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Note on a hyperbolic equation having
p-Laplacian and Kirchhoff damping
Liao Zhang and Fengjie Li
Abstract. In this article, we investigate a high-order quasilinear hyperbolic equation that involves
Kirchhoff damping and logarithmic source:

ut t − div(∣∇u∣p−2∇u) + σ(∥∇u∥2
2)ut + Δ2u = ∣u∣q−2u log ∣u∣,

in Ω × (0, Tmax), subject to null Neumann boundary value conditions, where Ω ⊂ Rn is an open
bounded domain with smooth boundary and p, q > 2 and σ(∥∇u∥2

2) is the Kirchhoff-type coeffi-
cient of the damping ut . Through the utilization of the Faedo–Galerkin approximation, we gain the
well-posedness of local weak solutions. When q ≥ p, we construct algebraic and exponential decay
estimates for the energy of global weak solutions. At the same time, relying on the contradiction
argument and the auxiliary function method, we prove that the weak solutions blow-up with
negative initial energy for q > p. When q < p, we achieve that the weak solutions are globally
bounded.

1 Introduction

In this article, we carry out a study on the following fourth-order p-Laplace hyperbolic
problem having Kirchhoff-type weak damping and logarithmic source:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut t − div(∣∇u∣p−2∇u) + σ(∥∇u∥2
2)ut + Δ2u

= ∣u∣q−2u log ∣u∣, (x , t) ∈ Ω × (0, Tmax),
u = 0, ∂u

∂η = 0, (x , t) ∈ ∂Ω × (0, Tmax),
u(x , 0) ∶= u0(x) ∈ H2

0(Ω) ∩W 1, p
0 (Ω), ut(x , 0)

∶= u1(x) ∈ L2(Ω), x ∈ Ω,

(1.1)

where Ω ⊂ R
n is an open bounded domain with smooth boundary ∂Ω; Tmax(≤

+∞) denotes the maximal existence time of (1.1); and p, q > 2 are constants. The
Kirchhoff coefficient σ(∥∇u∥2

2) ∶= a + b∥∇u∥2
2, where ∥ ⋅ ∥s ∶= (∫Ω ∣ ⋅ ∣sdx) 1

s denotes
the Ls(Ω) norm for 1 ≤ s ≤ ∞, and a, b are positive constants. High-order hyperbolic
equations find extensive application in numerous fields, for instance, physics, ecology,
architecture, fluid mechanics, and so on. During the motion process, the phenomenon
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2 L. Zhang and F. Li

where the energy of the system gradually dissipates as a result of the interaction
between the system itself and the external environment is termed damping. Generally,
damping can be classified into strong damping, weak damping, and the structural
damping falling between the two. For the Kirchhoff damping σ(∥∇u∥2

2)ut , it has been
firstly proposed in [12] by Lange and Menzala in the elastic beam equation

ut t + Δ2u + σ(∥∇u∥2
2)ut = 0, (x , t) ∈ Rn × (0, Tmax).

This type of damping mimics the u-dependent mean friction mechanism that operates
on an object. After that, Cavalcanti et al. added the memory term −(g ∗ Δu)(t) to the
above equation in [4]. The global existence and energy decay estimate of the solutions
were obtained for any unbounded set and bounded set through the Galerkin estimate
and multiplier method. In the Kirchhoff damping where σ(∥∇u∥2

2) ≠ 1, the majority
of the literature is centered around the long-time dynamic behavior of the solutions
to quasilinear wave equations and fourth-order wave equations (see, e.g., [9]).

The impact of the logarithmic source on the characteristics of solutions for the
semilinear wave equations has garnered extensive attention. Yang and Fang in [19]
studied the Dirichlet initial-boundary value problem for a class of semilinear wave
equations

ut t − Δu + σ(∥∇u∥2
2)∣ut ∣γ−2ut = ∣u∣p−2u log ∣u∣, (x , t) ∈ Ω × (0, Tmax).

They achieved the well-posedness of weak solutions. The global solution of the
equation was acquired for p < γ, and the finite time blow-up solution was obtained for
p > γ. They also investigated a semilinear wave equation featuring Kirchhoff damping
and a logarithmic source (see [20])

ut t − Δu + σ(∥∇u∥2
2)ut = ∣u∣q−2ulog∣u∣, q > 2, (x , t) ∈ Ω × (0, Tmax).

By enhancing the Faedo–Galerkin method in conjunction with the potential well the-
ory, they established the local existence and global existence of solutions, along with
decay estimates of the energy. Simultaneously, relying on the contradiction argument,
they demonstrated that there are blow-up solutions for negative initial energy. When
the source term is superlinear, Zhang and Li in [21] studied the asymptotic stability
and blow-up of the wave equation

ut t − Δu + σ(∥∇u∥2
2)∣ut ∣m−2ut = ∣u∣p−2u, (x , t) ∈ Ω × (0, Tmax),

where σ(∥∇u∥2
2) ∶= ∥∇u∥2l

2 . They discovered that when the initial energy is small,
the asymptotic stability of energy is achieved for polynomial degenerate damping.
Moreover, they provided some sufficient conditions for the solution to blow-up in
finite time when p > m + l p by employing the potential well theory. For other relevant
equations, the interested readers can refer to [3, 8, 13, 15, 17].

