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Note on a hyperbolic equation having
p-Laplacian and Kirchhoff damping

Liao Zhang and Fengjie Li

Abstract. 1In this article, we investigate a high-order quasilinear hyperbolic equation that involves
Kirchhoff damping and logarithmic source:

uge — div(|VulP72Vu) + o (| V| 3)us + A*u = |u|12ulog |ul,

in Q x (0, Tmax), subject to null Neumann boundary value conditions, where Q0 c R” is an open
bounded domain with smooth boundary and p, g > 2 and o(|Vu|?) is the Kirchhoff-type coeffi-
cient of the damping u;. Through the utilization of the Faedo-Galerkin approximation, we gain the
well-posedness of local weak solutions. When q > p, we construct algebraic and exponential decay
estimates for the energy of global weak solutions. At the same time, relying on the contradiction
argument and the auxiliary function method, we prove that the weak solutions blow-up with
negative initial energy for q > p. When q < p, we achieve that the weak solutions are globally
bounded.

1 Introduction

In this article, we carry out a study on the following fourth-order p-Laplace hyperbolic
problem having Kirchhoff-type weak damping and logarithmic source:

(L1)
ug — div(|VulP2vu) + o (| Vu|3)us + A%u
= |u|7?ulog |ul, (x,t) € Q x (0, Tax)»
u=0, 3—”; =0, (x,t) € 0Q x (0, Trax)>
u(x,0) = up(x) e HX(Q) n WOI’P(Q), u(x,0)
= ul(x) GLZ(Q), -er)

where Q) c R” is an open bounded domain with smooth boundary 9Q; Tpax(<
+00) denotes the maximal existence time of (1.1); and p, g > 2 are constants. The
Kirchhoff coefficient o(||Vu|3) = a + b|Vu|3, where | - | := ([, |-[*dx)s denotes
the L*(Q) norm for 1 < s < oo, and a, b are positive constants. High-order hyperbolic
equations find extensive application in numerous fields, for instance, physics, ecology,

architecture, fluid mechanics, and so on. During the motion process, the phenomenon
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2 L. Zhang and E Li

where the energy of the system gradually dissipates as a result of the interaction
between the system itself and the external environment is termed damping. Generally,
damping can be classified into strong damping, weak damping, and the structural
damping falling between the two. For the Kirchhoff damping o (| Vu|3)u, it has been
firstly proposed in [12] by Lange and Menzala in the elastic beam equation

up + Nu+o(|Vu|3)ur =0,  (x,t) € R" x (0, Tax)-

This type of damping mimics the u-dependent mean friction mechanism that operates
on an object. After that, Cavalcanti et al. added the memory term —(g * Au)(t) to the
above equation in [4]. The global existence and energy decay estimate of the solutions
were obtained for any unbounded set and bounded set through the Galerkin estimate
and multiplier method. In the Kirchhoff damping where o (| Vu||%) # 1, the majority
of the literature is centered around the long-time dynamic behavior of the solutions
to quasilinear wave equations and fourth-order wave equations (see, e.g., [9]).

The impact of the logarithmic source on the characteristics of solutions for the
semilinear wave equations has garnered extensive attention. Yang and Fang in [19]
studied the Dirichlet initial-boundary value problem for a class of semilinear wave
equations

ure — Au+ o (| Vull3)|ue]'2us = [ulf2uloglul, (x,t) € Qx (0, Tnax)-

They achieved the well-posedness of weak solutions. The global solution of the
equation was acquired for p < y, and the finite time blow-up solution was obtained for
p > y. They also investigated a semilinear wave equation featuring Kirchhoff damping
and a logarithmic source (see [20])

up — Au+ o(|Vul3)u; = |u|i 2 uloglul, q>2, (x,t) € Qx (0, Tray)-

By enhancing the Faedo-Galerkin method in conjunction with the potential well the-
ory, they established the local existence and global existence of solutions, along with
decay estimates of the energy. Simultaneously, relying on the contradiction argument,
they demonstrated that there are blow-up solutions for negative initial energy. When
the source term is superlinear, Zhang and Li in [21] studied the asymptotic stability
and blow-up of the wave equation

e — Au+ o (| Vul|2)|ue ™ 2us = [ulP2u,  (x,t) € Q x (0, Tmax)s

where o(||Vu|3) := | Vu|3'. They discovered that when the initial energy is small,
the asymptotic stability of energy is achieved for polynomial degenerate damping.
Moreover, they provided some sufficient conditions for the solution to blow-up in
finite time when p > m + [ p by employing the potential well theory. For other relevant
equations, the interested readers can refer to [3, 8, 13, 15, 17].

Ma and Fang in [16] studied the Dirichlet initial-boundary value problem for
semilinear equation

U — Au— Auy = uloglul®,  (x,t) € Q x (0, Tnax)-

By employing the potential well theory and the logarithmic Sobolev inequality, the
global solvability, energy decay, and infinite blow-up were obtained. For other relevant

https://doi.org/10.4153/50008414X26102119 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X26102119

Note on a hyperbolic equation 3

research about potential well method or equations involving logarithmic sources, the
interested readers can refer to [1, 2, 5-7, 10, 11, 13, 18, 22, 23].

It can be verified through the above references that the logarithmic sources not only
can influence the stability of the solutions of the constant coefficient wave equations
but also have an effect on the singularity of the solutions. The interaction among
different dampings and the viscoelastic terms has a profound impact on the property of
the weak solutions. To the best of our knowledge, the quasilinear hyperbolic equation
(1.1) with Kirchhoft nonlocal damping has seldom been taken into consideration
previously. Inspired by the works [16, 19-21], we aim to investigate the global existence,
decay estimate, and blow-up of weak solutions to (1.1). The p-Laplacian can contribute
to the existence of global solutions, whereas the logarithmic source can result in the
blow-up of solutions, which can be reflected in the relationship between p and q.
When addressing these issues, the Kirchhoff nonlocal damping term, p-Laplacian,
and logarithmic source pose significant challenges in applying the potential well
method. In the proof of the well-posedness of weak solutions, the Kirchhoft damping
term requires stronger regularity of the approximation solutions in the Galerkin
procedure. When the initial energy is less than or equal to the depth of the potential
well and Nehari’s initial energy is nonnegative, the traditional Aubin-Lions lemma is
ineffective in the approximation. Hence, it is necessary to modify the Faedo-Galerkin
approximation technique, utilize the density theory and the compactness theory to
obtain the existence of global weak solutions and their energy decay estimates. The
traditional convexity method is also unsuccessful in handling the blow-up of solutions
even if the initial energy is negative, and the difficulty stems from the introduced
Kirchhoff damping. Consequently, it is necessary to construct new auxiliary functions
and prove the differential inequalities to demonstrate the existence of the blow-up
solution. The logarithmic source renders some embedding inequalities inapplicable
in certain exponential regions. For example, the Sobolev space W(}’P (Q) cannot be
embedded into L9*#(Q) directly when g + p < p. Therefore, it is necessary to add
other conditions so that Wy (Q) < LP*#(Q) c LT (Q).

In the next section, we provide the definition of the weak solution and some crucial
lemmas. In Section 3, we prove the well-posedness of the weak solution of (1.1). Section
4is concerned with the global solvability, decay estimates, and blow-up of the solutions
to (1.1) when g > p. Section 5 investigates the global existence and decay estimate of
the solutions to (1.1) when g = p. Then, in Section 6, we prove that the weak solution
of (1.1) is globally bounded when g < p.

