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Abstract
A methodology for impedance control based on mechanical vibration theory was presented to select stiffness and
damping to meet the desired dynamic response using modal analysis. This methodology provided profound insights
into how changes in stiffness and damping matrices influence a robot’s dynamic response under impedance control,
by determining natural frequencies and damping ratios in the modal space. In this paper, our analytical and exper-
imental results challenge the claim of a recent paper stating that the use of a null-space projection does not affect
the outcomes, which appears to be a claim that is valid based only on their specific choice of stiffness and damping
matrices and robot configuration. Through experiments using a 7-DOF Franka Emika Panda robot, we demonstrate
the influence of both stiffness/damping matrices and the weighting matrix of null-space control on the responses
of robot manipulators with degrees of redundancy performing primary and secondary tasks. We also introduce and
show insights of the benefits of switching between the statically and the dynamically consistent projection matrices,
contributing to the broader understanding of the dynamic response of redundant robotic manipulators.

1. Introduction
Robotic impedance control and stiffness control (and several of their variations) at the task-space level
[1–6] models the end-effector of the robot as a multidimensional mass-damper-spring system and has
become a popular choice to control the dynamic behavior of a robotic manipulator physically interacting
with its environment. A compliant behavior during interaction is desired for many robotic applications,
in such a way that the contact forces and moments are within a preferred range and the motion of the end-
effector is accurate. In order to perform according to a prescribed dynamic behavior based on the specific
robotic task requirements, the impedance parameters of stiffness and damping need to be specified and
should not be arbitrarily chosen [7].

A serial robot manipulator with n degrees of freedom (DOF) is said to be kinematically redundant if
the dimension of the joint space is greater than the dimension of the task space m, i.e., n > m. As a result
of the redundancy, a desired pose (position and orientation) of the robot end-effector may have infinite
possible joint configurations [8]. In the context of impedance control, such redundancy will result in the
zero-potential-energy (ZP) motions [9, 10]. The ZP motions are the displacements of a redundant system
in impedance control that minimize the potential energy due to the stiffness matrix. In ref. [10], the ZP
motions of a redundant robot in impedance control were derived and experimentally validated using a
7-DOF Franka Emika Panda robot [11]. With the (n − m) degrees of redundancy (DOR), a null-space
control [4, 8, 12–14] can be applied to leverage the redundancy in impedance control.
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In this paper, we present an analysis of the dynamic response of redundant robot manipulators under
impedance control by applying the methodology of modal analysis originally proposed in ref. [9]. The
modal analysis converts the coupled mass, damping, and stiffness matrices in the physical coordinates of
the robot, after mapping them from the Cartesian space to the joint space, to modal coordinates where the
matrices of impedance control are decoupled into independent modal coordinates. The expansion theo-
rem stipulates that the dynamic response of the impedance control in the physical Cartesian space will be
the linear combination of the modal responses, according to the expansion theorem [15]. Consequently,
the dynamic parameters of the independent modal coordinates, including the natural frequencies and
damping ratios, will determine the responses in the physical space. This methodology of modal analysis
provides a straightforward and useful tool to gain insights into the impedance control of redundant and
non-redundant robot manipulators.

By using this analytical methodology, we will show that the results and the claims regarding null-
space control and dynamic response of impedance control of a recent article [16] are not generally true,
but is only valid based on the specially chosen parameters (and configuration). In addition, we conducted
experiments to compare different choices for the parameters of the stiffness and damping matrices and
their influence on dynamic responses based on theoretical analysis, considering different DOR. We also
show preliminary results of a controller that can mitigate undesired overshoot in the transient responses
of the null-space control using a switching strategy, based on the understanding of the dynamic behavior,
afforded by the methodology.

The main contribution of this paper includes (1) a general formulation of the dynamics of redundant
robotic manipulators performing primary and secondary impedance control tasks, based on an analyt-
ical solution, not trial and error, (2) a presentation of the physical insights into the modulation of the
dynamic response by changing the primary and secondary stiffness and damping matrices, while con-
sidering null space control, for a prescribed trajectory of the end-effector, improving steady-state errors
(a methodology for the robot at a given equilibrium configuration has been validated in ref. [7]), we
also demonstrated experimentally the general minimization of the kinetic energy when working with
dynamically consistent projection matrices (W = M), and (3) a pilot study on the reduction in transient
responses, when applying the dynamically consistent weighting matrix in the null-space control, through
an empirical switching strategy using experimental data.

2. Related work
The methodology of modal analysis of impedance control for robotic manipulators was presented in ref.
[9], with details in theoretical analysis and experimental results modulating the dynamic response of
redundant robotic systems through stiffness and damping parameters. In order to provide the context,
certain equations are presented in Section 3. The readers may want to consult [9] for a full treatment of
the methodology.

Recent work has been published on the topic of tuning impedance parameters, such as [17], where
the authors deal with the reshaping of inertia, and several assumptions are made. Several encouraging
results have been proposed using different approaches, such as learning [18–21].

