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Abstract. In this paper, preimage pressure, which is based on the preimage structure of
the system, is defined and studied for random transformations. We obtain analogs of many
known results of preimage entropy and preimage pressure for deterministic cases in Cheng
and Newhouse [Pre-image entropy. Ergod. Th. & Dynam. Sys. 25 (2005), 1091-1113] and
Zeng et al [Pre-image pressure and invariant measures. Ergod. Th. & Dynam. Sys. 27
(2007), 1037-1052]. In particular, a variational principle is given and some applications of
preimage pressure, such as the investigation of the invariant measures and the equilibrium
states, are obtained.

1. Introduction
Entropies and pressure are important invariants in the study of dynamical systems and
ergodic theory. Entropies, including topological entropy and measure-theoretic entropy,
are all the measurements of the complexity of the orbit structure of the system. As
a generalization of topological entropy, the pressure and its related study are the main
constituent components of the thermodynamic formalism. There is a symmetry in the
definitions of them, which looks only at the future behavior of the considered system.
However, how can we describe the complexity of the system by using the ‘inverse orbits’?
In recent years, Langevin and Przytycki [9], Hurley [5], Nitecki and Przytycki [12] and
Nitecki [13] formulated and studied several entropy-like invariants based on preimage
structure of a mapping. However, most of them are the topological versions. In order
to give a reasonable notion of measure-theoretic preimage entropy, recently, Cheng and
Newhouse [4] introduced a new version of preimage entropies and obtained a variational
principle. Lately, the related topics, such as the preimage entropies in random dynamical
systems (see Zhu [16]) and the preimage pressure (see Zeng et al [15]), have been studied.
Our purpose of the paper is to formulate and study the notion of preimage pressure for
the random transformations. More precisely, in §2, we first define the preimage pressure
for the random transformations and then give some properties of it. In §3, a variational
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principle for the preimage pressure is given. In §4, some applications of preimage pressure,
such as the investigation of the invariant measures and the equilibrium states, are obtained.

Throughout this paper, (2, F, P, ¢) denotes an abstract dynamical system, where
(2, F, P) is a probability space and ¢ is a measure-preserving transformation. Let (X, B3)
be a measurable space and F a set of measurable transformations on X.

Definition 1.1. A map ¢:Z" x Q — F with the following properties is called a
measurable random dynamical system (abbreviated as RDS) or a measurable random
transformation over 9.

() (w,x) > ¢(n, w)x is F x B-measurable for all n € Z+.

2) ¢n+m,w)=¢0n, ¥"w)od(m, ) foralln, m e ZT.

If we put ¢ (w) := ¢ (1, w) we may write by the above cocycle property (2)

id ifn=0,

¢, w) = {¢(§n—1w) o---o¢p(Pw)od(w) ifn=>0.

So an RDS could as well be defined as a map ¢ : 2 — F for which (w, x) — ¢(w)x is
F x B-measurable.

If X is a compact metric space with a metric d, B is the Borel o-algebra of X and F is a
set of continuous maps on X which possesses a measurable structure given by the metric

do(@1, ¢2) =sup{d(¢1(x), p2(x)) | x € X},  ¢1, ¢ €F.
Then the RDS determined by the map ¢ : Q2 — F is called a topological RDS.

Definition 1.2. Let ¢ be an RDS on X over ©#. A probability measure u on F x BB
is said to be ¢-invariant if it is invariant under induced skew-product transformation
O:QxX—->QxX, (v, x) > (Vw, p(w)x) and if it has marginal P on Q2. A ¢-invariant
measure y is said to be ergodic if it is ergodic with respect to ©.

Let ¢ be an RDS on X over ¢ and pu a ¢-invariant measure. We always assume that p
disintegrates with respect to P, i.e. there is a family of conditional probabilities {u,,} such
that du(w, x) =dp,(x) dP(w). By Bogenschutz [3, Lemma 1.1.2], if ¢ is measurably
invertible then u is ¢-invariant if and only if ¢ (w)u,, = yo P-a.e. w. For a general theory
of RDS we refer to [1, 6, 8, 10] and [11].

In [4], Cheng and Newhouse defined the measure-theoretic preimage entropy hpre v(T')
for an abstract deterministic system (Y, C, v, T') by

hprev(T) = sup hpre (T, §),

3

where & ranges over all finite partitions of Y,
1 n—1 )
hpre,v(T» E)=h,(T|C;&):= lim _HV(\/ Tﬁlf ' C)
n—oon 0

in which H, (+|) is the standard conditional entropy and C~ is the infinite past o -algebra
(ns0 T"C related to C.

In [16], Zhu gave the measure-theoretic preimage entropy for RDSs. Denote by wq and
mx the projections from € x X onto €2 and X, respectively.

https://doi.org/10.1017/50143385708000758 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000758

Preimage pressure for random transformations 1671

Definition 1.3. The conditional entropy of ® with respect to the sub-o-algebra mg, LF
V(F xB)~CcFxB

hu(® | g ' F v (F x B)7) = sup{h,(© | 15 F Vv (F x B)7; £)}, (1.1
£

where £ ranges over all finite partitions of 2 x X and

1 n—1 .
-1 — e T1; - i
hu (@ | g ' F v (F x B)™, &) '_nlinéonH"(i\:/OO £

no FV (F x B)—),

is called the measure-theoretic (or metric) preimage entropy of ¢.
As in [16], there are alternative definitions of measure-theoretic entropy.

