-2 and carefully bound A(R3) in Lemma 10-5.
Combining these estimates yields the desired error term in Proposition 6-4.

We start with some simple upper bounds for F.

LEMMA 10-1. Forw € C with 0 < Re(w) <N, we have

I if lIm(w)| < 7N,

Fonl < § =gy 7N <Im(w) <27,
1

Proof. Note that the function

w
N(1 — e=v/N)

is holomorphic on an open set containing R = {w € C | |Im(w)| <z N, 0 <Re(w) < N} since
the singularity at 0 is removable. Making the substitution w +— N - w, we see that it suffices
to show that w/(1 —e™") is bounded on R={weC||Imw)| <m, 0<Re(w)<1}. This
follows immediately since the above expression is holomorphic on an open set containing
R. One uses the same argument in the other cases.
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We will also need the following estimate:
LEMMA 10-2.
I([—7N, aNT*71) < (log N)-.

Proof. For fixed i € {2,...,k}, we use Holder’s inequality and the previous lemma to

obtain
TN TN 1/k
f H |F(zi +2))1d6; < H ( / IF(ai+ 2l d0;)
] k+1 Jj=k+1 B
2k

< [T ( / S —

i+ol<nN 12+ zlk

1
+ / T )
2eN<b+6<—nN |2i + 2+ 27iN|

/ 1 ” 1/k
+ T . Ak ) .
AN<6i+6;<2xN |2i +2j — 2miN |k !

Upon applying the inequality 1/|w| < «/5/ (Re(w) + |Im(w)|) with Re(w) > 0, we have that
the above is

1 1
< (/ do; + dé,
:1_[ R (ci+ci+10i+6DE " Jr (citcj+ 16+ 6+ 2nN

1 1/k
d9i> ,
R (ci +¢j+ 16 + 6; — 2N |

and this is clearly bounded by a constant independent of N for k > 2. (Recall that we made
this assumption at the very beginning of Section 6.) Thus,

N 2k
- / [T 1FG)Id6k1 - - dOs
-7

7N
I(—7N, NP1 < f
N jzk+1

—nN

H [ |F(z)|d6;

Jj=k+1

2k
< 1_[ log N = (log N)X.
j=k+1

The next few lemmas estimate different regions of the integral /. Let 2 <X <N/10 be a
parameter. Define the set §(X) C [—n N, & N1 by

{02, ...,00) €[N, aINT* 7 | |zi+ gl < X for2 <i<k, k+1<j<2k}.  (10-2)
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We begin by estimating the contribution outside &(X).

LEMMA 10-3.

log N)*~! X
(log N) + (log NYA—22

X1-1/k N’

Proof. Let Q:={2,...,k} x{k+1,...,2k} with |Q2| =k(k—1). We say a k-partition
AU AU A, of Q is weak if we allow A; = @. For every weak 3-partition A =
(A1, Ag, A3) of 2, define the region R (X) to be the set

I([—7N, N1\ 6(X)) <«

lzi+zl <X V(i) € Aq,
(02, . .., 602x) € [=N, NP Y| |242j—27iN| < X or |zi+z+27iN| <X V (i,)) € Aa,
|zi+zjl > X and |z;+z; = 2wiN| > X VY (i,)) € A3

It is easy to see that [—7 N, wN]1**~! is partitioned by {R5 | A a weak 3-partition of €2} and

that 6(X) = R(q,,2)(X). We further define two projection maps n;, i = 1,2 which respec-
tively return the first and second components of a pair of integers, that is, 71(a, b) =a and
ma(a,b)=>bfora,b e Z.

It now suffices to prove that

I(RA(X)) <k ; (10-3)

(log N)2k=1=Ima(Al X\ [ma(As)]
XIA3I(=1/k) (X/)

because if Aj # @, then the RHS of the above expression is < (log N)**=2X/N. If,
on the other hand, Az # @, then the RHS is <} (log N)Zk_l/Xl_l/k, and, since S(X) =
R©,2,2)(X), at least one of these two cases must occur. Now, fix a weak partition A of Q2
and write Rp := RA(X). For (6,, . . ., 6x) € R, notice that

k 2k

1
]_[ l_[ |F(Zi+Zj)|<<kW

i=2 j=k+1

by assumption and Lemma 10-1. Hence,

2k
1R2) <4 < / / [T T PGt 51t T 1FGI dos - -do.
i=2 j=k+1 Jj=k+1

Further note that Ry, C[—7N, JTN]k’1 x R where
Rp = {(Oks1s-...00) €[—aN,aNI* [ AN - X < |0l <N Vjem(A))
This inclusion holds because if we had |6;| < wN — X for (i, j) € A, then
|zi +zj £ 2miN| > ||9i+0j| —271N| >2aN —|0;| —16j| > 27N —aN+X —nN=X.