In addition, it is known that having redundant DOFs allows the robot to perform more than one task
or objectives while satisfying different constraints [22] if the redundancy is resolved or managed in a
proper manner, either analytically or by optimization methods [23].

2.1. Multiple redundancies and null-space control
In the case of a robot with 7 DOF, we can decide to describe the primary Cartesian impedance task with
only 3 (translational) coordinates (m = 3 and n − m = 4). The null-space or secondary task will have up
to four DOFs to satisfy or impose its corresponding motions.
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Table I. Comparison of modal ωn and ζ of a 7-DOF Kuka robot with 4 degrees of
redundancy, and W = M or N = I.

Case I: W = M(q0)
λ1,2 λ3,4 λ5,6 λ7,8 λ9,10 λ11,12 λ13,14

ωn 1.61 3.12 4.72 8.71 18.2 19.2 21.6
ζ 0.213 0.157 0.229 0.0822 0.175 0.958 0.239

Case II: N = I
λ1,2 λ3,4 λ5,6 λ7,8 λ9,10 λ11,12 λ13,14

ωn 1.58 2.91 4.53 9.09 19.3 19.2 23.3
ζ 0.207 0.151 0.224 0.121 0.234 0.959 0.289

In terms of the modal analysis of the redundant system [7], this means that only three modes of motion
will be specified for the primary task once all the (n − m) ZP modes are successively removed from the
system [9].

As seen in a recent publication [16], without analysis or justification, for a given configuration q0

of a Kuka LBR manipulator, the Cartesian and null-space impedance parameters were chosen for both
primary and secondary tasks, including stiffness and damping matrices, without considering inertia
reshaping. One of the main claims from the authors of this paper [16] was that impedance superposition,
or simply adding the impedance parameters without any null-space projection matrix, makes little or
no difference when comparing the experimental results with those using statically and dynamically
consistent null-space projection matrices, especially in cases of more than one redundant degree of
freedom.

We will present analysis in the following by applying the theoretical methodology [7, 9] to show that
this claim is only true in special cases depending, among other things, on the chosen sets of parameters
or robot configurations, and should not be held as generally valid. The methodology determines the
modal natural frequencies (ωn) and damping ratios (ζ ) in the modal space of impedance control, which
determines the dynamic responses of the system in the physical space through a linear combination of
the modal responses dictated by ωn and ζ , as stipulated by the expansion theorem.

By analyzing the results presented in ref. [16], the corresponding ωn and ζ for the set of primary
and secondary stiffness and damping values that the authors used for 3-DOF Cartesian impedance con-
trol (with 4 DOR) is compared in Table I with a dynamically consistent null-space projection matrix
W = M(q0) and superposition of impedances with N = I, respectively.1 From Table I, we observe that
not all modes are well-damped and the modal ωn and ζ are nearly the same between the corresponding
poles of both cases, due to the chosen impedance parameters. This explains the observation of almost
identical behavior in the experimental results in ref. [16], although it is not because of the difference in
the null-space controls.

Performing a similar comparison, now with 6-DOF Cartesian impedance control (1 DOR), using the
same stiffness and damping values that the authors [16] used, we can find the results in Table II. We
observed that the superposed (when N = I) impedance parameters are changing the dynamics of the
system (damping ratios) in a significant manner, especially in the dominant modes of λ3,4, λ5,6 and λ7,8,
which explains the differences in the experimental results presented in ref. [16].

In this paper, we will demonstrate how the experimental results and the selection of the parameters
can lead to responses that are similar when having different choices of weighting matrix of the null-
space control using a redundant robot, and explain in more detail the outcomes of responses. In general,
we will show that the choice of different parameters and weighting matrix of the null-space control can
affect the responses of redundant robotic manipulators in their corresponding primary and secondary
tasks [9].

1 Refer to Section 3 for definitions of W and N.
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Table II. Comparison of modal ωn and ζ of a 7-DOF Kuka robot with one degree of
redundancy, and W = M or N = I.

Case I: W = M(q0)
λ1,2 λ3,4 λ5,6 λ7,8 λ9,10 λ11,12 λ13,14

ωn 0.391 0.766 1.28 1.44 7.89 10.8 12.0
ζ 0.246 0.052 0.074 0.084 0.338 0.463 1

Case II: N = I
λ1,2 λ3,4 λ5,6 λ7,8 λ9,10 λ11,12 λ13,14

ωn 0.379 0.825 1.32 1.47 8.0 10.9 11.2
ζ 0.229 0.122 0.126 0.120 0.373 0.482 1

This paper is structured as follows. First, we present an abridged theoretical background of the
methodology of modal analysis for impedance control in Section 3. After that, various experimental
results using a 7-DOF Franka Emika Panda robot are presented in Section 4. This is followed by a
switching strategy of null-space controls to reduce transient responses in Section 5.4. Discussion is
presented in Section 5 with insights into the results using impedance control.

