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Definitions. Let the probability density of observations be denoted by ${x \ 6),
where* x stands for the variables and d for the parameters. A function t of the observa-
tions is called an unbiased estimate of the function ifr(d) of the parameters if

\>t<f>dx = ijr{d), (1)

where Ax stands for the product of differentials.
An unbiased estimate is said to be a minimum variance estimate if its variance is not

less than that of any other unbiased estimate. This must be distinguished from the
concept of efficiency as introduced by Fisher (4). Efficient statistics may be defined as
those which, in large samples, contain almost the whole of the information concerning
the parameters. When the class of consistent estimates which are normally distributed
in large samples are considered, the information supplied by them can be measured by
the reciprocal of their variances. The efficiency of a statistic, in the case of a single
parameter, can be measured by the limit of Ijv, where / is the information in the
sample and v the variance of the statistic. The fully efficient statistics are those for
which this ratio tends to unity. The object of the present article is to study some exact
properties of minimum variance estimates in samples of a given size. These estimates
will be, however, efficient in large samples provided their limiting distributions are
normal.

A set of statistics Tx,..., Tm is called a minimal sufficient set of statistics if m is the
smallest number for which

where ^(T^ ...,Tm\d)is the probability density of Tlt...,Tm and 4>z{x\ T), the prob-
ability density of the sample given the statistics Tlt..., Tm, is independent of the d's.
The integer m can be greater than, equal to or less than the number of parameters.

The author has shown elsewhere (8) that minimum variance estimates are explicit
functions of the minimal sufficient set of statistics. For the derivation of such estimates,
we need only consider the distribution of the sufficient statistics.

Minimum, possible variance {single parameter). In the case of a single parameter it

* It is not necessary that the variables should be continuous. The integral sign can be replaced
by the summation sign in the case of discrete variables.
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has been shown (3, 7) that the minimum variance attainable for an unbiased estimate
of $(6) is, under some conditions, not smaller than

It may be noted that the quantity defined in (2) is not the minimum attainable for the
estimation of any parametric function in any distribution. The estimate with the
minimum attainable variance will be the minimum variance estimate. An estimate of
i/f{6) with variance (di/rjdd)2jl will be a miniirmTn variance estimate, but this is not a
necessary condition.

Example 1. Consider a independent observations from the normal distribution

(3)

Let /i2 be the parameter to be estimated. Since x, the mean, is a sufficient statistic
for /i2 (in fact for any function of //,), we need only consider functions of x.

If cr is known, an unbiased estimate of fi2 is

X = x2-a2\n, (4)

, _ . _ 4/Ar2 2o-2

and V(X) = —— + —=-.

n n2

d/tj / n

Let us consider an alternative statistic unbiased for /i2 but which differs from X by
f(x). Then ,
Differentiating twice with respect to /i we find

which shows that the covariance between x2 and f(x) is zero. The variance of the
alternative statistic is

V{X +/(<*)} = V(X) + V{f(x)} + 2 cov {*/(*)} = V(X) + V{f(x)} > V(X),
which shows that X as defined in (4) is the minimum variance estimate, although its
variance is greater than the quantity defined in (2).

Example 2. Consider n independent observations from the population

If p is known, x is sufficient for a. Since

it follows that x is the minimum variance estimate of pja. Let us consider a itself as
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the parameter to be estimated. The statistic X = (np — l)/x is unbiased for a and its

variance is y(np-l\_ a?
\ x J np-2'

which is greater than 1/7 = a2\np. Let an alternative statistic unbiased for a differ
from X byf(x). Then

fix) e-ttn£znP~1dx = 0 for all a > 0.
Jo

Successive differentiations with respect to a give

foo
xkf(x)er*nixn*-idx = 0 (jfc = 1,2,...),

Jo

[a>eii*f(x)e-anSxni>-1dx = 0,
Jo

which means that

where i = J( — l) and t is real. Then from the well-known inversion theorem it follows
that/(a;) is zero everywhere if it is continuous. This shows that there exists no other
function of x which has the expectation a. Therefore {np — l)/x is the minimum variance
estimate of a. It is incorrect to say that this statistic is not efficient since it has not
attained some lower bound derived for any general distribution. In fact Bhattacharya (2)
has shown that more stringent lower bounds than the one considered here could be
derived for any general distribution. It is not proper, in small samples, to judge the
efficiency of an estimate by comparing its variance with some lower limit as the one
considered here.

Properties of distributions admitting sufficient statistics (single parameter). In the case
of a single parameter it has been shown by Fisher (5) and Koopman (6) that the frequency
function <j>{x \ 6) admitting a sufficient statistic can be expressed in the form

<j>{x | d) = exp (©!Xx + ®2 + X,),

where 0X and 02 are functions of 6 only and Xx and X2 are functions of the observations
only.

