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Abstract

We investigate positivity and probabilistic properties arising from the Young—Fibonacci lattice YF, a 1-differential
poset on words composed of 1’s and 2’s (Fibonacci words) and graded by the sum of the digits. Building on
Okada’s theory of clone Schur functions, we introduce clone coherent measures on YF which give rise to random
Fibonacci words of increasing length. Unlike coherent systems associated to classical Schur functions on the Young
lattice of integer partitions, clone coherent measures are generally not extremal on YFF. Our first main result is a
complete characterization of Fibonacci positive specializations — parameter sequences which yield positive clone
Schur functions on YF. Second, we establish a broad array of correspondences that connect Fibonacci positivity
with: (i) the total positivity of tridiagonal matrices; (ii) Stieltjes moment sequences; (iii) the combinatorics of set
partitions; and (iv) families of univariate orthogonal polynomials from the (g-)Askey scheme. We further link the
moment sequences of broad classes of orthogonal polynomials to combinatorial structures on Fibonacci words,
a connection that may be of independent interest. Our third family of results concerns the asymptotic behavior
of random Fibonacci words derived from various Fibonacci positive specializations. We analyze several limiting
regimes for specific examples, revealing stick-breaking-like processes (connected to GEM distributions), dependent
stick-breaking processes of a new type, or limits supported on the discrete component of the Martin boundary of
the Young-Fibonacci lattice. Our stick-breaking-like scaling limits significantly extend the result of Gnedin—Kerov
on asymptotics of the Plancherel measure on YF. We also establish Cauchy-like identities for clone Schur functions
whose right-hand side is presented as a quadridiagonal determinant rather than a product, as in the case of classical
Schur functions. We construct and analyze models of random permutations and involutions based on Fibonacci
positive specializations along with a version of the Robinson—Schensted correspondence for YF.
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1. Introduction
1.1. Overview

Branching graphs — particularly the Young lattice Y of integer partitions — have long held a central
position at the crossroads of representation theory, combinatorics, and probability. Indeed, the Young
lattice powers the representation theory of symmetric and (by Schur-Weyl duality) general linear groups,
giving rise to Schur functions and driving profound connections to random matrix theory and statistical
mechanics. In this landscape, the Plancherel measure on Y and its generalization, the Schur measures,
have emerged as foundational objects. These probability measures (in the terminology of statistical
mechanics, ensembles of random partitions) serve as a framework for exploring phenomena such as limit
shapes, random tilings, and universal distributions governing eigenvalues in random matrix ensembles.

Despite the prominence of the Young lattice, kindred combinatorial structures remain relatively
underexplored from a probabilistic perspective. One notable example is the Young—Fibonacci lattice YF
[33], [67], [54], [40]. Like the Young lattice, YF possesses a 1-differential poset structure defined, not
on integer partitions, but rather binary words composed of the symbols 1 and 2 (known as Fibonacci
words). As a 1-differential poset, YF carries a Plancherel measure on Fibonacci words. The Young—
Fibonacci lattice also mirrors other structures found in the classical Young lattice, such as versions
of the Robinson-Schensted (RS) correspondence, multiparameter analogues of Schur functions, and
a representation-theoretic framework introduced by Okada [54]. At the same time, YF exhibits novel
combinatorial and probabilistic behaviors, which are the main focus of the present work.

Our starting point is the theory of biserial clone Schur functions [54], a family of functions s,, (X | )
indexed by Fibonacci words w € YF and involving two sequences of parameters X = (x1, X2, X3,...)
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and y = (y1, 2,3, ...). Clone Schur functions, first introduced by Okada, parallel the classical Schur
functions s,(Z), 1 € Y, Z = (z1,22,23,...), in several aspects. Both Schur and biserial clone Schur
functions branch according to a Pieri rule and, more generally, obey a Littlewood-Richardson rule which
reflects the structure of covering relations in the Y and YF lattices. As a consequence, both Schur and
biserial clone Schur functions give rise to harmonic functions on Y and YF, defined respectively by

A

2@ Gl
sg(z), X1 Xn ’

where n is the rank of 1 € Y or w € YF. The Plancherel harmonic function (associated with the
Plancherel measure) for each lattice arises from a special choice of parameters in Schur and clone Schur
functions, respectively.

Positive specializations of classical Schur functions (sequences Z for which s,(Z) is positive for all
A € Y) are central in the study of the Young lattice. They are related to total positivity [2], [3], [24],
[25], characters of the infinite symmetric group [70], and asymptotic theory of characters of symmetric
groups of increasing order [71].

One important distinction with the YF-lattice is that the harmonic functions on Y associated with
positive specializations of classical Schur functions are extremal (this property is also often called
ergodic, or minimal). Extremality means that the functions A > s,(Z)/s"(Z) cannot be expressed as
a nontrivial convex combination of other nonnegative harmonic functions. In contrast, this extremality
property does not generally hold for positive harmonic functions arising from specializations of biserial
clone Schur functions. One of the initial motivations for our work was to investigate the broad question
of how clone harmonic functions on YF decompose into extremal components. The classification of
extremal harmonic functions on YF was established in [40], and results on the boundary of YF were
strengthened in the preprints [10], [26].

Our first goal is to investigate conditions for which a specialization (X,y) is Fibonacci positive
— in the sense that the biserial clone Schur functions s, (X |y) are strictly positive for all Fibonacci
words w € YF. Subsequently, we explore probabilistic and combinatorial properties of Fibonacci
positive specializations and related ensembles of random Fibonacci words. The present work extends
and completes several well-studied classical topics associated with the Young lattice Y and Schur
functions, adapting them to the Young—Fibonacci lattice YF and clone Schur functions. Our four main
contributions can be summarized as follows.

1. Characterization of Fibonacci positivity. We establish a complete classification of specializations
(X, y) for which the clone Schur functions s, (X | ¥) are positive for all w € YF. The concept of Fibonacci
positivity strengthens the notion of total positivity of tridiagonal matrices whose subdiagonal consists
entirely of 1’s. We identify two classes of Fibonacci positive specializations, of divergent and convergent
type.

2. Stieltjes moment sequences and orthogonal polynomials. The connection to tridiagonal matrices
places the Fibonacci positivity problem within the context of the Stieltjes moment problem and Jacobi
continued fractions associated to totally positive tridiagonal matrices. We obtain two new combinatorial
formulae for the moments of a Borel measure on [0, c0) in terms of the recursion parameters of the
corresponding family of orthogonal polynomials. The first is a general formula that involves noncrossing
set partitions, while the second requires a Fibonacci positive specialization of divergent type and is
expressed as a sum over all set partitions. The first formula also exhibits a novel splitting of an integer
composition into a unique pair of Fibonacci words.

For many examples of Fibonacci positive specializations, the Borel measure on [0, c0) is (after
performing a change of variables) the orthogonality measure for a family of orthogonal polynomials
from the (g-)Askey scheme [48], including the Charlier, Type-I Al-Salam—Catlitz, Al-Salam—Chihara,
and g-Charlier polynomials. In the latter two examples, the Fibonacci positivity enforces the atypical
condition ¢ > 1 on the deformation parameter, in contrast to the usual assumption |¢| < 1 in the g-Askey
scheme.
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3. Asymptotics of random Fibonacci words. We investigate the behavior of random Fibonacci
words, (with respect to various Fibonacci positive specializations) in the limit as the word length grows.
We find examples when growing random words w € YF,, n — oo, exhibit one of the following three
patterns:

e w=1"21"2..., where r; scale proportionally to n;

e w=2M12"1_. . where h; scale proportionally to ;

e w = 1%y, that is, the word has a single growing prefix of 1’s, followed by a finite (random) Fibonacci
word v € YF.

In the first two cases, the joint scaling limit of either (ry,rp,...) or (hy, hy,...) displays a “stick-
breaking”-type behavior. More precisely, we extend the result of Gnedin—Kerov [38] who showed that,
in the case of the Plancherel measure on YF, the sequence (41, &2, . . .) converges to the GEM distribution
with parameter 6 = %

The Robinson-Schensted correspondence for the YF-lattice introduced by [53] (which we revisit in
Section 16), the approach using the Stieltjes moment sequences mentioned above, and the results of
[38] connect four distinguished probability distributions:

the uniform measures on permutations of {1,2,...,n},

the Plancherel measures on YF, determined by the differential poset structure,
the Poisson distribution on Z>( with parameter p = 1, and

the stick-breaking GEM scheme powered by the Beta distributions.

We extend and deform all these interrelated distributions. In particular, on the Beta distributions side,
we find a new family of dependent stick-breaking schemes.

For random Fibonacci words almost surely behaving as w = 1y (the third pattern mentioned
above), we determine the probability law of the random finite suffix v € YF in the limit in terms of
the parameters (X, y) of the Fibonacci positive specialization. This distribution on the v’s gives the
desired decomposition of the clone harmonic function w +— s, (X |¥)/(x; - - - x},,|) into the extremal
components.

4. Clone Cauchy identities and random permutations. We establish clone Cauchy identities which
are summation identities involving clone Schur functions, in parallel to the celebrated Cauchy identities
for Schur functions. In the Young—Fibonacci setting, the right-hand side of each Cauchy identity is
expressed by a quadridiagonal determinant (and not a product, like for classical Schur functions). We
employ clone Cauchy identities to study models of random permutations coming from random Fibonacci
words and a Robinson—Schensted correspondence for the YF-lattice introduced in [53]. In particular, we
compute the moment generating function for the number of two-cycles in a certain ensemble of random
involutions, and explore its asymptotic behavior under a specific Fibonacci positive specialization.
Other specializations may lead to interesting models of random permutations with pattern avoidance
properties.

In the remainder of the Introduction, we formulate our main results in more detail. Further discussion
of possible extensions and open problems is postponed to the last Section 18.

1.2. Clone Schur functions and Fibonacci positivity

A Fibonacci word w is a binary word composed of the symbols 1 and 2. Its weight |w| is the sum of
the symbols. For example, |12112]| = 7. By YF,, we denote the set of Fibonacci words of weight n. The
lattice structure on YF is defined through branching (covering) relations w ,”* w’ on pairs of Fibonacci
words, where |w’| = |w| + 1. This relation is recursively defined to hold if and only if either w’ = 1w,
or w’ =2v with v ' w. The base case is given by @ " 1. Let dim(w) denote the number of saturated
chains

2=wo /w1 /S wp=w
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in the Young—Fibonacci lattice starting at @ and ending at w. See Figure | for an illustration of YF up
to level n = 5. A function ¢ on YF is called harmonic if

pn) = D p(w)

w’:w w!

for all w € YF.
Let X = (x1,x2,%3,...) and y = (y1,y2,¥3,...) be two sequences of parameters. Define the £ X £
tridiagonal determinants by

xl yl 0 0 ...
oL 1 X2 Y2 0
Ae(X]y) =detf o 1 X3 ¥3 >

—_— — —
€x¢ tridiagonal matrix

Yr+1 Xr41Yre2 O 0

R R 1 Xr+3 Yr+3 0
Bei(X+r|y+r) =det| g 1 Xrad Vrad ,

¢ tridiagonal matrix

where nonzero elements in all rows in A, and all rows in By_; except for the first one follow the pattern
(1,x;,y;). Here and throughout the paper, X + r and y + r denote the sequences with indices shifted by
r € Zsp.

The clone Schur function s,, (¥ | ¥) is defined by the following recurrence:

A (X1Y), if w = 1% for some k > 0,
Bi(X+7|¥+7r)-s5,(X|¥), ifw=1¥2u for some k > 0and |u| =r.

sw(fly) ::{

The function

sw(*|Y)

pry (W) = —————
XX+ Xy

is harmonic on YF. It is normalized so that ¢35 (@) = 1.
Our first main result is a complete characterization of the Fibonacci positive sequences (X, y) for
which the clone Schur functions s,, (X | y) are positive for all w € YF:

Theorem 1.1 (Theorem 4.12). All Fibonacci positive sequences (X, y) have the form
xg = ck (1 +1x-1), Yk = Ck C1 Tk, k=1,

where C is an arbitrary positive sequence, andt = (t1, 12, . ..) (with ty = 0, for convenience) is a positive
real sequence of one of the two types:

o (divergent type) The infinite series
1+t +t1+t12t3+ ... (1.1)

diverges, and ty+1 = 1 + 1, forallm > 1;
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o (convergent type) The series (1.1) converges, and

Im+1

1 + tm+3 + tm+3tm+4 + tm+3tm+4tm+5 +...2> fOr Clll m Z 0.

B tm+2(1 +im — tm+1) |
The sequences ¢ and t are determined by (%, ) uniquely.

The distinguished Plancherel harmonic function

dim(w
QDPL(W) = n(' )', w e YF,,

is obtained from clone Schur functions by setting x; = yx = k, k > 1. Throughout the paper we
are primarily concerned with two deformations of the Plancherel specialization, of convergent and
divergent type, respectively: the shifted Plancherel specialization x; = yx = k+0 — 1, o € [1,00),
and the Charlier specialization x;, = k+p — 1, yx = kp, p € (0, 1]. In Section 6, we describe other
examples of Fibonacci positive specializations, both of divergent and convergent type.

1.3. Stieltjes moment sequences and orthogonal polynomials

As a corollary of the Fibonacci positivity of a specialization (X, y), we see that the infinite tridiagonal
matrix with the diagonals (1,1,...), (x1,x2,...), and (y{,y2,...) is totally positive, that is, all its
minors which are not identically zero are positive. It is known from [28], [72], [65], [59] that totally
positive tridiagonal matrices correspond to Stieltjes moment sequences a, = / t"v(dt),n > 0, where v
is a Borel measure on [0, c0). Moreover, the monic polynomials P, (), n > 0, orthogonal with respect
to v can be determined directly in terms of the parameters (¥, y):

Ppi1(2) = (t = Xps1) Pu(t) = yuPp-1(t), n21, Po(t) =1, Pi(1)=1t—xy.

We refer to Section 7 for a detailed discussion of the connection between total positivity of tridiagonal
matrices and Stieltjes moment sequences.

According to the (g-)Askey nomenclature [48], in Section 10 we find several Fibonacci positive
specializations whose orthogonal polynomials are (up to a change of variables and parameters):

e Charlier polynomials;

o Type-I Al-Salam—Carlitz polynomials;
e Al-Salam—Chihara polynomials;

e g-Charlier polynomials.

In these cases, we also explicitly determine the orthogonality measures v. For example, in the Charlier
case, the orthogonality measure is simply the Poisson distribution with the parameter p. For the Al-
Salam—Chihara and g-Charlier polynomials, the Fibonacci positivity enforces the atypical condition
q > 1, in contrast to the usual assumption |¢| < 1 in the g-Askey scheme.

The shifted Plancherel specialization x; = yx = k + o — 1 which we consider in Section 11 cor-
responds to the so-called associated Charlier polynomials [42], [1]. The orthogonality measure v in
this case is not explicit, but we find its moment generating function (Proposition 1 1.4). Notably, all or-
thogonality measures v related to known orthogonal polynomials turn out to be discrete. However, not
all orthogonal polynomial families with discrete measures correspond to Fibonacci positive specializa-
tions (for example, Meixner polynomials do not). An open question is whether there exists a family of
orthogonal polynomials with a continuous measure that is Fibonacci positive.

We also find combinatorial interpretations of the Stieltjes moments a,, associated with Fibonacci
positive specializations. There is a rich literature addressing the combinatorics of moments coming from
orthogonal polynomials, notably [73], [74], [4], [47], [46], [44], [20]. Most of the results in Sections &,
9, and 11 follow from techniques developed in these references. In the case of the Charlier specialization,
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a, is the Bell polynomial in the parameter p (often called the Touchard polynomial)

— . #blocks ()
an=Bu(p) =) L op ,

where the sum is over all set partitions 7 of {1, ...,n}. This example is representative of the general
behavior of Stieltjes moments arising from Fibonacci positive specializations of divergent type. We
prove the following:

Proposition 1.2 (Proposition 9.1). Let (%, y) be a Fibonacci positive specialization of divergent type
xp=cr(k+e +--+€-1), Vi = CrCre1 (k+ €1+ +€), k>1, (1.2)

where ¢ and € are sequences of positive real numbers uniquely determined by (4.7) and Corollary 4.9.
Then the associated n-th Stieltjes moment is given by

an = Z l—lclf""(ﬂ)(l+ek)g"(">.

nell(n) k>1

As in the Charlier case, the sum is taken over all set partitions 7 € TI(n). The statistics € (7) and
gk () are defined in Equation (8.1) and are standard in the analysis of set partitions. Although the shifted-
Charlier specialization is Fibonacci positive of convergent type (and not divergent type), its Stieltjes
moments nevertheless obey a similar expansion formula involving all set partitions; see Proposition 11.7.

Proposition 8.8 presents an expansion formula for the moments a, of a general Borel measure
on [0, co0) involving noncrossing set partitions; this result does not require Fibonacci positivity as
an assumption. Corollary 8.20 is a compressed version of Proposition 8.8 where a, is expressed
instead as a sum of monomials indexed by integer compositions of 7. This result exhibits an intriguing
splitting which can be applied to an integer composition to obtain a unique pair of Fibonacci words;
see Definition 8.12.

While we have a complete description of Fibonacci positive specializations (X, y) and an understand-
ing of their corresponding moment sequences a,, (at least in the divergent case), characterizing their
associated Borel measures v within the space of all Borel measures on [0, c0) remains an open problem.

1.4. Asymptotics of random Fibonacci words

We investigate asymptotic behavior of growing random Fibonacci words distributed according to clone
coherent probability measures M,, on YF,,:
sy (XY
My(w) = dim(w) s 5(w) = dim(w) 21 v,
X1X2 *** Xp

The measures M,, are called coherent since they are compatible for varying n; see (2.5).

In Sections 13 and 14, we prove two limit theorems concerning the asymptotic behavior of random
Fibonacci words under the Charlier and the shifted Plancherel specializations. For the Charlier spe-

cialization xx = k + p — 1, yx = kp (which is of divergent type), we decompose the random word as
w=1121722 ...

Theorem 1.3 (Theorem 13.2). Fix p € (0,1). Let w € YE, be distributed according to the Charlier
clone coherent measure M,,. Then for each fixed k > 1, the joint distribution of runs (ri(w), ..., rir(w))
converges to

ri(w) d

n—3 riw) o

np;j’ j=1,...,k,
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where np.1,1p2, . . . are i.i.d. copies of a random variable with the distribution
pSo(a) + (1 - p)p(l —a)’ ' da, a € [0,1].

This distribution is a convex combination of the point mass at 0 and the Beta random variable beta(1, p),
with weights p and 1 — p.

Equivalently, we have {r;/n};>1 — X;, where X; = Uy and X,, = (1 = Uy) --- (1 = Up-1)U, for
n > 2, where U; = 1,,; are i.i.d. The representation of the vector (Xj, X3, .. .) through the variables U
is called a stick-breaking process.

Note that if U; have the distribution beta(1, 8), then the distribution of the vector (Xi, X»,...) is
called the Griffiths—Engen—McCloskey distribution GEM(6). We refer to [43, Chapter 41] for further
discussion and applications of GEM distributions, in particular, in population genetics.

We see that the runs of 1’s under the Charlier specialization scale to the GEM(p) vector with
additional zero entries inserted independently with density 1 — p.

For the shifted Plancherel specialization x; = yx = k + o — 1 (which is of convergent type), we
decompose the random word as w = 21221 .. .. Denote h; = 2h; + 1.

Theorem 1.4 (Theorem 14.4). Fix~0' > 1 Un~der the shifted Plancherel clone coherent measure My,
we have for the joint distribution (hy(w), ..., hip(w)) for each fixed k > 1:
hj(w) d

n—3 hi(w) o

fu’;j: ‘]'Z],...,k.

The joint distribution of (£5:1,&52, . ..) can be described as follows. Toss a sequence of independent
coins with probabilities of success 1, o=V, 072, .. .. Let N be the (random ) number of successes until the
first failure. Then, sample N independent beta(1, o /2) random variables. Set £, k = 1,..., N, to be
these random variables, while € ., = 0 for k > N.

When o > 1, the random variables &.x are not independent, but &1, . . ., €4, are conditionally
independent given N = n. Almost surely, the sequence & .1, &2, - . . contains only finitely many nonzero
terms.

At o = 1 (Plancherel measure), we have N = oo almost surely, so the random variables &1, are i.i.d.
beta(1, 0 /2). Thus, we recover the convergence to GEM(1/2) obtained in [38].

Theorems 1.3 and 1.4 follow from product-like formulas for the joint distributions of r;(w) and
hj(w), respectively. The product-like formulas are valid for arbitrary Fibonacci positive specializations,
but they greatly simplify in the Charlier and shifted Plancherel cases.

Consider now generic specializations of convergent type with an additional property that the infinite
product [];2, (1 +¢;) converges to a finite nonzero value.

Theorem 1.5 (Propositions 15.4 and 15.6). For a sequence t of convergent type subject to the assumption
above, the behavior of a random word w € YF,, sampled with respect to the corresponding clone
coherent measure, in the limit as n — oo is as follows:

o citherw — 1%

e orw — 1%°2v, where v € YF is a finite random Fibonacci word.

That is, the growing word w stabilizes to a random element of the set
1°YF = {1} U {1°2u: u € YF}.
Moreover, the distribution uy of the limiting random word w € 1°YF is given by

bt Boo(Jul)

o0y _ = -1 e = TT° (1+1)
w1 )—1:1[(1+t,) ! 2“)—( M2, (1+1)°

(1 +t,~))(|u| + I)M‘u‘(u)

i=1
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where u € YF is arbitrary, and Bo,(m), m > 0, is an infinite series defined below in (4.4). Moreover,
is a probability measure on 1°YF.

In Corollary 15.7, we obtain the following decomposition of the clone harmonic function ¢z 5 for
specializations of convergent type satisfying [];2, (1 + ;) < oo:

dim(w, 1¥2u)

P35 Zﬂl(lm)q)loo + Z ,111(1002u)(1)1m2,,,, d>1oo2u(w) = d1m(2u) ’
UEYF 0, otherwise.

ifw<1%u, k >0,

Here, < denotes the partial order on YF (induced from the branching relation). The functions @~ and
@ ~y, for v € YF are called Type-I harmonic functions, and they are extremal.

1.5. Clone Cauchy identities and random permutations

In Section 3, we derive clone Cauchy identities generalizing the classical Cauchy-type summation
formulas for the usual Schur functions. Two identities are presented in Propositions 3.8 and 3.9, with
the second being

ArBiC 0 ---
1 A B, G

= = 2oy 0 1 A3 B
s Sy (X = det 3 D3 , (1.3)
g w(P1q)sw(X|¥) 00 1A

|w|=n

nxn quadridiagonal matrix

where Ax = prxi, Br = qr (XxXie1 = i) + Yk (PrPi+1 = i) Chk = PrXkGr+1Yk+1-

The identity in (1.3) can be used to define clone analogues of Schur measures, extending the
framework from harmonic functions on YF. Indeed, when one of the specializations in (1.3) is Plancherel,
Pk = qk = k, identity (1.3) reduces to the normalizing identity for the clone harmonic function ¢z 5. For
the Young lattice, Schur measures were introduced in [55] and generalized to Schur processes (measures
on sequences of partitions) in [57]. They found extensive applications in random matrices, interacting
particle systems, random discrete structures like tilings, geometry, and other areas [56], [58], [11], [12],
[15], [21]. We leave clone analogues of Schur measures and processes for future work.

In Section 16, we introduce ensembles of random permutations and involutions by utilizing the
Young-Fibonacci RS correspondence [53] and positive harmonic functions on YF. In full generality,
the distribution of a permutation or involution depends, respectively, on a triplet (7, ¢, ) or a couple
(m, ¢) of harmonic functions. We do not treat the general case in the present work, but focus on the
clone harmonic / Plancherel random involutions, that is, corresponding to setting & = %5 and ¢ = ¢, ,
where (X, y) is a Fibonacci positive specialization. Using clone Cauchy identities, in Section 17 we
find the moment generating function for the number of two-cycles in a random involution ¢ € S,
(Proposition 17.1):

x1 (I-7)y1 —1x1y2 0

1 X2 (1 -27)y2 —2tx2y3
E [T#two—cycles(c)] = (xp - _xn)fl det 0 1 X3 (1=31)y3

0 0 1 X4

nxn quadridiagonal matrix

where 7 is an auxiliary parameter.
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When (X, ¥) is the shifted Plancherel specialization (x; = yx =k + 0 — 1, o € [1, )), the Young—
Fibonacci shape w € YF,, of a random involution ¢ € S, under the RS correspondence has the same
distribution as a random Fibonacci word considered in Theorem 1.4 above. In this way, we can compare
the asymptotic behavior of the total number of 2’s in a random Fibonacci word (which is the same as
the number of two-cycles), and the scaling limit of initial long sequences of 2’s from Theorem 1.4. We
establish a law of large numbers (Proposition 17.6) for the total number of 2’s:

#two-cycles(o) 1

lim

n—oeo n oc+1°

(1.4)

For o > 1, this value exceeds the expectation of the sum of the scaled quantities /; in Theorem 1.4.
This discrepancy reveals that additional digits of 2 remain hidden in the growing random Fibonacci
word after long sequences of 1’s. This behavior is unaccounted for in the scaling limit of Theorem 1.4
but contributes to the law of large numbers (1.4).

Outline of the paper

The paper is organized into three parts.

In Part I (Sections 2 to 6), we introduce the Young—Fibonacci lattice, the biserial clone Schur func-
tions, and the associated clone coherent measures. We prove the clone Cauchy summation identities,
and give a complete characterization of Fibonacci positive specializations of both divergent and conver-
gent type. Representative examples include the shifted Plancherel and Charlier cases that will serve as
running examples in later sections.

In Part IT (Sections 7 to 11), we develop the link between Fibonacci positivity, total positivity of
tridiagonal matrices, and Stieltjes moment sequences. We obtain general combinatorial formulas for
moments, identify families of orthogonal polynomials from the (g-)Askey scheme (Charlier, Type-I Al-
Salam—Carlitz, Al-Salam—Chihara, g-Charlier), and highlight the atypical ¢ > 1 regime enforced by
Fibonacci positivity. For these and other specializations, we determine the corresponding discrete Borel
orthogonality measures and give explicit combinatorial interpretations of the moments.

In Part IIT (Sections 12 to 17), we study the asymptotic behavior of random Fibonacci words under
various Fibonacci positive specializations. Our results include stick-breaking-type limit laws extending
the GEM(%) scaling limit of [38], new dependent stick-breaking schemes, and the description of extremal
components in terms of Type-I harmonic functions in the Martin boundary. We further employ clone
Cauchy identities to define and analyze models of random permutations and involutions, computing
exact generating functions for cycle statistics and establishing laws of large numbers.

The paper concludes in Section 18 with a discussion of possible extensions and open problems.

Reading guide

Parts II and III are largely independent and can be read in either order after Part I. Readers primarily
interested in the asymptotic behavior of random Fibonacci words (like the scaling limit in Theorem 13.2)
may proceed directly to Part III after reading Part I, specifically Sections 2, 4 and 6 for the necessary
background and definitions.

Part I. Young—Fibonacci lattice and Fibonacci positivity

In this part we recall, and when necessary introduce, the principal objects of our study: the Young-
Fibonacci lattice YF, the clone Schur functions, and the clone coherent measures on Fibonacci words. We
then characterize those specializations of the clone Schur functions that give rise to positive harmonic
functions on YF. Finally, we present several examples of Fibonacci positive specializations, including
the ones whose asymptotics we analyze in Part I11.
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2. Young-Fibonacci lattice and clone Schur functions

In this preliminary section we review the Young—Fibonacci lattice YF (also referred to as the Young—
Fibonacci branching graph) [33], [67], [40] and the clone Schur functions introduced in [54]. The
biserial clone Schur functions are harmonic on YF, and we use them to define coherent probability
measures on Fibonacci words.

2.1. Young—Fibonacci lattice and harmonic functions

A Fibonacci word w = wi...wg is any binary word with letters w; € {1,2}. The integer |w| :=
w1 + ...+ wg = nis called the weight of the word w. The total number of Fibonacci words of weight n
is equal to the n-th Fibonacci number,! hence the name. Denote the set of all Fibonacci words of weight
n by YF,, where n > 0.

Definition 2.1. The Young—Fibonacci lattice YFE is the union of all sets YF,, n > 0. In this lattice,
w € YF, is connected to w’ € YF,, if and only if w’ can be obtained from w by one of the following
three operations:

F1. w’ = 1w.

F1. w’ =2K1y if w = 2% 1v for some k > 0 and an arbitrary Fibonacci word v.