3. Theoretical background
3.1. Redundancy resolution
Let m ≤ 6 be the dimension of the task space of an n-DOF serial robot manipulator, q ∈R

n be the
state vector of the joint angles, and x ∈R

m be the state vector of the task space. The relation between the
torques of the joints τ and the forces at the robot end-effector f is given by τ = J(q)Tf where J(q) ∈R

m×n

is the configuration-dependent Jacobian matrix which relates the vector of joint angle rates q̇ of the
manipulator to the end-effector pose rate ẋ by ẋ = Jq̇. We will use J to denote J(q) hereafter.

For redundant manipulators where n > m, we define (n − m) as the degree of redundancy (DOR). The
dimension of the null space of J is n − m. We can write f = (JT)+τ , where (·)+ is the Penrose-Moore
inverse, defined to render JJ+ = I, and can be computed by

J+ = W−1JT
(
JW−1JT

)−1 (1)

where W ∈R
n×n is an arbitrary weighting matrix. The matrices J, JT , and (JT)+ have at most a rank of

m. The joint torque vectors in the null space of (JT)+ do not affect the wrench generated at the robot
end-effector.

The equation τ = JTf for redundant manipulators can include the null-space control, written as

τ = JTf + Nτ ∗ (2)

where τ ∗ ∈R
n is an arbitrary vector and N ∈R

n×n is the null-space projection matrix of (JT)+, calculated
by

N = I − JT(JT)+ (3)

where I is a n × n identity matrix. Therefore, we can consider JTf in Eq. (2) as a torque vector required
to perform the primary task and Nτ ∗ as a torque vector required to perform a feasible secondary task
τ ∗, but projected in the null space of the primary task. This term can also be modified to handle several
simultaneous lower-priority tasks using successive or augmented methods without interfering with the
primary task [14]. Note that since the secondary tasks are projected in the null space of the primary task,
they are performed either fully or partially. From here on, we assume only two tasks, the primary and
the secondary tasks, with their corresponding hierarchy, but it can include as many tasks as physically
plausible.
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In this paper, we consider three different cases of secondary control tasks in Eqs. (1) and (3): (i)
dynamically consistent W = M, (ii) statically consistent W = I, and (iii) superposition N = I, where N
is independent of J and W = 0.

3.2. Joint-space and task-space impedance control
Impedance control imposes mass-spring-damper behavior on the interaction between the robot and the
environment, either in task space or joint space. Let’s consider the robot’s dynamic equations with
τ = Mqq̈ + c(q, q̇) + g(q) + τ ext with Mq being the mass matrix of the manipulator, c(q, q̇) a vector of
Coriolis and Centripetal terms, g(q) a vector of gravitational terms, and τ ext the joint torque. Let’s adopt
the impedance control in the joint and task spaces as follows,

Mqq̈ + C1q̇ + K1q̄ = τ ext (4)

�Cẍ + CCẋ + KCx̄ = fext (5)

where Mq ∈R
n×n and �C ∈R

m×m are joint and task-space mass matrices, respectively, C1 ∈R
n×n and

K1 ∈R
n×n are the damping and stiffness matrices in joint space, CC ∈R

m×m and KC ∈R
m×m are the

damping and stiffness matrices in task space, τ ext is external torque at the joints, and fext is external
forces applied at the end-effector. The deviations q̄ = (q − qd) and x̄ = (x − xd) are defined here, where
qd and xd are the desired state vectors in the joint and task spaces. Note that ¨̄q = q̈ and ˙̄q = q̇. The same
applies to the state vector x.

From the general definition of Jacobian, the stiffness and damping matrices in Eqs. (4) and (5) are
made equivalent by the following equations [24, 25]

K1 = JTKCJ + Kg + JTCCJ̇ (6)
C1 = JTCCJ (7)

where Kg = [( ∂JT

∂q1
f )( ∂JT

∂q2
f ) · · · (∂JT∂qnf )] is the matrix reflecting the changes in geometry under the pres-

ence of external forces when transforming between Cartesian and joint spaces [24], and K1 and C1 are
stiffness and damping matrices of the primary task mapped from the Cartesian space into the joint space.

The following torques are calculated to apply to the 7-DOF robot controller in the joint and task
spaces, respectively [26–30]2

τ q = K2 (q − qd) + C2q̇ + g(q) (8)

τ C = JT(q) (KC (x − xd) + CCẋ) + g(q) (9)

The gravity compensation g(q) is provided by the control library of the Franka Emika Panda robot, and
K2 and C2 are the joint stiffness and damping matrices of the secondary task. Consider the primary and
secondary tasks defined in Eq. (2), the total torque is

τ = τ C + N(τ q − g(q)) (10)

where the null-space projection matrix N is given in Eq. (3).
Therefore, the control law in Eq. (10) can be rewritten as

τ = Kq (q − qd) + Cqq̇ + g(q) (11)

where Kq and Cq are n × n stiffness and damping matrices in the joint space, defined as

Kq = K1 + NK2, (12)

Cq = C1 + NC2. (13)

2 More details and derivations of Eqs. (4)–(9) for impedance control can be found in the references.
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By substituting the τ in Eq. (11) into τ ext in the general equation of motion of a robot in the joint space,
the impedance control can be analyzed and solved.