2 Preliminary lemmas

Firstly, we introduce some notations. The norms in H2(Q) and Wg "P(Q) are defined
by |lu] gz = | Aull2 and [u] 1 == [ Vi ,, respectively. The inner product in L*(Q)is
denoted by (f, g) := [, f(x)g(x)dx. We define H := (HZ(Q) n W, (Q)) x L2(Q).

1
We have inequalities A[u||? < |Aul|? and A} |Vu|3 < |Aul3, where A, denotes the
first eigenvalue of the operator A? subject to null Dirichlet condition. For any u €

H2(Q) n WP (Q), we define
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1 1
the potential well functional J(u) := EHA”H% + ;HVuHﬁ

1 1
=~ [ lul*1ogluldx + — Jul,
q-/a q
the Nehari functional I(u) := |Aul; + HVqu - [ |u|?log |u|dx,
Q
1
the energy functional E(¢) := E(u(t), u(t)) = EHut”% +J(u).

The initial energy is E(0) = 3 |u1[3 + J(uo). Because E'(t) = —a (| Vu[3)|u]3 <0,
E(t) is decreasing with respect to t. By the definitions of J(u), I(u), and E(t), we
get

1 -2 - 1 1
el +1G0) = el + L=l + L pvul] Sl + 1)

E(1) = 5

Next, we define the potential well W := W; u'W,, where
Wi = { (o) € (H(Q) 0 WP () (0) @V} (w) > 0,5(1) <.},
Wa = { () € (H3(Q) n Wy P (2))\{0} x L2()\{0}]1(u) > 0, E(¢) = d
and the outside of potential well Vo := {(u,u;) € H|I(u) <0, |Au(3 # 0, |u,3 # 0},

and the Nehari manifold N := {u e H3(Q) n WP (Q)|I(u) = 0, | Aul? # 0}. The
potential well depth is defined by d := injff J(u). Define two specific constants

(2.1) r(a):= (eocB_q_“)ﬁ M := 1-2 (eth_q_a)ﬁ
. o > Zq o >

where « is a positive constant and B, is the embedding constant of H3(Q) =
LI*(Q).

There are the embedding results, which will play an important role in the proof of
the main results:

HA(Q) > L1*(Q),  H3(Q) > 120" D(Q),  HY(Q) - 10D (q),

provided
2n-4 2n-4 q-2
2<g<——,0<a< -q)|——, forn>4,
(H) n-4 n-4 q-1
2<g<+00, 0< < +oo, for n < 4.

Secondly, we give the definition of the weak solution for (1.1), which will be proved
in Theorem 3.1 of the present article.

Definition 2.1 A function u(x,t) is called a weak solution of problem (1.1) for
(x,£) € Qx [0, T](0 < T < +00) in the sense of u € C([0, T]; HZ(Q) n WP (Q)),
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u, € L= ([0, T HY(Q) N L*(Q)), such that u(x,0) = ug(x), us(x,0) =u;(x) for
x € O, and

t
r2gy,.
/Qut</>dx+/0 [Q(AuA¢+|Vu| Vu - V¢)dxds
t t
(2.2) +f 0(||Vu\|§)fu5</>dxds:f f|u|q_2u¢log\u|dxds+fu1¢>dx
0 Q 0o Ja Q

for any test function ¢ € Hz (Q) n WOI’P(Q) anda.e. t€[0,T].

Thirdly, we present several lemmas, which will be utilized in the proof of the main
results.

Lemma 2.1 Let ue H3(Q)n WJ’P(Q),
As > 0 such that

(23) I(Au)>0for0<A <Ay I(Au)=0forA=2A,; I(Au)<0ford>A,.

Aul%#0, q> p. There exists a unique

Proof By the definition of I(u), we have
I(Au) = A4 (AH |Aul + A7)l - | |u|qlog|/1u|dx) .
Q

Let K(1):= /lz’qHAuH%+M”qHVuH§—fQ|u|qlog|/\u|dx. It is easy to get that
lim) g+ K(1) = +00, limy_, o, K(1) = =00, and K(A) is strictly decreasing with
respect to A in (0, +00). Therefore, there exists a unique A, € (0,+00) such that
K(Asu)=0; K(Au) >0 for 0 <A < A,; and K(Au) <0 for A > A,. From I(Au) =
MK(A), we get (2.3). ]

From definitions of J(u) and I(u), we have I(Au) = )L%](Au). Then J(Au) is
strictly increasing in (0, A, ) and strictly decreasing in (1., +o0), respectively. It takes
its maximum at A = A,.

Here is the logarithmic inequality:

1
(2.4) sllogs < —s1%%, forany s > 0, a > 0.
ea

Lemma 2.2 Let uc H3(Q) n WP (Q) and |Aull, # 0. For any « defined in (2.1)
satisfying (), we have the results: (i) if 0 < |Au|, < r(a), then I(u) > 0 and (ii) if
I(u) <0, then |Aul|, > r(a).

Proof Using (2.4) and the embedding H3(Q) < L17*(Q), we get
1 a
I(u) > [ Aul; - f Jul®log uldx > || Aul3 - —[ulfis
Q ea
1 -
(3) > sl (1- B Jaul$ ).

Consequently, if 0 < | Au|, < r(e), then I(u) > 0. Moreover, if I(u) < 0, it is evident
that |Aul, > r(a). ]

Lemma 2.3 Let (H) hold and q > p. The potential well depth d > M, where M is
defined in (2.1).
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Proof It follows from Lemma 2.2 and definitions of I(«) and J(u) that

(a-2)2%, o, (a=-pAL 1 A
(2.6) J(Au) = | Aul + Ivulp + = lulg.
2q o P
Just like the proof for Lemma 2.2, we get
a2 1 a a-—
0= (k) > 228wl (1- A BT fau] 7).
ea
It follows from (2.5) that (eaB,? )**? <A,|Aul,. Hence, we get J(A.u) >

2
qT—qZ (eocB;q*“) 7272 'Therefore, by the definitions of M and d, we have d > M. ]

Lemma 2.4 Foranyu e HX(Q) n Wy (Q), if [, |u|?log|u|dx > 0 and there exists a
constant D > 0 such that |Au|, < D, then

Jul < Ki [( [, lultogluidx) + aul; ] where Ky = A{'D*"4
Q
Proof Using the embedding inequality A, [ u|3 < | Aul||%, we have

_ _ 4 4 % 4
I A ol 470 vl < | oglaax) < |

Lemma 2.5 Let (3{) hold. For any ueH(Q)n Wg’p(Q) and 2<s<q, if
Jq |u|91og |uldx > 0, then

27) () tuittogluidx )" < & ( [ fultoglulds + aul3).
Q Q

where K, := max {1, fo(eoc)_q%“} and By, is defined in (2.1).
Proof If [, |u|?log|u|dx > 1, then

“logluldx)" < [ Jultlogluldx < [ [ul?logluldx + | aul?.
([t togludax)” < [ juloglulde < [ fuffloglula + aul3
If [, |u|?log|u|dx <1, then we denote Q; := {x € Q||u| > 1} and, for any § € (0,2),

s B
Tlog|uld qg(f Tlog uld )"
(f, ul1ogluldx) < ( [ fuitoguld
1 B
S(—[|u|q+“dx)q
ex JQ

B (g+a)B
- (ea) Fulyed
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Choosing f3 := ;—q‘x € (0,2) and using the embedding H3(Q) = L1**(Q), we get

q 2 __2
(. ol 1og uldx) " < (ea) "3 3 < B2 (e) 7 w3
< f |ul9Tog |u]dx + B2 (ear) ™75 | Aul2.
Q
Summarizing the above two cases, we get (2.7). [ ]

3 Well-posedness of weak solution

In this section, our focus is on the well-posedness of the solution as defined in
Definition 2.1.