F1. w’ = 2¢12%%y if w = 2Ky for some k > 1 and an arbitrary Fibonacci word v. While F1 and F2
each generate at most one edge, this rule generates k edges indexedby £ =1, ..., k.

We denote this relation by w ” w’ (equivalently, w’ \, w). An example of the Young-Fibonacci lattice
up to level n = 5 is given in Figure 1.

Definition 2.2. A function ¢ on YF is called harmonic if it satisfies

p(w) = Z e(w’) for all w € YF.

w’ W\ w
A harmonic function is called normalized if (@) = 1.

For w € YF, denote by dim(w) the number of oriented paths (also known as saturated chains) from
@ to w in the Young-Fibonacci lattice. Let I(w) be the sequence of all positions of the letter 2 in w,

%)

111

11t 2111 1211 221 1121 122 212 1112
Figure 1. The Young—Fibonacci lattice up to level n = 5.

With the convention that Fp = F; = 1.
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reading from left to right. Then

dim(w) = 1—1 d;(w), whered;(w) = |v|+1if w =u2v is the splitting of w at position i. (2.1)

iEIz(W)

Equivalently, dim(w) obeys the following recursion:

1, ifw=g;
dim(w) = {dim(v), if w = 1v for a Fibonacci word v; 2.2)
(Jv| + 1) dim(v), if w = 2v for a Fibonacci word v.

For example, if w = 22121, then I,(w) = (1,2,4), and dimw = 70. Since YF is a 1-differential poset,
we have [67, Corollary 3.9], (see also [29]):

Z dim?(w) = n!. (2.3)

weYE,

With any nonnegative normalized harmonic function we can associate a family of probability mea-
sures M,, on YF,, as follows:

M, (w) = dim(w) - (W), w € YF,. 2.4)

The fact that 3, cyr, My(w) = 1 follows from the normalization of ¢, and the harmonicity of ¢
translates into the coherence property of the measures M,,:

dim(w)

My (w) = ,Z\WMM]( V) dimoey: € 2.5)

The set of all nonnegative normalized harmonic functions on YF forms a simplex Y(YF). The
set of extreme points of this simplex (the ones not expressible as a nontrivial convex combination
of other points) is denoted by Yy (YF). In general, Y (YF) is a subset of the Martin boundary,
denoted by Ypartin (YF). The latter consists of harmonic functions which can be obtained by finite rank
approximation. The Martin boundary of the Young—Fibonacci lattice is described in [40]. Recently, it
was shown in the preprints [10], [26] that the Martin boundary coincides with the set of extreme points
Yext(YF)'

For any coherent family of measures M,, on YF,, n = 0, 1,2, ..., there exists a unique probability
measure p on Yy (YF) such that

M, (w) = ‘/Y - dim(w) ¢, (W) u(dw), w € YF,. (2.6)

Here ¢, is the extremal harmonic function corresponding to w € Yex (YF).

2.2. Plancherel measure and its scaling limit

An important example of a harmonic function on YF is the Plancherel function defined as

Pp (W) = dln:lEW) s w € YF,. 2.7

In [38] it is shown that ¢, belongs to Ye (YF). Moreover, for the Plancherel measure M, (w) =
dim?(w)/n! corresponding to @, as in (2.4), [38] establishes a n — oo scaling limit theorem for the
positions of the 1’s in the random Fibonacci word w which we now describe.
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Represent w € YF as a sequence of contiguous blocks of letters 2 separated by 1’s. For example,
w = 122112 = (1)(221)(1)(2). Each block except possibly the rightmost one contains exactly one 1,
which is its terminating letter. Denote by 71, 2, . . . the sequence of weights of the blocks, reading from
left to right. For the example above, ﬁl =1,h = 5,713 =1, fl4 = 2, and ﬁj =0 for j > 5. We have
711 +i~12+...=n.

Definition 2.3. The GEM (Griffiths—Engen—McCloskey) distribution with parameter 6§ > 0 (denoted
GEM(#)) is a probability measure on the infinite-dimensional simplex

A= {(xl,xz,...): x; >0, ij < 1} (2.8)
j=1

obtained from the residual allocation model (also called the stick-breaking construction) as follows. By
definition, a random point X = (X, X»,...) € A under GEM(9) is distributed as

X1=U1, Xn=(1—Ul)(l—Uz)-“(l—Un,])Un, n=2,3,...,
where Uy, Uy, . .. are independent beta(1, #) random variables (i.e., with density (1 — u)(’_1 on the
unit segment [0, 1]). We refer to [43, Chapter 41] for further discussion and applications of GEM

distributions.

Theorem 5.1 in [38] establishes the convergence in distribution as n — oo:

hi(w) ha(w)

— X=(X1,Xa,...), X ~GEM(1/2), (2.9)

where 7 (w) are the block sizes (described above) of the random Fibonacci word w distributed according
to the Plancherel measure on YF,,. One of the aims of the present paper is to extend this scaling limit
result to a wider class of harmonic functions on YF arising from the constructions in Section 2.3 below.

2.3. Harmonic functions from clone Schur functions

A rich family of nonextremal harmonic functions on YF comes from clone Schur functions [54] which
we now describe. Let X = (x1,x2,...) and ¥ = (y1,y2,...) be two families of indeterminates. Define
two sequences of tridiagonal determinants as follows:

xpyr 0 -+ yixiy2 0 -
L I x2 y2 o 1 x3 y3
Ag(X|y)=det [0 1 x, , Beo((x]y) =det| o 1 x, . (2.10)
——— ———
€x¢ tridiagonal matrix €x¢ tridiagonal matrix

Here ¢ > 0. For a sequence i = (uy,us,...), denote its shift by u+¢€ = (uy4¢ , Uz4¢ » . . .), Where £ € Zsg.
Remark 2.4. When there is no risk of ambiguity, we’ll abbreviate A,(X|y) and By(X|y) as Ay and

By, respectively. Moreover, we will use the shorthand notation A;(m) = Ay(X + m|y + m) and
Be_1(m) == By—1 (X + m |y + m) for the shifted determinants.
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Definition 2.5. For any Fibonacci word w, define the (biserial) clone Schur function s,, (X |y) through
the following recurrence:

A7), if w = 1¥ for some k > 0,

N . I ) 2.11)
Bi (X + |ul | ¥+ |ul) - s, (¥1¥), if w=1%2u for some k > 0.

sw(Xy) 1={

Note that these functions are not symmetric in the variables, and the order in the sequences (x, x2, . . .)
and (yi,y2,...) is important. The clone Schur functions satisfy a YF-version of the Littlewood—
Richardson identity, whose simplest form is the following clone Pieri rule established in [54]:

Mt - sw(EF) = Y sw(®]F) (2.12)

w’rwIN\w

2.4. Background on clone Schur functions

Let us briefly mention the background (developed in [54]) behind the clone Schur functions. The biserial
clone Schur functions s,, (X |y) arise as evaluations (depending on X and y) of Okada’s clone Schur
functions sy, (x | y) which are noncommutative polynomials in the free algebra generated by two symbols
x and y. Both the clone and biserial clone Schur functions play a vital role vis-a-vie the representation
theory of the Okada algebra(s): the multiplicative structure of the noncommutative clone Schur functions
models the induction product for irreducible representations of Okada algebras, while the biserial clone
Schur functions are matrix entries for the action of the generators in these representations. This amplifies
the parallel with usual Schur functions where the Littlewood—Richardson rule for multiplying Schur
functions describes the induction product of representations of the symmetric group.

To summarize, the usual Young lattice Y (or partitions ordered by inclusion) is simultaneously
responsible for the branching of the representations of the symmetric groups S,,, and for the Pieri rule
for Schur functions (the simplest of the Littlewood—Richardson rules). Similarly, the Young—Fibonacci
lattice YF is simultaneously the branching lattice for Okada algebra representations, and is responsible
for the clone Pieri rule (2.12) for the biserial clone Schur functions.

2.5. Properties of biserial clone Schur functions

Let us proceed with a number of straightforward properties of the biserial clone Schur functions. For a
complex-valued sequence ¥ = (y1, 72,73, - .. ) one readily sees from Definition 2.5 that

U

sw X7 G+D-F) = (1 ¥ w)) sw@F), (2.13)

where ¥ -X = (y1x1, y2%2, ¥3x3, ...)and ¥ +1 = (y2, 3, 4, ... ). In particular, the biserial clone Schur
functions with the variables (X, y) scale as follows:

sw(yX 1Y 9) = y™lsw (3] 5), (2.14)

where y ¥ means that we multiplied all the variables x; by y € C, and similarly for y*y.
Assume that x; # 0 for all 7, and define the following normalization:

035 (W) = &Y e yp, (2.15)
xl oy .X|w|

Formula (2.12) implies that these normalized clone Schur functions define a harmonic function on YF
(see Definition 2.2):
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Proposition 2.6 [54]. Let the variables X and y be such that x; # 0 for all i. Then

w5 (W) = Z ez5 (W) forallw € YF. (2.16)

w’rwIN\w

We call 3 5 the clone harmonic function, and the corresponding coherent probability measures
(2.4) the clone measures. At this point, we treat the measures as formal and do not require them to
be nonnegative (just need their individual “probability” weights to sum to 1). In Section 4 below we
characterize specializations (X, y) for which the corresponding clone harmonic function is positive on
the whole YF.

Example 2.7. For the particular choice x;y = yx = k, k > 1, the clone harmonic function ¢z 5 turns
into the Plancherel harmonic function ¢p (2.7). Indeed, this follows from

Ap(X]y) =1, Beoi(X+r|y+r)=r+1, (2.17)

and so with these parameters we have s,, (X | y) = dim(w), see (2.1). Denote this choice of parameters
by IT = (¥|¥) and call it the Plancherel specialization.

Note that the normalization in (2.15) leads to the fact that multiple pairs of sequences (¥, y) corre-
spond to the same clone harmonic function. See Remark 4.13 below for more discussion.

3. Clone Cauchy identities

In this section, we establish summation identities for the clone Schur functions that parallel the classical
summation identities for the usual symmetric functions, including in particular the celebrated Cauchy
identity.

3.1. Clone complete homogeneous functions and clone Kostka numbers

Throughout this subsection, we view ¥ = (x1,x2,...) and y = (y1,y2,...) as two families of
indeterminates.

Definition 3.1 [54]. Given a Fibonacci word w € YF, the biserial clone homogeneous function h,, (X |y)
is the monomial defined recursively by

hyw (X15

h,(X|y), ifw=1y;
):: {xv|+l v(x|y) w v (3.1)

Vvt bv (1Y), ifw=2v,

starting with the base case hy (X |y) = 1.

The relationship between clone homogeneous and clone Schur functions is explained by the following
statement involving a clone version of Kostka numbers:

Proposition 3.2 [54, Section 4]. Given a Fibonacci word v € YF, the clone homogeneous function
hy (X |y) has an expansion into clone Schur functions given by

hE1F) = D) Kuw sul®1), (3.2)

leel=[v ]
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where K,, ,, are nonnegative integers known as the clone Kostka numbers. They can be calculated using
the following four basic recursions:

KZu,Zv = Ku,v K2u,1v = Z Kw,v
u,/'w
Klu,Zv =0 Klu,lv = Ku,v
starting from the initial conditions Kz o = 1 and K1 = 1.

We refer to [54] for a combinatorial interpretation of these numbers in terms of chains in the Young—
Fibonacci lattice.

Remark 3.3. The recursions for Ky, 1, and Ky, 1, imply that K,, » = dim(w) for any Fibonacci word
w € YF,. This observation, together with the expansion given in (3.2), allows us to get the following
identity (familiar from the normalization (2.15) of the clone Schur functions):

hin(F15) = x1xy = ) dim(w) s, (%] ). (3.3)
lwl=n
The next corollary allows us to conveniently interpret formula (3.3).
Corollary 3.4. For any n > 0, we have

n-2
SinEF) 4 D 4 1) (61 X) Sy (B4 m [ 5+ m) = X1+ xp. (G4

m=0

Proof. Using the expansion

X1 Xm = Z dlm(W)Sw()—C)|5)))’

|w|=m
we can rewrite
n-2
LHS(3.4) = 51 (] ¥) + Z(m + 1) Spumay (R +m | +m) Z dim(w)sw (7). (3.5)
m=0 |w|=m

By Definition 2.5, we know that
Sin-m-22,, (X |Y) = Sn-m-2p (X +m | § +m)s,, (X]5),

so substituting into (3.5) gives

n-2
snEF)+ DT Y (e 1) dim(w)spwman, (F]5)
m=0 |w |=m

n-2

=sin(X]¥) + Z Z dim (1"7™722w) s 1n-m29,, (| )

m=0 |w|=m

= > dim(w)sw (2] )

|w|=n

= X1 X,

as desired. ]
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Remark 3.5. Let us set x; = 1 +1,_; and y; = t; forall k > 1, where 7 = (1,12, 13, .. .) is a sequence
of auxiliary indeterminates (with the agreement that o = 0). Under this parametrization, (3.4) becomes

n-2 m—1 n-1
L+ > (4 1) Buma(m) [ [ +00) = [ [(1+10), (3.6)
m=0 k=0 k=0

where the By(m)’s are the determinants defined in Section 2.3 above.

Remark 3.6. Continuing from the previous Remark 3.5, if we introduce a regulating parameter z and
take the formal limit as n — oo, we obtain the following identity in the ring C[# : k > 1][[z]] of formal
power series in z with coefficients which are polynomials in the 7;’s:

m-1 o0
L+ > (m+1)Bo(m;2) [ [+ 12"y =] [(1+125), 3.7)
m=0 k=0 k=0
where
Boo(m52) = ty1 27+ (tm1 2™ = 1n2™ = ) tmaa 2™ Ao (m + 35 2),
and

(o)
Ax(m;z) =1+ Z Imlme1 - lm+r—1Zrm+(g)-

r=1

Let us now obtain a recursion for the (inverse) clone Kostka numbers. Let K, := (K. )u,vevr,
be the matrix whose entries are the clone Kostka numbers. This matrix admits the following block
decomposition, which follows from the four recursions in Proposition 3.2:

K, »|D,_1K,_
K, - ( 2 1 1 )
0 Kn—l

where Dy is the YFF_; X YFF; matrix of the k-th down operator for the Young—Fibonacci lattice, defined

by
Ds, = Z Sy
u,/'v

(3.8)

In (3.8), we order the Fibonacci words in YF,, lexicographically. For example, the Fibonacci words for
n =5 are ordered as follows:

w221 212 2111 122 1211 1121 1112 11111
position| 1 2 3 4 5 6 7 8

In Section 16 below, we provide the necessary references and discussion around the operator D (and
its adjoint U) in connection with the Robinson—Schensted-like correspondence for the Young—Fibonacci
lattice.

The matrix K,, is invertible, and has an inverse given by the following recursion, which is straight-
forward from (3.8):

Lemma 3.7 (Recursion for inverse clone Kostka matrices). The inverse clone Kostka matrices K;' =
(K*V) satisfy a three-step recursion with initial conditions

K(;' = KII =(1) and K;! = ((1) _11),

https://doi.org/10.1017/fms.2025.10165 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10165

Forum of Mathematics, Sigma 19

and

n-2

-1
0 Kn—l

3.2. Clone Cauchy identities

We establish two fundamental summation identities for biserial clone symmetric functions. The second
provides a clone analogue of the classical Cauchy identity for ordinary Schur symmetric functions. These
results are obtained as biserial specializations of formulas arising in the broader, noncommutative theory
of clone symmetric functions. Although the treatment in this subsection is self-contained, certain features
of the noncommutative theory are lost under specialization. An investigation of the noncommutative
aspects will appear in future work.

We need four families of indeterminates: X = (x,x2,...) and ¥y = (y1,y2,...) together with
p = (p1,p2,...) and § = (q1,qa2,...). Recall the clone homogeneous functions (3.1) and the clone
Schur functions from Definition 2.5.

Proposition 3.8 (First clone Cauchy identity). We have

Al B -C| 0
1 A} B —C}

Ho(%,5:5,4) = ), hw(Bl1@)sw(@|5)=det| 0 1 Az By ) (3.9)
e 00 1 A

nxn quadridiagonal matrix

where A} = pixi, B] = yi(pxpr+1 — qi), and C;. = qiXkyi+1 P2 for all k > 1.

Proof. For simplicity, let us use the shorthand sy, &,,, and 4, for s, (X|¥), hy (X]¥), and hy, (7| G),
respectively. Begin by noticing that

Hp=1, Hy = pix1, Hy = (x1x2 = y1)p1p2 + q1)1.

The expansion sy, = |z}, | K" hy, where K"V is the u X v entry of the inverse clone Kostka matrix
K;l, leads to
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The recursive block-matrix decomposition of K, from Lemma 3.7, along with the following identities:

hlu = Xn+l hu, h = Pn+l h(;,
1v
u = Yn+l Ny, 4 = {4n+1 h(;,
ha Yn+1 h hzv
hity = Xpa1Xn+2 hu, hilv = Pnt1Pns2 I3y,
h21y = Xpa1Yn+2 hu, h,12v = Pn+3qn+1 hY,

with |u| = |v| = n, imply that H,, satisfies the following recursion:

Hy = xppn Hy—1 + yn-1 (Qn—l _pn—lpn)Hn—Z = Pnqn-2Xn-2Yn-1 Hy-3,

(3.10)

(3.11)

for all n > 3. Equivalently, the n-th kernel H,, can be expressed as the quadridiagonal determinant given

by (3.9). This completes the proof.

Proposition 3.9 (Second clone Cauchy identity). We have

ArBiC 0 ---
1 A, B, G
Sw®355,d) = D sw(FlDsw(F|F) =detf 0 1A ii :

[wl=n

nxn quadridiagonal matrix

where

A = pixr,  Bi = qr(xXixpe1 — yi) + Y (PiPks1 — qi),  Ck = PrXkGrs1Yks1-

O

(3.12)

Note that Ay, By, Cy differ from A’/ ,B;(, C;( in Proposition 3.8, hence we use different notation.

Proof of Proposition 3.9. We apply inverse clone Kostka expansion twice:

Su(®5:5.4) = D, swEIF)sw(F13)

w e YF,

w eYF, ueYF, v eYE,

Here K" is the inverse transpose of K, and h, is the row vector with entries A, (X |¥) hyw (7| G)

2. 2 2, KUK G5 h(F1§) = b KK

-

indexed by Fibonacci words w € YF,,, listed in increasing lexicographic order. Define L,, = K;! K .

Observe that:

Lo=L;=(1) and Lzz(_z1 _11)
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For n > 3, we have the following recursive block-matrix decomposition

2Ln72

0 _Ln—2
3Ln—3

L, = 0

_Ln—2

It is important to emphasize that the rows and columns of L,, correspond to Fibonacci words w € YF,
which are ordered lexicographically. For example, the hooked-shaped region labeled by 2L,,_, in the
upper left-hand corner corresponds to pairs of Fibonacci words u X v € YF,, X YF, of the form u = 2u’
and v = 2v’, where u’, v’ € YF,_, and the prefixes of both " and v’ are not simultaneously equal to 1.
Using (3.10) together with the block-decomposition of L,,, we get the required three-step recurrence:

-

Sn(f,y);ﬁ’ t?) :AnSnfl()_C)a i;ﬁ, ‘7) +Bn—lsn—2(5€a i;ﬁv 67) +Cn—2Sn—3()_C)’ y;P, Ej)

for n > 3, where the initial values of S, are given by:

So(¥,¥:p,4) =1,
Si(X,¥:7.4) = pixi,
$2(%, ¥: 5, 4) = (pip2—q)(xixa = y1) + q1y1.
The results of the proposition are consequences of this recurrence formula. O

4. Characterization of Fibonacci positivity

In this section, we characterize the specializations (¥, y ) under which the clone Schur functions s,,, (X | y)
are positive for all w € YF (referred to as Fibonacci positive specializations). This proves Theorem 1.1
from the Introduction.

4.1. Reduction to a single sequence parametrization

Definition 4.1. A specialization (X,y), where X = (x1,x2,...), ¥y = (y1,¥2,...), and x;,y; € C, is
called Fibonacci nonnegative if the clone Schur functions s,, (X |y) are nonnegative for all Fibonacci
words w € YF. If 5,, (¥ | ¥) > 0 for all w € YF, we say that (¥, y) is Fibonacci positive.

One readily sees that Fibonacci positivity is equivalent to the positivity of the determinants A, (X | ¥)
and By(X+7 |y +r) forall ¢,r € Zs¢. This, in turn, is equivalent to the foral positivity of the following
family of semi-infinite tridiagonal matrices, where r > 0:

xpy1r 0 - Yral Xrx1Yrs2 0
L x2 y2 1 Xr+3  Yr43

AZ¥) =0 1 x |} B(X[F) =1 o 1 x| @.1
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Indeed, it is known (for example, see [31]) that total positivity of a tridiagonal matrix is equivalent to
(1) positivity of its leading principal minors (namely those formed by several initial and consecutive
rows and columns), and (2) positivity of all entries on its super-diagonal (in the case of A(X | y), the
vi’s). The list of additional references on total positivity is vast, and we mention only a few sources
here: [25], [45], [62], [32].

Remark 4.2 (On terminology of total positivity). We use the convention that a tridiagonal matrix is
called rotally positive provided that all its minors are strictly positive except those forced to vanish by
the tridiagonal structure. In the literature, the phrase (strictly) totally positive is sometimes used for
matrices all of whose minors are positive. See, for example, the first footnote in [27] for a comparison
of terminology in references. In the present paper, however, we need to adapt the terminology to the
tridiagonal structure of the matrix, and require that all minors which are not identically vanishing are
strictly positive.

Since total positivity of A(X | ¥) (4.1) is a necessary condition for a specialization (X,y) to be
Fibonacci positive, we may restrict our attention to pairs of sequences (X, y) for which A(X | ¥) is totally
positive. Using a general factorizaton ansatz introduced in [31] for elements in double Bruhat cells,
we know that the matrix A(X | ¥) is totally positive if and only if there exist auxiliary real parameters
ck,dr >0, k > 1, such that

Xp=cp+di-1 and yp =cpd; foralk > 1, “4.2)

with the condition that x; = c¢;. Moreover, {c}, {dx} are uniquely determined by (X, y).
Notice that formula (2.13) implies that for (¥, y) depending on ¢y, d; as above, we have

sw()?|§) = (c1 -'-cn)sw(zﬂf) forallw € YF, |w|=n, 4.3)

d
Ck

where 5 = ’i - k > 1, with the agreement that ¢y = 0, and we denote, for short,

up =1+1t_q, k>1.

Clearly, the positivity of the left- and right-hand sides of (4.3) for all w € YF are equivalent to each
other, and so the problem of characterizing Fibonacci positive specializations (¥, y) can be reduced to
the problem of identifying necessary and sufficient conditions under which the sequence 7 makes the
tridiagonal matrices A(u | 7) and B, (ii | 7) totally positive (for all » > 1). In the next Section 4.2, we

will classify such sequences 7, which leads to a complete characterization of Fibonacci positivity.

Remark 4.3. The ?—sequences (where 1 > 0 for k > 1 and 79 = 0) parametrize a fundamental domain
D={(%,y): xx = 1 +tx_1, yk = tx}

within the overall set of totally positive (not necessarily Fibonacci positive) tridiagonal matrices. Here,
the fundamental domain is understood with respect to the action of the multiplicative group R,
which rescales by the ¢-parameters as in (4.2)—(4.3). Our goal in characterizing Fibonacci positive
specializations is to identify the subset DF® ¢ D which is also a fundamental domain for the set of all
Fibonacci positive specializations under the action of RY,.

Let us make the passage from X and ¥ to 7 and ¢ more explicit:

Proposition 4.4. We have

L= Ar(X1y) tk_ykAk—l(fW)_xkl Ar(X1Y) E> 1
- > o8 - > >N + > >y b = 1
Ar1(X]Y) A1 (X1Y) A1 (X1Y)

with the agreement that Ag(X|y) = 1 and ty = 0.
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Proof. Consider identity (4.3) for w = 1. We have by Definition 2.5:
An(f|}_1)) =C] ann(ﬁl?) =C1 " Cn,

since the tridiagonal determinant A,, (i | 7 ) is equal to 1. This implies the statement about the ¢ ’s. From
the fact that yx = cgcrs1tr we get the first formula for #. The second formula follows from the first one
by means of the three-term recurrence for the tridiagonal determinants A (X |y). This completes the
proof. O

4.2. Characterization

To address the question of Fibonacci positivity (Definition 4.1), it now suffices to consider only positive
sequences f= (to,t1,t2,...) with ty = 0. We will denote uy = 1+ t;_;, for short. Let us define for all
m > 0:

Am(m) =1+ Z Imlm+l " Tmr—1, Bw(m) =yl (tm+l —Im— 1)tm+2A<>0(’n + 3) (44)
r=1

Note that A (m) and Be(m) are the respective expansions of det A(i +m |7+m) and det B, (i |7 ) in
the parameters 74 for k > 1 when treated as formal variables. Note that we have A, (0) = 1.

Lemma 4.5. The sum A (m) (4.4) is convergent (resp., divergent) for some m > 1 if and only if it is
convergent (resp., divergent) for allm > 1.

Proof. We have

K K
-1
[ § Imtm+1 *  Imtr-1 = 1 - I+l " Tmek + § Tms1fm+2 **  Ttr -
r=1

r=1

If the product 2,41 - - - ;u+x does not go to zero, then Ao (m) diverges for all m > 1. Otherwise, we see
that the partial sums of A (m) and As(m + 1) diverge or converge simultaneously. O

Definition 4.6. We introduce two types of positive real sequences 7 based on the convergence of the
Aw(m)’s:

1. A sequence f has convergent type if the series Ao, (m) is convergent and B, (m) > 0 for all m > 0
(with the agreement that 7y = 0).
2. A sequence f has divergent type if t,,,1 > 1 +1,, for all m > 0.
Note that for a sequence of divergent type, we have t,, > m, and so the series A (m) diverge for
all m.

We will also refer to the corresponding specialization (i, ) as having convergent or divergent type.

We now present two general criteria for Fibonacci positivity based on the convergence or divergence
of the series A (m) (4.4).

Proposition 4.7. Assume that the A, (m)’s are convergent for some (all) m > 1. The specialization
determined by T is Fibonacci positive if and only if T is a sequence of convergent type.

Proof. Throughout the proof, we will use the notation of Remark 2.4. First, let 7 be a sequence of
convergent type. One readily sees that Ay(m) = 1 +¢t,,A¢—1(m+1) forall £ > 2, so

4
Ar(m) =1 + Z totmsl - tmar_1 >0, m > 1. (4.5)

r=1

Note that the right-hand side of (4.5) is a partial sum of A (m).
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Next, let us consider the determinants By (m). We have

Bo(m) =ty > 0,

Bl(m) =lm+l — (1 +m — tm+1)tm+2
forallm > 0. If 1 +¢,,, — t;+1 < O, then this is already positive. Otherwise, we have
Bi(m) > Boo(m) =ty — (1 +ty — tis1) a2 Acc(m +3) 2 0,

where the last inequality holds thanks to the convergent type assumption. The first strict inequality holds
because the partial sums of A (m + 3) monotically increase to the infinite sum. Thus, By (m) > 0.
For larger determinants with £ > 3, we have

Be1(m) = v Ap_1(m+2) —upvme1Ae—2(m +3)
= Vm(l + tm+2A(,’—2(m + 3)) - umvm+1A£’—2(m + 3) (4.6)

=+l — (l +im— tm+l)tm+2A€—2(m + 3)

Similarly, if 1 +1,, —t;,+1 < 0, then this is already positive. Otherwise, we have By (m) > Bo(m) > 0,
since Ag_p(m + 2) < Aw(m + 3). The last nonnegativity again follows from the convergent type
assumption. This implies that for a sequence 7 of convergent type, all clone Schur functions s,, (i | )
are positive.

Let us now consider the converse statement and assume that the specialization determined by 7 is
Fibonacci positive. The positivity of the #;’s implies that A, (m) is positive for all £ > 1, m > 0, see
(4.5). Assume that 7 is not of convergent type, that is, ;gs1 < (1 + timg — timge1) tmgs2 Aco (mo + 3) for
some mq > O (this automatically implies that 1 + f,,;, — t,,0+1 > 0). Since

A (mo+3) = }im Ap2(mg +2),

there exists €y > 1 (depending on mg) such that t,,,,+1 < (1 +tmy — timg+1) tmg+2 Agy—2(mo +2). By (4.6),
this shows that Bg,— (mp) < 0, which violates the Fibonacci positivity. |

Proposition 4.8. Assume that A, (m) is divergent for some (all) m > 1. The specialization determined
byt is Fibonacci positive if and only if T is a sequence of divergent type.