Consequently, the above gives

2k
1 1
I(Rp) <<k)m // 1_[ l_[ |F(zi + zj)I % 1_[ |[F(zj)| dO> - - - dBa.
i=2 j=k+1 =kt 1

[N, wNF~1 xRy
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By Holder’s inequality,

k  onN 1
]‘[f ]‘[ |F(zi +2))| £ d6; 5]_[ ]_[ / |F(zi + z)|db; )k < (log N)*.
=2 _

] =k+1 i=2 j=k+1

<log N

Finally, we obtain

(log )
IRA) <k SaiaT7m H |F(5)ldbr1 - -~ b

Jj=k+1
(log N)*~! “AN+X N
Sk STASII=178) 1_[ |F(Zj)ld9 I1 ( + )|F(zj)|dej
Jem(A) T jema(Ag) —nN aN—X \q/l—/
<<10gN <Ly
(log N)2k=1=Im(A2)l X\ [ma(Ay)]
XIASI(I—1/K) (ﬁ) :

Thus, we have shown (10-3).
Let 10X <Y < N be a parameter. Define the region G(X, Y) € G(X) to be the set

lzi+zj| <X V2<i<k k+1=<j<2k,

_ 2%—1
{(92,...,92k)€[ N, tN] <Y Vi+1<j<2k

}. (10-4)
LEMMA 10-4. We have
X\ k-1
I(S(X)\ 8(X, V) <x (;) .

Proof. Forle{k+1,...,2k}, we define

TUX, Y) = {(92, . 0p) e[—7N, TN !

|Zl+Zj|<X V2<i<k, k+1<j<2k,
|z1| > Y

We then have G(X) \ 6(X,Y) C Ul k1 21X, Y), and it suffices to prove

X\ k-1
I(T(X, Y) <x (;) Viek+1,... .2k

We claim that
TUX,Y)C[-7N, NI x (X, V),

where

X, Y) = { @, ...,00) €[—nN,N*!

16; — 61 <2X Vk+1<j<2k,
|91|>Y/2

To prove this, let (62, . .., 0x) € Ty(X, Y). As |z7| > Y, it follows that

3 X Y
0 >Y —|c|>Y—>>Y—=>_.
4 272
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By the triangle inequality, we also have
10 — 01l <lzj — 21l < |zj + 22| + |22 + 21l < 2X.
This proves the claim. Therefore,

I(ZX, ) <I([—7N,zN*! x T)(X, )

N _k 2k
/ f / / l_[ H IF(zl+z,)|d0> ]_[ |F(z))| dOxy1 - - - dOa

2 j=kot 1 i—k+1
ZIX.Y) N i=2 j=t =kt

<1 by Holder as in (Lemma 10-2)

<& / / H |F()| by - - b

=k+1
Fxy) T
2k

<<k/ (
=2 H

J=k+1
J#

/ |F(z))] d9j> |F'(z1)| db).
16j—0/1<2X

Note that for j # I, |[F(zj)] < |6;1~' < |6;]~" where the first bound follows from Lemma 101
and the second from

16j1 = 1611 — 16; — 61

and

|64

|0; — 0] <2X < 57-

v~

Furthermore, the length of the interval of integration for each j is O(X). Thus,

I(SY(X. Y)) <k / , (IF(zz)I H Wde’)

LB =k+1
<p1 i

Xt X\ k-1
<<k/ i< (3)
o=% 16l

This proves the lemma.

For the remaining region S(X, Y), we estimate trivially
I(S(X, Y)) < (log N)*.
Here, our savings will come from the fact that the difference

B <q—1/2,q—1/2€(cz+i6’2)/N, g

—1/2e<czk+i92k)/1v) — bi(q)
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is small on this region, where all of the exponents z; + z; and z; are small. The next lemma
makes this precise. Recall the definition of A(R) from equation (10-1) for any Lebesgue-
measurable region R of [—7T N, aNJ*-1

AR) := sup ’B (q—l/z’q—l/Ze(cz-i-in)/N’ o ’q—l/Ze(czk—Hsz)/N) _ bk(q)‘.
(02,....020)€ER

LEMMA 10-5. We have
1
A(I—7N, aNT* 1 < -,
q
and

Y
A(S(X, Y)) <k N

Proof. Note that the first bound is an immediate consequence of Proposition 6-1 and

max  |eS/NTON _ 1| « 1.
—aN<6;<Nm

If we have (02,...,0%) € &6(X,Y), then |6;] <2Y for all i=2,...,2k. Thus, by
Proposition 6-1, it again suffices to show that

. . Y
max (g~ 2/ NFION (=12 e /N+iORINY (=12 =2y e T
(02,...02)ES(X,Y) > JaN
Using |6;] < 2Y, we can simplify this statement to
; Y
max  |eS/NTON _ 1)« — (10-5)
—2Y<6;<2Y N

for each i. Recalling that for bounded z € C, we have |¢* — 1 < |z|, we conclude
|eC,'/N+i0,'/N _ 1| — |eC[/N+l'9,'/N _ eie,‘/N + eiQ[/N _ 1|

<[e™ — 1]+ [N — 1]
1

We now take the maximum over —2Y < 6§ < 2Y to establish (10-5).
Thus, we obtain the desired bound on the integral J:

- 1 (log NY*=1 1 X 1/x\F! vy
k| <k oz M) +—(10gN)2k_2—+5(—> -|—q—N(10gN)k.

L_] x1-1/k q N )%

The first two terms are a consequence of estimating /(R;) using Lemma 10-3 and taking the
trivial 1/¢q estimate for A(R1). The third term makes use of Lemma 10-4 to bound /(R;) and
uses the same estimate for A(R»). Lastly, the fourth term comes from upper bounding /(R3)
by I([—7 N, a N1y and using Lemma 10-5 to bound A(R3). This completes the proof of
Proposition 6-4 and thus the proof of Theorem 1-1.
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