PROPOSITION 1.4. Let & be a finite partition of Q x X. For w € Q, let
By=(¢"'(n.w)B
n>0

and denote by &, the partition of X determined by the w-sections of members of &, i.e.
&y ={x € X | (w, x) € &}. Then the following hold.
(1)

1 n—1
e, (9, §) = lim ~ f H,%(\/ 671G ) B;) dP@).  (12)
i=0

n

(2)  If ¥ is measurably invertible then hye , (¢, &) is also equal to

1 (e

In addition, if P is ergodic, then the integrations in (1.2) and (1.3) are extraneous,

B;) dP(w). (1.3)

and the limit exists and is constant for P-a.e. w.
Moreover, if B is countably generated, then

Ppte,u (@) = SUp hpre (¢, 750, (1.4)
¢

where ¢ ranges over all finite partitions of X.

2. Preimage pressure for random transformations
In this section, we always assume that (X, d) is a compact metric space, I3 is the Borel
o -algebra on X ( so it is countably generated) and ¢ is a topological RDS on X over ¢. Let
M(¢) denote all the ¢-invariant measures, y € M(¢) and O is the induced skew product
transformation acting on 2 x X.

Define the following family of metrics of X

di(x,y) =, r]?ax 1d(¢(k, w)x, pk, w)y), neN,we, x,yeX.
<k<n—

Since (w, x) = ¢(w)x is measurable in w and continuous in x, we conclude that
d (x, y) depends measurably on w and continuously on (x, y).
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For w e 2, ne€N, a subset E C K is said to be a (w, n, €)-separated set of K, if
x,y€E, x#yimpliesd) (x,y) > €.

Now we define the measure-theoretic preimage pressure for random transformations.

For each measurable-in-(w, x) and continuous-in-x function f on Q x X, set
£l = [ I f (@)l dP, where || f (@) llco = supyex | f (@, x)|. Denote by L'(2, C(X))
the space of such functions f with || f]l; <oo. If we identify f and g, provided
|l f —glli =0, then L(2, C(X)) becomes a Banach space with norm || - ||1.

For f € LY(, C(X)), n € N, we write

n—1 n—1
Suf(@.x)=Y fo®(w.x)=Y f(¥w. ¢ w)x).
i=0 i=0

Lete >0. Foranywe Q,k,neN, k>n, FCXand f € LI(Q, C(X)), we put
Pa(¢, fr @, F) =) exp Sy f(®, x),

xeF
Ppre,n(¢» fv , 6, ks X)
:=sup{P, (¢, f, w, F)|Fisan (w, n, €)-separated set ofd)_l(k, w)x}

and
Ppre,n((p, f7 , E’ k) = Sup Ppre,n(¢, f7 , E’ ka x)'
xeX
LEMMA 2.1. For any € >0,k,neN and f € LI(Q, C(X)), the function Ppen
(¢, f, w, €, k) is measurable in w. And for each § > 0 there exists a family of maximal
(w, n, €)-separated sets G, C ¢~ (k, w)x* for some x* € X satisfying

Pn(¢s f9 , Gw)z(l_S)Ppre,n(qsv fv , €, k) (21)
and depending measurably on w in the sense that
G={(w,x)|xeGyleF xB.

Proof. Given € >0, k,neN, fe L'(Q, C(X)) and x € X, set & (x) = O7%(Q x {x}).
Since ©® is measurable in @ and continuous in x, & (x) € F x B and the fibers
Er(x, w), w € 2, are all compact subsets of X.

Following the argument of [7, Lemma 1.2] (we only need to replace the subset ‘£’
of © x X there by ‘€¢(x)’ and the arguments hold verbatim), we can conclude that the
function Py n (¢, f, w, €, k, x) is measurable in w. And for each § > 0 there exists a
family of maximal (w, n, €)-separated sets G, (x) C ¢! (k, w)x satisfying

Pou(9, [, ©, Gu(x)) = (1 = 8) Ppren(9, f, @, €, k, x) 2.2)

and depending measurably on w in the sense that G(x) = {(w, y) | y € G,(x)} € F x B.

Note that the collection {¢~!(k, w)x | x € ¢ (k, @)X} is an upper semi-continuous
decomposition of X. From the similar reasoning in the proof of [4, Theorem 2.5, p. 1105],
we can conclude that for any points x, x” € ¢ (k, @)X, if the distance between them is
sufficiently small then the distance of the preimage trees

Tk (¢, o, x) ={lzk» zk—1, - - - 21, 20 =x] | Pk — j + 1, w)zj = zj—1, | < j <k}
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and

Ti(¢, o, x) ={lz}, Zh_1> - -» 2, 20 =x1 @k — j+ 1, w2y =2, 1 < j <k}
is small enough in the sense of Hausdorff metric. =~ Therefore, if E(x,®) is an
(w, n, €)-separated set of ¢! (k, w)x then there is an (w, n, €)-separated set E(x', ) of
¢~ '(k, w)x’ such that the Hausdorff distance between E (x, w) and E (x’, w) is also small.
So, for any countable dense subset {x;};cny C X, we have

Poren(@, f, @, €, k) = sup Poren (9, f, @, €, k, x;)
ieN

and hence measurable in w.