Proof. Here we use the notation of Remark 2.4. Assume that 7 is a sequence of divergent type. Similarly
to the proof of Proposition 4.7, we see that Ag(m) > 0 forall £ > 1, m > 0. We have

Bo(m) =ty > 0, Bi(m) =ty + (tme1 =t — Dtma2,

and t,41 — t, — 1 > 0 for all m > 0 by the assumption. Thus, By (m) > 0 for all m > 0. Next, using
(4.6), we similarly see that By_j(m) > O forall £ > 3 and m > 0.

Let us now consider the converse statement and assume that the specialization determined by 7 is
Fibonacci positive. We still have A¢(m) > 0 forall £ > 0, m > 0. Assume that 7 is not of divergent type,
that is, there exists my > 0 such that #,,,,41 < 1 +1,,,. We have

Bf*l (m()) = tm()+1 + (tm()+l - tm[) - l)tm()+2A'l)*2(m0 + 3)
| ———
<0

Since A¢—2(mg + 3) is positive and unbounded as £ — oo, we see that Bg,—1 (mg) < 0 for some ¢y > 1
(depending on my). This violates the Fibonacci positivity, and completes the proof. O

Sequences of divergent type can be treated formally. Introduce variables € for k > 1, and let

i ir . . . .. o . . k
|+ € be the monomial corresponding to an integer composition i = (iy,...,ix) € Z3,.

€' = €
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Define
th =k+e€ +---+ €. .7

Corollary 4.9. Let t be given by (4.7). Then, the semi-infinite, tridiagonal matrices A(u |?) and
Br(ﬁ|?) (4.1) for r > 0 are coefficientwise totally positive: Each minor (which does not identically
vanish on the space of all semi-infinite, tridiagonal matrices) is a polynomial in Z[€}, €2, ...] with
nonnegative coefficients, at least one of which is positive.

Consequently, the clone Schur function s,, (it | T ) expands as a polynomial in €, €, . . . with nonneg-
ative integer coefficients.

Proof. The statements readily follow from the expansions (4.5)—(4.6) and the recursion for the clone
Schur functions (2.11). ]

Problem 4.10. How to combinatorially interpret the coefficients of the monomials in the expansion of
a clone Schur function s,, (i | 7) in terms of the e-variables?

The problem of identifying matrices (with polynomial entries) that are coefficientwise totally positive
has been the subject of recent activity. We refer the reader to [64], [59], [16], and [23]. The formal
specialization given in (4.7) is universal for sequences of divergent type in the following sense:

Corollary 4.11. Any Fibonacci positive sequence t of divergent type can be obtained by specializing
the e-variables in (4.7) to arbitrary positive real numbers. Moreover, the values of the €;’s are uniquely
determined by 1.

Summarizing Section 4.1 and the results of Propositions 4.7 and 4.8, we have:

Theorem 4.12 (Characterization of Fibonacci positive specializations). All Fibonacci positive special-
izations (X,y) have the form

X = cx (1 +15-1), Yk = Ck Cka1lks k>1 (4.8)

(with to = 0 by agreement), where T is a sequence of convergent or divergent type as in Definition 4.6,
and € is an arbitrary positive real sequence. The sequences ¢ and t are determined by (%, V) uniquely
via Proposition 4.4.

Remark 4.13. The characterization result (Theorem 4.12) includes two sequences, 7 and €. On the other
hand, from (2.13) we readily see that the corresponding clone harmonic function ¢z 5 depends only
on the sequence 7. Thus, while multiple Fibonacci positive specializations give rise to the same clone
harmonic function, the type of the specialization (convergent or divergent) is uniquely determined by
the harmonic function via the sequence 7.

5. Properties of Fibonacci positive specializations
5.1. Necessary conditions

Here, we list several necessary conditions on the sequence 7 to be Fibonacci positive, following from
Definition 4.6.

Proposition 5.1. For any m > 1, none of the inequalities t,;, > ty+1 < tu+2 hold whenever fisa
Fibonacci positive specialization.

Proof. 1t is sufficient to examine the determinants

Bi(m) = tis1 = (1 + 1y = L 1) tma2s m 21,

and verify for each m > O that t,, > #,,,41 < t;42 is inconsistent with the positivity of B (m). O
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Proposition 5.1 implies that a Fibonacci positive sequence 7 can exhibit one of three behaviors
(bearing in mind our convention g = 0):

e The sequence ?strictly increases, that is, t; > fr_1 forall k > 1.

e There exists an ¢ > 1 such that t; > t,_ for 1 < k < ¢, and thereafter ¢, < t;_; for k > £+ 1.

e There exists an ¢ > 1 such that 7z > #;_; for 0 < k < ¢, the sequence forms a plateau with 7, = t4,1,
and subsequently 7z < t;_j forall k > € +2.

In particular, a Fibonacci positive sequence 7 must eventually either strictly increase or strictly decrease.

Lemma 5.2. If7 is a sequence of convergent type, then
Au(l) 2 A(2) > As(3) > ...

Furthermore, Aw(1) = Ao(2) if and only if Ae(2) = (1 — 1)~  and t; € (0, 1).

Proof. For m > 0, observe that
Boo(m) = Aco(m+1) — Aco(m +2) =ty tinsa Ao (m + 3).
Consequently, B (m) > 0 if and only if
Acw(m+1) > Aeo(m+2) + by tipsr Aco(m +3) > Aco(m +2),
the latter inequality being strict whenever m > 1. Note that A, (1) = 1 + 1] Ax(2), 50 Ax(1) = Ax(2)
holds if and only if #; € (0,1) and A (2) = (1 —#;)~!. This completes the proof. O

Proposition 5.3. If 7 is a sequence of convergent type, then it cannot eventually weakly increase. In
other words, there is no my > 1 such that t,, < tu41 for all m > my.

Proof. 1f such an my exists, then for all m > mg, we have Ao, (m) < Ao (m + 1), which contradicts the
conclusion of Lemma 5.2. This completes the proof. O

Proposition 5.3 shows that the sequence 7 of convergent type must have a limit. In fact, this limit is
always zero:

Proposition 5.4. Let T be a sequence of convergent type. Then 1im,y,_eo t,, = 0.

Proof. Denote y = lim,,—, t;n, Which exists since the sequence eventually weakly decreases. Using

the fact that Ao, (m+3) < (1 —t,,,43)" form > mg, we see that y must be between 0 and 1. By Definition
4.6, we can write for all m > myg:

I+l 2 (1 +tm_tm+1)tm+2A00(m+3) 2 (1 +im _tm+l)tm+2(1 _7)_1'

Taking the limit as m — oo, we get the inequality y > y(1 — y)~!, which implies that y = 0. O

Proposition 5.5. Let 7 be a sequence of convergent type. Then limsup,, . mt,, € [0, 1], and similarly
liminf,, . mt, € [0, 1].

Proof. Harmonicity (Definition 2.2) implies that

1= > dim(w)eg;(w)

[w |=m+1
= Z dim(1w) ¢; 7 (1w) + Z dim(2w) ¢; 7 (2w)
lw|=m lw=m=1
i mty, .
= Iwzz:mdlm(w)soa,?(lw) + |W§1_1 TS, dim(w) ¢z 7 (W)
: Mty
= lwz_:mdlm(w) @i 7 (Iw) + TETRR T
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Both 3|, =, dim(w) ¢ 7 (1w) and mt,, (1 + tm-1)"'(1 +t,,)~" are nonzero. Thus, we may conclude
that m 1, (1 + t,—1) "' (1 +1,,)~" € (0, 1) for all m > 1. By Proposition 5.4, t,, — 0 as m — oo, and

consequently,
mty, .
1 > limsu =limsupmt,, > 0.
m—>oop (1 +tm—1)(1 +tm) m—>oop
Similarly, lim inf ;e m ¢, € [0, 1]. This completes the proof. O

Example 5.6 (Nonexample of convergent type specializations). Let 0 < o < 1. By Proposition 5.5, the
sequence t; = x k™%, k > 1, is never of convergent type for any value » > 0, despite the fact that z,,, — 0
as m — oo.

Remark 5.7. The sequence {mt,,} itself might not have a limit under the assumptions that

e 1,, is eventually decreasing to zero, and
o the terms mt,, are bounded by, say, 1.

Indeed, denote f;, = nt,, then t, > t,; implies that f,, — f,+1 = —1/n. Thus, f,, may make steps in the
interval [0, 1] of size at most 1/n in any direction. Since the series '’ 1/n diverges, we can organize the
steps in such a way that f,, has at least two subsequential limits.

This observation indicates that we cannot, in general, strengthen Proposition 5.5 to the full con-
vergence of the sequence mt,,. Nevertheless, more subtle consequences of the assumption that 7 is a
Fibonacci positive specialization of convergent type might still enforce the convergence of mt,,. We do
not address this question here.

5.2. Operations preserving Fibonacci positivity
We describe a number of operations which preserve Fibonacci positivity. The first is straightforward:

Proposition 5.8 (Left shift). For any integer r > 0, the shifted pair of sequences (X +r, y +r) =

(X14rs X245 - - o> Y1ar> Y2urs - - .) is a Fibonacci positive specialization whenever (X,y) is Fibonacci
positive. Moreover, for any r > 1, the shifted pair of sequences define a specialization of convergent
type.

Proof. Tt suffices to consider the case = 1. The new 7-sequence of the shifted specialization (denote it
by T) is expressed in terms of the original 7-sequence as

_ TkalAg-t

T =
Agyt

, A =14ttt + - +1 1.
Therefore (since Ay = 1), we have

Tl"'Tk =1y tiyl =

A
S 5.1
ArArs

If the original 7-sequence is of convergent type, then Ay Ay, stays bounded as k — oo, and the series
with the summands (5.1) converges. If the original 7-sequence is of divergent type, then ¢, > k, we may
use the inequalities

Apr 2 11+ trat, A=t tx 2 k!

to conclude that the series with the summands (5.1) also converges. O

There are also two right shifts, which can be applied to divergent and convergent Fibonacci positive
sequences, both of which introduce a new parameter:

https://doi.org/10.1017/fms.2025.10165 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10165

28 L. Petrov and J. Scott

Proposition 5.9 (Infiltration right shift for convergent type). Let f be a Fibonacci positive sequence of
convergent type and suppose that

. tleo(Z) tlAOO(Z) _ —.
L:= 11Ax(2) + 1 = Ax(2) -1 PR e

Set Ty = tyg_1 for k > 2 and let T\ € [L,R] be a new parameter, then T is Fibonacci positive of
convergent type.

Proof. Form > 0 let

A;o(m) =1+ T + Tt + T Tt Tz + -+ -,
B‘/)o(m) = Tm+l + (Tm+l - Tm - l)Tm+2Ac/>o(m + 3)

with the understanding that 7 = 0. Notice that AL, (m) = Ax(m—1) form > 2and A, (1) = 1+T1 A (1)
which are convergent. Furthermore B, (m) = Bs(m — 1) > 0 for all m > 2. So we only need to check

that
B,L(0) =T + (T1 — )11Ax(2) 20,
BL() =11 + (1 = Ti = N1 Ax(3) (5.3)
=h+(H-T1 -1)(Ax(2)—1) > 0.
The pair of inequalities in (5.3) is clearly equivalent to 77 € [L, R]. O

Remark 5.10. It is always the case that L > 0 and so (5.2) forces R > 0 as well. Since

B (0) =t + (11 = D12 AL(3)
14+ (t1 - 1)Ax(2)

= (Aw(2) - DR

it follows that B, (0) > 0 whenever (5.2) holds.

Proposition 5.11 (Infiltration right shift for divergent type). Let f be a Fibonacci positive sequence of
divergent type, and o > 0. Set Ty = o +ty_1, k > 2, and let T| be a new parameter. [f0 < T < tj+0—1,
then T is Fibonacci positive of divergent type.

Proof. Sincety > 1+1t;_1,wehave Ty > 1+ Ty_;fork >3.Fork=2,weneedT, =0+t > 1+T,
which explains the condition 77 < #; + o — 1. This completes the proof. O

Fibonacci positivity can also be seen as a “snake” that eats its own tail because B, (X |y) provides
a new Fibonacci positive specialization for each r > 0, whenever the pair (¥,y) satisfies Fibonacci
positivity. The following result introduces a form of plethystic substitution for clone Schur functions
that preserves Fibonacci positivity:

Proposition 5.12 (Ouroboric shift). Let (X,¥) be a Fibonacci positive specialization. Then, for any
r > 0, the specialization (X,Y) is also Fibonacci positive, where

. Yr+ls l.fk = 13 . Xr+1 Yr+2, lf.k = 19
Xk = : Y = ;
Xier+ls Ifk 22, Yi+r+1s ifk >2.
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Proof. We need only to prove that the semi-infinite matrix

Y\ X4, 0 - Xr+1Yr+2 Yr+1Yr+3 0
1 X3 Y3 1 Xr+4 Yr+4

Bo(X|¥)=|o 1 x, |=| o 1 Xus (5.4)

is totally positive for all » > 0. Let us show that the corresponding determinants satisfy By ( X | Y ) >0

for all ¢ > 0. There is no issue when ¢ = 0, since By ( X | )7) = Xr41Yr+1 > 0. We can assume that £ > 1.
We have

Be(X | V) =xpe1yraasicG+r+3 | 541 +3) = Yo yraasiet G +r+4 | F+r+4)
=sie(X+r+3|y+r+3)su(X+r | y+r) (5.5)
sy (X+r+4 | +r+d)spE+r | y+r).

By Proposition 5.8, it will be sufficient to restrict our analysis of formula (5.5) to the case where r = 0,
since the four clone Schur functions that occur are each shifted by r > 0. We have

s1e(X+3]Y+3)s21(X[Y) = sy (X +4]5 +4)522(X ] Y) (5.6)
= 51001 (X]Y) + 510 (X +4 [ +4) s211(X | ). '

for all ¢ > 1. Formula (5.6) follows as a direct consequence of the clone Littlewood-Richardson identity
[54]. Alternatively, it can be verified directly by induction. The base case, £ = 1, reduces to a restatement
of the clone Pieri rule for sp; (X | y):

SIX+3[+3)521(X 1Y) —s02(X1Y) = s211(X|¥) + s121(X | ¥).

As a result, we conclude that (5.6) is positive, as its right-hand side involves only sums and products of
clone Schur functions. These functions, by definition, are positive since (X, ¥) is a Fibonacci positive
specialization. This completes the proof. O

Proposition 5.13. Let 7 be a divergent type sequence. Let & be a positive real sequence such that
itk — Qppiti-1 = ks, k>1. (5.7

Then the specialization (X, V) defined by x = ay +t;_1 and y = ayty is Fibonacci positive.
A particular case is when ay = p € (0, 1] for all k. Then (5.7) clearly holds, and for a sequence 7 of

divergent type, the specialization xx = p + tx—1 and yx = p?x is Fibonacci positive.

Proof of Proposition 5.13. Denote ry = ty/ar+1, kK > 1 (with rg = 0). For all Fibonacci words w, we
have s5,,(X|¥) = (a1 @) sw(¥"]|y"), where x; = 1+ and y; = r¢. Note that (5.7) implies
that rp > 1+rg_; forall k > 1. Thus, the specialization (X', ¥’) is Fibonacci positive of divergent type,
and so is (X, y). O

Proposition 5.14. Let f = (11,12, 13, .. .) be a strictly decreasing sequence of convergent type. Then the
sequence y1 = (yt1,yt2, 13, ...) is of convergent type whenever 0 < y < 1.

Proof. Form > 0, let

A (ms 7) =1+yt, + 72tmtm+1 + 73tmtm+1tm+2 +...,
Boo(m,y) = Ytme1 — (1 + Yty — Vi) Vims2 Ao (m +3,77),
¢o(y) =11 — (1 —yt11)12Ax(3,7).
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Clearly, A (m,y) is convergent for any y > 0, so we only have to address the nonnegativity of B, (m, y)
whenever 0 <y < landm > 0.
Consider two cases, f; < land¢; > 1.Ift; < 1, we have

(I -yt

¢o(y) 2 R(y) forall y 20,  where — R(y):=1-— v
— Vi3

Furthermore, R(0) = t; — t, > 0, and R(y) only vanishes at

nh—1n

= — < 0.
ti(tz —t1)

Yo

It follows that R(y) > O for all ¥ > 0, which forces

¢o(y) >0 and Bw(0,v) >0 forall y>0.

If t; > 1, then ¢o(y) > O whenever % < y < 1. For y within the range 0 < y < i] the inequality

¢o(y) = R(y) is valid, and we may again conclude that ¢y(y) > 0 whenever 0 < y < %
The nonnegativity of B, (m,7y) for m > 1 follows from

tme1 = (14t = tm+1)tm+2Aoo(m + 3),

together with Ac(m) > Ac(m,y) and t,, — te1 = Ytm — Ytms+1 Whenever O < y < 1. This completes
the proof. O

6. Examples of Fibonacci positivity

Here we present several Fibonacci positive specializations, starting with divergent type.

6.1. Divergent type examples
We use the standard g-integer notation [k], = (1 — g5/ (1 =q).

Definition 6.1 (Examples of divergent type). We introduce a list of Fibonacci positive specializations
(X, ¥) related to sequences of divergent type. The naming of some of the specializations is motivated by
connections with Stieltjes moment sequences and the Askey scheme developed in Part [I. We consider
the following specializations:

e Charlier (deformed Plancherel). x; = k+p— 1, yx = kp for p € (0, 1]. It reduces to the Plancherel
specialization for p = 1.

o Type-I Al-Salam-Carlitz. x; = pg*~! + [k — g, vk = pg*! [k]q for p € (0,1] and g € (0, 1).

e Al-Salam-Chihara. x; = p + [k — 1],, yx = p[k], for p € (0,1] and g € [1, 00).

e g-Charlier. x; = pg®*2 + [k - g1+ p(g - l)qk_2), Yk = pqzk—2[k]q(1 +p(q - 1)qk_1) for
p.q € (0,1].

e Cigler-Zeng. x; = ¢*~', yi = ¢ — 1 for ¢ € [go, ) where go ~ 1.4656 is the unique real root of
73 = 22 + 1. This specialization can also be deformed to x; = ¢*' + p — 1, yx = p(g* = 1) with
p € (0, 1]. The name comes from a family of orthogonal polynomials introduced in [19].

Proposition 6.2. The specializations in Definition 6.1 are Fibonacci positive and are of divergent type.

Proof. Let us examine the Fibonacci positivity in each case using the classification (Theorem 4.12) and
the operations preserving Fibonacci positivity (Theorem 4.12 or Proposition 5.13).
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The Charlier case follows from Theorem 4.12 with ¢, = p and t; = kp~' for all k.

For the Type-I Al-Salam—Carlitz case, take t; = (pg*)™! [k]q4, so the A (m)’s clearly diverge. We
have ti1 — tr = (pg**")™! > 1, so 7 is of divergent type. To get the desired specialization, we use
Theorem 4.12 with ¢ = pg*~!.

For the Al-Salam—Chihara case, take t; = p~! [k]g4, so the A (m)’s clearly diverge. We have
trel =t = p~ g% > 1, so 7 is of divergent type. To get the specialization, apply Theorem 4.12 with
cr = p~! forall k.

For the g-Charlier case, take t = [k], (1+p(gq - Dg*1)/(pg**) and cx = pg**~2 in Theorem 4.12.
The series A (m) diverges for all m. Moreover,

—2k—2((p_ 1)qk+1 _qu+q+1).

kel —tk=p g
One can check that this expressionis > 1 for0 < p < 1,0 < g < 1. Thus, 7 is of divergent type.
Finally, for the Cigler—Zeng case, we have ¢; = 1 and 75 = g — 1, so the A, (m)’s clearly diverge.
The difference t41 —t; = g¥ (g —1) > 1 forall ¢ > go where go ~ 1.4656 is the unique real root of the
cubic equation z° = 7% + 1.
This completes the proof. m}

Inspired by another member of the Askey scheme, we conjecture that the corresponding specialization
is Fibonacci positive:

Conjecture 6.3. There exist values of p and q for which the following specialization (which we call the
alternative g-Charlier) is Fibonacci positive:

q* ' (1+pg" 2 + pg*™" — pg*?) p a2 (1-4")(1+pg"")

xk = £ )’k = )
(1+pg?*)(1 +pq2k—1)2(1 + pg?k-2)

(1 +pq2k—3)(1 +pq2k—1)

where k > 1. The sequences ¢ and t are computed for this specialization by Proposition 4.4:

_ 4" (1+pd"T) _pd" ' (1-g")(1+p )

= =
k k (1+pg%)(1+p g1

bl

(1 +pq2k—1)(1 +pq2k—2) ’
where also k > 1.

For future use in Section 6.2 below, we introduce a family of divergent specializations that deform
the Plancherel specialization:

Definition 6.4. Let p € (0, 1] and o € [1, o) be two parameters. The fake shifted Charlier special-
ization (see Remark 6.8 below for a discussion of the name) is defined as

0, k=1,
= =plk+o-1), k>1. 6.1
Xk {k+p+o__2’ kso Ok plk+o-1) (6.1)

It corresponds to setting t; = p~' (o + k — 1) and ¢ = p, where k > 1. The convention #y = 0 implies
that x;z = 1. When o = p = 1, the specialization becomes the Plancherel specialization xx = yx = k.
One can check directly by Definition 4.6 that the 7-sequence 7 = p~! (o + k — 1) is of divergent type.

Remark 6.5. When p = 1, the specialization (6.1) can be obtained from the Plancherel specialization
by applying a right shift (Proposition 5.11) with 71 = o. The extra parameter p can subsequently be
incorporated via Proposition 5.13 with @y = p for all k. This implies that the fake shifted Charlier
specialization is Fibonacci positive.
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Figure 2. Plot of the sequences ty for the shifted Plancherel specialization with y = 0.5 and y = 5,
together with the reference asymptotic behavior 1/k. We see that the t’s are unimodal. For some 7y,
two of the neighboring ty’s may become equal (cf. Proposition 5.1 which prohibits consecutive triplets
of equal t’s). For example, t, = t3 for y =~ 0.147.

6.2. Convergent type example: Shifted Charlier specialization
The next example is a deformation of the Charlier specialization by means of a new parameter o :

Definition 6.6. Let p € (0, 1] and o € (1, o) be two parameters. The shifted Charlier specialization
is defined as

xp=k+p+o -2, vk = (k+0o-1)p. (6.2)

It reduces to the Charlier specialization in the limit as & — 1. When p = 1, we call (6.2) the shifted
Plancherel specialization. The latter reduces to the usual Plancherel specialization in the limitas o — 1.

Proposition 6.7. Forall o > 1 and 0 < p < 1, the shifted Charlier specialization is Fibonacci positive
and is of convergent type.

In the limit as o0 — 1, the convergent type of the specialization becomes divergent (see Proposition
6.2). Note that for p = 1 and integer o > 2, the statement of Proposition 6.7 follows in a simpler way
from Proposition 5.8 by applying left shifts to the Plancherel specialization.

Proof of Proposition 6.7. We thus first deal with the case p = 1. Denote y := o —1 > 0. One can check
(for example, using the tridiagonal recurrence) that for p = 1 and xx = yx = k + vy, the A-determinants
(2.10) are sums of the Pochhammer symbols:

k
A=) 05 =Dy - D), 6.3)
j=0

This immediately implies that these determinants are positive. Moreover, one can check that asymptot-
ically, we have t; = yrAx_1/Ar+1 ~ 1/k as k — oo. See Section 2 for a plot showing unimodality and
eventual decay of the sequence 7. Therefore, the series Ao (m) (4.4) converges for all m.?

Therefore, if the shifted Plancherel specialization is Fibonacci positive, it must be of convergent type.
To conclude the positivity in the case p = 1, observe that the B-determinants are explicit,

Bir(m)=m+1+v, k,m > 0. (6.4)

2Note that since the shifted Plancherel specialization does not have the form xj = 1 + yi_; (in particular, x; = 1 + 7y instead
of 1), the series A (0) is not the limit of the expressions Ag (6.3). In particular, the series A (0) converges, while clearly
limg 00 Aj = +00.
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Indeed, one can deduce this by expanding the tridiagonal determinants and observing a three-term
recurrence relation. The expressions (6.4) are evidently positive.

Let us now consider the remaining case 0 < p < 1. Observe that if a sequence 7 defines a Fibonacci
positive specialization via (4.8), and we set

xp =cr(p+1r-1), Vi = PCkCr+1tk, (6.5)

then the new 7-sequence is given by t = tx/p. This implies that for general p € (0, 1), the series A, (o)
also converges. It remains to check the positivity of the determinants Ay and By (m) (2.10).

Consider first the determinants Ay and By (m) with m > 1. Recall the fake shifted Charlier special-
ization (Definition 6.4), and let x; and y} denote its parameters (6.1). It is Fibonacci positive and of
divergent type. Our shifted Charlier specialization (6.2) differs from its fake counterpart only insofar as
x] = p is replaced by x| = p + . In particular, the determinants By (m) for all m > 1 are the same in
both specializations, and hence are positive. By linearity in the first row, the determinants Ax and By (0)
for two the specializations are related as follows:

Ap = Ap+yAr (1), Bi(0) = BL(0) — vy Ar_, (3), (6.6)

where A} (m), By (m) are the determinants for the fake shifted Charlier specialization, with indices
shifted by m. From (6.6), we immediately see that A; > O for all k.

The determinants By (0) require a different treatment. Fix k and denote by f(p) = B,(:) ) (0) the
determinants constructed from the general p-dependent specialization (6.5). We already showed that
f(1) > 0. Clearly, f(0) = 0. Therefore, f(p) has an even number of roots on (0, 1), counted with
multiplicity. One can check that this polynomial is explicitly given by

k

flp)=pc1--crs2 Zpk_j (1 = Vjck - tjuo) otz -+ - 1ju1, 6.7
=0

where #; = (i + y)A;—1/Ai+1 (see Proposition 4.4), and where A; is the sum (6.3). This implies that
f(0) =ty ---trs1 > 0. We claim that the coefficient sequence of (6.7) has exactly one sign change.
This would imply that f(p) has at most one root in (0, 1), and hence is positive for all p € (0, 1). This
would finish the proof.

Let us now check the claim about the sign changes. The first coefficient is

-1t = —1/()/3 +4y2 +4y+1) <0,
and the last coefficient is #1#; - - - tx4+1 > 0. We will show that if y is such that #; — #,, > O for some

m > 3, then t; — t,,,+1 = 0. The quantity ¢; — t,, is a rational function with a positive denominator, and
its numerator is equal to

m+l1 m
Y+2) D)=+ Dy +m+1) Y (1) =y0m() = (m = 1),
Jj=0 Jj=0

where the Q,,’s are certain polynomials. One can check that both polynomials Q,,(y) and O (y) —
m Q-1 (7y) have nonnegative integer coefficients for all m > 3. The condition #; — ¢, > 0 is equivalent
to Qm(y) = (m —1)/y. We have

Omer =m/y = (Qms1 = Qm = 1/¥) + (Qm —(m = 1) /7).
>0
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We also see that

7(Qm+] —Om - 1) - (7Qm - (m - 1)) = 7(Qm+l - 2Qm) +m =2,

and for m > 3 this polynomial has nonnegative integer coefficients. This implies that Q41 — Om —
1/y = 0, and hence we get the claim about the sign changes. This completes the proof of the
proposition. i

Remark 6.8. Throughout the paper, we focus mainly on the shifted Charlier specialization rather than
the fake one from Definition 6.4. In the case p = 1 (shifted Plancherel specializations), we compare the
asymptotic behavior of the fake and the true shifted Plancherel specializations in Sections 14 and 17.2
(in two different regimes). Surprisingly, we observe that they are the same for both regimes.

6.3. Convergent type example: Power specializations

Let us consider two more examples of convergent type of the form

%

tk = T oa=12, k>1, (6.8)
where x is a positive real parameter. We call these the power specializations. Note that we must have
a > 1, see Example 5.6.

Proposition 6.9. There exist upper bounds %(“), o= 1,2, with %(1) ~ 0.844637 and x(2) ~ 1.41056,

()

such that for all 0 < x < x, ", the specialization (6.8) is Fibonacci positive and of convergent type.

In the proof and throughout the rest of the paper, we use the standard notation for the hypergeometric
functions and Pochhammer symbols:

al,...,d
rFs(bi

) Z EZSZ Ezr;;t jcl (@ =ala+1)---(a+k=1). (69

Proof of Proposition 6.9. We have for integer o:
2 3

A(m) = 1+ * * + a +
T e T e+ D m®(m + 1) (m + 2)°

o F(m) o r . -
rZ:O(F(m+r)) _lFa(l,M,...,m,x).