Ma and Fang in [16] studied the Dirichlet initial-boundary value problem for
semilinear equation

ut t − Δu − Δut = u log ∣u∣2 , (x , t) ∈ Ω × (0, Tmax).

By employing the potential well theory and the logarithmic Sobolev inequality, the
global solvability, energy decay, and infinite blow-up were obtained. For other relevant
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Note on a hyperbolic equation 3

research about potential well method or equations involving logarithmic sources, the
interested readers can refer to [1, 2, 5–7, 10, 11, 13, 18, 22, 23].

It can be verified through the above references that the logarithmic sources not only
can influence the stability of the solutions of the constant coefficient wave equations
but also have an effect on the singularity of the solutions. The interaction among
different dampings and the viscoelastic terms has a profound impact on the property of
the weak solutions. To the best of our knowledge, the quasilinear hyperbolic equation
(1.1) with Kirchhoff nonlocal damping has seldom been taken into consideration
previously. Inspired by the works [16, 19–21], we aim to investigate the global existence,
decay estimate, and blow-up of weak solutions to (1.1). The p-Laplacian can contribute
to the existence of global solutions, whereas the logarithmic source can result in the
blow-up of solutions, which can be reflected in the relationship between p and q.
When addressing these issues, the Kirchhoff nonlocal damping term, p-Laplacian,
and logarithmic source pose significant challenges in applying the potential well
method. In the proof of the well-posedness of weak solutions, the Kirchhoff damping
term requires stronger regularity of the approximation solutions in the Galerkin
procedure. When the initial energy is less than or equal to the depth of the potential
well and Nehari’s initial energy is nonnegative, the traditional Aubin–Lions lemma is
ineffective in the approximation. Hence, it is necessary to modify the Faedo–Galerkin
approximation technique, utilize the density theory and the compactness theory to
obtain the existence of global weak solutions and their energy decay estimates. The
traditional convexity method is also unsuccessful in handling the blow-up of solutions
even if the initial energy is negative, and the difficulty stems from the introduced
Kirchhoff damping. Consequently, it is necessary to construct new auxiliary functions
and prove the differential inequalities to demonstrate the existence of the blow-up
solution. The logarithmic source renders some embedding inequalities inapplicable
in certain exponential regions. For example, the Sobolev space W 1, p

0 (Ω) cannot be
embedded into Lq+μ(Ω) directly when q + μ < p. Therefore, it is necessary to add
other conditions so that W 1, p

0 (Ω) ↪ Lp+μ(Ω) ⊂ Lq+μ(Ω).
In the next section, we provide the definition of the weak solution and some crucial

lemmas. In Section 3, we prove the well-posedness of the weak solution of (1.1). Section
4 is concerned with the global solvability, decay estimates, and blow-up of the solutions
to (1.1) when q > p. Section 5 investigates the global existence and decay estimate of
the solutions to (1.1) when q = p. Then, in Section 6, we prove that the weak solution
of (1.1) is globally bounded when q < p.

2 Preliminary lemmas

Firstly, we introduce some notations. The norms in H2
0(Ω) and W 1, p

0 (Ω) are defined
by ∥u∥H2

0
∶= ∥Δu∥2 and ∥u∥W 1, p

0
∶= ∥∇u∥p , respectively. The inner product in L2(Ω) is

denoted by ( f , g) ∶= ∫Ω f (x)g(x)dx. We define H ∶= (H2
0(Ω) ∩W 1, p

0 (Ω)) × L2(Ω).
We have inequalities λ1∥u∥2

2 ≤ ∥Δu∥2
2 and λ

1
2
1 ∥∇u∥2

2 ≤ ∥Δu∥2
2, where λ1 denotes the

first eigenvalue of the operator Δ2 subject to null Dirichlet condition. For any u ∈
H2

0(Ω) ∩W 1, p
0 (Ω), we define
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4 L. Zhang and F. Li

the potential well functional J(u) ∶= 1
2
∥Δu∥2

2 +
1
p
∥∇u∥p

p

− 1
q ∫Ω

∣u∣q log ∣u∣dx + 1
q2 ∥u∥

q
q ,

the Nehari functional I(u) ∶= ∥Δu∥2
2 + ∥∇u∥p

p − ∫
Ω
∣u∣q log ∣u∣dx ,

the energy functional E(t) ∶= E(u(t), ut(t)) = 1
2
∥ut∥2

2 + J(u).