From the definition of Ppe n(¢, f, ®, €, k) and (2.2), we can easily choose for
8 > 0 a point x* € X and a family of maximal (w, n, €)-separated set G, C ¢! (k, w)x*
satisfying (2.1) and depending measurably on w in the sense that G = {(w, x) | x € G}
e F x B.

For f € L'(©, C(X)) and € > 0, put

. 1
Ppre (¢, f, €) :=lim sup — sup / log Ppre.n (¢, f, w, €, k) dP(w).
n—oo N k>n

Let
Ppre(9, f) 2611_1)% Ppre(@, [ €),

where the limit exists since Ppre(¢, f, €) is monotone in €, and in fact, ‘lim¢ o’ above can
be replaced by ‘sup,.’ .

Definition 2.2. (topological preimage pressure) The map
Ppre(®, ) : L'(2, C(X)) = R U {o0)
defined above is called the topological preimage pressure of ¢.

Remark 2.3. 1t is clear that the following hold.

() Ppre(, 0) = hpre (@), where hpre (@) is the topological preimage entropy (see [16]).

(2)  Ppe(d, ) S P(¢, f), for every fe€ LY (Q, C(X)), where P(¢, f) is the
topological pressure of f (see [7]).

(3) Ppre(¢a f)f ”f”l

Next we shall give an equivalent definition of the preimage pressure using open covers.
For each finite open cover @ of X, w e Q,x € X, f € LI(Q, C(X))and k,n e N, we
write
Ppren(@, [, @, a, k, x) = inf{z sup exp Sy f (@, y)},
n Ben YEB
where the infimum is taken over all the finite subcover 1 of

n—1

\ ¢7'G e
i=0

oL (k,w)x

Similarly, we write

Ppre.n(@, fo 0, &, k) :=sup ppre n(@, [, 0, &, k, x).
xeX
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LEMMA 2.4. For any k,n €N, finite open cover a of X and f € L'Y(Q, C(X)), the
Sunction ppre n (@, f, 0, a, k) is measurable in w.

Proof. As in the proof of Lemma 2.1, given k,n €N, f € LI(Q, C(X)) and x € X, set
E(x) = O7K(Q x {x)). Following the arguments of [7, Proposition 1.6], we conclude
that ppre.n (@, f, @, @, k, x) is measurable in w. By the similar discussion in the proof of
Lemma 2.1, we have that for any countable dense subset {x;};cn of X,

Ppre.n (P, f, @, &, k) = Sup ppre n (@, [, 0, o, k, x;)
ieN

is measurable in w. a
LEMMA 2.5. Let a be a finite open cover of X and f € L' (2, C(X)). The limit

.1
ppfe(¢7 f’ a) = nlingo ; Sup / log Sup ppre,n(¢v fv w, a, k) dP(a))

k>n xeX

exists.

Proof. Since for any x € X, m,neN and k>n+m, if B is a finite subcover
of (\/:-1;01 o', 0)@)|5-1(k.)x and y is a finite subcover of (\/;-":701 o1, 9"w)
@)yt (k—n.p1w)c> then BV ¢~1(n, @)y is a finite subcover of N2t o1, w)
)| ¢=1(k,)x- This implies

Z sup exp Sp+m f (@, ¥)
Depvé—l(n,w)y YEP

< (Z sup exp Sy, f (w, y)) (Z sup exp Sy, f (' w, y)).
Bep yeB Cey yeB
Hence we have
ppre,n+m(¢s fro,a k) < Ppre,n(d)v fio, o k) Ppre,m(¢v foo,a k—n).
For any n € N, let

an = Sup / log Sup ppre,n (¢7 f’ w, o, k) dP(a))
k>n xeX
Therefore,
Ap+m = SUp / log Ppre,n+m (¢, f, w, a, k) dP(w)

k>n+m

S Sup / log ppre,n((p, f? w, a, k) dP((,!))

k>n+m

+ sup / log ppre,m (@, f, @, a, k — n) dP(w)

k>n+m

E Sup / log ppre,n (¢’ f’ C(), a’ k) dP(CL))

k>n

+ sup / log ppre,n (¢, f, 0, a, 1) dP(w)

I>m

=a, + ay.

Hence, lim;,_, o (1/n)a, exists.
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For any f € L' (2, C(X)), we denote

Dpre(@, f) = Slin})[sup{ppre(qﬁ, f, @) | a is an open cover of X with diam(x)< 8}:|,
g o

where the limit exists since the function in the brackets is monotone in § .

PROPOSITION 2.6. Forany f € L'(Q, C(X)), we have that

Ppre(@, ) = Ppre(@, f).