« times

The desired inequality
Boo(m) = Im+l — (1 +im — tm+l)tm+2 Am(m + 3) >0

can be rewritten as

V1 4 x %
e\ e 0T G G el ma 30 2 0.
o times

As a function of x, one can check that B, (m) vanishes only at x = 0 and at a value z(“) € (0, o) for
each m > 0. Furthermore, the sequence {%(“) : m > 0} is strictly increasing, and consequently, the
f—sequence will be of convergent type if and only if 0 < » < %EO‘). The bounds are numerically found to

be x\" ~ 0.844637 and »\? ~ 1.41056. -
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Part I1. Fibonacci positivity and Stieltjes moment sequences

In this part we examine Fibonacci positivity in light of the well-known correspondence (due to [28],
[72], [20], [65], [59]) between semi-infinite, totally positive, tridiagonal matrices and Stieltjes moment
sequences. We recall the general setup related to Stieltjes moment sequences, continued fractions,
tridiagonal matrices, orthogonal polynomials, Motzkin polynomials, and Toda flow in Section 7. In
Section 8 we derive general formulas for Stieltjes moment sequences in terms of the ¢- and 7-sequences
associated with a totally positive tridiagonal matrix. These formulas involve sums over noncrossing set
partitions, and we also provide an expression involving a sum over compositions. In Section 9 we obtain
a different formula for Stieltjes moment sequences arising from Fibonacci positive specializations; this
expression, again written in terms of the corresponding ¢- and 7-sequences, is given by a sum over
all set partitions. In Section 10, we connect some examples of divergent type defined in Section 6.1
to the Askey scheme of orthogonal polynomials. Finally, in Section 11, we treat the shifted Charlier
specialization (Section 6.2) from the moment sequence perspective.

7. Stieltjes moment sequences and total positivity
7.1. Stieltjes moment sequences and Jacobi continued fractions

Recall that a sequence @ = (ag, a1, az, . . . ) of real numbers is called a strong Stieltjes moment sequence if
there exists a nonnegative Borel measure v(dt) on [0, co) with infinite support such that a,, = fom t"v(dt)
for each n > 0. The following result may be found, for example, in [65]:

Theorem 7.1. A sequence of real numbers a = (ag,ay,ay,...) is a strong Stieltjes moment sequence
if and only if there exist two real number sequences, X and ¥, such that the matrix A(X |y ) defined in
(4.1) is totally positive, and the (normalized) ordinary moment generating function of a,

M) =y 2, (7.1)

n>0 4o
is expressed by the Jacobi continued fraction depending on (X|y) as

1
M(z) =Jz5(2) = 7 (7.2)
1

2
ya2z

2
y3z
1 —x3z - —

1-x1z-
1 —xz—

Moreover, the equality between the generating function M (z) (7.1) and the continued fraction J %3 (2)
(7.2) is witnessed by the recursion

Pn+1(t) = (t _xn+l)Pn(t) _ynPnfl(t)’ nx1, PO(t) =1, Pl(t) =1-x.

responsible for generating the polynomials P,,(t) which are orthogonal with respect to the nonnegative
Borel measure v(dt) on [0, c0) whose moment sequence is d.

A putative or “formal” moment sequence d can always be combinatorially determined from any pair
of sequences ¥ and ¥ by calculating the associated Motzkin polynomials. Specifically, the ratio a,, /ag can
be expressed as the generating function of all length-n Motzkin paths, where each up-step ,” at height
k is weighted by y, and each horizontal step — at height k is weighted by xx;. Figure 3 illustrates an
example of a weighted Motzkin path of length seven.
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Figure 3. An example of a Motzkin path ofweightxlxgylyz.

Below we list the first four (normalized) formal moments which are the Motzkin polynomials:

a/ap = xi,

az/ao :x%+y|, (73)
as/ag =x? +2x1y1 +Xx2y1, '

4 2 2 2
as/ap = xj +3x7y1 +y] +2x1x02y1 + X391 + y1y2.

Remark 7.2 (Permutation statistics and Jacobi continued fractions). Jacobi continued fractions and their
associated moments are connected not only to Motzkin paths (and set partitions, as we explain below
in Section 8), but also to permutation statistics. One of the most recent examples of such connections is
[9], which relates a 14-parameter Jacobi continued fraction to permutation enumeration.

It would be very interesting to combine the random permutations arising from this 14-parameter
enumeration with the Young-Fibonacci RS correspondence, which we describe in Section 16 below.
The resulting measures on Fibonacci words may coincide with certain clone Schur measures. We do
not develop this direction further in the present work.

7.2. Toda flow

By Theorem 7.1, the fact that the sequence d, as in (7.3), is realized by an infinitely supported,
nonnegative Borel measure is equivalent to the total positivity of A(X | ) (4.1). Conversely, sequences
X and ¥ can be constructed from a Borel measure v(dt) using the Toda flow [35, 51], which we now
recall.

Having v(dt), consider its exponential reweighting e’ v(dt). The moments of the reweighted mea-
sure satisfy

dn b a
()= Foanle). where an(e)= [ eeruian =Y g

- n>0

The sum on the far right is the exponential moment generating function of v(dr). As functions of o,
the associated tridiagonal parameters x, (¢) and y, (o) for n > 1 must obey the Toda chain equations,
namely,

d
d—xn(Q) =yn(0) = yn-1(0);
9 (7.4)

% yn(0) = yu(0) (Xn+1(0) — xn(0)).
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Their solutions are given by

A oo Bnl0)
xn(0) = log An1(0)

do
=Tr(H; (@ B (@) - Te(H;L (@) B, (o)),

An—l (Q) An+1 (Q)

yn(0) = An(.Q)2

Here, A, (0) = detH,,(0), and H,, (o) and Hﬁ,l) (o) are the Hankel matrices

ao(o) ai(e) ax(o) -+ ai(o) ax(o) asz(o) -+
ai(o) ax(0) as(o) -+ B d ax(0) a3 (o) as(o) -+
H,(0) = ay(0) az(0) as(o) -+ | (0) = 2oHn(0) = as(e) au(o) as(e) |-

nxn Hankel matrix nxn Hankel matrix

37

(7.5)

In Hf,l)(g), we used the fact that digak(g) = ay+1(0). For example, the solutions for xx (o) and yx (o)

fork =1,2 are
(o) = 1@ 22(0) = a3 (o) = 2ap(0)ai(0)az(0) + ag(0)as(o)
: N ao(ao(0)az(0) — a*(0)) ’
(o) - 0(@a2(0) ~ ()
: @ (0) ’

y2(0) =

ao(0)(ao(0)az(0)as(o) +2ai(0)az(0)az(o) — a2(0)as(0) — ao(0)a3 (o) - a2(Q))

(ao(0)az(o) - az(Q))

The sequences X and y for the original measure v(df) can be obtained by setting o = 0 in (7.5).
We emphasize that the Toda flow preserves total positivity: Given two initial sequences X and y for
which the matrix A(X | y) is totally positive, the matrix A(X(0) | ¥(o)) remains totally positive for any
o < 0.Here, X(0) = (x1(0),x2(0),...) and y(0) = (y1(0), y2(0), ... ) are solutions of the Toda chain

equations given by (7.5).

Example 7.3. Consider the Poisson distribution

vo(dn = e Y B F(sk(dr)
k>0

(7.6)

where 0y is the Dirac delta mass at k. This distribution is obtained by applying the Toda flow, with
“time” o = log(p), to the Poisson distribution v\ (df), and then renormalizing by e'™. Indeed, the

associated tridiagonal parameters have the form

xp(0)=n+p-1=n+e®-1 and y,(0)=pn=en.

and satisfy the Toda chain equations (7.4). Note that for all p € (0, 1] these tridiagonal parameters
are Fibonacci positive; equivalently, (X(0), y(©)) is Fibonacci positive when the Toda flow parameter

satisfies o € (—o0,0].
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Fibonacci positivity is stronger than total positivity. This presents two natural questions:

Problem 7.4. What are the properties of moment sequences and nonnegative Borel measures vz 5 (dr)
associated with Fibonacci positive specializations (¥, y) by Theorem 7.1? Can these moment sequences
and measures be characterized in a meaningful way?

Problem 7.5. Does the Toda flow preserve the space of Fibonacci positive specializations (X, y) for
values of the deformation parameter o within some interval (—R, 0] with R > 0?

We do not address these problems in full generality here.

Remark 7.6 (Toda flow). Along with the Poisson measure (Example 7.3), the shifted Charlier special-
ization xy = p+ 0 +k -2, yx = p(oc+k — 1), k > 1, also satisfies the Toda chain equations (7.4),
after the same change of variables p = e€. Thus, in the shifted Charlier case, the Toda flow preserves
the Fibonacci positivity when o € (—o0,0].

In contrast, the Type-I Al-Salam—Carlitz, Al-Salam—Chihara, and g-Charlier specializations we con-
sider in Section 10 below do not satisfy the Toda chain equations with the natural change of variables
p = exp(o). This is not evidence against a positive answer to Problem 7.5, but indicates that the associ-
ated Toda flow may require a different, more intricate parametrization.

8. Combinatorics of Stieltjes moment sequences

In this section, we present general results on Stieltjes moment sequences associated with a totally
positive specialization (¥, y ), without assuming that it is Fibonacci positive.

8.1. Statistics on noncrossing partitions

We begin describing the moments by connecting set partitions and Motzkin paths. Recall that 7 € I1(n)
denotes an arbitrary set partition of {1, ..., n}. It is always presented in canonical form, that is,

n=Bi|B|---|B,,

where the blocks By, ..., B, are ordered such that min B; < --- < min B,. We say that i precedes j
whenever i = by and j = by, for some 1 < s < £ where B = {b] < --- < by} is a block of 7 whose
elements are listed in increasing order.

An element of a block of size one is called a singleton. An element is called an opener if it is not
a singleton and it is the minimal element in its block. Likewise, an element is called a closer if it is
not a singleton and it is the maximal element in its block. An element which is neither a singleton, an
opener, nor a closer is called a transient. The sets of singletons, openers, closers, and transients of a set
partition 7 € II(n) are denoted, respectively, by §(x), O(x), C(r), and T (rr). Clearly, these four sets
are disjoint, and their union is {1, ..., n}.

A set partition 7 € II(n) is often depicted by arranging the numbers {1,...,n} in increasing
order from left to right on the horizontal x-axis. An arc is drawn in the upper half-plane between
i,j € {1,...,n} whenever i precedes j. The ensemble of arcs can always be drawn so that any pair of
arcs cross at most once and no more than two arcs cross at any point in the upper half-plane. A set
partition 7 € T1(n) is said to be noncrossing if its arcs are pairwise noncrossing; the set of noncrossing
set partitions of n is denoted NC(n).

Fori € {1,...,n}, let I';(;) denote the set of openers or transients @ < i such that i < b, where b
is the element succeeding a in the same block of &. For i € C(x) U J (n), let y; () be the position of
the opener or transient in I';(7r) preceding i, where we list the elements I';(7) = {a; < --- < ag} in
increasing order. Kasraoui and Zeng [46] showed that a set partition 7 € I1(n) is uniquely determined
by the tuple (O, C, §, T') together with the integers y; () fori € C(n) U T (n).

Remark 8.1. Note that 7 € NC(n) if and only if y; () = #I';(rr) foralli € C(x) U T (7).
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Figure 4. Examples of arc ensembles of set partitions m = 135|29|4|678 (left) and n’ =
1912354678 (right). Note that n’ is noncrossing, while n is not. In n, the openers are 1,2, and
6, the closers are 5,8, and 9, the transients are 3 and 1. Finally, 4 is the only singleton of «.

Example 8.2. Consider the set partition m = 135|29|4|678 of n = 9. In this case, we have

O(n) = {1,2,6}; I3(m) = {1,2}, y3(n) =1

C(n) = {5,8,9}; Is(7) = {2,3}, ys(m) =2;
S(n) = {4} I7(7) = {2,6}, y2(m) =2;
T (m) =1{3,7} Ig(7) ={2,7}, ys(m) =2;

[y(7) = {2}, Yo(m) =1,

and I'y (71) = @, [ () = {1}, Ty () = {2,3}, Ts(n) = {2}.
Denote also

b(m) = #{1<i<n:#i(n) =k}, k>0,

gm(m) : #{i EC(mM)VUT (n) :yi(n) = m}, m>1 @1

In Example 8.2, we have
bhm =1,  6(m)=3, GL@=5  ga@)=2  g)=3,
and all other £, (7r) and g () are zero.

Remark 8.3. Notice that {y(7) > 1 and i (7) > g (7r) for any set partition & € I1(n).

Lemma 8.4. Let 1 € NC(n), and let p = max{k : €; () > 0} = max{k : g () > O}. Then for p > 1,
we have (i () > gi(m) = 1 whenever 1 < k < p while {,,(n) > g,(m) > 1 (for p = 0, we simply
have €y = n and g1 = 0). In particular, this implies that g(r) = (g1(x), ..., &gp(n)) is a composition of
#(C(7) UT (), while £(r) = (bo(m), ..., €, (7)) is a composition of n.

Recall that a composition of m is a sequence of positive integers summing to .

Proof. First, observe the following changes in #I'; (r):

e If iis an opener, then #I';,| () = #T; () + 1;
e If i is a singleton or a transient, then #I';, () = #I';(n);
e If i is acloser, then #1, (7) = #I; () — 1.

In other words, the sequence (0 = #I'| (x), #[ 2 (x), ..., #[ (), 0) is a Motzkin path with n steps. The
number of visits to level k of this path is counted by £ (7). If we label the horizontal steps of the path by
either color O (if i is a singleton) or color k, where k is the height of the horizontal step (if i is a transient),
then gy (7r) counts the number of down-steps that start at level k£ > 1, and also the number of horizontal
steps at level £ > 1 that have positive color. Note that the latter count is only valid for noncrossing set
partitions, see Remark 8.1 (and also the extension to all set partitions in Section 8.2 below). The quantity
p is the maximal level visited by the path, so clearly £,(7) > g, () > 1. For any k < p, the path must
eventually rise from level k to level k + 1, so we get the strict inequality. This completes the proof. O
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2 2 2
1 |

0
Figure 5. The Charlier histoire V), corresponding to m = 135|29|4|678.

Denote by nest(rr) the nesting statistic of a set partition 7 € I1(n), which counts the number of pairs
(a, b) and (c, d) where a precedes b and ¢ precedes d in 7, while the nesting inequality a < ¢ <d < b
holds.

Lemma 8.5. For any n € I1(n), we have

nest(r) = Z (k — gi(n). (8.2)

k>1

Proof. For each quadruple a < ¢ < d < b contributing to the nesting statistic, note that d is not an
opener or a singleton (since ¢ precedes d), hence d € C(n) UJ (). Moreover, a € T';(r), since b > d.
Because ¢ precedes d in 7, the element a € I';(r) can be any of the first y4 () — 1 elements of [';().
Clearly, for fixed d, the y4 () — 1 choices of a yield all the nestings for which (c, d) is the inner arc.
For each k, and for every gi () elements d € C(r) U T () with y4(7) = k, there are exactly k — 1
choices for a € T'y(7). This completes the proof. m]

8.2. Charlier histoires

Let us extend the correspondence between noncrossing set partitions and Motzkin paths (given in the
proof of Lemma 8.4) to all set partitions. A length-n Charlier histoire is a colored Motzkin path of
length n, where each — step at height & is assigned a nonnegative integer color € {0, . . ., k}, while each
\ step from height k to k — 1 is assigned a positive integer color € {1, ..., k}. Let §, denote the set of
length-n Charlier histoires.

Set partitions of 7 and Charlier histoires of length n are well-known to be in bijective correspondence.?
We present a bijection I1(n) — $, which is adapted from [44] and [46], and extends the easier
correspondence for noncrossing partitions from the proof of Lemma 8.4. Specifically, a Charlier histoire
b is constructed from left to right by converting, in order, each element i € {1, ..., n} of a set partition
7 € II(n) into a (colored) step of type { /', —, \\} according to the following rules:

Each i € ©O(n) is converted into an " step at height #I';(7) + 1;

Each i € §() is converted into an — step at height #17; (1) with color y = 0;
Each i € J () is converted into an — step at height #I'; (1) with color y = y;(7);
Each i € C(n) is converted into an “\ step at height #I'; (7r) with color y = y;(n).

Remark 8.6. A set partition 7 € II(n) is noncrossing if and only if each — step of the corresponding
Charlier histoire b, at height k has either color 0 or k, and each ™\ step of f, at height k has color k.
Indeed, this is equivalent to Remark &.1.

Given a Charlier histoire ., let m be the Motzkin path obtained by forgetting the colors. The area
statistic area(m) is simply the Euclidean area lying below m and above the horizontal axis. Note that
area(m) is always an integer. When convenient we abuse notation and write area(r) := area(m). We
will use the following statement in the case-by-case analysis of moments presented in Section 10 below.

3We are grateful to Dennis Stanton for explaining this relationship to us.
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Lemma 8.7. For any set partition n € I1(n), we have

area(m) = Z k(). 8.3)

k>0

Proof. The area under a Motzkin path is equal to the sum of the starting heights of all its steps. By the
construction of ., these heights are equal to #I';(r), and so we have

area(m) = Zn:#Fi(n).
i=1

Grouping by the values of I'; () = k, 0 < k < n, we get the desired identity (8.3). This completes the
proof. O

8.3. Totally positive moment formula

Let M,, denote the set of all Motzkin paths of length n, and let pr,, : $, — M, be the projection map
from Charlier histoires to Motzkin paths which simply “forgets” the colors. By Remark 8.6, there are
exactly 2#Por(™) Charlier histoires b, with 7 € NC(n) and pr,,(h,.) = m for each Motzkin path m € 9,,,
where #hor(m) is the number of — steps in m which are strictly above the x-axis. Thus,

#NC(n) = Z p#tbor(m) (8.4)

meM,

The next result is a multivariate enhancement of (8.4) which incorporates the parameters ¢ and 7
coming from total positivity:

Proposition 8.8. Let (X, ) be a totally positive specialization expressed in terms of the sequences t and
C (4.8), see Proposition 4.4. Then the associated n-th Stieltjes moment is given by

an=" > ] el @, (8.5)
neNC(n) k=1

where the statistics €y () and gi () are defined in (8.1). Note that we do not assume that the special-
ization (X,y) is Fibonacci positive.

Remark 8.9. Our Proposition 8.8 can be viewed as a bivariate refinement of the classical “odd-even
trick” [17, p. 40], see also [20, Section 4].# Specifically, the refinement is obtained by the specialization
Aok—1 = cg and Ay = cr41ty for all k& > 1. In the odd-even construction, an east step at height k is
weighted by Ayx + Aok+1 = Xk+1, While a southeast step at height k is weighted by Ao A2k—1 = yx. Hence
one can deduce Proposition 8.8 from the results of [20]. We utilize an odd-even-like construction in
Definitions 8.12 and 8.16 below. For the reader’s convenience, we include a self-contained proof of
Proposition 8.8 below.

Proof of Proposition 8.5. The recipe in Section 7 for computing Stieltjes moments from the sequences
X and y assigns x4 to each — step at height k and y, to each " step at height k in a Motzkin path
m € IM,,. Since yx = crcr+1tx can be factored into ¢y and cg41fx, we can modify this rule and instead
assign weights to steps as follows:

e cach  step at height k is weighted by cy;
e cach \ step at height k is weighted by cp4+17x;
e cach — step at height k is weighted by x4 = Cr41 + Crs1tk-

4We thank Dennis Stanton for bringing the odd-even trick to our attention.
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| 112
12

Figure 6. Fibonacci ribbon for w = 121122112 with ¢(w) = (2,4,2,4,1) E 13.

We define the weight wt(m) of a Motzkin path m € 9k, to be the product of the weights of its steps.
This weight agrees with Section 7, and we recover the Stieltjes moments a,, = Y., cqn, Wt(mm), as before.

Let us now introduce a weight w(b,) for each Charlier histoire §, € £, with 7 € NC(n). Note that
we consider only noncrossing set partitions 7, in accordance with the desired formula (8.5). By Remark
8.6, we only have to consider the cases where the colors are either y = 0 (for — steps) or y = k (for —
and \, steps at height k). Define the weight w(},) of a Charlier histoire §, € 9, with 71 € NC(n) as
the product of the weights of its (colored) steps, where the weights are given as follows:

e cach / step at height & is weighted by cg;
e cach — step at height k is weighted by ¢4 if ¥ =0, or else by cg41x if ¥ = k;
e cach \ step at height k is weighted by cy+17x-

This system of weights for Charlier histoires ), € $, with 7 € NC(n) is consistent with the weights
wt(m) for Motzkin paths m € I, and the projection map pr,, : H, — M, in the sense that

wim) = > w(be).
n €NC(n)
pr, (hz)=m

Each — step and each “\ step occurring at height k and colored y = k contributes a factor of  to w ().
Since 7 is noncrossing, these steps correspond precisely to the elements in C(xr) U J (7). Clearly, 5
must occur gx () many times. Finally, each " step at height k carries a weight of ¢, while all other steps
at height k carry a weight of ¢y ;. Said differently, the step corresponding to i € {1,...,n} is weighted
ck+1 if and only if #17; (1) = k. Consequently, the total number of steps with weight ¢, is €5 (). Hence,

w(hy) = l_[ C]fk—l(ﬂ') tfk(”)’

k>1

for any 7 € NC(n), and we are done. O

8.4. Compositions and set partitions

We examine connections between set partitions, integer compositions, and Fibonacci words. Every set
partition determines an integer composition, and we introduce a procedure to split a composition into a
unique pair of Fibonacci compositions, each naturally constructed from a Fibonacci word. We present
a more concise reformulation of (8.5) for the n-th Stieltjes moment in terms of compositions, which
involves this Fibonacci splitting.

Definition 8.10. Given a Fibonacci word w = ay - - - a; with a; € {1, 2} and with rank |w| = n, let R(w)
denote the connected ribbon consisting of n boxes O arranged from left to right where the i-th column
contains a; boxes. See Figure 6 for an illustration.

A composition of n denoted by ¢(w) = (51, ...,¢)) is obtained from w € YF,, by letting ¢; record
the number of boxes in the i-th row of R(w), counted from the bottom. Alternatively, we have ¢ = 1+r7,
sp=1l+rp,andgr =2+r; forl < k < p, where w = 12122 - .- 21" is the decomposition of w into
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its runs (see (12.2)). A composition ¢ = (51, ..., sp) is of the form ¢(w) for some w € YF,, if and only
if ¢ Enand ¢; > 1 whenever 1 < i < p. Compositions of this kind are called Fibonacci compositions.
The Fibonacci word in YF,, corresponding to a Fibonacci composition ¢ = (g1, ..., ) of nis denoted
Fib(g).

The relationship between Fibonacci words and Motzkin constructions developed in Sections 8.2 and

8.3 starts from the following observation.

Lemma 8.11. For any n € I1(n), the sequence
t(n) = (bo(7m), ..., Ep(m)), p = max{k : {x () > 0},

is a Fibonacci composition of n.

Proof. First, we observe that £(rr) is a composition of n for an arbitrary (not necessarily noncrossing)
set partition 7 € II(n), due to the very construction. Next, we have £, (r) > 1 forall 1 < k < p, since
{x (mr) counts the number of visits to level k in the Motzkin path m corresponding to 7 as defined in
Section 8.2. A Motzkin path visits each of its nonmaximal levels at least twice, and so we are done. O

Definition 8.12 (Splitting of a composition). Letx = (x, ..., x,,) be a composition of an integer n > 1.
We associate with x two auxiliary Fibonacci compositions of n, denoted A(x) = (a1, ..., ap+1) and
B(x%) = (B1,...,Bp+1), where p = |m/2], defined as follows:

o Ifm <2,set A(x) =B(x) =x.
o Ifm=3,set A(%) = (x1,%2 +x3) and B(x%) = (1 + x3,%2).
e For m > 4, define

X k=1 p
r -5 L=p+ ) 1, k=1,
= Hok—2 +x2k-1, 25k < p, By = =
Hp, k=p+1,m=2p, 1 + %252, 2<k<p,
xop +%2ps1,  k=p+1, m=2p+1, %2p, k=p+1.
Definition 8.13. For a composition % = (1, ..., %,) of n, we denote

u(x) := Fib(A(x)), v(%) := Fib(B(x)).
We call u(x), v(x) € YF, the Fibonacci words associated with a composition x.
Lemma 8.14. The map
x — (u(x),v(x))

is injective from Comp(n) to YF, X YFE,. Furthermore, the maps ¥ +— u(x) and » +— v(x) define
surjections from Comp(n) to YF,,.

Proof. The injectivity assertion follows from the fact that the map
x — (A(x),B(x))

is injective from Comp(#n) to Comp(n) x Comp(n). The fact that the image consists of pairs of Fibonacci
compositions is irrelevant for injectivity.

For surjectivity, given w € YF, let ¢(w) = (51, ..., §p+1) Where p = fi(w) > 0 is the number of 2’s
in w, and define % = (%1, ...,%2p) by setting #; = ¢ and %3, = §p41 With

%2k=§‘k+1—1f0r1Sk<p,
nop—1 =1 forl <k <p.
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When fi(w) = 0, that is, w = 1", then set # = (n). By construction A(x) = B(%) = ¢(w). This settles
the surjectivity claim. O

Definition 8.15. Let ¢ = (51, ..., sp) be a Fibonacci composition of n. Its depletion is the composition
dep(¢) = (01,...,6p-1)
of n — ¢; — p + 1 defined by
ok =6ks1—1 (1 <k<p-2), Op-1=¢6p.

By convention, we set dep(1") = @ where @ is the empty composition. Clearly, dep(g) = dep(t) if and
only if @ = 7 for any Fibonacci compositions ¢, T of n.

For a composition % = (%1, ..., x,) we adopt the standard shorthand
x . Kl Xxp ® . A %xp
¢ i=cl ey, =t 1y,

which will be used throughout.
Definition 8.16. Let 7 € NC(n) be a noncrossing set partition. Define
si(m) =b(n),  sk(n) =gk(m), o1 (m) = () — gr (7).

where 1 < k < p and where p = max{k : {x () > 0}. Set

. (51(”)7--~552p+1(ﬂ))’ iffp(ﬂ') >gp(77),
3(m) = .
(51(m), ..., 50p(0),  ifLp(m) = gp(n).

Clearly, 5 () is a composition of 7.

Introduce a sequence of independent parameters A= (A1,A42,43,...) and apply the odd-even trick
[17], [20] (cf. Remark 8.9) by specializing cx = Ax—1 and tx = Aog /A4 for k > 1. With this
specialization, we have ¢l gg(m) = 25(m)

Lemma 8.17. For any noncrossing set partition € I1(n) we have
((m) =A(3(m)  g(r) =dep(B(3(m))).

Proof. Set » = 3(m), and apply Definition 8.12 to compute a = A(x) = (@1,...,@p+1). We have
a; =x; =4{. For2 < k < p, we have

g = nop-2 + #ok-1 = k-1 + (k-1 — 8k-1) = Ci—1.
One can also check that @11 = £, in both cases m = 2p and m = 2p + 1, which completes the proof of
the first equality.
Similarly for 8 = B(%) = (81, ..., Bp+1), we get its depletion § = dep(/3):
Ok = Pre1 — 1= (1+gik) =1 =g, l<k<p-1,

and 6, = 8,41 = %2, = gp. This completes the proof of the second equality. O

Proposition 8.18. The map n — z(n) is surjective from NC(n) onto the set Comp(n) of all compositions

of n.
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Observe that the sizes of the sets agree with the statement:
#NC(n) = Catalan(n) > 2"~ = #Comp(n), nxl,

where Catalan(n) is the n-th Catalan number.

Proof of Proposition 8.18. Fix a composition % = (x1,...,%;) | n and set
t =A%), g :=dep(B(x)).

Suppose that there exists a Motzkin path (with labelled horizontal steps) whose statistics are precisely
¢ and g, interpreted as in the proof of Lemma 8.4. In this case the desired statement follows. Indeed,
starting from such a Motzkin path one constructs a noncrossing set partition in the standard way: up-
steps and down-steps are regarded as openers and closers, respectively, and are matched in the usual
nested order as in the classical bijection between Dyck paths and noncrossing pairings. Each horizontal
step is treated as either a singleton or a transient, according to whether its color is O or the height of the
step, respectively; in the transient case the element is placed into the block determined by the nearest
adjacent up- and down-steps.