The initial energy is E(0) = 1
2 ∥u1∥2

2 + J(u0). Because E′(t) = −σ(∥∇u∥2
2)∥ut∥2

2 ≤ 0,
E(t) is decreasing with respect to t. By the definitions of J(u), I(u), and E(t), we
get

E(t) = 1
2
∥ut∥2

2 + J(u) = 1
2
∥ut∥2

2 +
q − 2

2q
∥Δu∥2

2 +
q − p

pq
∥∇u∥p

p +
1

q2 ∥u∥
q
q +

1
q

I(u).

Next, we define the potential well W ∶=W1 ∪W2, where

W1 ∶= {(u, ut) ∈ (H2
0(Ω) ∩W 1, p

0 (Ω))/{0} × L2(Ω)/{0}∣I(u) > 0, E(t) < d} ,

W2 ∶= {(u, ut) ∈ (H2
0(Ω) ∩W 1, p

0 (Ω))/{0} × L2(Ω)/{0}∣I(u) > 0, E(t) = d} ,

and the outside of potential well V0 ∶= {(u, ut) ∈ H∣I(u) < 0, ∥Δu∥2
2 ≠ 0, ∥ut∥2

2 ≠ 0},
and the Nehari manifold N ∶= {u ∈ H2

0(Ω) ∩W 1, p
0 (Ω)∣I(u) = 0, ∥Δu∥2

2 ≠ 0}. The
potential well depth is defined by d ∶= inf

u∈N
J(u). Define two specific constants

r(α) ∶= (eαB−q−α
α )

1
q+α−2 , M ∶= q − 2

2q
(eαB−q−α

α )
2

q+α−2 ,(2.1)

where α is a positive constant and Bα is the embedding constant of H2
0(Ω) ↪

Lq+α(Ω).
There are the embedding results, which will play an important role in the proof of

the main results:

H2
0(Ω) ↪ Lq+α(Ω), H2

0(Ω) ↪ L2(q+α−1)(Ω), H2
0(Ω) ↪ L2(q+α−2) q−1

q−2 (Ω),

provided

⎧⎪⎪⎪⎨⎪⎪⎪⎩

2 < q < 2n − 4
n − 4

, 0 < α < (2n − 4
n − 4

− q) q − 2
q − 1

, for n > 4,

2 < q < +∞, 0 < α < +∞, for n ≤ 4.
(H)

Secondly, we give the definition of the weak solution for (1.1), which will be proved
in Theorem 3.1 of the present article.

Definition 2.1 A function u(x , t) is called a weak solution of problem (1.1) for
(x , t) ∈ Ω × [0, T](0 < T < +∞) in the sense of u ∈ C([0, T]; H2

0(Ω) ∩W 1, p
0 (Ω)),
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ut ∈ L∞([0, T]; H1
0(Ω) ∩ L2(Ω)), such that u(x , 0) = u0(x), ut(x , 0) = u1(x) for

x ∈ Ω, and

∫
Ω

ut ϕdx + ∫
t

0
∫

Ω
(ΔuΔϕ + ∣∇u∣p−2∇u ⋅ ∇ϕ)dxds

+ ∫
t

0
σ(∥∇u∥2

2)∫Ω
us ϕdxds = ∫

t

0
∫

Ω
∣u∣q−2uϕ log ∣u∣dxds + ∫

Ω
u1ϕdx(2.2)

for any test function ϕ ∈ H2
0(Ω) ∩W 1, p

0 (Ω) and a.e. t ∈ [0, T].

Thirdly, we present several lemmas, which will be utilized in the proof of the main
results.

Lemma 2.1 Let u ∈ H2
0(Ω) ∩W 1, p

0 (Ω), ∥Δu∥2
2 ≠ 0, q ≥ p. There exists a unique

λ∗ > 0 such that

I(λu) > 0 for 0 < λ < λ∗; I(λu) = 0 for λ = λ∗; I(λu) < 0 for λ > λ∗ .(2.3)

Proof By the definition of I(u), we have

I(λu) = λq (λ2−q∥Δu∥2
2 + λp−q∥∇u∥p

p − ∫
Ω
∣u∣q log ∣λu∣dx) .

Let K(λ) ∶= λ2−q∥Δu∥2
2 + λp−q∥∇u∥p

p − ∫Ω ∣u∣q log ∣λu∣dx. It is easy to get that
limλ→0+ K(λ) = +∞, limλ→+∞ K(λ) = −∞, and K(λ) is strictly decreasing with
respect to λ in (0,+∞). Therefore, there exists a unique λ∗ ∈ (0,+∞) such that
K(λ∗u) = 0; K(λu) > 0 for 0 < λ < λ∗; and K(λu) < 0 for λ > λ∗. From I(λu) =
λqK(λ), we get (2.3). ∎

From definitions of J(u) and I(u), we have I(λu) = λ d
dλ J(λu). Then J(λu) is

strictly increasing in (0, λ∗) and strictly decreasing in (λ∗ ,+∞), respectively. It takes
its maximum at λ = λ∗.