3.3. Modulation of dynamic response through stiffness and damping in primary and secondary
tasks

To obtain a desired dynamic behavior, we can use a closed-form solution that allows us to modulate the
response through stiffness and damping [9]. This analytical tool gives us insights into how the param-
eters of the impedance controller affect the overall response based on the results of the modal natural
frequencies and damping ratios.

Before solving systems with redundancy, we need to first remove the ZP motions and obtain the
response for the remaining non-ZP (NZP) motions in the modal space [7, 9, 10]. Next, we can obtain
the dynamic responses of the entire system in the form of Eq. (4) by considering one or more tasks,
as expressed by Eqs. (12) and (13), in the modal space using the following state-space equation of the
linear system [9]

ż(t) = A z(t) + B τ (14)
where z = [q̄T , ˙̄qT]T ∈R

2n and A ∈R
2n×2n and B ∈R

2n×n are given as

A =
[

0 I
−M−1Kq −M−1Cq

]
, B =

[
0

M−1

]
(15)

The solution of the linear system in Eq. (14) is

z(t) = Xe�tYTz(0) +
∫ t

0

Xe�ξ YTBτ (t − ξ )dξ (16)

where X and Y are matrices containing the right and left eigenvectors of the state-transition matrix A,
respectively, and � is a diagonal matrix with the corresponding eigenvalues of A.

By applying this methodology, we can solve the equations analytically for different values of
impedance parameters to obtain a trend or insights into how the response is being affected, without
trial and error. In addition, the methodology allows us to analyze and modulate the responses by taking
into consideration all primary and secondary null-space tasks, with or without the ZP motions.

4. Experimental procedure and results
In this section, we will examine the effects of the null-space projection matrix and impedance parameters
on the tasks performed by a redundant manipulator under different scenarios through theoretical analysis
and experiments. Our general analytical methodology allows us to modulate the dynamic response of
a robot, including redundant DOFs or secondary tasks. The Jacobian and mass matrices used in the
analysis for all cases (with corresponding dimensions if DOR is 1 or 4) are given in the Appendix.
We will also illustrate with experimental results that the null-space control does play an important role
in impedance control and cannot be readily dismissed generally, although such control may not be as
influential in certain cases due to the choices of stiffness and damping metrics. Disregarding the null-
space projection matrix N would not be fundamentally sound.

The experimental setup imposes a circular Cartesian trajectory on the end-effector of the 7-
DOF Panda robot under impedance control. We will see how different parameters modulate the
dynamic response differently. We will impose a secondary joint impedance control law using a con-
stant desired robot configuration, which will be the center of the circle qc = [0.03, −0.41, −0.03,
−2.58, −0.01, 2.17, 0]T . This generates conflicts with the primary circular trajectory task with joint
torques attracting the end-effector towards the center of the circular path, in the absence of a null-space
projection matrix. In the case of superposition of impedances (N = I), such conflict may exist.
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Table III. Modal ωn and ζ of a 7-DOF Panda robot for given Cartesian and secondary
impedance parameters.

λ1,2 λ3,4 λ5,6 λ7,8 λ9,10 λ11,12 λ13,14

ωn 2.7 3.82 4.1 46.3 2.6 37.2 4.0
ζ 0.594 0.70 0.59 0.73 1 1 0.736

4.1. 7-DOF robot with one degree of redundancy
We first consider the case of the Cartesian impedance controller in the primary task with 6 DOFs (m = 6).
Since the Panda robot has 7 DOFs (n = 7), this leaves (n − m) = 1 degree of redundancy for secondary
null-space tasks of joint impedance control.

Experiments were conducted using the following matrices (all in SI units), obtained through the
modal analysis, to trace a circular trajectory in the XY plane of a 12-cm radius. The weighting matrix
W in Eq. (1) is the mass matrix M.

• KC = diag(4000, 2000, 2000, 100, 100, 100)

• CC = diag(346.4, 124.3, 146.1, 1.35, 2.3, 0.26)

• K2 = 30 I3

• C2 = diag(0.1, 0.1, 3.3, 0.1, 4, 0.1, 0.1)

The corresponding natural frequencies and damping ratios in the modal space are listed in Table III.
The eigenvalue pairs λ9,10 and λ11,12 in Table III are overdamped and they are both on the real axis of

the complex plane. Thus, there are two natural frequencies. The dominating (lower) ωn is listed in the
table.

Next, we compare the experimental results of responses of the system using the damping matrix
obtained through modal analysis versus arbitrarily chosen ones, such as CC = 1

100
KC, and

√
KC. The

experimental results of trajectories of the parameters chosen by the modal analysis, as well as those
chosen arbitrarily, are plotted for comparison in Figure 1(a). In the figure, the first two cycles are plotted
with a period of 2 s. The intended circular path is plotted in black dashed line. A portion of the trajectory
in the first quadrant is shown in zoom-in view for comparison. The norm of errors from the prescribed
circular trajectory is plotted in Figure 1(b). When using proper damping from the modal analysis, the
errors tend to stabilize or have a median value around zero. The mean error values for each response
in Figure 1(b) are 0.0002, −0.0049, and −0.0041 for the modal, 1

100
KC, and

√
KC damping matrices,

respectively. Several experiments with different radii were conducted with similar results.
In addition to better trajectory following demonstrated in Figure 1(b), the control efforts of joints are

analyzed and compared. The following observations are in order.