Proof. Let f € L' (2, C(X)). Given € > 0 and a finite open cover « of X with diam(c)
< ¢, it is clear that the inequality

ppre,n(qsv fa a)s 6» k9 -x) S ppre,n(¢y f1 w9 OC, ka x)

holds for any w € 2, x € X, and k, n € N. Therefore, we obtain

Pore (@, ) < Ppre(@, f)

directly by their definitions.
Now we prove the inverse inequality. Let « be a finite open cover of X with Lebesgue
number A. Follow a standard argument, we have that the inequality

n—1 f ) A
ppre,n(¢s f1 a)v as ks x) S exp(; leam(a)(ﬁla))> Ppre,n <¢’ f’ w) E’ ks x)

holds for every w € 2, x € X and k, n € N, where for any § > 0 we denote

7 (@) = sup{|f(@. ) — f(w. y)| :x. y € X, d(x, y) <5}.
Since f € L (2, C(X)) then by Birkhoff ergodic theorem,

n—1

1 4
/ lim ~ > 7f (#'w) dP(w) = / o/ () dP(w)
n—o0o n =

and

lim / raf(a)) dP(w) =0. 2.3)

§—0
Therefore, we can conclude that

Pore (@, f) > ppre(@, f). U

Given an RDS ¢ over 9 we can define an RDS ¢* over 9% via X (n, w) := ¢ (kn, w).
PROPOSITION 2.7. Let f € LY(Q2, C(X)) and m € N. Then
Ppre((pma Smf)<m- Ppl'e(d)’ ).

Proof. Write y =¢™. Lete >0, n e N,k >nand x € X.
It is clear that for any w € 2, if E is an (w, n, €)-separated subset of l/f_l(k, w)x with
respect to V¥, then E is also an (w, mn, €)-separated subset of d)_l(mk, w)x with respect

to ¢.
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Hence we have

1
hm Sup - Sup/ lOg Ppre,n(l/f’ Smf’ w, €, k) dP(O))

n—oo N f>p

1
<lim sup — sup / log Pyre,mn (@, Sm f, @, €, km) dP(w)

n—oo N k>n

<lim sup — sup / 108 Pove.mn (62 S f 0, €. 1) dP(w)

n—oo NN [>pmpu

1
< m lim sup — sup / log Pore,n (¢, Sm f, @, €, 1) dP(w).

n—oo N t>n

So, Ppre (¥, S [, €) <m - Ppre(@, f, €). Taking € — 0 gives

Ppre(l//’ Smf)fm'Ppre(¢’ ). d

3. The variational principle for preimage pressure

The mathematical foundation of the thermodynamic formalism, i.e. the formalism of
equilibrium statistical physics, has been led by Ruelle. Bowen, Ruelle and Sinai have
used the thermodynamical approach to study ergodic properties of smooth hyperbolic
dynamical systems. As the main constituent components of the thermodynamic formalism,
the topological pressure and the variational principle for the topological pressure have been
well studied. We can see the related study in [2, 3, 14] and [7] for deterministic case and
random case respectively.

Recently, Zeng et al [15] gave a variational principle for the preimage pressure for
deterministic dynamical systems. In this section we shall combine the technique in [7]
and [15] to give a variational principle for preimage pressure of the random dynamical
systems. Indeed, we can see that most of the proofs of the variational principles in vary
cases, including that long proof for preimage entropy [4, Theorem 2.5], are all adaptations
of the well-known argument of Misiurewicz (see, for example, of [14, Theorem 9.10])
though they are more complicated.

In the next sections, we always assume that (X, d) is a compact metric space and ¢ is a
topological RDS on X over (2, F, P, #), where (2, F, P) is a Lebesgue space, F is the
Borel o-algebra, ¢ is measurably invertible.

THEOREM 3.1. (The variational principle) Let f € L'(Q, C(X)). Then

Pore(@, )= Sup{hpre,u(fp) + / fdu ‘ ne M(¢)},

where M(¢) denotes the set of all the ¢-invariant measures.
Proof. Step 1.
Pore(@, f) = hpre, u(9) +/ fdup (3.1

for all u© € M(9).
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Let u € M(¢p). Let £ ={A1, Ao, ..., Ar} be a finite partition of X and choose € > 0
such that € < 1/(k log k). Since mxu is regular then there exist compact sets B; C A,
1 <j <k, with f Hw(Aj\ Bj) dP(w) <€. Put Bp= X\ UI;:1 B;. As in the proof of
[16, Theorem 4] , for the partition n = {Byg, By ..., Bi}, we have

hpre,u(¢» 77);15) = hpre,u(d)v 77);177) +1
Thus, for (3.1) it is suffices to prove that there exists a § > 0, such that
@70+ [ Fdn <1052+ B, £.0)+ [ P, G2)
Indeed, once this is done, we have
Rpreu (¢, 7 €) +/ fdu=1+1og2+ Pye(d, f.9) +/ f{; dP(w).

As this holds true for every finite partition £ of X and corresponding & , it follows
hpre,u(¢) +/ f dp <1+ 10g 24 Ppre(ﬁbv f),

where we use the property (2.3) of tsf .
Hence Proposition 2.7 and the power rule of /e ;. (¢) [16, Proposition 4] yield that

mhpre,//,(d))‘i‘m/fdﬂ thre,u((bm)‘i‘/smf du

= Ppre((pma Smf)+log2+1
= mppre(fb, f)+log2+1.