Let p = max{k : € > 0} and assume p > 0 (the case p = 0 is trivial: the horizontal path at height
zero corresponds to the set partition consisting entirely of singletons). By construction, the compositions
t=(6,01,...,0p) and g = (g1, ...,8p) satisfy the properties {x > gx for 1 < k < pand{, > gp, as
in Lemma 8.4.

We construct an inventory of steps for a labeled Motzkin path m of length n. This inventory will
consist of the number of up-steps (Uy from level k — 1 to k), down-steps (D from level k + 1 to k),
horizontal steps corresponding to singletons (Hp x on level k), and horizontal steps corresponding to
transients (H x on level k) at each height k£ > 0. This inventory satisfies

O =Ux +Dy+Hox +Hi i and 8k = Dy—1 + Hy g, k>1, (8.6)

and {p = Do + Hy o. Furthermore, we have the relations Uy = Dy_1, and Uy = D, = 0.

We determine the number of steps of each type recursively in a certain deterministic way, starting
from the maximum height p and working downwards. Note that the choices we make are not unique,
but they ensure that a given composition x is represented by a unique labeled Motzkin path m with the
prescribed statistics £ and g.

First, set D, = 0, and consider k from p down to 1. We set

Uy = Dy_1 = min(gg, €1 — gk-1) = 1, (8.7
then set
Hyx = gk — Di-1, Hox =€k — gk — Dy, (8.8)

where Dy is determined in the previous step. The choice of Dy_; (8.7) is valid since then both Hy
and Hy ;. defined by (8.8) are nonnegative, and identities (8.6) hold. Finally, for k = 0, we set

Uy =0, Ho,o =ty — Dy,

where Dy is determined in the previous step, and there is no Hy  for k = 0.

Having an inventory of steps, we can arrange them in some prescribed order, for example, first use
the maximal number of available up-steps, then all horizontal steps corresponding to singletons, then
horizontal steps corresponding to transients (for the current height), then one down-step, then repeat the
process (use one up-step if available, and so on). This produces a Motzkin path, and correspondingly, a
noncrossing set partition m, for which we have £(rr) = £ and g(7) = g, and 5(7) = 2. An example of a
Motzkin path is given in Figure 7.

This partial inverse of the map 7 +— () ensures its surjectivity, and so we are done. O

https://doi.org/10.1017/fms.2025.10165 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10165

46 L. Petrov and J. Scott

Figure7. Alabeled Motzkin path for the compositiont = (1,1,2,4,1) |= 9 as in the proof of Proposition
8.18. The path has statistics £ = (1,3,5) and g = (1,4), and yields the noncrossing set partition
7w =19|2456|3|78. Note that the statistics are the same as for the noncrossing example in Figure 4,
but the resulting set partition is different.

Remark 8.19 (Alternative proof via a canonical lift of the 5-map). Fix a composition» = (%, ..., %)

E n. We outline a recursive construction of a noncrossing set partition 7 = (%) € NC(n) such that
{(n) = A(x) and g() = dep(B(x)). Read » from left to right and build 7 from a previously constructed
noncrossing set partition 7 = m(%) corresponding to a subordinate composition # |= 7 < n. Blocks
of 7 are denoted B (7), ..., B, (7). Set 1(®@) = @ for the empty composition @, and use the notation
S+j={s+j:5€S}

Case 1:If 1 > 1,letx = (%1—1,%7,...,%,) (son = n—1), and define 7 with blocks By (7r) = {1} and
By () = Bi—1(m) + 1 for k > 2. Then £y(7r) = €o(7) + 1, €, () = & (7) for k > 1, and gy () = g (7)
forall k > 1.

Case 2: If %7 = 1, let % = (#3,...,%y) (S0 n = n —x; — 1), and define 7 with blocks B;(xr) =
{1,...,2} U {n} and Br(m) = Bi_1(7w) + #p for k > 2. Then {y(n) = 1, {1(x) = () + %2,
Ci () = b1 () for k > 2, and g1 () = %2, gx () = gi—1(7) for k > 2.

In both cases, no crossings are introduced. Assuming inductively that £(7) = A(x) and g(7) =
dep(B(#)), one can check that £(r) = A(x) and g(n) = dep(B(x)).

We restate Proposition 8.8 as a sum over compositions using Proposition 8.18:
Corollary 8.20. Let (X,¥) be a totally positive specialization expressed in terms of the sequences f and

C as in (4.8); see Proposition 4.4. Then the associated n-th Stieltjes moment is given by

an = Z N(x) ¢ A00) ¢dep(B(x) (8.9)

% € Comp(n)

where N(x) = #{n € NC(n) : 5(n) =2}, and where A(x) and dep(B(x)) are gvien in Definitions 8.12
and 8.15.

8.5. Multiplicity matrix

Let us discuss the multiplicities N(x) appearing in Equation (8.9). First, by Proposition 8.18, this
multiplicity is nonzero for all % € Comp(n). Thus, there are 2"~! summands in (8.9) all of which are
positive. Since

Catalan(n) = #NC(n) = Z N(x),

%2 €Comp(n)

the Stieltjes moments a,, may be thought of as defining a multivariate extension of the Catalan numbers
in the parameters ¢ and 7. If we specialize c; = 1 (or#; = 1)forall k > 1, then the polynomial expression
for a, in (8.9) collapses to a sum of F), distinct monomials, each with a positive integer coefficient,
where F), is the n-th Fibonacci number. This observation leads us to the following construction.

Definition 8.21 (Multiplicity matrix). For a pair of Fibonacci words u,v € YF,, set N,,, = N(x) if
u = u(x) and v = v(x) for some composition » € Comp(n). By Lemma 8.14, this composition is unique
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Ny, (221 212 2111 122 1211 1121 1112 11111
2111 0 0 1 O 0 0 0
21210 2 0 2 O 0 0 0
211110 0 1 0 3 3 1 0
12210 0 0 2 O 0 0 0
12110 0 O O 4 6 2 0
112100 0 O O O 6 3 0
11120 0 0 0 O 0 4 0
1i1rrp 0 0 0 0 O 0 0 1

Figure 8. The coefficients N, ,, from Definition 8.21 whenn = 5. We have #NC(5) =42 =5-1+4-2+
3-342-4+42-6and2* = 16 = 5+4+3+2+2. Upper triangularity is a manifestation of Conjecture 8.22.

if it exists. Otherwise, set N, = 0. Order the Fibonacci words in Y[, lexicographically, and arrange
the multiplicities N,,,,, into an YF, X YF, matrix denoted by N,,. By Lemma 8.14, the diagonal entry
Ny, is nonzero for each u € YF,,. See Figure 8 for an illustration.

By Proposition 8.18, the matrix N,, has 2"~! nonzero entries whose sum is Catalan(n) = #NC(n).
The following conjecture makes use of the dominance order > on Fibonacci words u, v € YF,,. Recall
from [54] thatu > vifu=uy---upandv=vy---vyin YF,, and uy +--- +ug > vy +--- + vy forall
1 < k < min(p, q).

Conjecture 8.22. The matrix N, is upper triangular. Furthermore, if N, , is nonzero then u > v and
f(u) = h(v), where h(w) denotes the total hike, that is, the number of 2’s appearing in a Fibonacci
word w.

Problem 8.23. Calculate N(x) for any x € Comp(n) directly in terms of the composition itself.
Alternatively, calculate N, , in terms of the pair of Fibonacci words u,v € YF,. In particular find
necessary and sufficient conditions for when N, , vanishes.

9. Moments for Fibonacci positive specializations

Let us now consider the Stieltjes moments in the case when the specialization (X, y) is Fibonacci positive
and of divergent type (see Definition 4.6). We continue to use the definitions and notation from the
previous Section 8.

In this case, we can further express the n-th Stieltjes moment a,, as a sum over all set partitions of n.
The next result is a multivariate version of the enumerative formula

#H(}’l) - Z I—[ k#downk(m) I_l (1+k)#hork(m)7

meM, k>1 k>0

where horg (m) and downy (m), respectively, count the number of — and \ steps at height k taken by
a length-n Motzkin path m € M,,.

Proposition 9.1. Ler (X, ¥) be a Fibonacci positive specialization of divergent type
xp=crk+e +- - +e€-1), Vi =cCkCrrl (k+ €1+ +€r), k>1, 9.1

where ¢ and € are sequences of positive real numbers uniquely determined by (4.7) and Corollary 4.9.
Then the associated n-th Stieltjes moment is given by

an = Z l—lc,fk"(ﬂ)(l+ek)gk(”).

nell(n) k>1
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Proposition 9.1 is not a corollary of Proposition 8.8 or Corollary 8.20, although its proof is similar
in spirit. Note that here the sum ranges over all set partitions, whereas in Proposition 8.8 the sum ranges
only over noncrossing set partitions.

Proof of Proposition 9.1. Since yr = cxcr+1(k + €] + -+ + €) can be factored as ¢ and cg41(k + €] +
-+ + €), we modify the rule described in Section 8 and assign weights to steps of a Motzkin path
m € IM,, as follows:

e cach  step at height k is assigned weight cg;
e each \ step at height k is assigned weight ¢4 (k + € +-- - + €x);
e cach — step at height k is assigned weight x4) = g1 + Cre1(k + €1 + -+ - + €x).

Likewise, we introduce weights w(h,) for each Charlier histoire §, € $,, where 7 € II(n) is an
arbitrary set partition. Specifically, define w(h,) as the product of the weights of its (colored) steps,
where the weights are given as follows:

e cach / step at height k is assigned weight cy;
e cach — step at height k is assigned weight cx.1 if ¥ =0, and ¢ (1 +€,) if y € {1,...,k};
e cach *\ step at height k with color y € {1, ..., k} is assigned weight ci41 (1 +€,).

As in the proof of Proposition 8.8, this system of weights for Charlier histoires is designed to be
consistent with the Motzkin weights and the projection map pr,, : £, — M, that is,

wim) = > w(ba),
7 ell(n)
pr,, (hr) =m

The same reasoning as in Proposition 8.8 shows that
W) =[] o™ 1+ e
k>1

for any 7 € I1(n). O

Remark 9.2. It would be interesting to find an analogue of Proposition 9.1 for the convergent case of
Fibonacci positive specializations.

The moment polynomials in Propositions 8.8 and 9.1 (depending on the variables cg, tx or cy, €x)
should not be confused with the well-known multivariate Bell polynomials [8], even though the univariate
Bell polynomials arise as Stieltjes moments for the Charlier Fibonacci positive specialization. We discuss
the latter fact, along with its variants for other families of orthogonal polynomials, in Section 10 below.

10. Fibonacci positive examples from the Askey scheme

Here we consider a number of examples of Fibonacci positive specializations introduced in Section 6,
and connect them to orthogonal polynomials from the (g-)Askey scheme.

10.1. Charlier specialization

10.1.1. Orthogonal polynomials
For p € (0,1],setxx = p+ k — 1 and yx = pk for all k > 1. In this case, the orthogonal polynomials
satisfy the three-term recurrence

Ppyi(t) = (1= p = n)Py(t) — pnPp_y(1).
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These are readily recognized as the classical Charlier polynomials. The associated orthogonality measure
is the Poisson distribution v} (7.6) with the parameter p. This measure is supported on Zs. For more

Pois

details on Charlier polynomials we refer to [48, Chapter 1.12].

10.1.2. Stieltjes moments
The moments a,, of v, are the Bell polynomials (sometimes called Touchard polynomials), which have

Pois

the combinatorial interpretation
an = Bu(p) = Zﬂen(n) pffolocks(z) (10.1)

where #blocks () counts the number of blocks in a set partition 7 € I1(n).
Observe that the moment generating function M (z) (7.1) is the confluent hypergeometric function

1Fi (1; 1- %; —p) (see (6.9) for the notation).

Remark 10.1. The moments (10.1) can be recovered from Proposition 9.1. To do so, observe that c; = p
and 1+e; = 1/pforall k > 1 and use the identities Y; 5 | €xk—1(7) = nand X; 5 | g« (1) = #(C(7)UT (7))
along with the fact that n — #(C(x) U T (xr)) = #blocks(rr) for any set partition € I1(n).

10.2. Type-I Al-Salam—Carlitz specialization

For p, q € (0, 1], define x; = p ¢*~' + [k — 1], and yi = p g*~![k], for k > 1.

10.2.1. Orthogonal polynomials
The corresponding orthogonal polynomials satisfy

Puni(t) = (t = pq" = [nlg) Pu(t) = pg" 0]y Puzi (1),

and appear in [22], where they are denoted P, (t) = C,(;O )(t; q). These polynomials can be identified
with the Type-I Al-Salam—Carlitz polynomials U,(la) (x;q) = Uy(x,a; q) via a change of variables and
parameters, namely,

t 1 -1
- - 5 ;q .
p p(l-q) p(1-q)

See [48, Chapter 3.24] for more details on the Al-Salam—Carlitz polynomials U, (x, a; g). In particular,
they satisfy the orthogonality relation

P.(1) =C¥ (t;q) = p" U, (10.2)

1
/ wo (X, a3q) Un (x, a5 q) Un(x,a59) dgx = (1 = q)(=a)"q"" "V"*(q; @)n Linen
a

where
o (v, asq) = —4% Do 4%/ Pes
T (g e (a3 @) (/@3 4o

and where

/1f(X) dgx = (1-gq)| > flg")q" - a ). flaq")q"

n>0 n>0

is the Jackson integral. As usual,

(g =(1-2)(1-zg)---(1-2¢""), and (z;¢)e = nkgo(l )

are g-Pochhammer symbols.
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In (10.2), we have ¢ € (0,1), and the parameter a must be negative. This is consistent with the
change of variables used in [22], and with the range of values p, g € (0, 1] we consider. In terms of
the variable ¢, the nonnegative Borel measure corresponding to the Type-I Al-Salam—Carlitz Fibonacci
positive specialization is supported by the discrete subset

1
[klq.pq" +
{ K l-g¢

10.2.2. Stieltjes moments

The n-th moment a,, of the orthogonality measure for P, (¢) is given by a g-variant of the Bell polynomial,
and can also be expressed as a generating function for set partitions:

— — #blocks(7r) inv(m)
dn = Bq,n(p) ._ Znel’[(n) P q ’

which incorporates an additional g-statistic inv(r) counting inversions in the set partition 7 € I1(n).
We refer to [73] and [74] for details.

Remark 10.2. Alternatively, we may apply Proposition 9.1 using cx = p ¢! and 1 + ¢, = p~'¢7* for
all £ > 1. Proposition 9.1, together with (8.2)—(8.3), implies that

_ #blocks(r)  area(rm) #(C(m)UT (n)) nest( )
= P g™ (1/q) (1/q)".
This suggests that
inv(nr) = area(nr) — #(C(x) U T (r)) — nest(n)

for any set partition 7 € I1(n), but we do not prove this here.

10.3. Al-Salam—Chihara specialization

Recall that the Al-Salam—Chihara specialization depends on two parameters p € (0, 1] and g € [1, o0),
and has xx = p + [k — 1], and yi = p [k], for k > 1.

10.3.1. Orthogonal polynomials
The orthogonal polynomials satisfy the three-term recurrence

Pn+l(t) = (t P [n]q)Pn([) _p[n]an—l(t)~

They appeared in [4] and [47] under the notation C,(t, p; ¢). In the latter reference, P, (t) = C,(t, p; q)
were identified with the the Al-Salam—Chihara polynomials Q,,(x; a, b | ¢), after rescaling and incorpo-

rating a change of variables as follows:
1 |[1-¢ 1 -1
2N p 1=a] Jp(1-q)

See [48, Chapter 3.8] for more details on the Al-Salam—Chihara orthogonal polynomials Q,,. Note that
our parameter ¢ is greater than one, while in [48] it is classically assumed that |¢| < 1. Because of this,
we cannot identify the nonnegative Borel measure v(dr) (which exists by Theorem 7.1 and serves as the
orthogonality measure for the P, (#)’s) with the one coming from the Al-Salam—Chihara polynomials
in [48].

0 n/2
Pn(t)zcn(tvp;q)z (m) Qn
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The existence of different orthogonality measures for different ranges of parameters is a known
phenomenon, see, for example, [6] or [18]. In particular, for g > 1, the Al-Salam—Chihara polynomials
admit a different orthogonality measure [49]. Let us recall the necessary notation. Denote

én(x;a,b lq) =i "0Q,(ix;ia,ib|q), i=V-1, n>0.

For g > 1 we have, taking b — 0in [49, (16)]:

o0

Z 1+g2%a™? (—a?; q)x gk g3k (1=k)
o 1+a? (q39k

X Qu(3(ag* —a'q7):a,01q) Om(t(ag* —a™'qg7%);a,01q)

= (=¢7'a"% 9 oo (=1)"(¢; @ Lin=n.
(10.3)

One can readily verify that the weights in (10.3) are nonnegative when a = —1/4/p(1 — g) and ¢ > 1.
Moreover, matching the variables in the polynomials, we see that the measure v(dt) is supported on the
following discrete set:

{[k]q +(1- qik)p}kzo C Ry

10.3.2. Stieltjes moments
The moment sequence a,, of v(dt) can be derived from the continued fraction M(z) = J3 5 (z) (7.1)—
(7.2). Moreover, in [47], the combinatorial interpretation of the a,’s was shown to be

a, = B;c’n (p) = Zn o p#blocks(n) qu(ﬂ),

which includes a certain g-statistic counting the number of restricted crossings in the set partition 7.
We refer to [47] for the definition of rc(r).

Remark 10.3. Again, we may appeal to Proposition 9. | using the parameters cx = p and 1+¢; = p~'gF~!
for all £ > 1. Using (8.2)—(8.3), we obtain

— #blocks(7r)  nest(r)
an = Zn ell(n) P q '

This suggests that nest(r) coincides with the statistic rc(r) [47] for all & € TI(n), but we do not pursue
a proof of this here.

10.4. g-Charlier specialization
For p,q € (0, 1], let

xk=pg* P+ [k=1,(1+p(g-1g"?) and yi=pg*2[kl;(1+p(g-1)g""), k=1

10.4.1. Orthogonal polynomials
The orthogonal polynomials satisfy the three-term recurrence

Pt () = (1= pg® = [nlg (14 p(a = Dg" ") )Patt) = pa™ [l (14 p(g = Dg" ") Pas ().

They appear in [74] under the notation V,Ep ) (t; g). Moreover, it follows from [74] that these polynomials
are related to the
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After rescaling and a change of variables, these are exactly the g-Charlier polynomials from the Askey
scheme [48, Chapter 3.23]. Namely, we have (using the notation C,,(x; a, ¢) instead of C,,(¢”*; a, q) as
in [48]):

Pa0) =V (:0) = (=p)"q" "V Co (g = D+ 1:p(1 = g7, (10.4)

Like in the previous Al-Salam—Chihara case, here the g-Charlier polynomials contain the parameter
g~! > 1. Therefore, the classical orthogonality measure [48, Chapter 3.23] does not correspond to
our nonnegative Borel measure v(dt). Instead, we have the following orthogonality for ¢~'-Charlier

polynomials:

© Nk ok ng 1. 1y (_—1,—-1. -1
Z( D4 o ag ) Conlq ag )y = L34 I (4G5 gy
— (g9 (-aq; q)w

The g-Pochhammer symbol (—a ¢; g) in the denominator (as opposed to (—a; ¢)w in the numerator for
0 < g < 1, see [48, (3.23.2)]) comes from normalizing the orthogonality measure to be a probability
distribution.

In terms of our parameters, we have a = p(1 — g~') < 0, which ensures that the orthogonality
measure v(dt) for the polynomials P, (¢) is nonnegative. The support of v(dt) in R, consists of all
g-integers [k],, where k € Z,,.

10.4.2. Stieltjes moments
The moments a,, of v(dt) can be derived from the continued fraction (7.1)—(7.2), and their combinatorial
interpretation is yet another g-variant of the Bell polynomials:

Y . #blocks(7r) inv(x)
ap = Bq,n(p) = Znel‘[(n)p q .

Here the statistic inv(7) is the number of so-called dual inversions of a set partition € I1(n). We refer
to [73] and [74] for details.

10.5. Cigler-Zeng specialization

3

For ¢ > qo where go ~ 1.4656 is the unique root of the equation z° — z> = 1, let x; = ¢*! and

yi =g~ —1forall k > 1.

10.5.1. Orthogonal polynomials
The orthogonal polynomials satisfy the three-term recurrence

Pt (t) = (t = q")Pu(t) = (¢" = )Py (). (10.5)
This is a special case of the more general recurrence
P (1) = (1 = xq") P (1) + s[nlq Pn-1(0), (10.6)

studied in [19]. Whenx = 1 and s = 1 — g, we recover (10.5). It is shown in [19] that solutions of (10.6)
can be expressed in terms of Al-Salam-Chihara polynomials, namely as:

s \"? t [1-g¢g q-1
P = (%3] Q"(E\/T’XVT’O

Forx =1and s =1- ¢, we have P,(t) =i"Q,(it/2;i,0|q) = Qn(t/Z; 1,0|g). We require g > go > 1
which is outside the range of g-values prescribed by the Askey scheme, and so we must again use the
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orthogonality measure adapted for the Qn—polynomials given in (10.3). Whenx = 1 and s = 1 — ¢, the
support of v(dt) in Ry, is {g* — ¢ : k > 0}.

10.5.2. Stieltjes moments

The moments a,, of v(dt) for general values of x and s are the chief concern of [19], where they are
referred to as new g-Hermite polynomials. In general, a, = H,(x, s|q) is expressed as a generating
function for incomplete matchings of n, that is, set partitions of n whose blocks have size at most two.
Specifically, they show

n
an = Hn (x’ s | q) Z Z qc(m)+cr(m)xk (_s)(n—k)/Z,

k=0 meM (n,k)

where the inner sum ranges over M (n, k), the set of incomplete matchings m of n with k unmatched
vertices, and where cr(m) is the number of crossings of the matching m; see [19, page 5] for a definition
of the c¢(m) statistic.

Remark 10.4. Alternatively, when x = 1 and s = 1 — g, we may apply Proposition 9.1, using ¢ = 1
and 1 + e, = (¢ — 1)g*~!, together with the observations Lemmas 8.5 and 8.7 to obtain the following
moment formula:

_ _ #(C(ﬂ)UT(ﬂ')) nest( )
an = Zﬂen(n)(q 1) 4 ’

10.6. Nonexamples

We showed that Charlier, Al-Salam—Carlitz, Al-Salam—Chihara, g-Charlier, and the Cigler-Zeng
Fibonacci positive specializations are related to discrete orthogonality measures for orthogonal polyno-
mials of the respective types. Notably, all the orthogonality measures we obtain have discrete support.
However, not all orthogonal polynomials correspond to Fibonacci positive specializations.

10.6.1. Meixner polynomials

The Meixner polynomials P, (¢) are orthogonal with respect to the negative binomial distribution

(.B)rct
t!

t— ,t € Z>p, where 8 > 0and O < ¢ < 1 are parameters. This distribution has discrete support.

The fecurrence coeflicients take the form
ﬁc+(k—1)(c+1) k(k+ﬁ—1)c
k=

l1-c ’ Tk (1-¢)?

Thus, the sequences 7 and ¢ are (see Proposition 4.4):

clk—=1+p) k

“s I YL

1-c

The coeflicients c are always positive. Thanks to ¢ € (0, 1) in the denominator of 7, the series Ao, (1)
(4.4) diverges. However, then the inequalities x4+ — 1 — #x > 0 take the form

B
‘*xephrizp =2h

which implies that ¢ must be zero. This contradicts the assumption that ¢ > 0. Thus, the Meixner
polynomials do not correspond to a Fibonacci positive specialization for any values of the parameters
and c.

Meixner polynomials are closely connected to a distinguished family of harmonic functions (cor-
responding to the z-measures) on the usual Young lattice Y, which arise in harmonic analysis on the
infinite symmetric group [13].
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10.6.2. Laguerre polynomials
The Laguerre polynomials P, () are orthogonal with respect to the Gamma distribution t®e~" dt on
R0, which is nondiscrete. Here @ > —1 is a parameter. The recurrence coefficients are

xp =2k+a -1, yi = k(k+a).

One of the determinants in (2.10) equals B> (1) = —=55 — 47a — 17a* — o, which is strictly negative for
a > —1. Thus, the Laguerre specialization is not Fibonacci positive for any parameter @ > —1.

10.6.3. Discrete support of the orthogonality measure
The examples and nonexamples considered in Section 10 lead to the following question:

Problem 10.5. Does there exist a Fibonacci positive specialization (X, ¥ ) whose associated orthogonal-
ity measure v is continuous (rather than discrete)?

A partial answer to this question for Fibonacci positive specializations of convergent type can be
deduced from [17, pages 120-121]: If limg . cx < oo, then the orthogonality measure associated to a
Fibonacci positive specialization of convergent type is discrete. This observation provides a sufficient,
not necessary, condition for discreteness. We do not know an if-and-only-if characterization of when
the orthogonality measure is discrete in the convergent case, nor do we have an analogous result for
specializations of divergent type.

11. Shifted Charlier Specialization

Here we consider the shifted Charlier specialization x; = p + 0+ k —2 and y; = (0 + k — 1)p, where
k>1landp € (0,1], 0 € [1, ), see Definition 6.6. It is of divergent type when o~ = 1, and otherwise
it is of convergent type. In this section, we discuss its Stieltjes moments and their generating function.

11.1. Orthogonal polynomials for the shifted Charlier specialization

The three-term recurrence for the orthogonal polynomials has the form
Ppa(t) =(t—p-0—n+1)Pu(t) = p(c +n—1)P,_1(1). (1L.1)
A similar recurrence is satisfied by the so-called associated Charlier polynomials [42], [1]:
aCp(x;a,y) = (n+y+a—-x)6u(x;a,y) = (n+y)6p-1(x;a,7).
Namely, we have the following identification:
Pyp(t) = (=p)" Cu(t;p,0 = 1). (11.2)

The polynomials P, (11.1) can be expressed through the hypergeometric function 3 F; (see (6.9) for the
notation). This follows from (11.2) and [1, (3.6)]:
1).

Remark 11.1. Denote by Q,,(¢) the orthogonal polynomials corresponding to the fake shifted Charlier
specialization (Definition 6.4). One can check that they are related to the polynomials P, (¢) via

N (o =1-0  (—ko-1,k-n
Pn(t)=kz(:)(—p)"k A L I

0n(1) = Pn(t;o-) + (o - I)Pnfl(t;a-"' D).
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Since the properties of the polynomials Q,, (¢) are closely related to those of P, (), we will not explore
this other family of polynomials further.

11.2. Moment generating function

Let us now discuss the moment generating function M (z) = J 3 5 (z) (7.1)—(7.2) for the shifted Charlier
specialization. Define the fractional linear action of 2 X 2 matrices on power series f(z) by

ab _ af(z)+b
(c d)'f(Z) T i@+

Lemma 11.2. The moment generating function M(z) = M(z; p, o) satisfies the following functional
equation:

l-(c+p-1)z -1

M(z;p,o-+l):( op2? O)-M(z;p,o-). (11.3)

In terms of the series coefficients a,, = a, (p, o), this yields the quadratic recurrence

n—1

anat(p.0) = (@ + p = 1)an(p.0) +po Y ax(p.) i1 (p. 0+ 1), (11.4)
k=0

with the initial condition ao(p, o) = 1.

In particular, when o = 1, we know that M (z; p, 1) is the moment generating function for the Poisson
distribution (7.6), and thus M(z; p, 1) = 1Fi1(1;1 — 1/z;—p). We thus have

M(z;p,k) = (l&c(fl_)zlz)z _01) (1;22 _01) IR (11 = 1/z:-p). (11.5)

We are grateful to Michael Somos and Qiaochu Yuan for helpful observations [66] leading to
Lemma 11.2.

Proof of Lemma 11.2. The continued fraction for the shifted Charlier parameters has the form

1

M(z;p,0) = s
(@ p,0) l-(c+p-1)z-0p2M(z;p,0 +1)

(11.6)

since the shifted sequences (X + 1,y + 1) correspond to the specialization under the shift o +— o + 1.
Identity (11.6) is equivalent to the desired functional equation (11.3).
The recurrence (11.4) follows by writing the equation (11.6) as

M(zp.0) (1= (c+p-1)2) =1+0p*M(z:p, 0+ 1) M(z:p,0),
and comparing the coefficients by z/**!. m

Remark 11.3. For integer values o = k € Zs, the generating function M (z;p, k) is derived by
applying a sequence of fractional linear transformations (11.5) to the meromorphic function M (z; p, 1) =
1F1(1;1=1/z;—p). Thus, M(z; p, k) is a meromorphic function of z. Consequently, the support of the
measure v(dt) is discrete, which is likely the case also for all noninteger o > 1.