• The torques, or the control efforts, as a function of time, show that the modal analysis method per-
forms better with smaller control efforts to achieve better trajectory following in all joints. A sam-
ple control effort of joint 2 is plotted in Figure 2 for illustration. In comparison, the control effort
when applying appropriately chosen damping matrix using modal analysis is always smaller.

• The integration of control efforts over time is summarized in Table IV which indicates that the
impedance control system using the modal analysis has considerably less integration of control
efforts in joints 1 to 4 and 6, and are comparable in joints 5 and 7. Note that joint 7 is the joint
of the end effector.

3 As shown in ref. [25], a diagonal stiffness (K2 = 30 I) in the secondary task prevents us from modifying the eigenvalues of the
primary Cartesian stiffness.
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Figure 1. Experimental results of trajectories for a redundant robot with one DOR.
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Figure 2. Comparison of torques of joint 2 when performing the trajectory following in Figure 1.

4.2. 7-DOF robot with multiple DOR
In this case, we consider only the three translational components of Cartesian impedance in the primary
task with m = 3. The secondary impedance control in the joint space has (n − m) = 4 DOR for the 7-DOF
Panda robot.
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Table IV. Integration of joint torques over time for trajectory tracking in Figure 1.

τ1 τ2 τ3 τ4 τ5 τ6 τ7

Modal 10.97 22.03 8.435 9.588 4.652 3.229 2.419
1

100
KC 11.52 30.17 9.463 10.61 4.642 3.676 2.387√
KC 11.64 26.39 9.752 10.64 4.859 4.548 2.952

Table V. Modal ωn and ζ of a 7-DOF Panda robot for given Cartesian and secondary
impedance parameters.

λ1,2 λ3,4 λ5,6 λ7,8 λ9,10 λ11,12 λ13,14

ωn 3.52 6.63 7.0 3.42 3.97 6.88 30.1
ζ 0.646 0.646 0.808 0.626 0.782 0.788 0.826

Experiments were conducted using the following matrices, obtained through modal analysis, to trace
a circle of 12-cm radius using a weighting matrix W = M. For the sake of comparison, we also include
a case in which we chop off the rotational components of Cc directly from the previous case of 1 DOR.

• KC = diag(4000, 2000, 2000)

• CC = diag(54.75, 74, 150.8)

• K2 = 30 I

• C2 = diag(1.75, 0.1, 2.2, 0.1, 1.06, 2, 0.22)

The corresponding modal natural frequencies and damping ratios from the modal analysis are listed
in Table V.

The modal analysis must be conducted using four DOR, instead of chopping off the three rotational
DOFs from the matrices. Simply removing rotational elements from previously modulated systems does
not yield good results.

The experimental results of trajectories and errors are similar to those shown in the previous sec-
tion and Figure 1. Several experiments with different radii were conducted with similar results also
consistently showing greater control efforts when using several arbitrary damping matrices.

4.3. Dynamically and statically consistent projection matrices versus superposition of impedances
In this section, we study experimentally the responses by applying the dynamically and statically con-
sistent projection matrices when W = M and W = I, respectively, in Eq. (1) versus the superposition of
the primary and secondary tasks when N = I, for the case of 4 DOR and a radius of 5 cm for the circular
path. The following matrices are used.

• KC = diag(4000, 2000, 2000)

• CC = diag(50, 54, 162)

• K2 = 30 I

• C2 = diag(0.1, 0.3, 3.87, 1, 1.06, 2.2, 0.2)

The corresponding modal natural frequencies and damping ratios are listed in Table VI. The
responses with different weighting matrix W and a case of superposition of impedances (when N = I)
are plotted in Figure 3 for comparison.
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Table VI. Modal ωn and ζ of a 7-DOF Panda robot for given Cartesian and secondary
impedance parameters.

λ1,2 λ3,4 λ5,6 λ7,8 λ9,10 λ11,12 λ13,14

ωn 3.85 6.22 6.64 3.27 3.88 6.69 29.9
ζ 0.714 0.702 0.533 0.689 0.791 0.759 0.735

0.35 0.4 0.45
X

-0.04

-0.02

0

0.02

0.04

0.06

0.435 0.44
0.025

0.03

0.035

0.04

Start (t=0)

Figure 3. Experimental results of trajectories for a redundant robot with four DOR using different
projection matrices.

A few observations are in order.

1. The superposition of impedances (N = I), or simply adding the matrices without considering a
null-space projection matrix N of the secondary tasks, is not sound. As expected from theory, it
significantly changes the dynamics of the system according to the parameters used.