Here is the logarithmic inequality:

sq logs ≤ 1
eα

sq+α , for any s > 0, α > 0.(2.4)

Lemma 2.2 Let u ∈ H2
0(Ω) ∩W 1, p

0 (Ω) and ∥Δu∥2 ≠ 0. For any α defined in (2.1)
satisfying (H), we have the results: (i) if 0 < ∥Δu∥2 ≤ r(α), then I(u) ≥ 0 and (ii) if
I(u) < 0, then ∥Δu∥2 > r(α).

Proof Using (2.4) and the embedding H2
0(Ω) ↪ Lq+α(Ω), we get

I(u) ≥ ∥Δu∥2
2 − ∫Ω

∣u∣q log ∣u∣dx ≥ ∥Δu∥2
2 −

1
eα
∥u∥q+α

q+α

≥ ∥Δu∥2
2 (1 − 1

eα
Bq+α

α ∥Δu∥q+α−2
2 ) .(2.5)

Consequently, if 0 < ∥Δu∥2 ≤ r(α), then I(u) ≥ 0. Moreover, if I(u) < 0, it is evident
that ∥Δu∥2 > r(α). ∎

Lemma 2.3 Let (H) hold and q ≥ p. The potential well depth d > M, where M is
defined in (2.1).
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6 L. Zhang and F. Li

Proof It follows from Lemma 2.2 and definitions of I(u) and J(u) that

J(λ∗u) = (q − 2)λ2
∗

2q
∥Δu∥2

2 +
(q − p)λp

∗

pq
∥∇u∥p

p +
λq
∗

q2 ∥u∥
q
q .(2.6)

Just like the proof for Lemma 2.2, we get

0 = I(λ∗u) ≥ λ2
∗∥Δu∥2

2 (1 − λq+α−2
∗

1
eα

Bq+α
α ∥Δu∥q+α−2

2 ) .

It follows from (2.5) that (eαB−q−α
α )

1
q+α−2 ≤ λ∗∥Δu∥2. Hence, we get J(λ∗u) >

q−2
2q (eαB−q−α

α )
2

q+α−2 . Therefore, by the definitions of M and d, we have d > M. ∎

Lemma 2.4 For any u ∈ H2
0(Ω) ∩W 1, p

0 (Ω), if ∫Ω ∣u∣q log ∣u∣dx ≥ 0 and there exists a
constant D > 0 such that ∥Δu∥2 ≤ D, then

∥u∥2
2 ≤ K1 [(∫

Ω
∣u∣q log ∣u∣dx)

2
q

+ ∥Δu∥
4
q
2 ] , where K1 ∶= λ−1

1 D2− 4
q .

Proof Using the embedding inequality λ1∥u∥2
2 ≤ ∥Δu∥2

2, we have

∥u∥2
2 ≤ λ−1

1 ∥Δu∥2
2 ≤ λ−1

1 D2− 4
q ∥Δu∥

4
q
2 ≤ K1 [(∫

Ω
∣u∣q log ∣u∣dx)

2
q

+ ∥Δu∥
4
q
2 ] .

∎

Lemma 2.5 Let (H) hold. For any u ∈ H2
0(Ω) ∩W 1, p

0 (Ω) and 2 ≤ s ≤ q, if
∫Ω ∣u∣q log ∣u∣dx ≥ 0, then

(∫
Ω
∣u∣q log ∣u∣dx)

s
q

≤ K2 (∫
Ω
∣u∣q log ∣u∣dx + ∥Δu∥2

2) ,(2.7)

where K2 ∶= max{1, B2
α(eα)−

2
q+α } and Bα is defined in (2.1).

Proof If ∫Ω ∣u∣q log ∣u∣dx ≥ 1, then

(∫
Ω
∣u∣q log ∣u∣dx)

s
q

≤ ∫
Ω
∣u∣q log ∣u∣dx ≤ ∫

Ω
∣u∣q log ∣u∣dx + ∥Δu∥2

2 .

If ∫Ω ∣u∣q log ∣u∣dx < 1, then we denote Ω1 ∶= {x ∈ Ω∣∣u∣ > 1} and, for any β ∈ (0, 2),

(∫
Ω
∣u∣q log ∣u∣dx)

s
q

≤ (∫
Ω1
∣u∣q log ∣u∣dx)

β
q

≤ ( 1
eα ∫Ω

∣u∣q+αdx)
β
q

= (eα)−
β
q ∥u∥

(q+α)β
q

q+α .
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Choosing β ∶= 2q
q+α ∈ (0, 2) and using the embedding H2

0(Ω) ↪ Lq+α(Ω), we get

(∫
Ω
∣u∣q log ∣u∣dx)

s
q

≤ (eα)−
2

q+α ∥u∥2
q+α ≤ B2

α(eα)−
2

q+α ∥Δu∥2
2

≤ ∫
Ω
∣u∣q log ∣u∣dx + B2

α(eα)−
2

q+α ∥Δu∥2
2 .

Summarizing the above two cases, we get (2.7). ∎

3 Well-posedness of weak solution

In this section, our focus is on the well-posedness of the solution as defined in
Definition 2.1.