Dividing by m and taking m — oo yields (3.1).
For (3.2), it suffices to show that there is a § > O such that forany n, k e N, w € Q,

n—1
H,Lw(\/ ¢~ (i, o)y ‘ ¢~ (k, w>8> + f S f dpte
i=0

n—1

<nlog2+10g up Poen(¢, f 0,8, 5) + Y s (9 w). (3.3)
xeX i=0
Choose a non-decreasing sequence of finite partitions f; < ffp <-.- with diameters

tending to zero for which B =\/;2, B; up to set of measure 0, and satisfying

n—1 n—1
Huw(\/ ¢, o)y ) ¢k, a))B) = jli)rgo Huw(\/ ¢, w)n ’ ¢k, w)ﬁj)
i=0 i=0
So, for (3.3), it suffices to show that for sufficiently large j(w),
n—1
Huw<\/ ¢~ (i, ) ’ (3 w)ﬁj(w>) + / Suf dpte
i=0
n—1 )
<nlog2+logsup Ppren(®, f, w, 8, k) + Z rzfa(ﬁ’a)). (3.4)
xeX

i=0
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Now, pick 0 <§ < % miny<;+j<k d(B;, Bj). Given w € Q. Let é1(w, x, k,8) >0
such that d(x,y) <éi1(w, x, k, ) implies d’(x,y) <. Note that the collection
{(])_1 (k, w)x | x € ¢(k, w) X} is an upper semi-continuous decomposition of X. Hence for
each x € ¢ (k, w)X there is a 8 (w, x, k, §) > 0 such that d(x, y) < & (w, x,k,8), y € ¢
(k, w)X and y; € q)_l(k, w)y; then there is an x| € ¢_l(k, w)x such that d(x1, y1) < 1
(w, x, k, §). Let U be the collection of open &, (w, x, k, §) balls in ¢ (k, @)X as x varies
in ¢ (k, w)X and let §3(w) be a Lebesgue number for /.

Since diam(B;) — 0 as j— oo, we may choose jo(w) for w € Q such that if
Jj(@) > jo(w) and B € Bj(), then diam B < 83(w). Let Jj(w) > jo(w). For a set
Ce qb_l(k, ®)Bj(w)> let py,c denote the conditional measure of p,, restricted to C,
(V1= &1, @)n)|c denote the set (ANC | A € \//=y ¢~ (i, w)n, ANC # @) and

Sy fw, ANC) :=sup{S, f(w,x) | x e ANC}.

Therefore, by the standard inequality
Y pila; —log pi) < 1og< D exp ai) (3.5)
1<i<m 1<i<m

for any probability vector (py, ..., pm) (wWhere the equality holds if and only if p; =
((exp ai) /(31 < j<m €XP @;))), We have

n—1
Hﬂw<\/ ¢~ (i, o)y ’ ¢~ (k. w),Bj(a))) +f Snfdipe
i=0

n—1
Z [HNM,C((\/ oG, w)n) ) - U (C) +/ Snf duw]
i=0 c ¢

Cedp™! (k,0)Bjj(w)

< ) (O

Cep~ 1 (k,w)Bj(w)
: ( Y hec(ANO)-10g o c(ANC) + S;f (@, AN C)])

AeV'Z) ¢ G,w)n

< max log( Z exp Sy f(w, AN C)).

= Cep~l(k,w)Bj(w) Ae\/’-’f(; &G

IA

For each
n—1
ANCe (\/ 671G, a))n)
i=0

choose some x4 € AN C such that Suf(w, x4) =S} f(w, ANC). Let Be Bjw) such
that C = ¢~ '(k, w)B. Since ¢ (k, w)xs € B and diam (B) < 83(w), there is up € ¢
(k, )X such that if y € BN ¢k, w)X then d(up, y) < é2(w, up, k, §). This implies
d(up, ¢k, w)xa) < 62(w, up, k, §). Hence there is a point ¢1(A) € ¢_l(k, w)up such
that d' (x4, $1(A)) < 8. Let Ec be a maximal (w, n, §)-separated set in ¢_1(k, w)up.

C
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Since Ec spans ¢_1(k, w)up, there is a point ¢(A) € Ec such that d] (¢1(A),
¢2(A)) <4. Hence d (x4, ¢p2(A)) < 26, and then

n—1
Sif(@, ANC) < Sy f (@, $2(A) + Y 1350 w).
i=0

By the choice of §, we have that if y € E¢ then

n—1
card{A NCe (\/ o7, a))n)‘ S o (A) = y} <2".
C

i=0

Thus for sufficiently large j(w)(> jo(w)) and C € ¢_1(i, ) Bj(w), We have

n—1 ) )
3 exp[s;;f(a), ANC) - rga(ﬁ’w)}
AeViZy ¢~ o i=0
< ), epS.f(o $2A)
Ae\/!Z) ¢~ o)y

<2" Y exp Sy f(@. ).

zeEc

This proves (3.4) and finishes the proof of step 1.
Step 2.