2. The dynamically consistent null-space projection matrix, with W = M, generates a response with
noticeable transient as shown in Figure 3(a) and (b) in black solid lines. These transients may
not be suitable for most applications. This transient behavior was also observed and presented in
ref. [14].

3. When the weighting matrix is chosen as the statically consistent projection with W = I, the
response does not have an initial transient response, although it is not as accurate when compared
with the steady-state response of W = M.

4. Through the proposed modal methodology, we can reduce the transient through a different pri-
mary Cartesian damping matrix.4 The corresponding modal ωn and ζ are listed in Table VII. As
expected, a matrix Cc with higher damping generates a smaller transient response but a higher
steady-state error. Nevertheless, the magnitudes of the transient, although reduced, are still too
large to eliminate.

4 For example, use the modal methodology to choose KC = diag(4000, 2000, 2000), CC = diag(59, 82, 176.8), K2 = 30 I7, and
C2 = diag(0.1, 0.3, 3.87, 1, 1.06, 2.2, 0.2).
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Table VII. Modal ωn and ζ of a 7-DOF Panda robot for given Cartesian and secondary
impedance parameters.

λ1,2 λ3,4 λ5,6 λ7,8 λ9,10 λ11,12 λ13,14

ωn 5.11 5.49 5.68 3.27 3.88 6.69 29.9
ζ 0.68 0.8 0.99 0.69 0.791 0.759 0.735

5. Discussion
In the following, we discuss several topics from both the theory and experiments of impedance control.
Even though there are uncertainties in dynamic modeling and non-linearities, and it has been shown
before that imperfections in the mass matrix term M(q) of the robot can affect the response when working
with multiple tasks [31, 32], the proposed methodology in impedance control is very effective and useful
to understand the dynamic response of a robot system under impedance control. We observe consistent
results for different radii of trajectory in experiments. The general modal methodology is theoretically
sound, produces consistent results in experiments, and provides guidance to predict dynamic behavior
using the damping ratios and natural frequencies in the modal space. More discussions in detail are in
the following sections.

5.1. Methodology of modal analysis
Starting with an impedance control in the Cartesian space, the stiffness and damping matrices will lose
rank when mapping to the joint space due to the redundancy of a 7-DOF Panda robot. For example,
the matrices of impedance control, which are 6 × 6 in the Cartesian space, will become 7 × 7 after
mapping to the joint space. This means that the matrices in the joint space will always lose rank and be
singular, even though the matrices in the Cartesian space are full-rank and positive definite. Hence, the
ZP mode(s) of motion of such singular matrices must be first removed in order to solve analytically the
responses using the modal analysis [9, 10]. When only translational impedance control in the Cartesian
space is considered, there are four DOR, corresponding to four ZP modes, which must be removed
successively [9].

By applying the modal methodology, we are able to modulate the dynamic responses. Results from
different experiments in Section 4 illustrate how the null-space projection weighting matrix and differ-
ent parameters affect the overall dynamic performance of the robot. Furthermore, our analytical tool
provides us with insights into the dynamic response via ωn and ζ in the modal space through the choice
of parameters that can improve the dynamic response and stability.

The experimental results shown in Figures 1, 2, and 3 represent typical responses of other trajec-
tories although they were not presented in this paper due to space limitation and repetition of similar
results.

5.2. Dynamically and statically consistent null-space weighting matrices
It is commonly known that a dynamically consistent projection matrix, with W = M, allows for an
optimization of the kinetic energy of the system, thereby producing no accelerations that affect the pri-
mary task [4]. This is the advantage of a dynamically consistent null-space projection matrix. Despite
the inaccuracy in modeling and nonlinear dynamic effects, the experimental results obtained using a
Panda robot validate to a large extent this common knowledge, as shown in Figure 4. The response
when applying the dynamic matrix, W = M, shows an initial transient response that settles down and
becomes almost zero thereafter. In contrast, the static matrix, W = I, shows a steady-state error from
the intended zero value, although it displays no transient response in the beginning. The torque of
joint 5, τ5, in an experiment, is plotted in Figure 4 for reference, although other joints exhibit similar
behavior.
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Figure 4. Comparison of joint torques when applying the statically vs dynamically consistent projection
matrices, in circular trajectories of radius 5 cm.

5.3. Generalization of null-space matrix in ref. [16]
We have conducted experiments to compare the response of a redundant robot under impedance control
and concluded that the null-space projection matrix does affect the outcomes of control and response
with different selections of damping matrices. The generalization of the claim that the null-space control
does not affect the response in ref. [16] appears to be an observation under specifically chosen parameters
of stiffness and damping used in that paper, and cannot be generalized to all cases. Based on the results
presented in this paper, with both theoretical analysis and experimental results, the null-space control
does play an important role in impedance control for a redundant robot and cannot be neglected.

As shown in Figure 3(a), omitting a null space projector (N = I) generates conflicts between the task
hierarchy and large errors due to the nature of the secondary task. Regardless of the fact that it is a
relatively small radius of 5 cm, the projector plays an important role as expected from theory, although
there is no transient in the response.