Theorem 3.1 Let initial data (ug, u;) € H and (H) hold. There exists a positive time Ty
such that problem (1.1) admits a unique weak solution u(x, t) in Q x [0, Ty | in the sense
of ue C([0, ToJ; HA(Q) n WP (Q)), u, € L= ([0, ToJs H5(Q)) N L2(Q), u(x,0) =
uo(x), us(x,0) = uy(x) in Q, and for any test function ¢ € Hz(Q) n Wol’P(Q) and
ae te[0, Ty

t
fu,¢dx+[ f(AuA¢+|Vu|p_2Vu-V¢)dxds
) 0o Ja
t t
+f o(HVuﬂg)fusgbdxds:/ [|u|q72u¢log|u\dxds+[u1¢dx.
0 Q o Jo Q

The following cases only have one that holds:

(i) Tmax = +00, which means the weak solution is globally existent.

(ii) Tiax < +00, which indicates the weak solution undergoes blow-up in a finite time in
this regard

Tim (a3 + [ aul? + [ Vul}) = +oo.

max

Proof We divided the proof into five steps.
Step 1. Approximation. Let {wj}:zl be an orthonormal basis in H2(Q) n Wé’p(Q),

which are the eigenfunctions of A? with the boundary value conditions in (1.1). We
define the finite-dimensional space V,, := span{wy, w3, ..., w,,}, m € Z*, and con-

m
struct the approximate solution u,, (x,t) := ¥ bjm(t)w;j(x), where u,(x, t) satisfies
j1

the following Cauchy problem:

/Q(um”wj + Ay Awj + |V thy|P 2V thyy - Vw;j)dx

(3.1) + O'(HVM,,,H%) f Upmpwjdx = f |um|‘1*2umwj log |t m|dx,
Q Q
(32)  um(x,0) = thom = 2. bjm(0)w;(x) = uo in Hy(Q) n Wy (Q),
=
(3.3) U (%,0) 1=ty = ) bim(0)wj(x) > u in L*(Q).
=
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By standard methods in ODEs, we prove the existence and uniqueness of solution to
approximate problem (3.1)-(3.3) on some of intervals [0, T}, ) for 0 < T, < +oo0.

Step 2. Priori estimate I. Define a function
_ 1 , 1 , 1 ,
64 Ea(1) = 3wl 4 31003+ 7l

Multiplying (3.1) by b’,,(¢), summing on j = 1,2,...,m, and integrating with respect
to t from 0 to #(< T, ), we obtain

En(0)+ [ o(19un(5) 12 1ims () 2
69 =B+ [ [ ) (5 5) o (5 s,

From (3.2)-(3.4), we have E,, (0) < +o00. On the other hand, by (3.5), Young’s inequal-
ity, and the embedding H3(Q) < L2(@+*)(Q), we arrive at

1
f|um|q_2umumtlog|um|dx§ff|um|’1+“_1|um,|dx
Q eq

el N TR S U

Bf(q+a 1)
<

T 2g0a%e?

€
(3.6) [t 13+ =t

where « is defined in (3{) and B; is the embedding constant of HZ(Q) —
L@+ 1) (), Replacing (3.6) in (3.5) and using ¢ (s) > a, we have

Em<t>+(a—%)[Otuums(sw%ds

Bz(q+tx—1)

En(0) + 2—— Aty |20V s
( ) 2£1a2e2 || Um HZ

B2(q+tx—1)

t
—= gq+a-1
En(0)+ S [0 (s ()13 + [ 3 + [ T )" ds

2¢e1a%e?
L paves 1/ Eq a- 1 (5)ds,

BZ(q+tx 1)
where g + a — 1 > 1. We take ¢, small enough that ; < 2a. Then by Gronwall’s inequal-
ity, there exists a constant Cr, > 0 such that

IN

IN

<En(0) + 2e,a2e?

t
(3.7) ||u,m\|§+\|Aum||§+||wm|\§+[0 lttms (5)|2ds < Cr,, forallm e N,.

Hence,
(3.8) {t4n } is uniformly bounded in L ([0, Ty ]; Ha (Q)),
(3.9) {4} is uniformly bounded in L% ([0, ToJ; W,?(Q)),
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(3.10) {t4n;} is uniformly bounded in L ([0, To; L*(Q)),
(3.11) {um¢} is uniformly bounded in L*([0, To] x Q).
Step 3. Priori estimate II. Define z,, := ttyn, — U, for any my, m, € Z*. By (2.2), we get

f Zmerwjdx + f Az Awjdx + f [V sk, [PV ity - Veojdx

Q Q Q
_ fﬂ [V itk [P 2 Vi, - Vidx + 0 (| Vi, [3) L Uy @ jdx
= 0(|Vts]3) [ sty
= fQ |thon |72 thy, @ 10g [, | dx — fﬂ [thmy |9 U, @ 10g |11, |dx,

where the initial data (zom, zim) = (4om, — Uom,> Uim, — Uim,) € H. Replacing w; by
Zm: in the above equation, we get
1d
2 dt
p—2 p—2
+ fQ (|Vum1| Vit = |Vidy,] Vumz) - VZmedx
= [0 1T 3) = oIVt [D)] [ stz + [ ft 210, 2 10g e

—fQ|u,,,2|q_2umzzmt10g|uml|dx.

(lzmel3 + 182 13) + o (171, [2) [ 2me 2

Forallx, y € R" and p > 2, using 22 ?|x — y|P < (|x[P2x — [y|P~2y) - (x — y), we have

d (1 1 1
(312) a (2|th|§ + EHAZW, H% + EHVZ," |§) < Il + 12 + 13,

where the notations are defined as
L= = ([Vtm, D lzmel3s L= (0| Vim, 3) = o(| Vim,[3)) fQ Um,tZmtdX,
I3 := /Q (|uml|q_2um1 1og [tm,| = |thm, |7 > thim, log|um2|) Zmrdx.

Now, let us estimate Iy, I, and I3. First, from ¢(s) > a, we have

(3.13) L < ~afzme3.

Using o(s) = a + bs € C'([0, +00)), and Hélder’s and Young’s inequalities, we have

L < bf|[ Ve, 2 = [ Vi, |2 ([ Vit 2 + [Vt [12) fQ [thmye|Zme|dx
<b|Vam|2(IVim, |2+ [Vitm, Hz)[glumthzmtldx

11
<2bA " CR [ Vzm 2 lumoe 2 Zme 2

(3.14)

1
b*A, *Cr,
< fllwml\i\lumz:l\% + &2 zme-
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Using Holder’s inequality again, we obtain

(3.15) I3 < [[G(um) = G(m,) |2 2me 2>

where G(s) := |s]972slog|s|. From (2.4) and the Mean Value theorem, there exists a
constant & € (0,1) such that

1G (um,) = G(ttmy) 2 < |G (Gattm, + (1= &)14m, )2
<0+ (g =D tog s, + (1= &)utmal) [ty + (1= &))" 2

_ -1 .
|:|Eluml * (1 B El)”mz|q ’ * qe(x |£1uml + (1 - El)umz|qu 2] Zm

2

<

2

- -1 -
316) < |t + ) el |, + L o + i ) 2]
ea 2

Applying Hélder’s inequality, the embedding H2(Q) < L*47D(Q), and the
inequality |a + b|" <277 (|a|" +|b|"), r > 1, to the right side of (3.16), we get
L2 _
[ ) Kl I [ 7N e E
q-2

(29-3)(9-2) 2(g-1 2(g-1 -1
P (D 36573 + Tt [136570) ™ Nz l3ory

q-2
(3.17) < Cr (I 8um, 3977 + | A, [3977) 7 Az 3,
(29-3)(9-2) 2(g-1) . . 2
where Cy:=2" 1 B, and B, is the embedding constant of Hg(Q) —
L2@-D(Q). Similarly, for g* == 2(q + a - 2)2—:;, we arrive at
| Ut + Jatm, )72 2

2

@~ (-2) _ =
G18) <2 B0 @I (A |2+ A1) Az .