Ppre (9, = Sup{hpre,u(¢) +/ fdu ’ M e M(¢)}

Given € > 0, we will produce a ¢-invariant measure w such that

Ppre (¢, fie) < hpre,u(¢) +/ Sfdu.

Choose sequences n; — 00, k; > n; and points xg) € JTS;] (9% w) for w €  such that

. 1 i
Pe(9. £.0) = tim - [ 108 P (8. f. 0, €. i 1) dP@)
[—0o0 Nn;
For any w € Q, let Eg) denote a maximal (w, n;, e)—separate_d set in ¢>’1 (k;, w)xf,f). By
Lemma 2.1, we can assume that ES) satisfies {(w, x) | x € Efj)} € F x Band

1 .
D XD Sy f(@. )2 ~Pore (@, [ 0. € ki x(). (3.6)
yeE,ﬁf)
Now define probability measures v on  x X via their measurable disintegrations

ZyeEg) exp Sy, f(w, y)8,
ZzeEg) exp Sp, f(w, 2)

b =
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where §, denotes the point mass at the point y. Let

n,-—l

. 1 Lo
n=— 3" e
n; —0

and

p = lim u(i).
1—> 00
By [7, Lemma 2.1], the last limit of measures exists and belongs to M (¢).

Next, choose a partition £ of X with diam £ < ¢ and such that mx (3 A) = 0 for every
A e€é&. Sinceforany A € &, mxu(0A) = f Uep(0A) dP(w) then p,(0A) =0 P-ae. .

In the following, we will show that, for every positive integer m,

m—1
Hu<\/ O (my'E)
t=0

1 ,
>m lim — / 108 Pore.ns (@ f @, €, ki, x0) dP(). (3.7)

i—o0o n;

ng;lfv(]:xB))—i—m/fdu

Indeed, from this we have

hpre,p,((p) +/ fdﬂ

zhpre,u((pvn;l%_)"‘f'/ fdu

m—00 m

m—1
= lim lHu<\/ O ' (my'E) nglfv(}'xB)_)
t=0

1
+ lim / Sw(@. )y du
m—00 m

1 .
> lim — f 108 P, (6. f, @, € ki, ) dP(w)
= pre(¢a .f’ E)

as required.
As in [16], to prove (3.7), we will make use of the Rokhlin theory of the measurable
partitions. This theory concerns itself with complete measure spaces.

For w € @, let C,, denote the subcollection of B consisting of j,-null sets. For any
o-algebra A of subsets of X, there is an enlarged o-algebra Ac, defined by A € A¢, if
and only if there are sets B, M, N such that A=BUM,Be A, NeC, and M C N.
The o-algebra ng is simply the standard j,-completion of B, . We will also consider
the o-algebras Bfo = (¢~ (k, w)B)¢, for all k> 1. Since ¢~ (1, w)Cy, C C, for any
w € Q, we have that B, D B2 >---. Let B = Mi=1 Bk, then B, C B, CBg’ and
¢~ (U, )BY, B foralll > 1.
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Let C denote the subcollection of (F x B)~ consisting of w-null sets. Define (F x
B)k, (F x B)® using the similar method as above. It is clear that

(FxB'>FxB?2>-- -, (FxB)~ C(FxB)>®cC(Fx B

and
O g FV (Fx BY cng' Fv (F x B foralll > 1.

As in the proof of [16, Proposition 2], for any finite partition n of 2 x X, we have,
Hy(n 7' F Vv (F x B :/ Hy, (1 | BY) dP(w).

By the claim in the proof of [16, Theorem 4], we have

m—1
H,L<\/ O~ (my'€)
t=0

Mo FV(F x B)—)

m—1
> lim sup HM[)(\/ Oy 'E) | ng ' F v (F x B)Oo) (3.8)
i—00 =0
and for any w € €,
m—1
-1 k;
HMgv(\_/ ¢~ )k ‘ Bw>
1 %z » m—1 . "
= Z Ho (970 07w) \/ ¢~ )€ | BT, ). (3.9)
1=0 19 Ly =0

Proof of (3.7). Note that v @ s supported on ¢! (k;, a))x(’) the canonical system of

conditional measures induced by v(') on the measurable partitions {¢ ! (k;, w)x|x € X}

reduces to a single measure on the set ¢~ L(k;, a))x(’) which we may identify with v(l).