Furthermore, when the static or dynamic weighting matrices are applied, the dynamic responses can
be quite distinct, as shown in Figure 3(a) and (b) in Section 4.3. When W = M, the initial transient is very
large but has a smaller steady-state error. When W = I, there is no initial transient, but it has a larger
steady-state error when compared to the case with W = M. When N = I (or W = 0), the error is the
largest among the three cases with larger steady-state error. Although this is prefaced by the application
of the matrices determined through the modal methodology, the results are consistent with physical
insights of the system and control in general. By choosing different stiffness and damping matrices, the
results of the response may have different scales of error, but the general manifestation of impedance
control still applies.

5.4. Pilot study on the switching of null-space projection matrices after comparison of weights
As presented in Section 4.3, we were able to reduce the transient response by different choices of damp-
ing matrix to some extent, as illustrated in Table VII. However, the initial transient response when the
dynamically consistent matrix, W = M, is used cannot be completely eliminated, based on the analysis
and knowledge of the dynamics of the system by analytically modulating the response of the primary
task. The presence of the transient response can be problematic in practical applications.
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Table VIII. Analysis of tracking errors in Figure 5(a) for r = 12 cm under different
weighting matrices and time range.

Time range (s) weighting min. error max. error average
(0, 6) W = M −0.013 0.017 0.0001

W = I −0.0047 0.0101 0.0035
(0.5, 6) W = M −0.013 0.011 −0.0003

W = I −0.0047 0.0098 0.0031
(1.0, 6) W = M −0.0073 0.011 −0.0001

W = I −0.0046 0.0079 0.0032
(1.5, 6) W = M −0.0073 0.0082 −0.0006

W = I −0.0046 0.0079 0.0031

Table IX. Statistical analysis of the averages of errors.

weighting min. ave. max. ave. std. dev. mean
W = M −0.0006 0.0001 0.000299 −0.00023
W = I 0.0031 0.0035 0.000189 0.003225

To this end, we conduct an analysis of the tracking error e = (0.12 − √
x2 + y2 + z2) from the exper-

iments at the radius r = 12 cm within different time ranges. The results are tabulated in Table VIII.
The results of analysis in Table VIII show stabilizing maximum and minimum values after the initial

transient period within the first second (i.e., the first half period). After that, the values of errors stay
consistent in statistical analysis. The four averages of errors in Table VIII for each weighting matrix have
the statistical results shown in Table IX

From the data, we observe that the mean value of errors when W = M is nearly one order of magni-
tude smaller than that of W = I. In addition, the standard deviation when W = I is smaller than that of
W = M, even though the mean of errors is nearly one order of magnitude larger. This indicates that the
steady-state error when W = I is consistently worse than that of W = M. However, the max/min error
of the initial transient is one order of magnitude higher when W = M from Table VIII.

Based on the preceding data analysis as well as other experimental results using different radii, r,
and time ranges, we can infer that a switching strategy for impedance control can take advantage of
a smaller steady-state error as t → ∞ when W = M, while leveraging a desired small overshoot in the
initial transient response afforded by W = I at t ≈ 0. That is, we can apply the statically consistent W = I
in the beginning and then switch to the dynamic weighting of W = M with a smaller steady-state error
and better accuracy. The timing of this switch, however, should not be random nor arbitrary. Based on
the analysis in Table VIII, the optimal time of switching for the experiments shown in this paper is at
about 1.0 s when the max/min errors approach consistent values. Experimental results of the proposed
switching strategy are shown for the case r = 12 cm.

5.4.1. Experimental study on the timing of the empirical switching strategy
An experimental study on the timing of the switching strategy, based on the preceding analysis in
Section 5.4, is presented in Figure 5(a) with a comparison of trajectories of (i) switching at half cycle
(at time t = 1.0 sec for a period of cycle of T = 2 sec) and (ii) without switching. The red-color dashed
line is without switching by using W = M for the entire experiment, while the black line is the result of
employing the switching strategy at half cycle. It is obvious that the ability to follow the desired circular
trajectory is better by employing the empirical switching strategy, which results in less overshoot in the
beginning and smaller steady-state error after the first cycle.
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Figure 5. Experimental results for different switching timings, and no switching (dynamically consistent
weighting matrix only) along the desired path.

Furthermore, we compare the switching strategy at different fractions of a cycle, including quarter,
half, and three-quarters cycles. The results are plotted in Figure 5(b). When the switching is made at a
quarter cycle (t = 0.5 seconds) as displayed in the red dashed line, the premature switching brings back
the lingering overshoot when W = M, causing a poorer trajectory following. When the switching is made
at three-quarters cycle (t = 1.5 second), the steady-state error appears to be slightly worse than that of
the results when switching at half cycle (t = 1.0 second) towards the end of one cycle, as illustrated by
the experimental results in Figure 5(b), in which the black line for switching at 1.0 s coincides with the
desired path, as can be seen more clearly in the zoom-in window towards the end of the cycle, with a
steady-state error of nearly zero. By comparing the different switch timings, the timing of switching at
half cycle produces the best results in transition and steady-state error.