(@*-1)(9-2)

Denoting C; :=2" 4! Bg(q+“)_2|Q|(q+al><H> and substituting (3.16)-(3.18) into
(3.15) and using Young’s inequality, we get

11 2(g-1 2(q-1)\ 7o
Iy < S CF (18 37+ Ay 547 (8213 + zome3)
q-2

q-1_1 * *\ 2D
619+ (18012 ) (182l 4 o).

Now replacing (3.13), (3.14), and (3.19) into (3.12), choosing ¢, < a, we have

d(1, ., 1 , 1 .
5 (3o l2+ Mo+ Lo 195018

1 1 q_l 1 2(g-1 2(gq-1 %
<(er =)l + g e (], Lt [l 0 + i 1

_1 _
bz)‘l *Cr, 2 2 q* q* 2{1431) 2 2
# e Va5 (800, 13+ 80, [5) " (8213 + Jzme]3)
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5
b*A, 2 C?
| Az[3 + C3 (182 |3 + lzm]3)

1 1 1
<o (Seml2+ 310n 2+ i1 vam ).

where the positive constants are defined as

(g LD

1 T Bl D e (N (=
C3 = E max Cl , ECZ 22(a-1) CTO + 2 4D CTO 5

b2 2 C2

Cy = max {2, p27*} max{1, ;
2

+C3

By Gronwall’s inequality, there exists a constant Cr, > 0 such that

(3.20)
|2mellz + 1823 + [Vzm [} < Cry (|20m]13 + 1820w 3 + [VZom[}), forallmeN,.

Step 4. Passing to the limit. It follows from (3.8)-(3.11) that there exists a
function u and a subsequence of {u,}oo; (still denoted by it) such that
U —u in L®([0, Tol; H3(Q)), ttw —u in LP([0, ToJ; WyP(Q)), thmi — t; in
L= ([0, To; L*(Q)), and uyy; — u; in L2([0, To]; L2(Q)). The estimate (3.20) guar-
antees the limit for the Kirchhoff damping. From (3.20) and taking (3.2) and (3.3) into
account, we deduce z,, (0) := 14, (0) = 14y, (0) = 0 in Hz(Q) N Wg’p(Q), Zm(0) :=
Umyt(0) = e (0) > 0in L*(Q), and |z |3 + | Az |3 + | VZm |} — 0. Hence,

(3.21)
U = uin C°([0, To s HE(Q) n WoP(Q)),  th = uy in C°([0, ToJ; L2(Q)).

Considering the convergence in (3.21), we have u,, - u, ae. in Qx (0, Tp).
Hence, o(|Vun|3) = o(|Vu|3) for t € (0,T;). On the other hand, using (2.4),
(3.8), and (3.9), the embedding HZ(Q) < L2(@**)(Q), and the inequality
|x7 ' log x| < [e(q —1)]7" for x € (0,1), we get

J el oglun e <[eq D)0+ [ (el log el
- 1)? -
<e(q- D120+ () Jun 3000
2(q+a-1)
- 2 -1
<lea = D110+ = Bun [
s f(q+¢x—l) el
(3.22) <[e(g-1] |Q|+WC‘1TO .
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Then [tt| 72ty 10g |t4| = |7 2ulog|u| in L= ([0, To]; L2(Q)). Integrating (3.1)
over (0, t), we obtain

t
St [ (Bt 4190 Vs
Q 0o Ja
t
o [ o1Tunl?) [ njdeds
0 Q
t
:[0 fn|um|q—2umwjlog|um|dxds+[Qulmwjdx,

Therefore, from (3.1) and the conditions (3.2) and (3.3) about the initial data, we
pass the limit to the above equation and get the local weak solution satisfying
u(x,0) == ug(x), u;(x,0) == uy(x) in Q.

The uniqueness of the weak solution can be acquired through the method in the
work [14].
Step 5. Extension of local weak solutions. By using contradiction argument, we
suppose that Tax < +00 and lim,_,z;, (|lu¢|3 + |Au|3 + | Vu|5) < +oo. Then there

would be a sequence {¢;}°, and a constant K > 0 such that ¢; - Tpax as j — co and

=
luel3 + [ Aul3 + [ Vu|b < K. For each j € N, there exists a unique solution of (1) on
[tj,tj + T* ], where u(x, t;) is the initial datum and T* > 0 only depends on K. It can

be found out that there is a contradiction, that is, for large j € Ny, Tax < tj + T*. =

4 Caseg>p

The diffusion div(|[Vu[P2Vu) and the reaction |u|?*ulog|u| play crucial roles in
determining the existence of global and blow-up solutions. When g > p, we state that
the reaction term is prevailing.

Theorem 4.1 Let q > p. If (ug, u1) € Wy and () hold, then problem (1.1) possesses a
unique global solution u as defined in Definition 2.1. The energy function E(t) satisfies

t
(41) E(0)+ [ o(17uld)us(s) 3ds < E(0).
Moreover, there is the decay estimate of energy function
(4.2) E(t)<& forall 0 < t < +o0
: T L+t - ’
where L is a positive constant and
(1+0a1)qd d 1 , 1 N
Cpi=-———+d+—+= + = ,
v O Sl
1 -2)Ad -p)Ad C d
Com o, =2 o (@-ph (0 G d

g ' 2q(AT-22) " pq(MI-af) ' gtlogd.  2a

In particular, if E(0) < M (M is defined in (2.1)), then there are positive constants Cg
and Cy such that E(t) satisfies the exponential decay estimate

(4.3) E(t) < Cge @, forall0<t< +oo,
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where the constants are defined as

&(1+01)q ( f )
Ce=1l-e35————=, Cg:=(E(0)+ dx |/ Cs,
6 &3 n(g-2) 8 (0) +e3 Quoul x)/Cs
&(1+01)g
Cri=l+e+——-7=, Cqo:= Cy,
7 & n(g-2) 9= Pes/Cy
and f3 is a small constant satisfying
q-2 qt+a—2
Bl T pata =
(44) ﬂ<p) E_l_’_ﬁio M +B“7 @ <0,
2 q? q-2 ea q-2
and &5 is a small constant satisfying Ce, Cg > 0 and
(4.5) &3+ % -—a<0, E(0)+es [ upuydx > 0.
Q

Proof We divide the proof into five steps.

Step 1. Global existence for the case of (uo,u1) € Wi. Let the sequences {w;} 7,
{vom } 320 {vam b2y {im } 52, be the same as those stated in the proof of Theorem
3.1. By the definitions of I(u), E(t), and J(u), we obtain

(4.6)
-2 - 1 1
J(m) = =8t 13+ TL U2+ = [ |2 + ~1(11), forall 0< ¢ < +oo.
2q rq q q
1
EHuth% +J(um), forall0<t< +oo.
Multiplying both sides of (3.1) by b, (¢), summing over j =1,2,...,m, and integrat-
ing it from 0 to ¢, for sufficiently large m, we have

En(t) =

t
(4.7)  En(t)+ f (| Ve |3) |tems(s)|5ds < En(0) <d, forall 0 <t < +oo,
0

48)  Em(t) - %Humtug + J(ttm) < Em(0) <d, forall0 <t < +oo.