We can solve the functional equation (11.3) for M(z; p, o) in terms of the confluent hypergeometric
function ; F; (see (6.9) for the notation):
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Proposition 11.4. The moment generating function M (z) = M(z; p, o) of the shifted Charlier special-
ization is given by

. 1F1(0';0'—%;—P)

(o -1io=1-1—p)

M(zp,0) = (1-z(c - 1)) (11.7)

Proof. Equation (11.3), rewritten as the recurrence (11.4) for the coefficients of a generating function
in z has a unique solution. Moreover, identity [52, (13.3.13)] implies that the right-hand side of (11.7)
satisfies the recurrence relation (11.3). Therefore, it remains to verify that the right-hand side of (11.7)
is regular at z = 0 (and hence is expanded as a power series in z). See also Remark 11.5 below for
examples of other solutions to (11.3) which are not regular at z = 0.

We have

R R o(c+1)---(c+r-1) i )
1Fi(o; 0= 4 P)—1+Z(1—gz)...(1_(o_+r_])z) T

and similarly,

zZ°

(11.8)

(I-z(o - 1))1F1(U— Lo-1-1 —p) = 1F1((f— Lo - i;—p) -z(o - 1)1F1((f;<f— l'—p)

is a power series in z with constant coefficient 1. Identity (11.8) follows from [52, (13.3.3)]. Therefore,
the right-hand side of (11.7) is a power series in z, as desired. O

Remark 11.5. Curiously, the functional equation (11.3) has at least two solutions expressible as power
series in z~! with vanishing constant coefficient. If M(z; p, o) = 3,51 mn(p, o)z~ is a solution, then
the recurrence relations for the coefficients take a different form:

(I-p-o)ym(p,0) - 1= pom(p,c)m(p,o+1),
n-l (11.9)
Mmu-1(p,0) = (p+0 = Dmy(p,0) = prfz M1 (p, o) My (p, o + 1), n>2.
k=0

Two choices of valid initial conditions for (11.9) are
mi(p,o)=(1-0)"!
and

U(o, o, —p)

mip, o) = (1-p)U(o, o =1, =p) = poU(c +1, 0, —p)’

where

Ula. B, &) = ﬁ/ome‘ft t* P (1+nf ot ar

is the Tricomi function.
The Tricomi initial condition yields the solution

U(o, o= 1/z, —p)

M(zp,0) = .
(&) (I+z-2p)U(0, 0 = 1-1/z,=p) = zpaU(c+ 1, 0 = 1/z, —p)

(11.10)
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The fact that (11.10) yields a solution to (11.3) can be checked using contiguous relations similarly to
the proof of Proposition 11.4.
Solution (11.10) also arises by first decoupling equation (11.3) through the Ansatz

P(zp,o+1)= (1-(c+p-1)2)P(z:p,0) = Qz:p,0),

5 (11.11)
Q(zsp,o+1)= poz“P(z;p,0),

assuming that M(z; p, o) = P(z;p,0)/Q(z; p, ). We then apply the Fourier transform to (11.11),
solve the resulting 2 X 2 system of ordinary differential equations, and finally apply the inverse Fourier
transform to return to the original function.

It remains unclear whether other solutions to (11.3) exist, or how they might be classified.

11.3. Stieltjes moments for the shifted Charlier specialization

Here we describe the moments a,(p, o) for the shifted Charlier specialization in terms of bivariate
statistics on set partitions.

Definition 11.6. For a set partition 7 € I1(n), let g, () count the number of closers i € C(x) such that
vi(m) = 1. Let #blocks* () denote the number of nonsingleton blocks in 7, and #& () be the number
of singletons in 7.

For the example 7 = 135|29|4|678 (see Figure 4, left), we have g, (7) = 1, #blocks* () = 3, and
#8(m) = 1.

Proposition 11.7. The n-th Stieltjes moment a, (p, o) of the shifted Charlier specialization is given by
the following variant of the Bell polynomial:

* g #S
an(p,o) = Z p#blocks (m) o_g,(ﬂ) (p+0__ 1) (7r).
n eIl(n)

Proof. The proof is an adaptation of the method used to prove Propositions 8.8 and 9.1. We start from
the Motzkin path weighting in Section 7, which assigns the weight xz4+; = p + o + k — 1 to a horizontal
step at height k, and the weight y, = p(0-+ k — 1) toa " step from height k — 1 to height k. Then, we
interpret this as a weighting scheme w () for Charlier histoires | € £,

e  step is weighted by p;
e — step is weighted by p + o — 1 if y =0, orby 1 if y > 0;
e \ step is weighted by o if y = 1,orby 1if y > 1.

As before, let pr,, : 9, — M, be the projection map from Charlier histoires to Motzkin paths which
simply forgets the histoire colors. This projection yields the following weights for the Motzkin paths:

e cach  step at height k is weighted p;
e cach — step at height k is weighted p + o+ k — 1;
e cach ™\ step at height k and is weighted o + k — 1.

Thus, our shifted Charlier moments have the form a, (p, o) = X ear,, Wt(m). Interpreting the weights
through the statistics from Definition 1 1.6, we obtain the desired result. O

Part ITII. Random Fibonacci words and random permutations

In this part, we examine asymptotic behavior of clone coherent measures on Fibonacci words arising
from various Fibonacci positive specializations introduced and discussed in Parts I and II. In Sections
12 to 14, we consider specializations under which the initial segment of a random Fibonacci word has
a large number of 1’s or 2’s, and these numbers admit scaling limits. In Section 15, we shift our focus
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to specializations under which the random Fibonacci words admit discrete-type asymptotics. Finally,
in Sections 16 and 17, we discuss how clone coherent measures on Fibonacci words (and more general
objects) can be used to define ensembles of random permutations. Using Cauchy identities for the clone
Schur functions, we extract asymptotic information about the permutations.

12. Initial part of a random Fibonacci word

In this nonasymptotic section, we obtain general identities for the joint distributions (“correlations’) of
sequences of 1’s or 2’s in the initial segment of a random Fibonacci word distributed according to an
arbitrary clone coherent measure.

A Fibonacci word w can be parsed in two different ways. Looking at consecutive strings of 2’s, define
(h1, hy,...) and (hy, hy,...) by

241, k<m—1,
{ ke " (12.1)

w=2m12hm21 .. 12hm, hi € Zso; hy =
= a0 7 an,, k = m.

The quantities /; appeared in Section 2.2 above. Alternatively, we can look at consecutive strings of
1’s, and define (ry,r2,...) and (7, 72,...) by

+2, k<p-1,
F —{r" p (12.2)

w=1"21"2...21"7, rj € Zso; Tk =
Tp, k=p.

In (12.1) and (12.2), the sequences (%, hy,...) and (r1,r2,...) are called the hikes and runs of the
word w, respectively. We will use the shorthand notation r[; ;| := r; + r;41 + ... +7;, and similarly for
Fli,j1» hii,j1» and hy; j1, and also for open and half-open intervals. In (12.1) and (12.2), the quantities m
and p depend on w, and we have h[j ;) = F[1,p) = [W].

Our goal is to obtain joint distributions for several initial runs or hikes r; or /; under a clone coherent

measure
My (w) = dim(w) - ¢z 5 (W) = dim(w) - M, w € YF,. (12.3)
X1 Xp
As always, we assume that x; # O for all i. We start with runs:
Proposition 12.1. Fix k € Zsy and ry, ..., rk € Zso. Then for all n > 7| ] we have

Kk (nj—rj=1)B, (nj—rj =2
M,,(w:rl(w)zrl,...,rk(w)zrk)zl_[(n] ' )B"(nJ ' ), (12.4)

XnjXnj—1 " Xnj—r;-1

Jj=1
where we denoted nj = n — 71 ;), and used the shorthand notation from Remark 2.4.

Remark 12.2. The sumover ry, . . ., ry of the quantities (12.4) is strictly less than 1. Indeed, for example,
if k = 1, then the word w must be of the form 1" 2u, where the Fibonacci word u is possibly empty. This
excludes the possibility that w = 1”. See also Lemma 13.3 below for an explicit example.

Proof of Proposition 12.1. We have M, (w) = dim(w)s,, (X|y)/(x1---x,). Let w = 1M2... 12y,
where u is a generic Fibonacci word with fixed weight |u| = n — 7|1 & > 0. In particular, the event we
consider in (12.4) requires the word w to have at least & letters 2, and 7; = r; + 2 forall j = 1,... k.
Using the recurrent definition (2.11) of the clone Schur functions, we can write

- > - > k ~
sw@Y) _ suZ1Y) By, (n =71 j1)

XL Xp XXy Xn—rpy )t Xnoipy 41

J=1
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Applying this relation to the Plancherel specialization and using (2.17), we get

k
dim(w) = dim(u) - 1_[ (n =7 +1).
j=1
Summing M,,(w) over all words u eliminates the dependence on u thanks to the probability normal-
ization, and we obtain the desired product. Note that in the product in (12.4), we changed the notation
n—7fu,j=n;-r;—2. m]

Let us turn to hikes. Their joint distributions do not admit a simple product form like (12.4) due to
runs of 1’s arising for zero values of the hikes. Let us denote d; := n — hyy ;) (with dp = d; = n), and

recursively define for j = 1,2,...,m:
0, if j=1;
cj = C]'_1+1, ifdjzdj_l—l; (125)
1, otherwise.

The condition d; = d;_; — 1 is equivalent to h;_; = 0. For example, if & = (2,0,0,0,0,2,0, 1), then
the word w and the sequences d and ¢ have the following form:

w=221111122112, d=(17,12,11,10,9,8,3,2), c=1(0,1,2,3,4,5,1,2). (12.6)

Lemma 12.3. Let a Fibonacci word w = 2" 1 .- .2 be decomposed as in (12.1). Let 1 < k < m be
such that hy > 0. Then with the above notation d;, c j, we have

k-1 h; k Bc(d—Z)
sw@H) =@ | ][] vae2in][ | -

i=1 j=2 j=1 Lajed; -1+ Be; (dj—1) Laj=d; -1

, 12.7)

where u = 211211 ... 120 and we used the shorthand notation from Remark 2.4.

For example, for the word in (12.6) and k = 6, the last product in (12.7) telescopes as

B2(9) B3(8) B4(7) Bs(6)

By (15) B (10) B1(10) B»(9) B3(8) B4(7)

= Bo(15)B5(6).

Proof of Lemma 12.3. This is established similarly to the proof of Proposition 12.1. The first product
of the y;’s in (12.7) comes from the determinants Bg. The second product is telescoping to account for
the recurrence involved in defining the clone Schur functions for words of the form 1%¥2y. Indeed, the
entries of the sequence c are increasing by 1 when there is a run of 1’s in the word w (see the example
in (12.6)). This corresponds to the cases when d; = d;_; — 1 in the denominator. Once the run of 1’s
ends, the next element of the sequence c resets to 1. Then d; # d;_; — 1, the denominator is equal to 1,
and the index of the remaining determinant B,; is precisely the length of the run of 1’s in the word w.
This completes the proof. O

Proposition 12.4. Fix k € Z>y and hy, ..., hi € Zxo. Then for all n > /~1[1,k] + 2 we have

My(w: hy(w) = hy,..., (W) = hi, hger (w) > 0)
By x)+1 Kk hi k+l (d; - 1)B.,(d;j —2) (12.8)
_ . J ci\dj :
= ]_[ x, L l—”_l(di =2j+ Dydg,—2j+1 l—[ 1 7B Jd 01 ,
i=0 i=1 j=2 j=1 tdj#dia-1td; e (dj = 1) Lap=a; 11

where we use the notation dj, c j introduced before Lemma 12.3.
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Proof. Letw =2M1...12" 12y, where v = 2/%+1=11 ... 12" Here v is a generic Fibonacci word with
fixed weight |v| = n — iz[l,k] —2 > 0. In particular, the event we consider in (12.8) requires w to have at
least k letters 1, and the number of hikes m in (12.1) satisfies m > k + 1.

Applying Lemma 12.3 twice — once for s, (X | y)/(x1 - - - x,), and once for s,, (IT) = dim(w) (where
IT is the Plancherel specialization from Example 2.7), we obtain the desired product times dim(v) -
sv(X|¥)/(x1---x)y|). Summing over the generic word v eliminates the dependence on v thanks to the
probability normalization, and we obtain (12.8). O

Unlike for the runs in Proposition 12.1, the result of Proposition 12.4 does not uniquely determine
the joint distribution of the hikes A1, ..., hy. Let us obtain an expression for the probability of the event
hy = 0, which will be useful for the scaling limit in Section 14 below.

Lemma 12.5. For an arbitrary clone Schur measure M, we have

(= Dyny
Xn—1Xn .

M,(w: hi(w)=0)=1 -

Proof. From the recurrent definition (2.11) of the clone Schur functions, we get for any v € YF,,_»:

(I’l - 1)}’n71

Mp(w =2v) = My 2(v).
n—-1Xn
Summing over all v gives the probability that /;(w) > 0, and the result follows. O
13. Asymptotics under the Charlier specialization
Consider the Charlier specialization (Definition 6.1)
xx=k+p—-1 and yx=kp, p € (0,1]. (13.1)

Definition 13.1. For any 0 < p < 1, let 57, be a random variable on [0, 1] with the distribution
pso(@) +(1-p)p(l -y 'da,  ael0,1]. (13.2)

In words, 7,, is the convex combination of the point mass at 0 and the Beta random variable beta(1, p),
with weights p and 1 — p.

Recall the run statistics . (w) (12.2), where w is a Fibonacci word.

Theorem 13.2. Let w € YF,, be a random Fibonacci word distributed according to the deformed
Plancherel measure M,, (12.3), (13.1) with 0 < p < 1. For any fixed k > 1, the joint distribution of the
runs (ri(w), ..., rr(w)) has the scaling limit

"j(W) d

j_l n—oo n
n=2i rilw)

where 1, are independent copies of 1.

Before proving Theorem 13.2, observe that we can reformulate this statement in terms of the residual
allocation (stick-breaking) process, as in Definition 2.3:

ri(w) ra(w) d
: o D X = (X1, X2, . ),
" ;. (X1, X2,...)

where X; = Uy, Xg = (1 =Uy) -+ (1 = Ug_1)Uy for k > 2, and Uy are independent copies of 7, (see
Definition 13.1). Unlike in the classical GEM distribution family, here the variables Uy can be equal
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to zero with positive probability p. Thus, the random Fibonacci word under the Charlier (deformed
Plancherel) measure asymptotically develops hikes of 2’s of bounded length (namely, these lengths are
geometrically distributed with parameter p). On the other hand, if we remove all zero entries from the
sequence X = (X, Xp,...), then the resulting sequence is distributed simply as GEM(p).

Note also that for p = 1, we have Uy = 1 almost surely. This corresponds to the fact that the
deformed Plancherel measure reduces to the usual Plancherel measure. By [38] (see Section 2.2),
random Fibonacci words under the usual Plancherel measure have only a few 1’s. Thus, for p = 1, the
scaling limit of the runs of 1’s is trivial, and instead one must consider the scaling limit of the hikes of
2’s. This is the subject of the next Section 14.

In the rest of this section, we prove Theorem 13.2. First, by Proposition 12.1, we can express the
joint distribution of finitely many initial runs of 1’s in a random Fibonacci word in terms of a discrete
distribution n[(,m) on{0,1,...,m—1}:

B (m—r—1)Br(mr—r—2)F(m+P-r—2), r=0,1,...,m—2,
P(npm — V) — pmr(p) (Wl + ,0) 1 (13.3)
T+ p)’ B

Here B, (m) are the determinants (2.10) with shifts (we use the notation of Remark 2.4). By Lemma
13.3 which we establish below, we have

nf(m—r—l)Br(m—r—z)F(m+P_r_2): P (p) (13.4)

o I'(m+p) T(m+p)
so (13.3) indeed defines a probability distribution.

Proposition 12.1 states that the joint distribution of a finite number of initial runs of 1’s under the
deformed Plancherel measure has the product form

k
MyOw:ri(w) =1, omew) =) = [ PGS = 1)), (13.5)
j=1
wheren; =n—7; jy=n—(2j-2)-ri—...—rj_,and0 < r; <nj—-2forall j =1,...,k. By (13.4),

we know that the sum of the probabilities (13.5) over all r; with 0 < r; < n; — 2 is strictly less than 1
(see also Remark 12.2 and the proof of Lemma 13.3 below). To get honest probability distributions, we
have artificially assigned the remaining probability weights p"/I"(p)/I'(n; + p) tor; = n; — 1. Since

n_ L) _ p"
I(nj+p) plp+1)---(p+n;-1)

rapidly decays to 0 as n; — oo, these additional probability weights can be ignored in the scaling
limit. More precisely, by Lemma 13.4 which we establish below, each random variable nf,nj ), scaled by
n;l, converges in distribution to 7,. Thanks to the product form of (13.5), the scaled random variables
rj(w)/n; become independent in the limit, and each of them converges in distribution to 1,. This
completes the proof of Theorem 13.2 modulo Lemmas 13.3 and 13.4 which we now establish.

Lemma 13.3. Let B, (m) be the determinants (2.10) with shifts (Remark 2.4), and consider the Charlier
specialization (13.1) of the variables x;, y;. Then for any m > 2, we have

(13.6)

m_z(m—r—I)Br(m—r—2)I“(m+p—r—2)_1 P (p)
2, L(m+p) CT(m+p)

r=0

https://doi.org/10.1017/fms.2025.10165 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10165

62 L. Petrov and J. Scott

Proof. Consider the random word w € YF,,, under the deformed Plancherel measure M,,. From Propo-
sition 12.1, we know that the r-th summand in the left-hand side of (13.6) is the probability that this
word has the form 17 2u, for a (possibly empty) Fibonacci word u. Summing all these probabilities over
r=0,1,...,m -2, we obtain 1 — M,,(w = 1™). We have

_omy _ s(@Dsm(X]F) 0 An(IDALGE]Y) 1-p™
M,(w=1")= = = .
plp+) - (p+tm—=1) plp+1)---(p+m—-1) p(p+1)---(p+m-1)
This completes the proof. O
Lemma 13.4. Let 0 < p < 1. Recall the distribution r]f,m) (13.3). We have
U;(;m) d
— > 1p, m — oo,
m

where 1, is described in Definition 13.1.

Proof. Since P(n[()m) = m — 1) rapidly decays to zero as m — co, we can ignore this probability in the
limit. For an arbitrary specialization (¥, y ), the determinants By (m) satisfy the three-term recurrence:

B (m) = Xpars2Br—1(m) = ymers1Br2(m), k=2, (13.7)

with initial conditions Bo(m) = ymu+1 and Bi(m) = X3 Yimel — Xm+l Yms2. Substituting (13.1), we
obtain
Bi(m) = (k+m+p+1)Br_1(m) — p(k + m +1)Bg_2(m),

(13.8)
Bo(m) = p(m+ 1), Bi(m) =p(m+2-p).

This recurrence has a solution (13.9) whose validity can be verified by direct substitution, using the
standard recurrence relations for the exponential integral E, (z). By the very nature of the three-term
recurrence (13.8) with two initial values, this solution is unique. It has the form

Bi(m) = p** (m+1) = p*1 (1 = p)(m +2)e ™ a3 (—p)

(m+k+2)! (13.9)
+p(1- P)W e P Epii3(=p),
where E, (z) is the exponential integral
E (z) = / tTe¥dt,  r>0, Re(z)>0. (13.10)
1

Since our z = —p < 0, formula (13.10) needs to be analytically continued [52, (8.19.8)]:

_ (= N (-2)* _
E (2) = (r_l)!(w(r)—lnz)— ;) Tt r=1,2,3,.... (13.11)

k#r-1

Here ¢ (r) = I''(r)/T'(r) is the digamma function. The logarithm Inz = In(-p) = iz + Inp has a
branch cut, but all the summands in the remaining series are entire functions of z. Thus, formula (13.11)
produces the desired analytic continuation of E, (—p).

Now, using the series representation (13.11) for the exponential integral, we can show that

lim E,(-p) =0, lim rE,+1(—p) = e”. (13.12)
r—+00 r—+00
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Indeed, ¥ (r) grows logarithmically with r, so the first summand is negligible as r — +co (even after
multiplication by r — 1). The series in (13.11) converges uniformly in z, so we can take the limit of the
individual terms and conclude that E, (—p) — 0 as r — +o0. The second limit in (13.12) follows from
the recurrence r E,41(2) + 2 E,(z) = e [52, (8.9.12)].

Assume that r = |@m], where a € (0, 1). By the standard Stirling asymptotics, the ratio I'(m + p —
r—2)/T(m + p) in (13.3) decays to zero as e~ ™™ Using (13.9), (13.12), we see that

(m-1)!

(m=r=1)B.(m=r=2)~(m=r=1°p"" = (m-r-1p""(1-p)+p(1 - p) ——.
(m—-r-2)!

The first two summands decay exponentially and are thus negligible since p < 1. We have for the third
summand:

(m=-1)! Tm+p-r-2)

—1 _1
(m—r—2)! T(m+p) p(l1-p)~m p(l—p)(l—a')p .

The prefactor m™! corresponds to the scaling of our random variable m‘lnf,m). Note that
1
[ et-pa-arta=1-p,
0
and the remaining mass is concentrated at 0 in the limit:
2
(m) (m-1)%p
P =0) = , .
(5 ) (m+p—2)(m+p—1)_>p m— e

This completes the proof of Lemma 13.4, and finalizes the proof of Theorem 13.2. O

14. Asymptotics under the shifted Plancherel specialization

Here we consider both versions of the shifted Plancherel specialization (Definitions 6.4 and 6.6):

k+o—-1, k=2,
ye=k+o-1, Xp = (14.1)
loro, k=1,

where o € [1, ) is a parameter. Recall that the fake shifted Charlier specialization with x; = 1 is of
divergent type, while the case x| = o is of convergent type when o > 1.

14.1. Limiting distribution: Dependent stick-breaking

First, let us introduce the family of random variables which will serve as the scaling limit of the hikes
of 2’s under the shifted Plancherel specialization.

Definition 14.1. Let

Gla)=1-(1-a)%, g(a):zga—a)%-l, a e [0,1], (14.2)

be the cumulative and density functions of the Beta distribution beta(1, 0 /2). For any o > 1, let

éo:1,€02, - .. be the sequence of random variables with the following joint cumulative distribution
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function (cdf):

n-1
P(égia S ai,....éom S ay) = oG () - Glayn) + (o= 1) Z "G (ay) - G(an—j).
=

(14.3)

Denote the right-hand side of (14.3) by F.7 (a1, ..., an).

Lemma 14.2. The joint cdfs F,(,U) for all n > 1 are consistent, and uniquely define the distribution of
éoi1, €025 - - .. The marginal distribution of each & ;. is

(1 - s0(a) + o g(a)da.

In particular, & 5.1 is absolutely continuous and has the Beta distribution beta(1, o /2), while & 5.k for
each k > 0 has an atom at 0 of mass 1 — o=**', and the remaining mass is distributed according to
beta(1, o/2).

When o = 1, the random variables &, reduce to a collection of independent identically distributed
beta(1, 1/2) random variables.

Proof of Lemma 14.2. Each F,E 7 isa cdf, that is, it is continuous, increasing in each argument, satisfies
the boundary conditions . (0,...,0) =0and F\°’(1,...,1) = 1. The consistency

Fy7 (a1, an1. 1) = F7) (an,. o)

is straightforward.
Let us check the nonnegativity of the rectangle probabilities under F,E‘r). If a rectangle is
n-dimensional, then we can use the fact that

O FL7 (@1, ) = " g(ar) - g(an). (14.4)

which produces nonnegative rectangle probabilities under F, ,5 ) by integration of (14.4). If the rectangle
[ai,b1] X -+ X [an, b,] is of lower dimension, then it must contain zero values a,,, = b,, = 0 for each
nonfull axis, since under F,E o) , there are no other lower-dimensional coordinate subspaces of positive
mass. Observe that F, (@, . .., @m, 0, @mnia, . . ., @) does not depend on ;42 . . . , @y. Thus, it suffices
to check the nonnegativity for each m-dimensional rectangle of the form

[a1,b1] X -+ X [a@m, b] X {0} X - - x {0}
We have
By F\7 (@1, . o, @, 0,...,0) = (0 = 1) o " g(a1) - - g(@m),

which implies the nonnegativity.
We have shown that F,E(r), n > 1, is a consistent family of cdfs, so by the Kolmogorov extension
theorem, they uniquely determine the distribution of the family of random variables &1, €52, - - -

The marginal distribution of each &.x readily follows from its cdf F /EG) (1,...,1,x), and so we are
done. ]

Remark 14.3. Alternatively, the random variables &.x can be constructed iteratively as follows. Toss
a sequence of independent coins with probabilities of success 1,0~!, 072, .. .. Let N be the (random)
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number of successes until the first failure. We have
PN=n)=cD(1-6¢"), n>l. (14.5)

Then, sample N independent beta(1l,o/2) random variables. Set &5, kK = 1,..., N, to be these
random variables, while £,.x = 0 for kK > N. It is worth noting that the random variables &x are not
independent, but &1, . . ., €4, are conditionally independent given N = n.

14.2. Scaling limit under the shifted Plancherel specialization

Recall the hike statistics /i (w) and A (w) (12.1), where w is a Fibonacci word.
Theorem 14.4. Let w € YF,, be a random Fibonacci word distributed according to the clone coherent
measure M, (12.3) with either of the shifted Plancherel specializations (14.1). For any fixed k > 1, the
Jjoint distribution of the hikes (h1(w), ..., hx(w)) has the scaling limit
hj(w) d
=S hi(w) "o

fojr J=1k,

where & 5.; are given by Definition 14.1.
Remark 14.5. In terms of the stick-breaking process, Theorem 14.4 states that

) ha0) ) 4 x - (%),
n n
where X1 = Uy, Xx = (1 = Up)--- (1 = Ug—1)Ug for k = 2, and Uy = &5 are dependent random
variables if o > 1. Due to the dependence structure of the &1 ’s (see Remark 14.3), a single zero in the
sequence {X;}>1 makes all subsequent X;’s zero. Thus, a growing random Fibonacci word under the
shifted Plancherel measure has a growing number of 2’s in (almost surely) finitely many initial hikes
of lengths proportional to n. These initial hikes are then followed by a growing tail of 1’s. We refer to
Section 17.3 for another approach to the asymptotics of the shifted Plancherel measure, and a detailed
discussion of the limiting behavior of the total number of 2’s.
When o = 1, the £,.k’s do not have the point mass at 0, and are independent and identically
distributed as beta(1, 1/2). The sequence X almost surely has no zeroes, and is distributed simply as
GEM(1/2). In this special case, our Theorem 14.4 reduces to the result of [38] recalled in Section 2.2.

Proof of Theorem 14.4. Step 1. We use Proposition 12.4 which expresses the joint distribution of initial
hikes h;(w) (where j = 1,..., k) as a product (12.8). This product involves the determinants By (1)
which for the shifted Plancherel specialization take the same simple form for all sizes, see (6.4), where
v = o — 1. In the case of the fake shifted Charlier specialization, By (m) for m > 1 are the same as
in (6.4). Note however that as n — oo, the quantity By (0) (which differs for the two specializations)
does not enter the joint distribution of a fixed number of initial hikes. Thus, the limiting behavior of the
initial hikes under the two specializations is the same, and we may consider the case x; = o, which is
more convenient due to the uniformity of notation.
For the shifted Plancherel specialization, the factors in the product (12.8) are equal to

1
it _T(to—hp - 2)_f1na+¢ﬁ—24ﬁg
T'(n+o) 1 (o +d;) ’
i=0 =1 (14.6)
k h; k 2h;-2 di 1 di a
i 2hi2p(d _ Lyp(dy g )
[T]Tedi =27+ Dya-2m = G

i=1 j=2 L D%+ D% -+ S
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and the last product involving the determinants B, is equal to

™ (di - 1)(di + 0 -2)

_t Insoori=1 +di(di+ 0 = D1y =0 1is1 ’

(14.7)

12

Here and in (14.6), we used the notation d; = n — h[y ;), and the fact that the condition d; = d;_1 — 1 in
(12.8) is equivalent to h;_; = 0 (fori = 1, we have d; # dop — 1, so 1,50 = 1). Note that for the shifted
Plancherel specialization, the dependence on the quantities c¢; (12.5) disappeared.

Step 2. Let us now consider the asymptotic behavior of (14.6), (14.7) as the d;’s grow to infinity. We
examine two cases depending on whether the hike is zero or is also growing. We have for the factors in
(14.7) fori > 1:

<4 (14.8)
lhi_1>0 + di (dl % 1) lhi—]:O

(d; = 1)(di +0 =2) d?, hii >0,
1, hiy=0.