Now, each element A € Bw can be expressed as the disjoint union A =B U C with
B e ¢ ki, w)B and C €C,. Since v() is supported on elements of ¢! (k;, w)B, we
(@) _
have v, (C) =0
Hence for any finite partition y, we have
Hyo (v | Bg) = H,0 (7,1 g y)-

Since each element of \/?;0 ¢~ (I, w)& has at most one point of Eg ), then we have

ni—1 '
<z>(( \/ o', w)é) ‘ )+/Xsn,.f(w, y) dvi(y)
n,-—l
= va((\/ C w>€>‘ ) + / Sni f (@, y) dvg)) ()
“ \\i=o ¢ (kiro)x ) X

= > U (S fl@, ) = log v ({y))
yeE(i)
=log Z exp Sy, f(w, y)(by the definition of v and (3.5)).
yEE”>
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Consider n; with n; > m and let a(j) denote the integer part of (n; — j)/m for
1 < j <m — 1. Then, clearly for any w € €2, we have

n;—1 a(j)—1 m—1 )
V¢ wi="\/ <¢>1<rm +j.0) \/ o7, ﬂ*mﬂw)s) Vo7, 0,
[=0 r=0 t=0 leS

where card S < 2m. Hence,

log Z exp Sy, f(w, y)

yeEg)

n,‘—l .
= Hw((\/ 97 (. w>€>' _ ) + f Sni f (@, ) dvg) (y)
“ \\ /=0 1 (ki )& X

a(j)—1 m—1 )
< va(( \/ <¢_1(rm OBV NG ﬁ”"*fa»s))‘ )
¢ 1=0 ¢~ (kiw)x$)

r=0

+ Hu<"><(\/ G w)‘f)‘ >+/ Sui f (@, y) dvi) ()
! ¢~ (ki w)xD X

leS
a(j)—1 m—1 ]
< Hu<i><< \V <¢](rm +iw) \/ o7, ﬁ”"ﬂw)s))‘ )
“ r=0 =0 o1 (ki w)xl)

+ 2m log card & +/ Sp; [, y) dvi)(y).
X

Notice that

/ / S f (@, ¥) dv) () dP(w) = / S f (@, ) dV® =, / Fdu®.
QJX

Sum the above inequality over j from O to m — 1 and integrate it against P to get

m / log Z exp Sy, f(w, y) dP(w) — 2m? log card &

veEy)

m—1 a(j)—1
5/ ZHU3>(( \ o7 om+jw)
j=0

r=0

m—1
< \/ ¢, ﬂfmﬂ'w)s)‘ )dP(a))
t=0

¢~ (ki w)x)

+m f f S f (@, ) dv(y) dP(w)
QJX

m—1 a(j)—1 )
5/ Z Hv(i) (( \/ ¢71(rm+j, ﬁ*(rm+])w)
j=0

pmtdo \\ Y

m—1
< \/ ¢, w)s)' _ dP(w)
=0 ¢ hi)xl) i
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o [ [ s 5@ a o) dp@
QJx
ni—1 m—1 .
5/ > Hy (qb—l(l, 7w) \/ ¢7' (1. w)& ‘Bﬂflw) dP(w)
t=0
+ mn; / fdu®

m—1
<n; / Hug>(\/ ¢~ (1, w)E ‘Bifj) dP(®) + mn; / fap®  (by 3.9).
t=0

Therefore, from (3.6), we have
w

m f 102 Ppre.n; (f, fr @, €, ki, x') dP(w) — 2m? log card & —m

<m / log Z exp Sy, f(w, y) dP(w) — 2m? log card &
yeES)

m—1
Eni/Hug)<\/ o1, w)E ‘B’,jj) dP(w)+mni/fdu(i).

t=0

Now divide by mn; to obtain

1 ) 2m 1
— | log Ppren; (P, [, , €, ki, x;’) dP(w) — — log card § — —
n; n; ;

i nj

1 m—1 )
< Z/HMy([\:/O ¢~ @, w)S‘BfJ) dP<w>+f fdp®

1 m—1
= u(i)(\/ ®_[(Tr;l£j)
t=0

1 m—1
< ZHM(I‘)(\/ O~ (ry'6)
t=0

7 FV (F x B)kf) + [ 7 an®

g FV (F x B)‘X’) +/ fdu®.
From (3.8) and the above inequality, letting i — oo, we get that

1 .
lim — f 108 Pore.n, (. 1 . €, ki, £ dP(w)

i—oo n;

1 mfl
<lim sup(—HM(u(\/ O (ny'e)
t=0

i—oo \M

o F v (F x B)OO) + / fd,ﬂ”)

m—1
< %1@(\/ Oy 'E) | ng ' F v (F x B)‘) +/fd,u.
t=0

This proves (3.7). O
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4. Invariant measures and equilibrium states

It is well known that the pressure can determine the invariant measures and the variational
principle gives a natural way to pick up some members which are called equilibrium
states. These properties had been studied in [14] and [3] for deterministic and random
cases respectively. In [15], the similar results are all obtained for the preimage pressure in
the deterministic case. In fact we can see that these results in [15] and [3] are all obtained
along the lines of that in [14]. Combining the techniques in [15] and [3], we shall give
some corresponding results for the preimage pressure in the random case under the same
assumptions for the RDS ¢ in §3 and only prove some of them when necessary.

By the definition of preimage pressure, we have the following properties of it.

PROPOSITION 4.1. Let ¢ be a topological RDS on X over (2, F,P,¥). If f,
g€ LY, C(X))andc € L! (2, P), then the following are true.

(1) f =<g,P-as. implies Ppre (¢, = Ppre (@, 8).