We claim that (uy,, u,,;) € W for large m. By contradiction argument, if it was false,
then there would be a constant #, such that (u,,(t), um:(to)) € 9OW;, and hence
I(uym(to)) =0 or E(un(to),ume(to)) = d. Obviously, (4.7) means that the second
equation is impossible. On the other hand, if the first equation holds, then we have
um(to) € N. By the definition of potential depth d, we have J(u,,(t9)) > d, which
contradicts (4.8). Thus, (U, U ) € W, for sufficiently large m and 0 < ¢ < +oc0. Using
(4.6) and (4.8), we get

-2 - 1
(4.9) qZTHAumHg N qpqp | Vum|?+ 2 lenllj <o forall 0 < oo
By using 2 < p < g, (4.7), and (4.9), we get
(4.10) Up, is uniformly bounded in L ((0, c0); Hy (Q)),
(4.11) U, is uniformly bounded in L ((0, o0); WOI’P(Q)),
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(4.12) Uy is uniformly bounded in L™ ((0, 00); L*(Q))),

(4.13) Uy is uniformly bounded in L*((0, c0); L*(Q)).

From (4.10)-(4.13), there exists a function u and a subsequence still denoted by
{um}$2 such that

(4.14) U = uin L=((0, 00); H2(Q)),
(4.15) U — uin L=((0,00); WP (Q)),
(4.16) Ui =ty in L= ((0, 00); L2(Q)),
(4.17) Ut =ty in L*((0,00); L*(Q)).

By using (4.10)-(4.13) and repeating the arguments in Priori estimate I of Theorem
3.1, we obtain that there exists a positive constant C independent on Tj such that

lzmelz + 1823 + [Vzm5
<C(lziml3 + | Azom 5 + [ Vzom|5) , forallm e Z*, 0 < t < +o0.
Hence, we obtain u,, - u in C°((0,00); H3(Q) N W(}’p(Q)) and u, - u in

C°((0,00); L*(Q)). Therefore, we have o (||Vu,|3) = o(|Vul3) forall 0 < ¢ < +oo.
In addition, similar to (3.22), we get

(4.18) |t |7 2y 10g || = |17 2ulog 1] in L ((0, 00); L2(Q2)).
Therefore, together with (3.1) and initial data condition (3.2), (3.3), (4.14)-(4.18), we
obtain

upe + Ny — div(|[VulP2vu) + o (|Vul3)u; = |u|T 2 uloglul, (x,t) € Q x (0, +o0),
(4.19) u(x,0) =uo(x), u(x,0)=u(x), xeQ.
Finally, from (4.19), it can be seen that u is a global weak solution of problem (1.1).

Step 2. Global existence for the case of (ug,u1) € Wy. Let y, :=1- i, Umo = YmUo>
Um1 = YmU1, Ym € (0,1) for m > 2 and m € Z*. Now, we consider the following prob-

lem:
up + Ay — div(|VulP~2Vu) + o (| Vul?)u,
= |u|7?ulog |ul, (x,8) € Qx (0, Trnax)>
4200 Yu—o, -9 (%,1) € 90 X (0, Tyag)
u=0, an O X > Lmax )>
u(x,0) = tmo(x), u(x,0) =um(x), xeQ.

We claim that I(u,,0) >0 and E(umo, Up) < d. Actually, using I(up) >0 and
Lemma 2.2, we observe A, =A,(ug) > 1. Since y, €(0,1), we obtain I(#me) =
I(ymuo) > 0. In addition,

d 1
T](Vmuo) = (HA)’m”0”§ + ||V)’m“0\|§ - / Iymu0|qlog|)/m”0|dx)
Ym Ym Q
1
= —I(ymuo) > 0.
Ym
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Hence, J(ymuo) is increasing with respect to y,,, and

1 1
E(umos tm) = 2 [t I3+ T (umo) = S lymen[[3 +J(ymuo) < E(0) <.

Similar to Step 1, we obtain that problem (1.1) admits a global solution.
Step 3. Energy inequality (4.1). Now, we prove that

(4.21) lim f |t4|? log |ty [dx = f |u|?log |u|dx,
m—oo JQO Q
(4.22) lim |t4|Tdx = f |u|1dx.
m—oo J(O) Q
In fact, from Steps 1 and 2, we have u € L% ((0, 00); H3(Q) n Wy (Q)) and u; €

L™= ((0,00); L*(Q)). Using similar discussion to (3.16)-(3.18) and letting m — +o0,
we have

nl10g | dx = [ uf?loguld
| lumit1oglunldx - [ juftloguldx

For some of a constant 6 € (0,1), using the Mean Value theorem, Holder’s inequality,
the embedding H2(Q) < L2(97)(Q), and taking m — +co, we have

< C|Auy - Auf, >0, forall0< < +oo.

=1y dx < q [ (Ol |+ (1= )" s -
< @Bl + (1= O)[ul |1y 1t — w2
< A7 BT |Au] + | At |27 Atk = Atiy ]

<C(|Aulz + [ Aup )" [ At = Auf2 > 0.

Hence, (4.21) and (4.22) hold. By (3.2) and (3.3), we have lir}rl E(uom, t1m) =
E(uo,u;) = E(0). Making use of Fatou’s Lemma, (4.7), (4.21), and (4.22), we deduce

1 1 1 t
gl lau« 19ulf+ [ o(Ivuld)llids

1 A , 1o ’
< 3 Bminf lemelz + 3 minfAun o+ lim inf [y
t
eliminf [ o(1Tun[3)]n|3ds
m—+oo 0
o 1 q 1 q
< liminf Em(0)+f[|um| log [tt]dx + — 1t 2
m—+oo q Q q
= E()+~ [ Jultloguldx + — Jul
qJo g

Then the energy inequality (4.1) holds.
Step 4. Decay estimate (4.2) of energy. From Steps 1 and 2, we know (u, u;) € W for
0 < t<+ooandI(u) >0 provided (ug, u;) € W. By the definitions of E(t), o(s), and
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I(u) > 0, we get
t 1 t
E0)2E(0)+ [ o(17uld)Jus(9)|3ds > Sluil3+ () +a [ Jucl3as
2, 49°P p, Ly g /t 24
L EIvulf el ea sl

Equation (4.23) and E(0) < d yield

1
(423) 22 fufp+

2qd d
420wl Jaulis 95 pwulf< P [ ufas < 2.

. .. 5 . . 2 =2 2 =2 pqd
Using Holder’s inequality, we have | Vu |3 < |Q[ 7 [Vu[} < [Q] 7 ( ) .Due to the
continuity of ¢ (s) in [0, +00), there exists a constant 0; > 0 such that

(4.25) G(HVuﬂg) < max 0(||Vu||§) = 0.
0<|Vul2<cr

Now, taking ¢ := u in (2.2) and applying (4.24) and (4.25), Young’s and Holder’s
inequalities, and A, || u||% < | Aul|%, we get

t t t
Id:—ffssdd—f Zfsdd
[0 (u)ds o o tssudxds = | a(|vul3) |, Ustdxds
t t
—[ utudx+fu0u1dx+/ \|us\|§ds+01[‘f usuds| dx
Q 0 alJdo

l+(71 1 1 ¢
ol + 3l 3ul3+ 5hul+ [l

(4.26)

Furthermore, using (4.24) and (4.26), we arrive at

(4.27)
t
f I(u)ds < (xo)gd +d+ é + 7Hu0\|2 Hung =:Cy, forall0<t< +oo.
0 (4-2)h
By the definitions of J(u) and I(u), we have
-2 - 1 1
(428) I = L aul B 1vul] e ul + 2100