For the two products in (14.6), we have

C(o+diy1 —2- 1) 22h,«—21~(% - %)F(% +5-1)

~d7TEN (] ) T2 (14.9)

[(o +d;) D% -+ % -m+g)
where h; = |@;d;/2], 0 < a; < 1. Note that we inserted the factor 1/2 since hikes count the 2’s, so
hi ~ a/idl-.
Step 3. Consider first the situation when all ay,...,ay are strictly positive. Then the product of

the quantities (14.8), (14.9) over all i (which is asymptotically equivalent to (12.8)) has the following
behavior as n — oo:

a1d; ardy
2

k
Mn(w: hy(w) = { J,...,hk(w) - [ J,hk+](w) > 0) ~ o+ [ a2 %(1 —a)$.
i=1

(14.10)

Here we used the fact that dy, = dx —2h—1,s0d2, di>(1—ay) ™2 ~ 1. Since the density $(1-u) %!

of beta(1, o/2) integrates to 1 over (0, 1), we see that there is an asymptotic deficit of the probability
mass equal to 1 — o-~. This deficit mass is supported by the event

k+1
U{w: hi(w) = 0}.
i=1
By Lemma 12.5, we have
n—1
M,(w: hiy(w)=0)=1—- —— — 0, n— oo,
n+o -1

In particular, M,,(w: h;(w) > 0) — 1, and the event {h| = 0} is asymptotically negligible.

Now consider the case when some of the «;’s are zero in the left-hand side of (14.10). Then, due to
(14.8), there is an extra factor of dj_.2 for each j > 2 with aj_; = 0. This means that the probability that
at least one of the /;(w)’s is zero (for some 1 < j < k) while hg.1(w) > 0 is negligible in the limit.
Therefore, we conclude that

lim M,(w: hge1(w) > 0) = lim M, (w: hi(w) > 0,..., h(w) > 0, hgar (w) > 0) = %
n—oo n—oo
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for all k > 0. This implies that for all k > 0, all the deficit probability mass 1 — o from the left-hand
side of (14.10) is supported on the event {44 = 0}.
Step 4. Define for each k > 1 the joint cdf

Fi(ay,...,ar) = nlgrgoMn(w: hi(w) < |laidi/2], ..., hi(w) < |ardy/2])

of the scaled hikes (i1 (w)/d\, ..., hx(w)/dy). The observations in Step 3 imply that
Froi(ay,...,ax1) = Fr(ai,...,ax-1,0) = o *1G(ar) - G(ar-y), (14.11)

where G(-) is the cdf of the beta(1, 0/2) random variable given by (14.2). Note that G(0) = 0. We
see that it remains to find the functions Fy (a1, ..., ax—,0) for all k > 1. Iterating (14.11), we see that
these functions are consistent as long as there is at least one zero, that is,

Fr(ai,...,@r2,0,0) = Fr_1(ai,...,ax-2,0),
and so on.
Differentiate (14.11) in a, . . ., @x—1. Then, because of the probability mass deficit at level k — 1, we
have
Oan,.anr Ficr (@1, .. oanmr) = 072 g (@) - - glar-r),

where g(a) is the density of the beta(1, o-/2) random variable (14.2). Therefore,
o s Fi(@r, .o, @1, 0) = (00 = 1) o™ g(ar) - g(ag-r). (14.12)

Using (14.12), we can now compute Fy (a1, ..., k-1, 0) by induction on k and iterative integration.
We have F(0) = 0, then

0o, F2(1,0) = (0 - Do 'g(a1)) = F(a1,0) = (0 - Do 'G(ar) + F2(0,0),

but by consistency, F>(0,0) = F;(0) = 0. For general £, the first integration in ag_; yields

—k+1

Oar,.caps Fr(ar, .. ar-1,0) = (0 = Do " glay) - - - g(ar2)G(ak-1) + Fr_1(ay, . .., ax-2,0).

This procedure of iterative integration yields the unique solution for Fy (a1, .. ., ak-1,0), and this leads

to the formula for the joint cdf Fy(aq,...,ax) = F,E(r) (a1, ...,ar) (14.3) of the limit of the scaled
hikes. This completes the proof of Theorem 14.4. O

15. General convergent specializations and type-I components

In this section, we consider Fibonacci positive specializations under which random Fibonacci words
have a growing prefix of 1’s, followed by a Fibonacci word of almost surely finite size. This leads to
asymptotic behavior of discrete nature, different from the cases discussed in Sections 13 and 14 above.

15.1. Type-1 components of coherent measures

The next definition follows [40]:
Definition 15.1. A Type-I Fibonacci word? is an infinite Fibonacci word formed by appending a prefix
consisting of infinitely many digits 1 to a Fibonacci word. A Type-I Fibonacci word can be uniquely

5Not to be confused with Type-I Al-Salam—Carlitz polynomials or similar specializations, as these objects are unrelated. The
term “Type-I” in Fibonacci words comes from connections to Type-I factor representations of AF-algebras associated to the
branching graph [40, Section 4].
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expressed as either 1 or 1°°2w, where w is a finite suffix in YF. Denote the (countable) set of all Type-I
words by 1°YTF, and the subset of all Type-I words of the form 12w, w € YF, by 1°2YF c 1*YF.

A Type-I word 1w can be viewed as the equivalence class of infinite saturated chains vy " v;
vy /' -+, starting at vo = @, with v;, = 1""™w for all n > m, where |w| = m. We call infinite saturated
chains of this kind lonely paths.

Definition 15.2. If ¢: YF — R, is a nonnegative, normalized harmonic function and 1*°w is a Type-I
word, we define:

i (1%w) = nh_I)I(}o Mpin (1"w),

where w € YF,,,, and M} denotes the coherent measure on YF; associated to ¢ by (2.4). We call the (in
general, subprobability) measure uy(-) on 1°YF the Type-I component of the harmonic function ¢.

Note that 0 < M,,4,,(1"w) < 1. Moreover, M., (1"w) is weakly decreasing in n, and so the limit
ur(1°w) € [0, 1] exists for all w € YF.

Let (X, y ) be a Fibonacci positive specialization
xp = cp (L +1x-1), Yk = Ck Cka1lks k>1.

Here 7 is a sequence of either convergent or divergent type (Definition 4.6), and ¢ is any sequence
of positive real numbers. Let ¢z 5 be the corresponding clone harmonic function, and let u; be the
associated Type-I component on IWYF.

Lemma 15.3. We have

(e8]

m(™) =] [ @+ (15.1)

i=0

Moreover, if T is of divergent type, then (1) vanishes.
Proof. We have dim(1") = 1 and s;»(X|y) = c; - - - ¢, for all n. Using (2.15), we see that

M,(1") = 1( *13) dlm(I")—H1+t

which converges to the desired infinite product (15.1).
For a divergent type sequence 7, we have (using the notation (4.4))

0 =Ax(l)=1+t;+t11p+t1t2t3+... < l_[(l+ti),

where we used the fact that the #;’s are nonnegative. As the reciprocal of the product in (15.1) goes to
infinity, we have u1(1%°) = 0. O

For a convergent type sequence 7, we either have u;(1%°) = 0 or 0 < u1(1%°) < 1. The next statement
discusses the latter case.

Proposition 15.4. Let 7 be of convergent type, and let uy(1®) > 0. Then

Z y1(1°°2w)=(m+1)Boo(m)]_[(1+ti)_1, m >0, (15.2)

weYF,,

where Bo,(m) is defined in (4.4). Moreover, uy(1°2w) > 0 for all w € YF.
In contrast, if u(1°) =0, then uy(1°YF) = 0.
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Proof. For any w € YF,,, we have by (2.11):

Stnaw (X]¥) = Buoi(m) sy (X 7).
Therefore, by (2.2), we can write

m+n+2

xi)(m+ 1) My (w) By (m) l_[ X (15.3)
i=1

—

Mm+n+2(1n2W) = (

i=1

The factor B,,—;(m) converges as n — oo to B, (m) (4.4). Assuming that uy(1%°) > 0, we see that the
limit as n — oo of (15.3) is

m—1
ur(17°2w) = JEEOMm+n+2(]"2w) = (ll:!(] +t,~))(m + l)Mm(w) %, (15.4)

which is positive. This means that pu(1°2w) > 0 for all w € YF. Summing (15.4) over all w € YF,,
(which is a finite sum), we get the desired claim (15.2).

In contrast, if u(1°°) = 0, then the limit of (15.3) is determined by the growing product of the xl.‘1 ’S
which goes to zero as n — oo. Therefore, the probability weight of each Type-I word vanishes in this
case. O

Remark 15.5. Both the shifted Plancherel specialization and the power specialization with a = 1 (see
Sections 6.2 and 6.3 for the definitions) are of convergent type, but are not supported on Type-I words
since uy(1%°) = 0. This is not surprising for the shifted Plancherel specialization, since by Theorem
14.4, the corresponding random Fibonacci word starts with a growing prefix of 2’s. We briefly discuss
the (conjectural) asymptotics of random Fibonacci words under the power specialization with o« = 1 in
Section 15.3 below.

Proposition 15.6. Under the conditions of Proposition 15.4, if uy(1%°) > 0, then we have uy(1°YF) = 1.
Proof. Multiply identity (3.6) from Remark 3.5 by [T}_,(1 + tr)~" (recall that o = 0):

n-1 n-2
[Ja+u) 1+Z(m+1)Bnm2(m)l_[(l+tk) =1 (15.5)
k=0

We aim to take the limit as # — oo inside the sum in the left-hand side of (15.5). This would yield

l_[(1+tk) +Z(m+1)B (m)l_[(1+tk) !
m=0

k=0
ﬁ L+t + Z Z (m + 1) My (w) Boo (m) l_[(l+tk)_1 (15.6)
k=0

m20 |w|=m k=m

w1+ D7 (1%2w),

weYF

which is the desired result.
However, in order to justify the passage from (15.5) to (15.6) (the interchange of the limit and the
summation), we need the convergence

n—1 00
(m+ DBuma(m) [ |(1+8)7™ = m+ DBo(m) [ [( 4107, n— o,
k=m k=m
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to be uniform in m (and then apply the dominated convergence theorem for series). Note that in (15.5),
we have n > m + 2. That is, we can already turn the sum over 0 < m < n — 2 in (15.5) into an infinite
sum, by adding the zero terms for m > n — 2.

For the products, we have

n-1 o n—-1 o m—1
[a+w=[Ja+w = Ja+w" -[[a+w|- [ [+, (15.7)
k=m k=m k=1 k=1 k=1

where HZ:II (1 + tx) is bounded in m, so (15.7) converges to zero uniformly in m.
It remains to establish the uniform convergence in m of (recall that n > m + 2)

0, n<m+2;
(m+1D)Bp_m—a(m) =1 (m+ Dy, n=m+2;
(m+ 1) (tme1 — (L + b = s ) tms2An-m—3(m +3)), n>m+2,

as n — oo, Observe that mt,, — 0 as m — oco.

Indeed, this follows from the convergence of the infinite product [];, (1 + #¢), which is equivalent
to the convergence of the series .37 | x (since the f;’s are nonnegative). Moreover, since the t,,’s
eventually weakly decrease to zero (Propositions 5.3 and 5.4), we can use Cauchy condensation test to
conclude that mt¢,, — 0.

The convergence mt,, — 0implies that we can discard finitely many terms withn—K—-3 <m < n-2
from the sum in (15.5), as they converge to zero. Let us fix some K > 5 once and for all. For the remaining
terms, we can write

|(m + l)Bn—m—Z(m) - (m + 1)(tm+1 - (1 +im = tm+l)tm+2Aoc(m + 3))|
= (m + 1)(1 +im — tm+l)tm+2(tm+3 clp F a3 Inlpe )

The factor (m + 3)t,,,47 is bounded. Let the sequence ¢,, eventually decrease starting from m = my. Pick
e >0,and find N > mg+ K suchthatfy_g < . Thenforalln > N +3 and m > mg (with the condition

m<n—-K-3):
e
Ima3  tn+tma3Inlpr + .o S IN-K - INS3 FIN-K - INS3IN#4 .. S —&
which is small. This completes the proof. O

Let us restate the results of Lemma 15.3 and Proposition 15.4 in terms of the boundary of the Young—
Fibonacci lattice [40], [10], [26]. Recall from Section 2.1 that the extremal (Martin) boundary Yex (YF)
is the set of all nonnegative, normalized, extremal harmonic functions on YF. An arbitrary nonnegative,
normalized harmonic function ¢ on YF can be represented as a Choquet integral (2.6) with respect to a
probability measure ¢ on Yex (YF). The measure u is uniquely determined by ¢.

The set 1°YF of all Type-1 words (Definition 15.1) constitutes a part of the boundary Yex (YF).
Indeed, the extremal Type-I harmonic functions corresponding to Type-I words of the form 12w are
given by [40, Proposition 4.2]:

dim(v, 1¥2w)
Doy, (V) = dim(2w) °
0, otherwise.

if v 9 1%w for some k > 0,

Here w € YF is fixed, < denotes the partial order on YF, and dim(u, v) is the number of saturated chains
in the Young-Fibonacci lattice beginning at u and ending at v. Likewise, @~ (v) takes the values 1 if
v = 1¥ for some k > 0, and 0 otherwise.
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Corollary 15.7. Let (X,¥) be a Fibonacci positive specialization of convergent type such that
ur(1%°) > 0. Then the measure u on the boundary Yex (YF) coincides with its Type-I component uy.
Consequently, the Choquet integral representation of the clone harmonic function ¢z 5 involves only
Type-I harmonic functions, and has the form:

fr5 = m(1¥) @1+ > ui(1°2w) @iy,
w eYF

Proof. This result follows from the fact that uy(1°YF) = 1 (Proposition 15.4), the Choquet integral
representation (2.6), and the ergodicity of the Martin boundary established in the preprints [10], [26]. O

In the rest of this section, we consider two particular examples of type-I component computations.

15.2. Type-I component of the Al-Salam—Chihara specialization

Recall the Al-Salam—Chihara specialization from Definition 6.1; it is of divergent type. Recall that the
parameters are xx = p + [k = 1], yx = p[klg, k > 1, where 0 < p < 1 and ¢ > 1. Note that as
q — 1, we recover the Charlier specialization, and the asymptotic behavior of the corresponding clone
coherent measures was considered in Section 13. Let M,, denote the coherent measures corresponding
to the Al-Salam—Chihara specialization.

By Lemma 12.5, we have

(n—1)(qg-1)q*p(q" - q) .
(a"+pqg?> - (p+Dq)(q" +pqg> - (p+1)g?)

M,(w: hi(w)=0)=1-

One readily checks that this expression converges to 1 as n — oo exponentially fast. This means that with
probability exponentially close to 1, the growing random word w € YF,, under the Al-Salam—Chihara
clone coherent measure does not start with a 2.

For simplicity, here we only consider the case p = 1/q.

Proposition 15.8. For the Al-Salam—Chihara specialization with p = 1/q, we have
ur(1°)=0 and ur(1°2YF) = 1.

This means that in the growing random word there will be finitely many (but at least one) occurrences
of the digit 2.
Proof. Recall from the proof of Propositions 5.13 and 6.2 that we can take the 7-parameters to be
tx = [klg/p = qlk]4, and then we must modify x; = 1 +#;_1 = [k], and yix = [k],. By Lemma 15.3,
we have py(1%°) = [T, (1 + q[k]q)’l, which clearly diverges to zero. This proves the first claim.

Let us find the limiting distribution of r| (w), the initial run of 1’s. By Proposition 12.1, we have

n+m+2

Myems2(1"2YF ) = Myamsz(w: ri(w) = n) = (m+ DB (m) | | 2"

k=m+1
Using (4.6), we have

n+m+2
Mn+m+2(ln2YFm) = (m + 1)(tm+1 - (1 +Im = tm+1)tm+2An—1(m + 3)) 1_[ x];l
k=m+1
) n+m+2
g'lm+3], - [m +2+i]q)) ]—[ [k,

k=m+1

n—1

=(m+1)[m+ 1]q(q+q(q— 1)[m+2]q(1+

i=1
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The product over k from m + 1 to n + m + 2 diverges to zero as n — oo. Therefore, the only possible
nonzero contribution must include the sum over i:

n+m+2 ) n—1

(m+1)q(q—1)[m+1]q[m+2]q( l_[ [k]q—l Zqi[m+3]q...[m+2+i]q. (15.8)

k=m+1

‘We aim to show that

n+m+2 n-1
nu_r&( ﬂ [k]q_l)Zqi[m+ ylm+2], - [m+2+ily =(g—1)g"> (15.9)
k=m+1 i=1

for all m > 0. Indeed, after cancelling out, the sum in (15.9) becomes

Zq 1_[ m+2+j] Z " 1_[ m+2+1]q

= j=i+l Jj=n—i+l

All terms in the latter sum except the first one decay to zero exponentially fast as n — oo. This is because
for i > 2, there are at least two factors of the form [n + const]q in the denominator, which cannot be
compensated by ¢~/ in the numerator. Therefore, we can exchange the summation and the limit, and
immediately obtain the desired outcome (15.9).

Combined with (15.8), observe that the limiting quantities sum to 1 over m

Dlm+glg-1) g3 =1.
m=0
This implies that u1(1°2YF) = 1, as desired. O

15.3. Type-I component of the power specialization with o = 1

Recall the power specializations t; = »/k® with a € {1,2}, introduced in Section 6.3; these are of
convergent type. Set tx = »%/k*, where 0 < x < %fa) (see Proposition 6.9), and x; = 1 + g1, Y = tx.
For o = 1, we have by Lemma 15.3:

00

w0 =[(1+%) ",

k=1

which diverges to zero for all #, 0 < % < %il) ~ (0.844637. Thus, y; is identically zero, and there is no
Type-I support, as in the case of the shifted Plancherel specialization (cf. Remark 15.5).

On the other hand, for the power specialization with o = 1, we expect that the run statistics ri (12.2)
admit a scaling limit, similarly to the Charlier specialization considered in Section 13. This is suggested
by the characteristic quantity

Vi (k —1)x

xexket (k+x—1)(k+x)

which has a very similar form to the corresponding quantity in the Charlier case:

Yk _ kp
xixenr (k+p—=1)(k+p)
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The difference is only in the shift of the index &, and the renaming of p to x. We do not pursue the
analysis of this scaling limit in the present paper.
Turning to the case a = 2, we have by Lemma 15.3:

- T LA N
pr(1 )_B(“-kz) ~ sinh(7v%) 5

which means that Proposition 15.4 applies for « = 2, and u(1°YF) = 1. We now state explicitly the
probability normalization identity for this measure y.
We have by (4.4):

%r

- - r! ,
A =14 s G =17 2 Ty i~ PR

Thus,

x(1—%) %

y) — | Io(2Vx)

X

B (0) =% —

1
1F2(153,3;%2) = — +
VA

(where I is the modified Bessel function of the first kind), and B (m) for m > 1 is similarly defined
by (4.4). We see that the normalization identity u;(1°YF) = 1 (equivalent to (15.6)) takes the form

m—1

[~ mm+ D+ Qm+Dx | ’
n; (m+1)( B m2(m +2)2 1F2(1,m+3,m+3,%))g(1+ﬁ)
(¢ =121 _ sinh(mvn) _ %+1
(m—l)!2 - ﬂ\/; %

(15.10)

where we used the standard series representation for the Bessel function. Let us emphasize that (15.10)
follows from Proposition 15.4. It is not clear how to prove this identity directly, without referring to the
parameters 7 of the Fibonacci positive specialization.

16. From random Fibonacci words to random permutations

In this section, we develop a model of random permutations and involutions based on the Young—
Fibonacci Robinson—Schensted correspondence. This model incorporates transition and cotransition
probabilities determined by clone Schur measures. These probability models exploit specific features
of the Young—Fibonacci lattice that are absent in the Young lattice. Specifically, we introduce a system
of cotransition probabilities defined by an arbitrary positive harmonic function ¢ : YF — R., and
employ them to construct measures on permutations and involutions.

We emphasize that, for a branching graph, cotransition probabilities are usually defined canonically
and do not allow a parametrization by a harmonic function. When our construction is applied to the
Young lattice, the resulting cotransition probabilities depending on a harmonic function ¢ are meaningful
only in the classical case when ¢ is the Plancherel harmonic function. This reflects an extra flexibility
of the Young-Fibonacci lattice, which, to the best of our knowledge, has not been observed previously.

16.1. The Young-Fibonacci Robinson—Schensted correspondence

Both the Young—Fibonacci lattice YF and the Young lattice Y of integer partitions are examples of
1-differential posets [67], [29]. That is, they are:
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| | | | [ufs]9]7[5]2]3]1]
12112211

Figure 9. Example of a Young—Fibonacci diagram (left) and a standard Young—Fibonacci diagram for
w = 12112211.

Ranked, locally finite posets (P, <) with a unique minimal element @ € P.

. Possess the up and down operators, denoted by U and D, respectively, which satisfy the Weyl
commutation relation [’D,M] = Id. Here U, D act on the vector space C[P] of complex-valued
functions on P as follows:

Uus, = Z 60, D6, = Z Sus

w>v u<y
[wi=|v|+1 lul=]v]-1

D=

where 0, : P — C is the indicator function supported at v € P.

An immediate consequence of the Weyl commutation relation is that D"U" §, = n!y. This is
equivalent to the assertion that

Z dim%(w) = n!, (16.1)

lwl=n

where |w| denotes the rank of w € P, and dimp(w) represents the number of saturated chains wo<- - -<tw,
in P, beginning at wy = @ and terminating at w,, = w. Formula (16.1) suggests a potential bijection
between the set of saturated chains terminating at rank level P,,, and permutations ¢ € S,,. In the case
of the Young lattice Y, such a bijection exists and is given by the celebrated Robinson—Schensted (RS)
correspondence.

The theory of differential posets provides a framework that extends the RS correspondence beyond the
combinatorics of integer partitions. Fomin [29], [30] demonstrated this generalization showing that an
RS correspondence can be constructed for any differential poset using his concept of growth processes.
Specifically, an explicit RS correspondence for the Young—Fibonacci lattice YF was developed in [30],
and later reformulated into a theory of standard tableaux by Roby [61]. A subsequent variant was
introduced by Nzeutchap in [53], which circumvents the Fomin growth process. In this subsection, we
briefly review Nzeutchap’s version of the Young—Fibonacci RS correspondence, and employ it to get
random permutations and involutions. We remark that other versions of the RS correspondence for YF
are equally applicable for these purposes.

Like a partition, a Fibonacci word w = aj - - - ay of rank |w| = a| +.. .+ ax = n can be visualized as
an arrangement of boxes called a Young—Fibonacci diagram. This diagram consists of n boxes arranged
from left to right into k adjacent columns, where the i-th column consists of a; vertically stacked boxes.
The following example, where w = 12112211, illustrates this concept in Figure 9.

A standard Young—Fibonacci tableau (SYFT) of shape w € YF, is a labeling of the boxes of the
Young-Fibonacci diagram associated with w using indices from {1, ..., n} such that: (i) each index is
used exactly once, (ii) box entries are strictly increasing in columns, and (iii) the top entry of any column
has no entry greater than itself to is right. See Figure 9 for an example.

A Fibonacci word w = aj ---aj can equivalently be depicted by its rooted tree T,,. This tree
consists of a horizontal spine with k£ nodes, where the left-most node serves as the root. Additionally,
a vertical leaf-node is attached to the i-th node on the spine whenever a; = 2. Each edge of the
tree is oriented towards the root, thereby inducing a partial order C on the nodes of the tree T,,,.
Specifically, a C b represents a covering relation if and only if the nodes a,b € T,, are joined by
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an edge directed from b to a. For example, the tree associated with w = 12112211 is illustrated in
Figure 10.

[, 4 O i, 4 1 0 |
Figure 10. Rooted tree T, for w = 12112211.

From this perspective, a SYFT T of shape w corresponds to a linear extension of T, . This is achieved
by superimposing the cells (and entries) of 7 onto the nodes of T, , replacing each entry i withn+1 -1,
and then interchanging the top and bottom entries in each column of height two. The correspondence
between SYFTs T of shape w and linear extensions of T, is bijective. See Figure 11 for an illustration.

Figure 11. A linear extension of T, associated to the SYFT in Figure 9.

Equation (2.1) for dim(w) is a restatement of the general hook-length formula for counting linear
extensions of a finite, rooted tree, applied to T, . Consequently, the number of SYFTs of shape w
equals dim(w). This result can also be understood by constructing a bijection between SYFTs of shape
w € YF, and saturated chains wg " --- 7 w,, where wy = @ and w,, = n. Nzeutchap defines such a
bijection using an elimination map &,. This map sends a SYFT T of shape w € YF, to a SYFT &,[T]
of shape v € YF,,_; such that w ~\ v. See Figure 12 for an illustration. For details, see [53].

o /1 S 2 /12 /2 2 S 212 /S 2 /) 212

. I 2] o 212 . [ 12] . [sI5]2] o [7]e] [2
o — [1] &[] &3]0 & 3]0 & [3]a]1] & [3]a]1] & [3]4]5]1

Figure 12. Example of elimination maps.

The RS correspondence for the Young—Fibonacci lattice YF is a bijection that maps a permutation
0 € S, to an ordered pair P(0) x Q(0) of SYFTs, both sharing the same shape w € YF,,.

Given a permutation ¢ = (01, ..., 0,) € S, the insertion tableau P(6) and recording tableau Q(o)
are constructed as follows:

1. Read o from right to left.

2. For each index 6 (proceeding from right to left), match it with the maximal unmatched index to its
left (including itself if no such index exists).

3. To construct P(@), place the matched indices into columns of height two (or leave single unmatched
indices as columns of height one), in the order of reading ¢ from right to left. Place the larger value
of each pair at the top of its column. Assemble these columns from left to right in the tableau.

4. To construct Q(o), replace each entry 6, € P(0) with its index k. For columns of height two, swap
the entries between the top and bottom positions.

Figure 13 illustrates this process for ¢ = (2,7, 1,5, 6,4, 3).
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2 7 1 5 6 4 3 716 2 716 3
AL_P (O ’ 34(5|1] [2]5]4]1
P(0)-tableau Q(o)-tableau

Figure 13. The Young—Fibonacci RS correspondence for o = (2,7,1,5,6,4,3).

The Young-Fibonacci RS correspondence enjoys many of the features of the classical RS correspon-
dence together with many novel features. For example, we have [53]:

1. P(67") =Q(0) and Q(¢7!) = P(0).
2. P(6) = Q(o) if and only if ¢ is an involution. Furthermore, the cycle decomposition of an involution
o can be determined from the columns of P(¢) as follows:
a. The number of two-cycles in @ is A (w), the total number of digits 2 in w.
b. The number of fixed points of ¢ is z(w), the total number of digits 1 in w.
Here, w € YF is the shape of P(6) = Q(0).

3. Q(¢) = £,[Q(0)], where 6 = (01, . ..., 6,), and ¢’ is the standardization of (61, . . .,6,_1) (that is,
the permutation 6’ € S,,_; preserves the relative order of the entries of @).
4. The lexicographically minimal, reduced factorization s, |, --- s, |, of ¢ can be derived from

the (appropriately defined) inversions in the tableaux P(o¢) and Q(o). Here we use the notations
sj=(j,j+1)ands;|, =s;---5;_r41. For further details, see [41].

16.2. Transition and cotransition measures for the Young—Fibonacci lattice

We first recall the standard construction of cotransition and transition probabilities for the Young—
Fibonacci lattice. These notions are associated with general branching graphs (e.g., see [14]).

Let M,, on YF, be a coherent family of measures associated with a positive normalized harmonic
function ¢ by (2.4). The coherence property (2.5) is equivalent to the fact that the M,,’s are compatible
with the (standard) cotransition probabilities
dimv

std

per(w,v) =

- , veYF,_1, weYF,. (16.2)
dimw
If the relation w \, v does not hold, we set ui5.(w, v) to zero. Note that x5 do not depend on .

Using the cotransition probabilities (16.2), we can define the joint distribution on YF,,_; X YF,, with
marginals M,_; and M,,, whose conditional distribution from level n to n — 1 is given by ui4. The
conditional distribution in the other direction is, by definition, given by the transition probabilities,
which now depend on ¢:

www) =2 YR, we YR, (16.3)

e(v)’
(and this is zero if w N\, v does not hold).
Using the transition probabilities (16.3), we can define probability distributions on arbitrary saturated
chains from wg = @ to YF,,:

ﬁT‘p(WO S/ Wn) = l_lﬂ"f (Wk—l7 Wk) = p(wn), wy € YF,. (16.4)
k=1

Note that the distribution (16.4) is uniform for all chains that end at the same Fibonacci word w,,. This
is known as the centrality property in the works of Vershik and Kerov (e.g., see [71]). The transition
probabilities associated with a harmonic function ¢ define an infinite random walk on the Young-—
Fibonacci lattice starting from @. The probability that the random walk passes through a given Fibonacci
word w € Y, is equal to M,,(w) = dimw - ¢(w).
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Let us now define a new family of cotransition probabilities which are associated to a given positive
normalized harmonic function ¢. We emphasize that this construction is specific to the “reflective”
nature of the Young—Fibonacci lattice; namely, that v N\ u if and only if 2u \, v.