Theorem 3.1 Let initial data (u0 , u1) ∈ H and (H) hold. There exists a positive time T0
such that problem (1.1) admits a unique weak solution u(x , t) in Ω × [0, T0] in the sense
of u ∈ C([0, T0]; H2

0(Ω) ∩W 1, p
0 (Ω)), ut ∈ L∞([0, T0]; H1

0(Ω)) ∩ L2(Ω), u(x , 0) =
u0(x), ut(x , 0) = u1(x) in Ω, and for any test function ϕ ∈ H2

0(Ω) ∩W 1, p
0 (Ω) and

a.e. t ∈ [0, T0],

∫
Ω

ut ϕdx + ∫
t

0
∫

Ω
(ΔuΔϕ + ∣∇u∣p−2∇u ⋅ ∇ϕ)dxds

+ ∫
t

0
σ(∥∇u∥2

2)∫Ω
us ϕdxds = ∫

t

0
∫

Ω
∣u∣q−2uϕ log ∣u∣dxds + ∫

Ω
u1ϕdx .

The following cases only have one that holds:
(i) Tmax = +∞, which means the weak solution is globally existent.
(ii) Tmax < +∞, which indicates the weak solution undergoes blow-up in a finite time in
this regard

lim
t→T−max

(∥ut∥2
2 + ∥Δu∥2

2 + ∥∇u∥p
p) = +∞.

Proof We divided the proof into five steps.
Step 1. Approximation. Let {ω j}

∞

j=1 be an orthonormal basis in H2
0(Ω) ∩W 1, p

0 (Ω),
which are the eigenfunctions of Δ2 with the boundary value conditions in (1.1). We
define the finite-dimensional space Vm ∶= span{ω1 , ω2 , . . . , ωm}, m ∈ Z+, and con-
struct the approximate solution um(x , t) ∶=

m
∑
j=1

b jm(t)ω j(x), where um(x , t) satisfies

the following Cauchy problem:

∫
Ω
(umtt ω j + Δum Δω j + ∣∇um ∣p−2∇um ⋅ ∇ω j)dx

+ σ(∥∇um∥2
2)∫Ω

umt ω jdx = ∫
Ω
∣um ∣q−2um ω j log ∣um ∣dx ,(3.1)

um(x , 0) ∶= u0m =
m
∑
j=1

b jm(0)ω j(x) → u0 in H2
0(Ω) ∩W 1, p

0 (Ω),(3.2)

umt(x , 0) ∶= u1m =
m
∑
j=1

b′jm(0)ω j(x) → u1 in L2(Ω).(3.3)
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By standard methods in ODEs, we prove the existence and uniqueness of solution to
approximate problem (3.1)–(3.3) on some of intervals [0, Tm) for 0 < Tm < +∞.

Step 2. Priori estimate I. Define a function

Em(t) ∶= 1
2
∥umt∥2

2 +
1
2
∥Δum∥2

2 +
1
p
∥∇um∥p

p .(3.4)

Multiplying (3.1) by b′jm(t), summing on j = 1, 2, . . . , m, and integrating with respect
to t from 0 to t(≤ Tm), we obtain

Em(t) + ∫
t

0
σ(∥∇um(s)∥2

2)∥ums(s)∥2
2ds

= Em(0) + ∫
t

0
∫

Ω
∣um(s)∣q−2um(s)ums(s) log ∣um(s)∣dxds.(3.5)

From (3.2)–(3.4), we have Em(0) < +∞. On the other hand, by (3.5), Young’s inequal-
ity, and the embedding H2

0(Ω) ↪ L2(q+α−1)(Ω), we arrive at

∫
Ω
∣um ∣q−2umumt log ∣um ∣dx ≤ 1

eα ∫Ω
∣um ∣q+α−1∣umt ∣dx

≤ 1
2ε1α2e2 ∫Ω

∣um ∣2(q+α−1)dx + ε1

2
∥umt∥2

2

≤ B2(q+α−1)
1

2ε1α2e2 ∥Δum∥2
2 +

ε1

2
∥umt∥2

2 ,(3.6)

where α is defined in (H) and B1 is the embedding constant of H2
0(Ω) ↪

L2(q+α−1)(Ω). Replacing (3.6) in (3.5) and using σ(s) ≥ a, we have

Em(t) + (a − ε1

2
)∫

t

0
∥ums(s)∥2

2ds

≤ Em(0) + B2(q+α−1)
1

2ε1α2e2 ∫
t

0
∥Δum∥2(q+α−1)

2 ds

≤ Em(0) + B2(q+α−1)
1

2ε1α2e2 ∫
t

0
(∥ums(s)∥2

2 + ∥Δum∥2
2 + ∥∇um∥p

p)
q+α−1 ds

≤ Em(0) + B2(q+α−1)
1

2ε1α2e2 pq+α−1 ∫
t

0
Eq+α−1

m (s)ds,

where q + α − 1 > 1. We take ε1 small enough that ε1 < 2a. Then by Gronwall’s inequal-
ity, there exists a constant CT0 > 0 such that