Since I(u) > 0 and by Lemma 2.2, there exists a constant A, > 1 such that I(A,u) = 0.
By the definition of d and (4.28), we have

4-2 .24 2,9 Pqpq p, 1 q
ds]()t*u):/l‘i()t* laul? + T=Lar-agu)? + = |u|
2q 27 pq PogM

q-p p, Ly v, ] q
(4.29) <)Lq( 2y Vulb+ =lluli+ =I(u) | = AL (u).
| aul3 o [vul qZH g .
By the definition of E(t), I(u) > 0, and (4.28), we have

-2 - 1
(4.30) T2 pul3 + T gullb + = Juld < J(u) < E(r) < E(0) < d.
2q rq q
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It follows from (4.29) and (4.30) that

NN Y
(430 1S(E(m) g(E(t)) <(J<u>) <A

On the other hand, together with (4.31), we have 0=1I(A.u)=2A3I(u)+ (A% -
AD) [ Au|? + (AE - AD) [ Vul? = A2 |u]dlog A, which implies

A -2 AL -
(4.32) I(u) = =5 Aul3 + b HWHP+||uHZIOgM-
Using (4.27) and (4.32), we have
M
: e
(4.34) f |Vul2ds < f ()ds < 5~ Co,

t
(4.35) f u4ds <
0

Due to the monotonicity of E(t), we conclude that [(L +t)E(t)] < E(t). By

integration, we infer
1 1 t -2 t — t
E(f) < —— ([ I(u)ds + 4 f | Au|2ds + 4 pf |Vul2ds
L+t\gJo 0 pq Jo

1 t 1 t
+?f0 nungdﬁzfo ||us||§ds+LE(0)).

Hence, using E(0) < d, (4.24), (4.26), and (4.33)-(4.35), we get decay estimate (4.2).
Step 5. Exponential decay estimate (4.3) of energy. Define a function

t
F(t):= E(t)+£3fuutdx+s3f a(HVuH%)fuusdxds,
Q 0 Q

where €5 is a positive constant to be specified later. We claim that there exist two
positive constants Cs, C; such that C4E(t) < F(t) < C;E(¢) for all 0 < t < +o0. In
fact, by the definition of o (s), (4.23), (4.25), Young’s inequality, and A, | u 3 < ||Au/3,
we compute

dx

£ £ t
F(t) > E(t) - §\|u\|§ - §\|ut\|§ — &30, i uuds

5301

== lull3

|Aul - gllut\li > CoE(1).

&3 &3
> B(t) = 3 = 5 w3 -
83(1+ Ul)

> E(t) - o
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Now, we choose a small positive constant €3 such that (4.5) holds, where  will be
specified later. Similar to the above procedure, we have

&3 2, & 2 !
F(l‘)SE(t)+5Hu|\z+*\|u:|\z+€3m | wusds| dx

83(1

&3 )
SE(1) + Sl + =57 [l < GEQ).

Differentiating F(t) with respect to ¢, using (2.2), and definitions of E(¢) and o(s),
we get

F'(t):—E'(t)+83Hut|\§+83fgu”udx+£30(|\Vu|\§)/ﬂutudx

= o ([ V) luel3 + esluell3 + e fQ |ul®log uldx — &5 Aull3 - e Vup

<po(0)+ (B2 e eoma) (B - ) i (B2 ) oy

+(e3—ﬁe3)f|u|qlog|u|dx+ﬁ 5 ).
q Q

(4.36)

Now, we consider the right side of (4.36). Using (2.4), (4.24), and the embedding
H3(Q) = L1*%(Q), we arrive at

(4.37)
qta—2
BL™ BY™™ (2qE(0)\ *
[l toguldx < — Julgi% < 2 faujgte < 2 (D) pau
Similarly, we have
q-2
-2 ZqE(O) 2
439 Julg s mflaut - sploulg otz <5} (2E) T oz

Since (4.37) and (4.38), equation (4.36) can be estimated by

a2
2gE(0 ?
P s (B e -a)puli- e (22O jaue e (E-) roug
eqo‘ q p

-2
q+a—2
Bl (2qE(0 B‘“"‘ZEO T
lf B (202t )) c” (28EO) T gk - pesk(r).
q q-2 ea q-2
(4.39)
By assumption E(0) < M, we get —*— B (%_(20) < 1. Meanwhile, we select small

B such that (4.4) holds. Choosing &3 such that (4.5) holds and substituting (4.4) into
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(4.39), we have

(4.40) F'(t) < -PeE(t) < _££3F(t), forall 0 < ¢ < +oo.
7
Integrating (4.40) from 0 to ¢, we have the decay estimate (4.3). ]

The next theorem shows the existence of blow-up solution of problem (1.1). We note
that the positive constant r(«) is defined in (2.1).

Theorem 4.2 Let q > p and the initial data (ug,u;) € Vo and (3) hold. Denote u
the weak solution as defined in Definition 2.1. If E(0) < 0, then the solution u blows up
in finite time or infinite time. Moreovet, if Tnax < +00, then there are the results: (i) If
—(r(«))* < E(0) < 0, then u blows up in finite time in the sense oft li;g [Aul|, = +o0.

(ii) If -(r(a))? < E(0) < 0 and p, q satisfy )

max

np
(3H" 2<q+(x<{n—p’ forn>p.
+oo,  forn<p,

then u blows up in finite time in the sense oft li;g [Vulp = +oo.

Proof The proof is divided into two steps.

Step 1. To prove that the solution blows up in finite or infinite time, we only need
to rule out the case where the solution is globally bounded, and we use the proof
by contradiction for this purpose. If 4 was globally bounded, there exists a positive
constant C independent of ¢ such that |[u; |3 + [Au3 + | Vu[} < C. We define K(t) :=
|u|3 and H(t) := —E(t) for all 0 < t < T < +00, where T; denotes any of a positive
constant. Using the monotonicity of E(¢), we have H'(t) = —E'(¢) > 0,

(4.41) H(t)>H(0)=-E(0)>0, forall0<t<T.

We define G(t) := [, o(||Vu|3)uu,dx for 0 < t < T;. By the assumption of the global
existence of the solution, there are three positive constants Dy, D,, and D3, which are
independent of Tj, satisfying

(4.42) |Au|3 < Dy, HVqu <Dy, |ui|3<Ds, forall0<t<T.
Using Holder’s inequality, we have
2 P2 2 2 2
(4.43) [vul2 <10)F |vul? <|0|F D] = D,.
Since ¢ (s) is continuous, we have
(4.44) o(Ivuld) < max  o(IVuld) = o,
0<|Vu|2<Dy

Using (4.44), and Young’s and Holder’s inequalities, we get

6] = | [ oIvulyudx

<o (| vul3) lul2 ]l

1 1 1 [0}
(4.45) < So([vul3) (|uf|§ + n|u|§) < H(1)+ 2 ul,
i 27 2
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where # is a positive constant which will be specified later. Differentiating K(t)
directly, we obtain K'(t) = 2 [, uudx, K" (t) = 2|u|3 + 2 [, uusrdx. Define a func-
tion y(t) := H'"¢(t) + &4 [, uu,dx, where  satisfies

(4.46) Z(q;2)<{<q—2<l,
q 2q 2

and &4 will be specified later.
Next, we will estimate y’(t). By using (2.2) and Young’s inequality, we have

(1) = (1_()H_((t)H'(t)+€4Hut“§+84fﬂ\u|q10g|u|dx—e4\|Au|\§
- ea|Vulf - eso(|vuld) [ uuds