Definition 16.1 (Cotransition probabilities for an arbitrary harmonic function). For w € YF, and
v € YF,,_1, let us define the (generalized) cotransition probabilities

1, ifw =1y,
p(v) .
£ (w,v) = , ifw=2u, (16.5)
:UCT( ) o)
0, ifw A v.

One can readily check that in the Plancherel case ¢ = ¢, (2.7), the cotransition probabilities (16.5)
become the standard ones from (16.2).

Proposition 16.2. Expression (16.5) indeed defines probabilities, that is,

Z pswv) =1,  weYF,. (16.6)
veYF,

Proof. If w starts with 1, then there is only one possibility for v corresponding to w = 1v, and (16.6)
is evident. Otherwise, for w = 2u, the edges w \, v are in one-to-one correspondence with the edges
u /" v. The harmonicity of ¢ implies that

DL e =),

veYF,
which is equivalent to (16.6). This completes the proof. O

Similarly to ¥ (16.4), we can define the cotransition probabilities on all saturated chains that start
at a fixed Fibonacci word w,, € YF,, and terminate at wy = @:

BEOn N\ Nown \owo) = [ #(wies wien). (16.7)
k=1

The measure (16.7) is uniform on all chains if and only if ¢ = ¢, the Plancherel harmonic function.
Let us write u 7 (T) = p&(wn N\ - -+ \y w1 \, wo) Whenever T is the SYFT associated to the saturated
chain wy ' --- /" wy, as in the example in Figure 9. We refer to [53] for details, and examples of the
generalized cotransition probabilities are given in Figure 14.

We will typically be interested in the case when ¢ = ¢z 5 is a clone harmonic function coming from
a Fibonacci positive specialization (X, y).

16.3. Building random permutations and involutions

To construct a random permutation in S,,, we observe that the RS correspondence from Section 16.1
uniquely determines a permutation ¢ by three components, namely, a random shape w € YF,,, and two
random saturated chains in YF, both terminating at w. This construction proceeds as follows:

1. First, select a Fibonacci word w € YF,, with probability M, (w), determined by a positive harmonic
function =.

2. Next, generate two saturated chains terminating at w using the cotransition probabilities %, and
1k, associated with two (possibly different) positive harmonic functions ¢ and . The chains are
conditioned to end at the previously chosen Fibonacci word w.

3. From these two chains (viewed as SYFTs), construct a permutation ¢ using the RS correspondence.

In this way, the triad (7, ¢, ) of positive harmonic functions determines a random permutation ¢ € S,
for every n > 1.

https://doi.org/10.1017/fms.2025.10165 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10165

78 L. Petrov and J. Scott

1111

11111

2111

@(11)

1211

2

1

—_

21
@(21) [’
@(11) @
121
e211) e(121)
21 21)
@(21) @( (22)
©(21)
221 1121

/1,2 /12):

2: (@ /1 72 /21

2
»(2)
12
(21) ©(12)
6)) 2
22 112
0(22) (12
o(12) o(12)
122 212 1112

[3]2]1]: (@ 71 711 ~111) 0 1

1

1: (@ /71 /711 /721): ¢(1)

»(2)

Figure 14. Top: Nonzero cotransition weights (in red with 1’s omitted). Bottom: The four saturated
chains which terminate in YF3, together with their associated SYFTs and cotransition weights.

Similarly, to construct a random involution in &,,, we pick w € YF,, according to M,,(w) (determined
by ©), and generate a single saturated chain terminating at w, sampled according to the cotransition
probabilities 15,

Summarizing, we have the following probability measures on permutations and involutions in S,
denoted by y,, and v,,, respectively:

1n(0) = pn (0| 7, @, ¢) = dim(w) n(w) 15 (P(0)) 1 (Q(@)),

v(0) = va(0| 7. 9) = dim(w) n(w) 7i& (P(0)).

(16.8)

For example, the distribution u3 on S3 has the form (writing permutations in the one-line notation):

13(123) = n(111),

u3(312) = 27(21) (1) ¥ (2),

#3(213) = n(12),
u3(132) = 222 (1) ¢ (11), p3(321) = 2m(21) (2) 4 (2),
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Example 16.3 (Plancherel cases). When n = ¢ = ¢ = ¢y, u, is simply the uniform measure on S,,.
More generally, when ¢ = = @y, each permutation 6 € S, with the RS shape w € YF,, occurs with
probability u, (6) = n(w)/dim(w).

For the model of random involutions, when ¢ = ¢y, each involution ¢ € S, with the RS shape
w € YF, occurs with probability v, () = x(w).

17. Observables from Cauchy identities and their asymptotics

Here we illustrate the connection between random permutations (and involutions) and clone Schur
functions discussed in Section 16 above. Specifically, we compute the expected numbers of fixed points
and of two-cycles in a random involution ¢ € &, distributed according to the measure v,, defined by
(16.8). We subsequently apply this formula to the shifted Plancherel specialization, providing another
perspective on the scaling limit of the corresponding random Fibonacci words, which complements the
results of Section 14.

17.1. Quadridiagonal determinantal formula for a generating function

In the definition of the measure v, in (16.8), let us set ¢ = ¢y, and take © = ¢z 5 for some Fibonacci
positive specialization (X, y).

Recall from Section 16.1 that the fixed points and two-cycles of an involution ¢ € S, correspond,
respectively, to the digits 1 and 2 in the shape w € YF, associated with ¢ under the Young—Fibonacci
RS correspondence. Let z(w) and A (w), respectively, denote the total number of 1’s and 2’s in w.
Rather than directly computing the expectations of z(w) and £ (w), we introduce an auxiliary parameter
7 and calculate the expectation of /(W) = ¢#two-cycles(®) Thjg approach leverages the first clone Cauchy
identity from Section 3.2. Since z(w)+2A (w) = n, knowing the distribution of A (w) would, in principle,
determine that of z(w) as well; however, we do not consider z(w) further here.

Proposition 17.1. The expected value of #™YISO) for 4 random involution ¢ € S, distributed
according to vy (6 | 3 5, p) (16.8) is given by the following quadridiagonal determinant:

x1 (I=7)y1 —txiy2 0
1 X2 (1-27)y2 —27x2y3
E, [T#two—cycles(o)] — (xl "'xn)_l det 0 1 X3 (1 - 37‘))’3 . (17.1)
" 0 0 1 X4

nxn quadridiagonal matrix

Proof. The left-hand side of (17.1) can be rewritten using clone Schur functions as

D dim(w) e 5 ()T = (o)™ DT dim(w) s, (FIF) T

lw|=n |w|=n

Setting pi = x; and gx = k7x;'x; !, in the clone Cauchy identity (3.9) and noticing that h,, (5| §) =

(x1 - - - x,) "L dim(w) 7#") under this specialization implies the desired quadridiagonal determinant. O

Remark 17.2. If we set p; = 7x;' and g = kx;'x; !, in the proof of Proposition 17.1, we would get
the expected number of fixed points of a random involution distributed according to v, (6 | ¢x 5, ¢pL)-

The expected number of two-cycles can be computed in a standard way, by differentiating:

0
E,, [#two-cycles(0)] = o E,, [T#tw"’cydes(“)].

7=1
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This differentiation of a quadridiagonal determinant (17.1) is not explicit for a general Fibonacci positive
specialization (X, y). In the next Section 17.2, we consider the particular case of the shifted Plancherel
specialization x; = yx = k+ 0 — 1 for o € [1, 00) (Definition 6.6 with p = 1).

17.2. Number of two-cycles under the shifted Plancherel specialization
Consider
Hu(o,7) = B, [("™ods@] 0y =y, (lezs.0m), xk=ye=k+o-1, (17.2)

where o € [1, ) is the parameter of the shifted Plancherel specialization (not to be confused with the
random involution ¢). Denote also

G, (o) =E,, [#two-cycles(o)].

We side-step the differentiation of the quadridiagonal determinant, and instead work directly with
the H,, (o, 7)’s, and their generating function

H(o,1;2) = ZHn(o-, )" (17.3)

n>0

Lemma 17.3. In the case of the shifted Plancherel specialization, the quantities H, (o, T) (17.2) satisfy
the inhomogeneous, two-step recurrence

(n+o—1)Hy=Hy 1 +7(n— DHyp + (n+0 - 1) gz 5 (1") — gz 5 (1", (17.4)
Proof. A crucial property of the shifted Plancherel specialization is that

_ gy () pi5(20) = 25 () (17.5)

Xn Xn

for any Fibonacci word w € YF,_; which does not consist entirely of 1-digits, and any Fibonacci word
v € YF,_,. Indeed, this is because for the shifted Plancherel specialization, we have for the second
determinant in (2.10):

Bir(m) =m+0 = x;41, k>0.

Moreover, dim(1w) = dim(w). This implies (17.5). Now,

Hy(o )= . dim(w)gz.5 (w) 72

|w|=n

Split the sum into three parts: w = 1", w = lu, and w = 2v. Rewriting the second two sums in terms of
H,_1 and H,,_,, respectively, yields the desired recurrence (17.4). O

Note that for the shifted Plancherel specialization, we have
(m+o-Dez;(1") —pz3 (1" ) =0 -1, n>1. (17.6)

Lemma 17.4. The generating function H(o, 7;z) (17.3) satisfies the first order ODE:

-1
z(1-12) 0. H(o,m;2) + (0 —1-27- ) H(o,132) = (I— (17.7)
—Z
Proof. This immediately follows from the recurrence in Lemma 17.3 and the identity (17.6). O
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Consider first the case o = 1 (the usual Plancherel specialization & = ¢ ). Then the ODE in Lemma
17.4 admits an explicit solution:

1
1 1 e
H(l,7:2) = ( +‘/¥Z) .

Vi-r2\1- vz

Taking the T-derivative of the above expression at 7 = 1, we see that

n Z 1 -z
ZGH(I)Z = 30—t 10g(1+z), lz] < 1. (17.8)

The dominating singularity of this function is z = 1. The first summand expands as ., 5 2", and one
can readily check that the coefficients of the second summand are asymptotically bounded in n. We
conclude that

G,(1 1
lim GulD) _ —. (17.9)

n—c  n 2

Remark 17.5. The limit (17.9) aligns with the result of [38] (cited in Section 2.2), which states that
under the Plancherel measure, the frequency of hikes of 2’s in the random Fibonacci word (the number
of two-cycles in the corresponding random permutation ¢ € &,,) scales proportionally to n. Moreover,
asymptotically, 1’s (fixed points of ¢) do not have a significance presence.

Consider now the general case o € [1, ). It is not clear to the authors how to express solutions to
the ODE of Lemma 17.4, even in terms of hypergeometric functions. Nevertheless, after differentiating
the ODE in 7, setting 7 = 1, and using the fact H(o, 1;z) = (1 — z)~!, we obtain an ODE for

G(032) = Oelemt H(0, T52) = ) Gu(@) 2", Gu(0) = By, [#two-cycles(0)].

n>0
The new ODE has the form:
2
2(1-2%)3,G(032) + (0 - 1-2-2)G(032) = T (17.10)
-z
whose solution can be expressed using the Gauss hypergeometric function:
G 2) 7T (1 +2)” l+o -0 1-z2
0;2) = - , =0 ;
Y i -2\ 2 2 T1+z
17.11)

r(l+o)r(3-9%)
C20(1+)r(+9)

Zl—(r(l _ Z)_l(l _ ZZ)(O’—I)/Z'

The hypergeometric function makes sense unless o is an odd positive integer. In the latter case, the
singularities in the first and the second summand cancel out, and the whole function G (o ; z) is well-
defined for all o € [1,00). We have G(0;0) = 0. One can also verify that as o — 1, the solution
(17.11) reduces to the right-hand side of (17.8). Together with the known differentiation formula for the
hypergeometric function, this implies that (17.11) is indeed a solution to (17.10).

Proposition 17.6. The coefficients at z = 0 of the generating function G(o;z) (17.11) scale as follows:

. Gu(o) 1
lim ———= =

n—c  n o+1

s o €[1,0).
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Proof. We need to analyze the singularities of G(o; z) in z. There are two singularities closest to the
origin, z = 1 and z = —1. At z = 1, the first summand in (17.11) clearly has a pole of order 2 and behaves
as (o +1)7'(z = 1)72. To complete the proof, it suffices to show that this is the dominant behavior. At
z = 1, the second summand in (17.11) behaves as const- (z— 1) ?, which is less singular than (z—1)72.

Consider now the singularity at z = —1. The second summand in (17.11) is regular at z = —1. For
the first summand, transform the hypergeometric function as [52, (15.8.1)]

1+o0 l-0c 1-z2
Fi|- , =0 ;
20 ) l+z)

2z \ l+o 140 1-0 z-1
5 2F1— . . .

1+2 20 27 2 7 2
Now, the hypergeometric function becomes regular at z = —1. The power (1 + z)‘%, combined with

the prefactor, is also regular. This implies that the singularity at z = —1 does not contribute to the leading
behavior of the coefficients, and so we are done. m]

17.3. Reconciling with initial hikes under the shifted Plancherel distribution

We see that for o > 1, the asymptotic expected proportion of the 2’s in a random Fibonacci word
with the shifted Plancherel distribution is strictly less than % This phenomenon agrees with the scaling
limit of initial hikes of 2’s in this Fibonacci word obtained in Theorem 14.4. Indeed, recall the random
variables &k, kK > 1, from Definition 14.1. See also Remark 14.3 for an alternative description using
conditional independence on N = n, where N is defined by (14.5). Fix k. By Theorem 14.4, the scaling
limit of the sum of the first k initial hikes in a random Fibonacci word with the shifted Plancherel
distribution is given by

1 1
i W)+ -+ By () S (X4 X =

n—oo n 2

k
n(l_fa';j)a (17.12)
=1

N —

where the X;’s are obtained from the &,-.;’s by the stick-breaking construction (see Remark 14.5). Let
us compute the expectation of the right-hand side of (17.12) with k = co (one readily sees that the limit
of (17.12) as k — oo is well-defined). We have, using the fact that E(beta(1, 0/2)) =

2 .
240"
E[ g(l —fo';j)] ZmZ:lP(sz) (%)m — mZ:lo__(r;)(l _O__m)(%)m.

One can check that

: (17.13)

with equality at o = 1, where the difference between the two sides of the inequality is at most = 0.015,
and vanishes as o — oo. See Figure 15 for an illustration of the two sides of the inequality. The
discrepancy between the two sides of (17.13) is due to the interchange of the limits in » and k in (17.12).
Specifically, taking the limit & — oo first accounts for the total number of 2’s in the random Fibonacci
word, whereas sending n — oo first considers only a finite number of initial hikes of 2’s. This reveals
that additional digits 2 remain hidden in the growing random Fibonacci word after long sequences of
1’s. These extra 2’s contribute to the right-hand side of (17.13) but are absent from the left-hand side.
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Before: RHS
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Figure 15. Comparing the two sides of (17.13), before and after the scaling limit of the initial hikes,
for1 <o <5.

17.4. The fake case

One can perform the same computations as above for the fake shifted Plancherel specialization (Defini-
tion 6.4 with p = 1). Equations (17.7) and (17.11) take the form, respectively,

1+(‘1'—1)z2

2(1-12)0,H(o,1;2) + (0 -1 -z -1)H(o,132) = (0 = 1) -
—Z

)

and

Z(o - (o -1)2)

W1 =2)8:G(0:0) + (0= 1-2-2)G(o39) = =

One can find the solution G (c; z) with G(o;0) = 0 in terms of hypergeometric functions. Moreover,
one sees that G (1;z) = G(1;z) (given by (17.8)), as it should be. Considering the asymptotic behavior
of the Taylor coefficients at z = 0 reveals that they scale as ~ 5, exactly as for the true shifted
Plancherel specialization. Therefore, the scaled lenghts of the initial hikes of 2’s (Theorem 14.4), and
the expected total number of 2’s in the random Fibonacci word under both variants of the shifted
Plancherel specialization are asymptotically the same. It is not clear to the authors which asymptotic
statistic can distinguish between these two variants of the shifted Plancherel specialization.

18. Concluding remarks

We conclude by outlining several directions for future work. We first recall three questions already posed
earlier in the text — Problem 4.10, concerning the monomial expansion of clone Schur functions in the
e-variables; Conjecture 6.3, on the Fibonacci positivity of the alternative g-Charlier specialization;
Conjecture 8.22 and Problem 8.23, concerning the multiplicities N () arising in the Stieltjes moment
problem; Problem 7.4, on understanding Borel measures associated to Fibonacci positive specializations;
Problem 7.5, which asks about the behavior of the Toda flow on Fibonacci positive specializations; and
Problem 10.5 on whether the support of the orthogonality measure associated to a Fibonacci positive
specialization is always discrete. Beyond these, a number of other intriguing directions remain open,
and we highlight a few of them below.

18.1. Schiitzenberger promotion and combinatorial ergodicity

Standard Young—Fibonacci tableaux (SYFTs) T of shape w € YF are in bijection with linear extensions
of a binary, rooted tree T\, constructed from w. Like for any finite poset, there is a Z-action on the
set of linear extensions of T,,, which implements Schiitzenberger promotion [63, 69]. Thus, one gets a
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11111 2111 221 1121 212 1112
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Figure 16. The truncated poset YE®) up to level n = 6 (compare to the full Young—Fibonacci lattice in
Figure 1).

Z-action on the set of SYFTs of shape w € YF or, equivalently, on saturated chains wo /" --- " wy
starting at wo = @ and terminating at w,, = w. It would be very interesting to study the interplay between
this action and the probability distributions u. and 1 f, associated to a positive harmonic function ¢.
This study becomes particularly intriguing when viewed through the lens of J. Propp and T. Roby’s
notion of combinatorial ergodicity [60].

A related question concerns promotion and Type-I harmonic functions. Recall that for v € YFy
and w € YF, with k < n, the measure My (v) = dim(v)®;~y,, (v) represents the probability that
wi = v, where wg " --- /" w,, is a uniformly sampled random saturated chain starting at wo = @ and
terminating at w,, = w. Now fix a saturated chainu = uy / --- /" u, which terminates at u,, = w. For
v € YFy with k < n, consider the probability {y.x (v) that wy = v, wherewq -+ /" wj, is auniformly
sampled random saturated chain from the promotion orbit O, of u. The measures {.x are not coherent.
However, in light of combinatorial ergodicity, one expects that {y.x approximates My as n — oo.

18.2. Truncations of the Young—Fibonacci lattice

The theory of biserial clone Schur functions, along with the constructions introduced in Sections 3.1
and 16.2, can be adapted to the k-th truncation YF*) of the Young—Fibonacci lattice; see [41]. From a
representation-theoretic perspective, YF(®) is the Young-Fibonacci counterpart of the poset Y¥), which
consists of partitions 1 € Y with at most k parts. Without going into detail, YF¥) is an infinite, ranked
poset that is part of an infinite filtration:

YFD ¢ YF® c YE® c ... c YF,

where the Hasse diagram of YF(¥) sits inside YF**!) as an induced subgraph. The first two truncations,
YF® and Y]F(z), are respectively the half-Pascal (Dyck) and Pascal lattices. The next truncation, YIF(3),
is illustrated in Figure 16.

None of the truncations is a differential poset. Clone harmonic functions ¢z 5 on the Young-Fibonacci
lattice restrict to YF¥) and remain harmonic, provided that the specialization (¥, ¥) stabilizes suitably.
Fibonacci positive specializations, as well as positive normalized harmonic functions for YF®)| are
defined in the usual way. The space of Fibonacci positive specializations for YF) is finite-dimensional
and is expected to admit a simple description.

In general, saturated chains in YF®) terminating at a fixed endpoint are not known to be in bijection
with the set of linear extensions of any poset; hence, Schiitzenberger promotion is not available.
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Nevertheless, a natural Z-action, realized by the adic shift, exists and permits the investigation of
combinatorial ergodicity in the truncated setting.

Each truncation YFX) supports a restricted version of the Young—Fibonacci RS correspondence,
which involves pattern-avoiding permutations. Accordingly, random pattern-avoiding permutations can
be studied using the framework set up in Section 16.

18.3. Martin boundary, Fibonacci positive specializations, and stick-breaking

The relationship between the Martin boundary Y,in (YF) of the Young—Fibonacci lattice and the space
of Fibonacci positive specializations remains only partially understood. Given a Fibonacci positive
specialization (X,y) and its associated Type-I component uj (see Definition 15.2), we expect that
#1(1°YF) takes the value O or 1. Verifying this claim, or finding a counterexample, would already be
informative.

A related problem is to determine whether those Fibonacci positive specializations (¥, y) satisfying
ur(1°YF) = 0 are precisely the ones whose clone measures, when projected to either initial runs of
1I’s or initial hikes of 2’s, lead to continuous models of random sequences in [0, 1]®. At present we
have two such continuous scaling limits, both of stick-breaking nature: Theorem 13.2 with independent,
and Theorem 14.4 with conditional stick-breaking. It would be interesting to know whether further
continuous models of random sequences in [0, 1]® can be obtained from clone measures through the
n — oo limit of joint initial run and/or hike distributions.

18.4. Random permutation models

In [38], Gnedin and Kerov introduced a surjection called the Fibonacci solitaire (see also [39]) which
maps permutations in S,, to saturated chains terminating in YF,,. This solitaire is distinct from the
surjection o — P(o) obtained by simply forgetting the recording tableaux Q(o) in Nzeutchap’s RS
correspondence. The push-forward of the uniform measure on &, under the Fibonacci solitaire was
shown in [38] to be the Plancherel measure, that is, v, (o | &, ¢) with T = ¢ = @p in the notation of
Section 16.3. Beyond this example, it is not clear which measures on S, realize v, (6 | &, ¢) as push-
forward measures, even when ¢ = @pL, T = @5 3, and where (¥, ) is a Fibonacci positive specialization.

The probability models for random permutations and involutions introduced in Section 16.3 arise from
the Young-Fibonacci side of the RS correspondence. For an arbitrary Fibonacci positive specialization
(and even for concrete examples such as the Charlier specialization) it would be valuable to identify
natural multivariate statistics on permutations and involutions that make the corresponding measures
Gibbsian, that is, make the probability of a permutation proportional to the exponential of a certain
linear combination of these statistics.

Another key question is whether the distributions u, (o | &, ¢, ) and v, (6 | %, ¢) can be understood
in connection with the Stieltjes moment problem. For instance, the Plancherel specialization corresponds
to the uniform distribution on permutations ¢ € S, as this is realized by u, (6| x, ¢,¥) when & =
@ = = @p.. [t is known [34], [5] that the distribution of fixed points of a uniformly sampled random
permutation ¢ € G, tends to the Poisson distribution v} (df) on [0, o) as n — co. Notably, v\.) (dt) is
the Borel measure associated with the Plancherel Fibonacci positive specialization by Theorem 7.1. It
is natural to ask how this coincidence may be extended to other Fibonacci positive specializations.

To investigate this link, one may first study the asymptotic distribution of fixed points in permutations
¢ € &, drawn from p,, (6 | &, ¢, ¥) with ¢ = ¢ = ¢p and & = @5, 5 an arbitrary clone harmonic function.
Combinatorially, this amounts to counting permutations with exactly £ > 0 fixed points whose RS shape
is a prescribed Fibonacci word w € YF,,. Such counts should be accessible, since fixed points are easily
detected in the YF-RS correspondence. For the Charlier specialization (X, y ), one can then test whether
the limiting fixed-point distribution matches the Poisson law v (dt), the Borel measure in the Charlier
case.
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18.5. Clone Cauchy identities and Okada’s noncommutative theory
The clone Cauchy identities from Section 3.2 give rise to two Gibbs measures on the Young—Fibonacci

lattice YTF:

sw(P1q) sw(X]Y)
S(X.V:P.q)

hyw (P1G) sw(X15)
H(X.Y:p.4)

prob,, (w) :=

s probg(w) = R w € YF. (18.1)

Here H and § are the normalizing constants obtained by summing, the right-hand sides of the first
and second clone Cauchy identities (Propositions 3.8 and 3.9) over n > 0, and (X,y) and (p, g) are
two Fibonacci positive specializations. The measures (18.1) may be viewed as clone analogues of the
Schur measures on partitions introduced in [55]. The next natural goal is to define and study clone
Schur processes — probability measures on sequences of Fibonacci words whose joint distributions are
expressed through suitable skew versions of clone Schur functions.

The connection between the clone measures (18.1) and Okada’s noncommutative theory [54] is also
worth exploring. In the noncommutative setting, clone Schur functions s,, (x|y) form a basis of the
free algebra C(x,y) generated by two noncommuting variables X, y. To reproduce the Cauchy identities
one introduces another pair of noncommuting variables p, q that commute with both x and y. The
noncommutative counterpart of the quadridiagonal matrix in (3.12) is

Sn(X,¥;p,q) =

whose entries lie in the free algebra W(x, y) with coefficient ring A = C(p, q):

A=px, B=qx*-y)+(P’'-qy, C=qpyx

We conjecture that every matrix minor (quasi-determinant) of S, (X,y; P, q) is coefficient-wise clone
Schur positive: the coefficient of s,,(x|y) in such a minor lies in the positive cone spanned by the
functions s, (p | q) with v € YF. This would provide a new manifestation of total positivity, invisible
under the biserial specialization considered in Section 4.

18.6. Quasisymmetric versions of clone Schur functions

Quasisymmetric functions arise naturally from Nzeutchap’s Robinson-Schensted—Knuth correspon-
dence for the Young-Fibonacci lattice. The correspondence is an injection from positive integer se-
quences N* to pairs (P, Q) of standard and semistandard Young—Fibonacci tableaux of the same shape
in YF. An obvious quasisymmetric analogue of s,, (x|y) is the generating function Q,, of all semi-
standard tableaux of shape w. However, this function no longer obeys the YF branching rule and its
expansion in Gessel’s fundamental quasisymmetric functions does not match the expected clone version
of [68, Theorem 7.19.7].

A more promising approach exploits the graded Hopf-algebra duality between noncommutative
symmetric functions (NSym) and quasisymmetric functions (QSym); see [36], [37], [50]. We view
NSym as the free algebra C(¥;, ¥, ¥s,...) with multiplicative basis ¥, := ‘I’{" ‘I’,‘(’k indexed
by compositions @ = (ay,...,ax). These ¥, are the Type-I noncommutative power sums. The Hopf
structure is the usual one for a free algebra; in particular, each Wy, is primitive: A (W) = 1@ ¥ +¥r Q1.
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The dual basis in QSym consists of the Type-I quasisymmetric power sums { o} [7]. Their product
and coproduct are given by shuffling and de-concatenation,

¢a¢ﬁ= Z 'ﬁy’ A(Wy)z Z Wa®w,6’,

y€allp @ =y

and each expands into monomial quasisymmetric functions via

_ My
Vo= 2 ra

where the sum ranges over compositions 8 |= n coarsening a.

Okada’s clone ring C(x, y) embeds into NSym by sending x,y — ¥}, ¥,; the induced Hopf structure
coincides with the standard one on the rank-two free algebra C(x,y). Interpreting a Fibonacci word
w € YF as a composition with parts 1 and 2 gives a multiplicative basis {¥,, : w € YF} for Okada’s
clone ring, whose expansion in clone Schur functions is governed by the clone Kostka numbers:

¥, = Z Ky sy (X1]y).

[vi=lwl

The quasisymmetric subalgebra generated by ¢/, > (equivalently, by the ,, with w € YF) is dual
to C(x,y). Functions dual to the clone Schur basis are therefore

\(AE) = Z Kv,w'pv-

[vI=lwl

Each Qg) expands into monomial quasisymmetric functions Mg, where the compositions 8 may contain

parts larger than 2. One may view Qg) as a quasisymmetric analogue of's,,.

A second, Type-II, power-sum theory yields another family S” of quasisymmetric analogues.

Understanding the relationships among Q,,,, S), and ijl) could clarify the Young—Fibonacci RSK
correspondence and suggest quasisymmetric versions of the clone Cauchy identities. Hopf duality may
also shed light on common branching rules and on clone Littlewood—Richardson coefficients for these
functions.
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