∥umt∥2
2 + ∥Δum∥2

2 + ∥∇um∥p
p + ∫

t

0
∥ums(s)∥2

2ds ≤ CT0 , for all m ∈ N+ .(3.7)

Hence,

{um} is uniformly bounded in L∞([0, T0]; H2
0(Ω)),(3.8)

{um} is uniformly bounded in L∞([0, T0]; W 1, p
0 (Ω)),(3.9)
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{umt} is uniformly bounded in L∞([0, T0]; L2(Ω)),(3.10)

{umt} is uniformly bounded in L2([0, T0] ×Ω).(3.11)

Step 3. Priori estimate II. Define zm ∶= um1 − um2 for any m1, m2 ∈ Z+. By (2.2), we get

∫
Ω

zmtt ω jdx + ∫
Ω

Δzm Δω jdx + ∫
Ω
∣∇um1 ∣p−2∇um1 ⋅ ∇ω jdx

− ∫
Ω
∣∇um2 ∣p−2∇um2 ⋅ ∇ω jdx + σ(∥∇um1∥2

2)∫Ω
um1 t ω jdx

− σ(∥∇um2∥2
2)∫Ω

um2 t ω jdx

=∫
Ω
∣um1 ∣q−2um1 ω j log ∣um1 ∣dx − ∫

Ω
∣um2 ∣q−2um2 ω j log ∣um2 ∣dx ,

where the initial data (z0m , z1m) ∶= (u0m1 − u0m2 , u1m1 − u1m2) ∈ H. Replacing ω j by
zmt in the above equation, we get

1
2

d
dt
(∥zmt∥2

2 + ∥Δzm∥2
2) + σ(∥∇um1∥2

2)∥zmt∥2
2

+ ∫
Ω
(∣∇um1 ∣p−2∇um1 − ∣∇um2 ∣p−2∇um2) ⋅ ∇zmtdx

= [σ(∥∇um2∥2
2) − σ(∥∇um1∥2

2)]∫Ω
um2 tzmtdx + ∫

Ω
∣um1 ∣q−2um1 zmt log ∣um1 ∣dx

− ∫
Ω
∣um2 ∣q−2um2 zmt log ∣um2 ∣dx .

For all x, y ∈ Rn and p > 2, using 22−p ∣x − y∣p ≤ (∣x∣p−2x − ∣y∣p−2 y) ⋅ (x − y), we have

d
dt
( 1

2
∥zmt∥2

2 +
1
2
∥Δzm∥2

2 +
1

2p−2 p
∥∇zm∥p

p) ≤ I1 + I2 + I3 ,(3.12)

where the notations are defined as

I1 ∶= −σ(∥∇um1∥2
2)∥zmt∥2

2 , I2 ∶= (σ(∥∇um2∥2
2) − σ(∥∇um1∥2

2))∫Ω
um2 tzmtdx ,

I3 ∶= ∫
Ω
(∣um1 ∣q−2um1 log ∣um1 ∣ − ∣um2 ∣q−2um2 log ∣um2 ∣) zmtdx .

Now, let us estimate I1, I2, and I3. First, from σ(s) ≥ a, we have

I1 ≤ −a∥zmt∥2
2 .(3.13)

Using σ(s) = a + bs ∈ C1([0,+∞)), and Hölder’s and Young’s inequalities, we have

I2 ≤ b∣∥∇um1∥2 − ∥∇um2∥2∣(∥∇um1∥2 + ∥∇um2∥2)∫
Ω
∣um2 t ∣∣zmt ∣dx

≤ b∥∇zm∥2(∥∇um1∥2 + ∥∇um2∥2)∫
Ω
∣um2 t ∣∣zmt ∣dx

≤ 2bλ−
1
4

1 C
1
2
T0
∥∇zm∥2∥um2 t∥2∥zmt∥2

≤ b2 λ−
1
2

1 CT0

ε2
∥∇zm∥2

2∥um2 t∥2
2 + ε2∥zmt∥2

2 .(3.14)
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Using Hölder’s inequality again, we obtain

I3 ≤ ∥G(um1) −G(um2)∥2∥zmt∥2 ,(3.15)

where G(s) ∶= ∣s∣q−2s log ∣s∣. From (2.4) and the Mean Value theorem, there exists a
constant ξ1 ∈ (0, 1) such that

∥G(um1) −G(um2)∥2 ≤ ∥G′(ξ1um1 + (1 − ξ1)um2)zm∥2

≤∥[1 + (q − 1) log ∣ξ1um1 + (1 − ξ1)um2 ∣] [ξ1um1 + (1 − ξ1)um2]
q−2zm∥2

≤∥[∣ξ1um1 + (1 − ξ1)um2 ∣
q−2 + q − 1

eα
∣ξ1um1 + (1 − ξ1)um2 ∣

q+α−2] zm∥
2

≤∥(∣um1 ∣ + ∣um2 ∣)
q−2 ∣zm ∣∥2

+ q − 1
eα

∥(∣um1 ∣ + ∣um2 ∣)
q+α−2 zm∥2

.(3.16)