2|:(1—()H_((t)—;‘;]H'(t)+s4|ut|§+e4fﬂ|u|qlog|u|dx

841/]0'2

—ea| Aul; - 4| Vul§ - Jul>-

Furthermore, we introduce a constant ¢ € (0,1) and the above inequality can be
written by

Y1) (1 - §4H<’<t>) BB (1) + e4g(1 - (1) + &, 17D 2, 2
n
1-¢)-2 1-¢) -
+e4q(zc)|Au|§+s4q(;)p|Vu|§+e4cf0|u|qlog|u|dx

eqs(1-¢) €410y _ _

(4.47)  + p luls - ——H NOLAGITE
Now, we prove [, [u|?log|u|dx > 0. In fact, by the monotonicity of E(t), we have
(48) = [ fultlogluldr > 2l + S laul + < [vul} + —luld - E(0) 20

. = | |u|Tlog|u|dx > =|u —|Au|;+ —||Vu = |uld- >0.

g Jo g 2 ti2 2 2 p p qz q

Due to (4.48), the condition of Lemma 2.4 holds. Now, let us estimate the
last term on the right side of (4.47). Applying Lemma 2.4, we have |u]3 <

K [(fﬂ |u|?1og |u|dx)* + HAuHE] Combining (4.41) with Young’s inequality, we

obtain

¢
1
s (5 ttoglutas) Jul
_af

2,40 1
(4.49) <Kiq ¢ l([ |u|qlog|u|dx)q + (f |u|qlog|u|dx)q + |Au|§] .
Q Q
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From (4.46), it is easy to know that % < 2+Tq( <land % ﬁ 1. Making use of (4.49)

and Lemma 2.5, we obtain
HE (Ol < Kig™ |26, [ Jul?log uldx + (2Ks + )] 8u3]
< 2Ky (Ky +1)q " ([ 1| log |u]dx + nAuug).
Q

Substituting the above inequality into (4.47), we have

FOE (1_5— Hf(t)) HC(O)H'(£) + eaq(1 - ¢)H(t) + QW

e [‘1(1 —2 c)-2 —H_((t) 7702K1;§<2 +1)]

ez

[Aul3 + e

1-¢) -
L=y

e 1D ftegiae - 5

(4.50)
Combining (2.4), (4.42), (4.43), the definition of E(¢), and the embedding HZ(Q) =
LT (Q)), we get

qta q+0£ Bq+a qt+a

B
H(t) <~ [ jul log Juldx < —nunz:z <

Then by (4.41) and (4.50), we have

’ €4 BZcﬂx = ‘ < ’
y)z|1-(-— D,? H™*(t)H'(t) + eaq(1 - c)H(2)
2n \ equa
1-¢)+2 1-¢)-2 _ 0, Ki(Ky +1
+8461( 2) |ut|§+£4|:q( 2) _H ((0)’7 2 1;(2 )]|Au§

1-¢) -
+e4q(;)1’|w|§+s4 [c H(0)

es(l-c¢)
+ = ulg.
q

1102K1(K2 + 1)]

1] d
| 1utt10guidx

(4.51)

We choose the constants ¢ and # so small that g(1-¢) — p > 0 and

q(l—c)—z_

> H%(0)n0,Ki (K, +1)g ¢ > 0

~ H(0)50,K,(K; +1)g* > 0.

Once c and 7 are fixed, we pick some of a constant ¢4 small enough that

Bq+0¢ g+a
1- (- D,* | >o,
(4.52) 211 eqa

H- ((0)+£4/u0u1dx>0.
Q
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By (4.52), the estimate (4.51) becomes

(4.53) y'(£) 2 Cio (H(t) + [uel3 + | Aull3 + [Vul§ +u]f) > 0,

where the positive constant

Co i min{s4q(1_6)_p, [a00-2 _Hc(o)mm(gm]’ 841—6}
q q

> 0.

Hence, from (4.53), y(t) is increasing in (0, Tyax), and hence y(t) > H4(0) +
&4 [ uourdx > 0. By the choice of {, we have { € (0,1/2). Letr := Accordmgto the

inequality |a + b|” < 2"7' (|a]” + |b|") for r > 1, using H6lder’s and Youngs inequalities,
we have

y(t) <2t (H(t)+sfl|fﬂuutdx|r)
L (H() + el ]3)
— 2-r 2 T
<27 1)+ 2 Cealul) 75+ L 3]

(459 < Cu (H(0) + w3 + Juf3).

where Cy; := 2" 1max{ L (gq) T % ’} > 0. Next, we estimate the second term on
the right side of (4.54). It follows from (4.46) that S={>= Applymg the 1nequa11ty
X<+ L)y (m+x), x20,0<7<1, m>0, andtakmgx =|uld, r: <1,
m := H(0), we obtain

T 20q Zf)q

(sl < ) (1)1 ) < o (1) + 1),

1
1+ ——=
( H(0)
where Cj; := (1 + H(O) ) max {1, |Q|L;Z} > 0. Substituting (4.55) into (4.54), we have

C]l(l + CIZ) ’

Y (1) < Cu(1+ Cr2) (H(t) + g + uee]3) < oo

y'(1),
which means

(4.56) Y (t) > ———=)"(1).

Cio
Cu(1+ Cpp)

A simple integration of (4.56) over (0, t) yields y(t) > [y(O)l_’ M] for all

Cu(1+Cr2)
0<t<Ti.Wechoose Ty > T, := %_ Combining r = ﬁ >1and y(0) >0,
we have
(4.57) lim y(t) = +oo.

t—>T,
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However, we claim that there exists a positive constant C;3 such that
(4.58) y(t) < Cy, forall0<t<T.

Actually, from (4.42), Young’s inequality, and A, | u |3 < || Au3, we get
y(t) = H7(t) + &4 f urudx
Q
t 1-¢
([ oUvuulias - £©) +e [ uuds

t 1-¢
<(o [ lulBds - B©)) + ealul} + exful3

< (O'2D3T1 - E(O))l_( + %Dl + £4D3 = C13.
1

Obviously, (4.58) is contrary to (4.57). We conclude the solution cannot remain

globally bounded. Then lim sup ( [u,|3 + | Au? + HVuHﬁ) = +o0. Especially, if Typay <
= Trax

+00, we obtain by Theorem 3.1 that lim ([u[3 + [Aul3 + HVuHﬁ) = +00.

max

Step 2. If Tinax < +00, from Theorem 3.1, we have lim (lu;|3 + |Aul3 + |Vul?) =

max

+oo. Using the definition of E(t), we have |u,|3+|Aul3+ HVqu < pE(0) +
%fﬂ |u|?log |u|dx. By the definitions of E(¢) and I(u), we get

1 1 -2 - 1 1
1) < S k3 + T2l + L vull « Sl + ~1(w) = B(1) < E(0) <o.
q 2 2q pq q q

Hence, I(u) < 0. By Lemma 2.2, we have |Aul|, > r(«) > 0. Together with the defi-
nition of I(u), we have éfn |u|?log |u|dx > |Aul? > 0. By —(r(«))?* < E(0) < 0, we
have E(0) + éfﬂ |u|?1log|u|dx > 0.

(i) Using (2.4) and the embedding HZ(Q) < L1**(Q), we obtain

1
el + v + |Vl SP(E(O) o) |u|qlog|”|dx)

1 Bq+lx
() + Liugiz) < p (B0 P paugee).

Hence, lim [Aulj; = +oo.

t= Thax

(ii) Similarly, using (2.4) and the embedding WO1 P(Q) - LI*%(Q), we obtain

qu+lX
luel3 + | Aulz + [Vulf < pE(O) + jl\wllgmx

where Bj is the embedding constant in WJ’P(Q) <= L1**(Q). Hence, lim |Vu|, =
Tr;ax

+00. | |
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5 Caseg=p

In this section, we will consider the global solvability of problem (1.1) under the state
of the equal strength of the diffusion and the reaction (i.e., g = p).