Since exp (©i-X^ + 0 2 + X2) dx = 1,

we get, on differentiating with respect to Qlf

d@z

If we choose — d®2/d®1 as the parameter to be estimated, then the lower bound of the
variance as denned in (2) is

®JA2 IU^Y^H - _^®? _ V(X,
j l\\dd) d®\\ - d®\ ~ YK lh

Hence Xx as an estimate of —d®2ld®l has the minimum variance defined in (2). The
following theorem is established.

THEOREM 1. If (a) a sufficient statistic exists so that the probability density <j>(x \ 6) can
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be expressed in the form exp (©j-X^ + 0 2 + X2), and (b) the differentiation under the integral
sign is possible yielding the results

X) = -d&Jd@1 and

then the function — dQJdQj^ admits an estimate whose variance is exactly equal to the lower
bound defined in (2).

Some results similar to that in Theorem 1 are obtained by Aitken and Silverstone (l).
If the frx | 6) is of the form e x p ^ ^ Q ^ ^

then X1 is a sufficient statistic for 6. On integrating out over constant values of Xlt

the distribution of Xx may be written as

where X is a function of X2 only. In this case we need only consider functions of Xt

to search for minimum variance estimates.
Let F(Xt) be any function such that E{F(X1)} = x(@)- If a n alternative function,

differing from F(Xj) by a continuous function f(Xj) of Xlt has the same expectation
X(0), then

Successive differentiations with respect to 0X give

which means that \eaxif(Xx)exp(®1X1 + 0 + X)dXx = 0 (7)

orf(X1) is identically zero. The result (7) depends on the validity of successive differ-
entiations involved in the derivation of the equations (6). Some sufficient conditions
under which this holds are given below.

THEOREM 2. If the range of integration is finite and exp (&1X1 + ® + X)isa continuous
function of both the variables X± in the range of integration and 0X in some continuous
interval, then successive differentiation under the integral sign is valid.

The theorem follows from the fact that under the conditions made above

J exp (@1 Xx + 0 + X)

is a continuous function of both the variables.
THEOREM 3. / / exp (Q1X1+ Q + X) is a continuous function of both the variables

in (a, oo) where a is finite and 0X in some closed interval (Q[, Q{) and

Ox
Jaconverges uniformly, then successive differentiation under the integral sign is valid for

some range of 0X.

* This is ensured if the ranges of integration do not involve the parameter 6, and the analytical
conditions required for differentiation under the integral sign are satisfied by the integrand.
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Consider

(•oo |*o

J a J a
(8)

where 8 is a positive quantity less than | ©i — ©11. Since

x) exp [(©! + 8) Xx + © + X] dXx

is uniformly convergent in the closed interval (0^, ®"x — 8) and X^e~*x^ is bounded and
continuous in (a, oo), it follows that the integral in (8) is uniformly convergent in
(&[, ®{ — 8). Since 8 can be chosen as small as possible the integral in (8) is uniformly
convergent in the closed interval (0^, d"x) where 6"x < ®x, in which case the differentiation
is valid for the range (@'x, 6{).

Similar results can be established even when the range of integration is from — oo
to +oo.

Under the conditions* assumed above it follows that every function of Xx is unique
as an unbiased estimate of its expected value, so that every function of Xx is a minimum
variance estimate of its expected value. The theorems given above supply a general
proof of the properties observed in Examples 1 and 2.

The case of several parameters. Koopman (6) has shown that under some general
conditions the distribution function <j>{xx,..., xn \ dx,..., dq) admitting a set of sufficient
statistics Tx,..., Tq can be expressed in the form

where the ®'s are functions of 6 only and Xx, ...,Xqoi the T's only and X of the obser-
vations only. The author has derived elsewhere (7) lower bounds to the variances
similar to that defined in (2) in the case of several parameters and shown that for
distributions of the form (9) there exist functions of parameters for which estimates
with the minimum variances so defined could be constructed. By an extension of the
analysis developed in the case of a single variable it can be shown that every function
of Tx,..., Tq is unique as the estimate of its expected value and hence the best possible.
The discussion is valid subject to some analytical conditions required for differentiation
under the integral sign, etc.

The method of maximum likelihood. The method of maximum likelihood yields
estimates which are functions of the minimal set of sufficient statistics. This satisfies
the necessary condition for an estimate to have the minimum attainable variance.
When the number of sufficient statistics is equal to the number of parameters to be
estimated the maximum likelihood estimates will be, as shown above under some
conditions, the minimum variance estimates of their expected values even in small
samples. In the general case, it has been formally demonstrated by the author (8) that
the maximum likelihood estimates are fully efficient in large samples.

I wish to thank Dr H. E. Daniels for drawing my attention to this problem.

• The result is true under more general conditions discussed by Widder (9).
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