Applying Hölder’s inequality, the embedding H2
0(Ω) ↪ L2(q−1)(Ω), and the

inequality ∣a + b∣r ≤ 2r−1 (∣a∣r + ∣b∣r), r ≥ 1, to the right side of (3.16), we get

∥(∣um1 ∣ + ∣um2 ∣)
q−2 zm∥

2

2
≤ ∥∣um1 ∣ + ∣um2 ∣∥

2(q−2)
2(q−1) ∥zm∥2

2(q−1)

≤ 2
(2q−3)(q−2)

q−1 (∥um1∥
2(q−1)
2(q−1) + ∥um2∥

2(q−1)
2(q−1))

q−2
q−1 ∥zm∥2

2(q−1)

≤ C1 (∥Δum1∥
2(q−1)
2 + ∥Δum2∥

2(q−1)
2 )

q−2
q−1 ∥Δzm∥2

2 ,(3.17)

where C1 ∶= 2
(2q−3)(q−2)

q−1 B2(q−1)
2 and B2 is the embedding constant of H2

0(Ω) ↪
L2(q−1)(Ω). Similarly, for q∗ ∶= 2(q + α − 2) q−1

q−2 , we arrive at

∥(∣um1 ∣ + ∣um2 ∣)
q+α−2 zm∥

2

2

≤ 2
(q∗−1)(q−2)

q−1 B2(q+α)−2
3 ∣Ω∣

α
(q+α−2)(q−1) (∥Δum1∥

q∗
2 + ∥Δum2∥

q∗
2 )

q−2
q−1 ∥Δzm∥2

2 .(3.18)

Denoting C2 ∶= 2
(q∗−1)(q−2)

q−1 B2(q+α)−2
3 ∣Ω∣

α
(q+α−2)(q−1) and substituting (3.16)–(3.18) into

(3.15) and using Young’s inequality, we get

I3 ≤
1
2

C
1
2
1 (∥Δum1∥

2(q−1)
2 + ∥Δum2∥

2(q−1)
2 )

q−2
2(q−1) (∥Δzm∥2

2 + ∥zmt∥2
2)

+ q − 1
2eα

C
1
2
2 (∥Δum1∥

q∗
2 + ∥Δum2∥

q∗
2 )

q−2
2(q−1) (∥Δzm∥2

2 + ∥zmt∥2
2) .(3.19)

Now replacing (3.13), (3.14), and (3.19) into (3.12), choosing ε2 < a, we have

d
dt
( 1

2
∥zmt∥2

2 +
1
2
∥Δzm∥2

2 +
1

2p−2 p
∥∇zm∥p

p)

≤(ε2 − a)∥zmt∥2
2 +

1
2

max{C
1
2
1 , q − 1

2eα
C

1
2
2 }{[∥Δum1∥

2(q−1)
2 + ∥Δum2∥

2(q−1)
2 ]

q−2
2(q−1)

+ b2 λ−
1
2

1 CT0

ε2
∥∇zm∥2

2∥um2 t∥2
2 + (∥Δum1∥

q∗
2 + ∥Δum2∥

q∗
2 )

q−2
2(q−1)}(∥Δzm∥2

2 + ∥zmt∥2
2)
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≤
b2 λ−

5
2

1 C2
T0

ε2
∥Δzm∥2

2 + C3 (∥Δzm∥2
2 + ∥zmt∥2

2)

≤C4 (
1
2
∥zmt∥2

2 +
1
2
∥Δzm∥2

2 +
1

2p−2 p
∥∇zm∥p

p) ,

where the positive constants are defined as

C3 ∶=
1
2

max{C
1
2
1 , q − 1

2eα
C

1
2
2 }[2

q−2
2(q−1)C

q−2
2

T0
+ 2

q∗(q−2)
4(q−1) C

q∗(q−2)
4(q−1)

T0
] ,

C4 ∶= max{2, p2p−2}max
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1,
b2 λ−

5
2

1 C2
T0

ε2
+ C3

⎫⎪⎪⎪⎬⎪⎪⎪⎭
.