Theorem 5.1 Let () hold. If q = p and the initial data (ug,u;) € W, then problem
(1.1) possesses a unique global solution u as defined in Definition 2.1. Moreover, the energy
function E(t) satisfies the following decay estimate:

1

(5.1) E(t) < LC+5t’ forall0 < t < +oo0,

where L is a positive constant and

1+03)pd d 1 1
_ p
Cis = lC14 + (2 pZ)A* 14+ Cu + 4 +Ld.
P 2p(A-A2) T prloghx  2a

In particular, if E(0) < M, then the energy functional E(t) satisfies the exponential
decay estimate

(5.2) E(t) < Ciee™ ", forall 0 <t < +oo,

where the positive constants

E(0)+85/Qu0u1dx

Bes

Cis = » Cipi=m———r—,

es(1+a1)p es(1+a)p

1=& =362 L&+ 5.6-2)

and f, is a small constant such that
p-2 pra=2
BY (2pE(0)\ *  BE™ (2pE(0)\ °
gi<p By PiBo(20EQ)) * Bu” (2pE(0) 1<,
2 p? p-2 ex p-2

and &5 is a small constant such that

Be

>0, £5+75—a<0, E(0)+85fu0u1dx20.
Q

Proof The proof of Theorem 5.1 is divided into four steps.
Step 1. Global existence for the case of (uo,u1) € Wi. Let the sequences {w;} 77,

{vom } 125 {vim 152, and {u,, }/.>5 be the same ones as those stated in the proof of
Theorem 3.1. Multiplying both sides of (3.1) by b7, (), summing over j =1,2,...,m,
and integrating it from 0 to t, for sufficiently large m, we obtain

t
(5.3) Em(t)+f ([Tt |2) s (5)|2ds < Em(0) < d, forall 0< t < +oo.
0

1
(5.4) En(t) = EHuth% +J(um) <En(0)<d, forall0<t< +oo.
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Next, we prove that (uy,, um,) € W for sufficiently large m. Similar to the proof in
Theorem 4.1, we get (U, Um¢) € Wy and I(u,, ) > 0 for sufficiently large mand 0 < ¢ <
+00.

Next, by the definitions of I(u), E(t), J(u), and I(u) > 0, we obtain

(5.5) J(um) = —HA mH2+P—H meerI(um) forall 0 < t < +o0,

En(t) = EHumtﬂg +J(uy) >0, forall0<t< +oo.

Using (5.4) and (5.5) and I(u) > 0, we get £= HAumH2 PZ Hume <dforall0<t<

+o0o. From the embedding HZ(Q) - 1‘D(Q) we get |Vul, <S|Aul,<S ;Pd
for all 0 < ¢ < +oo. We observe that for g = p > 2, with (5.3)-(5.5), we obtain that
{u,,} is uniformly bounded in L*((0,00); H3(Q)), {tsy} is uniformly bounded
in L=((0,00); Wy'?(Q)), {t4m:} is uniformly bounded in L% ((0, 00); L3(Q)), and
{ttyys} is uniformly bounded in L*((0, 00);L*(Q)). The rest of the proof can be
obtained similarly to that of Theorem 4.1.

Step 2. Global existence for the case of (ug,u;) € W,. The proof can be obtained
similarly to that of Theorem 4.1.

Step 3. Decay estimate (5.1) of energy. From Steps 1 and 2, we know that if (s, u;) € W,
then (u,u;) € Wfor 0 < ¢t < +o0,and I(u) > 0. With the definitions of E(¢), o(s), and
I(u) > 0, we have

t 1 t
E0) 2 E() + [ o(Ivuld)lu(s)Bds > SlulB+7(w) +a [ Juclds

1 2, P 2 1 p 1 g 2
- Ll + el 1)+ [ e
1 p-2 1 t

50 2 3hulis L 20 s lulfva [ fuclies

A combination of (5. 6) with E(0) < d yields that ||u,|3 < 2d, | Au|3 < ;p%, Ivulb <

— 1
SPHAqu <S (Zpd) and fot lus|)3 < %. Using the inequality A | Vu|3 < ||Au|3, we
have

1

_1 _1 2pd
Vul? <A 2| Aul? <A, 2 P = C".
254 2S5 A

p-2
Because o (s) is a positive continuous function on [0, +00), there is a constant o3 > 0
such that
(5.7) o(|vul3) < max  o(|vul3) = o5

0<||Vul3<C”

The rest of the proof can be obtained similarly to that of Theorem 4.1.
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Step 4. Exponential decay estimate (5.2) of energy. Let

t
Fi(t):= E(t)+85fuutdx+£5f 0(|\Vu||§)fuusdxds.
Q 0 Q

Similar to the proof of Theorem 4.1, we get the exponential decay estimate (5.2). m

Unfortunately, we failed to obtain the existence of blow-up solutions in the critical
case p = q. However, we are certain that blow-up might occur when the initial data lie
outside the potential well.

6 Caseg<p
This section is concerned with the case where the reaction is dominant (i.e., g < p).

Theorem 6.1 Let q < p, (uo, t1) € H, and u be the weak solution as given in Definition
2.1 IfE(0) + C > 0 and y is a positive constant which satisfies q + y < p and 2 < p +

np
R > D,
p< { n-p forn>p then u remains globally bounded for any t € [0, +o0), which
+oo0,  forn<p,
satisfies
(6) Jucl2 < VZ(E0) + ), |Aula < V2(E(0)+C)*,
myp (E(0) +C)7” 1
(6.2) [Vulp < | —————=1 » lulq<[q*(E(0)+O)]",
-1
” R =L .=
where the {)oittzve constants are defined as my = ah ™ L C:=
Tmy (q+ p—)my  my ~
%Kﬂ w pm, and S is the embedding constant in Wy (Q) = LPH#(Q).

Proof Taking ¢ := u, in (2.2), we get

1o Lo Yoo p 1o
EHutHﬁEHAMHﬁ;HWHﬁ;Hu\lq

1 1 1 1 1
:EH”1H§+EHA”0”§+;HV”0H§+?|\“0H3+af0|u|qlog|“|dx

1 t
~ o Sl togluold = [To(17ul) [ liaxds

1
(6.3) SE(0)+ff|u|qlog|u|dx.
qJa

By using the embedding W(} P(Q) — LP*#(Q) and Holder’s inequality, we obtain

(6.4) et g < QTG [ u pin <510 T |V ”-

As for the logarithmic term, using (2.4), (6.4), Holder’s inequality, and the embedding
WP (Q) = LP*(Q), we get
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1 1 1
f[|u|qlog|u|dx:ff |u|q10g|u|dx+ff |u|?log |u|dx
qJa q J{xeQ|lu|<1} q J{xeQ|u|>1}

1 SATH g
< —ul 33l < =l |vul i,
qeu qep

Finally, using Young’s inequality, we get
Smat)  pm om ]

my(qep)™

SITH g
(6.5) 2 |q [Vl < Q7 pra + —— | Vul}.
qep myp

Substituiing (6.5) into (6.3), we get 1 [u¢]3 + 3] Aul3 + (% - m%?) [Vulb + quHqu <
E(0) + C. Hence, from (6.1) and (6.2), the solution u of (1.1) remains globally

bounded. ]
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