5.4.2. Control effort due to the timing of the empirical switching strategy
It is also important to study the control effort of different timings in the switching strategy. Figures 6(a)
and (b) plot the experimental results of the torques of the two main joints of the Panda robot, τ1 and
τ2, in comparison with the control effort without switching. It is obvious from all three figures that
the control efforts using W = M only are much larger than those with switching, as expected. When
switching prematurely at a quarter cycle, the lingering effects of larger control effort can be observed
in the red dashed lines in all the figures, although slightly smaller than those without switching. When
comparing the torques at switch timing between half-cycle versus three-quarters cycle, we noticed a
slightly larger control effort in torques when switching at half cycle, as displayed by the black lines.
This is expected because of the correction made by using the dynamically consistent weighting matrix.
However, the larger control efforts would dissipate and become nearly the same as the others, especially
with very quick dissipation in τ1 and τ3.

Nevertheless, if the control effort is of important concern, switching at three-quarters cycle is more
desirable than at half cycle, although it will come with a slightly larger steady-state error, as discussed
in Section 5.4.1.
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Figure 6. Torques from the experiments showing the different control efforts at joints 1 and 2 when
applying different switching timings.

6. Conclusion and future work
Through the application of the modal method to modulate the dynamics of a redundant robot under
impedance control, we elucidate how to improve the dynamic response by modulating modal frequen-
cies and damping ratios through changing the parameter values of primary and secondary stiffness and
damping matrices. The results were also experimentally validated.

We further confirm through experiments on a 7-DOF Panda robot that a null-space projection matrix
of the null-space control cannot be randomly chosen nor neglected in a general impedance control. The
analytical tool provides us with insights into the dynamic response via natural frequencies and damping
ratios in the modal space through the choice of parameters of the stiffness and damping matrices.

An initial experimental study on the switching of the weighting matrices in the null-space projectors
was performed. These experimental results motivate further exploration and validation of a general
strategy for mitigating undesirable transient responses caused by null-space control, thereby enabling
the integration of advantages from both weighting matrices. Such dynamic switching at proper timing
will retain the advantages of minimum transient response, under a statically consistent weighting matrix,
and smaller steady-state error, under a dynamically consistent weighting matrix.

Future work includes theoretical derivation of the switching strategy which can be informed by the
results of empirical pilot study presented herein.
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Appendix
Jacobian J5 and J12 and mass matrices M5 and M12 of the Panda robot for starting configurations at
radius = 5 and radius = 12 cm, respectively, are as follows:

J5 =

⎡
⎢⎢⎢⎢⎢⎢⎣

−0.050 0.067 −0.047 0.25 −0.0034 0.10 0.0
0.40 0.0017 0.39 0.046 0.038 0.0094 0.0
0.0 −0.40 −0.015 0.45 0.0 0.088 0.0
0.0 −0.026 −0.39 0.11 0.82 0.088 0.0
0.0 0.99 −0.010 −0.99 0.072 −0.99 0.0
1.0 0.0 0.92 0.037 −0.56 0.0 −1.0

⎤
⎥⎥⎥⎥⎥⎥⎦

,

J12 =

⎡
⎢⎢⎢⎢⎢⎢⎣

−0.12 0.067 −0.11 0.24 −0.0085 0.10 0.0
0.40 0.006 0.40 0.099 0.037 0.024 0.0
0.0 −0.41 −0.03 0.45 0.0 0.088 0.0
0.0 −0.089 −0.35 0.27 0.80 0.22 0.0
0.0 0.99 −0.032 −0.96 0.18 −0.97 0.0
1.0 0.0 0.93 0.069 −0.57 0.0 −1.0

⎤
⎥⎥⎥⎥⎥⎥⎦

,

M5 =⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.60 −0.054 0.60 0.0089 −0.020 0.0003 −0.0038
−0.054 1.26 −0.039 −0.51 −0.0036 −0.068 0.0006

0.60 −0.039 0.74 −0.016 −0.026 −0.0028 −0.0046
0.0089 −0.51 −0.016 0.81 0.021 0.099 −0.0006
−0.020 −0.0036 −0.026 0.021 0.0097 0.0001 0.0025
0.0003 −0.068 −0.0028 0.099 0.0001 0.026 −0.0004

−0.0038 0.0006 −0.0046 −0.0006 0.0025 −0.0004 0.0013

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

M12 =⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.64 −0.10 0.66 0.0273 −0.022 −0.0008 −0.0038
−0.10 1.3 −0.063 −0.53 −0.0026 −0.07 0.0004
0.66 −0.063 0.78 −0.014 −0.028 −0.0061 −0.0046
0.027 −0.53 −0.014 0.81 0.020 0.099 −0.0006

−0.020 −0.0026 −0.028 0.020 0.0096 −0.0001 0.0026
−0.0008 −0.07 −0.0061 0.099 −0.0001 0.026 −0.0002
−0.0038 0.0004 −0.0046 −0.0006 0.0026 −0.0002 0.0013

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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