2 Ppre(‘ﬁ’ f+C):Ppre(¢a f)+deP(w)-

3) Ifhpre(¢) < 00, then | Ppre (9, f) - Ppre (9, )| < lf—zglh-

4 If hpre(¢) < 00, then the map Ppre(@, -) : LY, C(X)) — R U {00} is convex.

&) Ppre(gb’f+g°®_g):Ppre(¢»f)'

(6) Ppre (9, f‘l'g)fppre((bv f)+Ppre(¢v 8)-

As the treatment in [3, Theorem 3.1.4], we can apply (2) and (5) of Proposition 4.1 and
the variational principle (Theorem 3.1) to determine the member of M (¢).

PROPOSITION 4.2. Let u:F x B— R be a finite signed measure on Q x X with

wou =P. If hpre(¢) < 00, then u € M(¢) if and only lff fdu =< Ppe(9, f), for all
feLl(Q,C(X)).

Proof. The proof follows the idea of the proof of [3, Theorem 3.1.4] and is omitted.

To derive further properties of Ppre(¢, -), it is useful to consider the preimage entropy
map of ¢ , i.e.

hpre,‘(d)) T M(p) — Rt U {oo},
w = hpre 1 (@).

It is said that hpre . (¢) is upper semi-continuous at o € M(¢) if

lim sup /’lpre,u((b) = hpre,,uo (¢),
K= 1o

ie. for € >0, there is a neighborhood U of o in M(¢) such that u €U implies
hpre,p,(qb) = hpre,u() (¢) +e.

LEMMA 4.3. The preimage entropy map of ¢ is affine, ie., for any u,v e M(¢),
p €10, 1], we have

hpre,pu+(1—p)v(¢) = phpre,u(¢) +d - p)hpre,v(¢)-
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Proof. By Proposition 1.4, it is suffices to prove that for any w € 2 and finite partition &

of X,

1
nlg{}o Hpputa- p)v)m(l\/o¢

p lim H

1 n-l
n—>oo o (

+{0-p) hm H (\/¢

B;)

) .1

Along the line of the proof of [4, Theorem 2.3], we can prove (4.1) easily, so we omit
the details. O

By Lemma 4.3 and Theorem 3.1, we can get the following proposition along the line of
the proof of [3, Theorem 3.1.6].

PROPOSITION 4.4. If hpre(¢) < 00 and o € M(¢p), then

hpre,u0(¢)=inf{Ppre(¢’ /) —/fduo fGLl(Q,C(X))}

if and only if hpe,. (@) is upper semi-continuous at jLo € M(¢).

In the following, we give some applications of preimage pressure Pp(¢, ) to
equilibrium states.
u € M(¢) is called an equilibrium state for f if

Ppre(¢s f) = hpre,u(¢) + / fd/L.

Let M (¢, f) denote the collection of all equilibrium states for f.

PROPOSITION 4.5. Let f € LY, C(X)). Then the following hold.

(1) Mo, f) is convex.

(2)  The extreme points of M(¢p, f) are precisely the ergodic members of M(¢p, f).

(3)  Ifthe preimage entropy map is upper semi-continuous then M(¢p, f) is compact and
has an ergodic equilibrium state.

4)  Assume f, g e L' (Q, C(X)) are cohomologeous, i.e. f=g+u—uo® —c for
somece L'(2, P)andu € LY(Q, C(X)). Then f and g have the same equilibrium
states, and

Ppre(¢, = Pprc(¢v g — f cdP.

Proof. Foreach v e M(¢), f € L'(Q, C(X)) define L(, -) : M($) — R by

L(¢, V)=hpre,v(¢)+/fdv.

By Lemma 4.3, L(¢, -) is affine. Moreover, if the preimage entropy map is upper semi-
continuous, then so is L(¢, -).
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(1) By Lemma 4.3, the preimage entropy map is affine, so M(¢, f) is convex.

(2) If uw € M(¢, f) is ergodic then it is an extreme point of M (¢) [3, p. 19] and hence
of M(¢, f).

Now suppose u € M(¢p, f) to be an extreme point of M(¢p, f) and u = pu
+ (1 — p)uo for some w1, uz2 € M(¢), p € [0, 1]. Then since

pL(@, 1) + (1 = p)L(9, p2) = L(p, 1) = Ppre(9, f)

(Lemma 4.3) and L(¢, n1), L(¢, u2) < Ppre(¢, f) (Theorem 3.1), we must have
ui, w2 € M(¢, f). Hence | = uo = and p is an extreme point of M(¢) and hence
ergodic.

(3) By the upper semi-continuity of the preimage entropy map, M (¢, f) is not empty
and compact. Moreover, since M (¢) is compact, L(¢, -) attains its supremum at some v.
Letv = f Epiy ™ dt(m) be the ergodic decomposition of v [3, Theorem 1.2.9]; we have

L. v) =/ L(@, m) dz(m),
Ep(p)

because any affine upper semi-continuous functions is the limit of a decreasing sequence of
affine continuous functions. Since L (¢, m) < L(¢, v) we must have L(¢p, m) = L(¢, v)
for t-almost all m. This proves the existence of an ergodic equilibrium state for f.

(4) This follows because for each ; € M(¢) we have

hPmu(‘ﬁ)"‘/fdlizhpre,u(¢)+/gdu—/ch. O
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