By Gronwall’s inequality, there exists a constant CT0 > 0 such that

∥zmt∥2
2 + ∥Δzm∥2

2 + ∥∇zm∥p
p ≤ CT0 (∥z1m∥2

2 + ∥Δz0m∥2
2 + ∥∇z0m∥p

p) , for all m ∈ N+ .
(3.20)

Step 4. Passing to the limit. It follows from (3.8)–(3.11) that there exists a
function u and a subsequence of {um}∞m=1 (still denoted by it) such that
um

∗⇀ u in L∞([0, T0]; H2
0(Ω)), um

∗⇀ u in L∞([0, T0]; W 1, p
0 (Ω)), umt

∗⇀ ut in
L∞([0, T0]; L2(Ω)), and umt ⇀ ut in L2([0, T0]; L2(Ω)). The estimate (3.20) guar-
antees the limit for the Kirchhoff damping. From (3.20) and taking (3.2) and (3.3) into
account, we deduce zm(0) ∶= um1(0) − um2(0) → 0 in H2

0(Ω) ∩W 1, p
0 (Ω), zmt(0) ∶=

um1 t(0) − um2 t(0) → 0 in L2(Ω), and ∥zmt∥2
2 + ∥Δzm∥2

2 + ∥∇zm∥p
p → 0. Hence,

um → u in C0([0, T0]; H2
0(Ω) ∩W 1, p

0 (Ω)), umt → ut in C0([0, T0]; L2(Ω)).
(3.21)

Considering the convergence in (3.21), we have um → u, a.e. in Ω × (0, T0).
Hence, σ(∥∇um∥2

2) → σ(∥∇u∥2
2) for t ∈ (0, T0). On the other hand, using (2.4),

(3.8), and (3.9), the embedding H2
0(Ω) ↪ L2(q+α−1)(Ω), and the inequality

∣xq−1 log x∣ ≤ [e(q − 1)]−1 for x ∈ (0, 1), we get

∫
Ω
(∣um ∣q−2um log ∣um ∣)2dx ≤[e(q − 1)]−2∣Ω∣ + ∫

{x∈Ω∣∣um ∣>1}
(∣um ∣q−2um log ∣um ∣)2dx

≤[e(q − 1)]−2∣Ω∣ + ( 1
eα
)

2
∥um∥2(q+α−1)

2(q+α−1)

≤[e(q − 1)]−2∣Ω∣ + B2(q+α−1)
1
(eα)2 ∥Δum∥2(q+α−1)

2

≤[e(q − 1)]−2∣Ω∣ + B2(q+α−1)
1
(eα)2 Cq+α−1

T0
.(3.22)
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Then ∣um ∣q−2um log ∣um ∣
∗⇀ ∣u∣q−2u log ∣u∣ in L∞([0, T0]; L2(Ω)). Integrating (3.1)

over (0, t), we obtain

∫
Ω

umt ω jdx + ∫
t

0
∫

Ω
(Δum Δω j + ∣∇um ∣p−2∇um ⋅ ∇ω j)dxds

+ ∫
t

0
σ(∥∇um∥2

2)∫Ω
ums ω jdxds

= ∫
t

0
∫

Ω
∣um ∣q−2um ω j log ∣um ∣dxds + ∫

Ω
u1m ω jdx .

Therefore, from (3.1) and the conditions (3.2) and (3.3) about the initial data, we
pass the limit to the above equation and get the local weak solution satisfying
u(x , 0) ∶= u0(x), ut(x , 0) ∶= u1(x) in Ω.

The uniqueness of the weak solution can be acquired through the method in the
work [14].
Step 5. Extension of local weak solutions. By using contradiction argument, we
suppose that Tmax < +∞ and limt→T−max(∥ut∥2

2 + ∥Δu∥2
2 + ∥∇u∥p

p) < +∞. Then there
would be a sequence {t j}∞j=1 and a constant K > 0 such that t j → Tmax as j →∞ and
∥ut∥2

2 + ∥Δu∥2
2 + ∥∇u∥p

p < K. For each j ∈ N+, there exists a unique solution of (1.1) on
[t j , t j + T∗], where u(x , t j) is the initial datum and T∗ > 0 only depends on K. It can
be found out that there is a contradiction, that is, for large j ∈ N+, Tmax < t j + T∗. ∎

4 Case q > p

The diffusion div(∣∇u∣p−2∇u) and the reaction ∣u∣q−2u log ∣u∣ play crucial roles in
determining the existence of global and blow-up solutions. When q > p, we state that
the reaction term is prevailing.

Theorem 4.1 Let q > p. If (u0 , u1) ∈W1 and (H) hold, then problem (1.1) possesses a
unique global solution u as defined in Definition 2.1. The energy function E(t) satisfies

E(t) + ∫
t

0
σ(∥∇u∥2

2)∥us(s)∥2
2ds ≤ E(0).(4.1)

Moreover, there is the decay estimate of energy function

E(t) ≤ C5

L + t
, for all 0 ≤ t < +∞,(4.2)

where L is a positive constant and

C4 ∶=
(1 + σ1)qd
(q − 2)λ1

+ d + d
a
+ 1

2
∥u0∥2

2 +
1
2
∥u1∥2

2 ,

C5 ∶=
1
q

C4 +
(q − 2)λq

∗

2q(λq
∗ − λ2

∗)
C4 +

(q − p)λq
∗

pq(λq
∗ − λp

∗)
C4 +

C4

q2 log λ∗
+ d

2a
+ Ld > 0.

In particular, if E(0) < M (M is defined in (2.1)), then there are positive constants C8
and C9 such that E(t) satisfies the exponential decay estimate

E(t) ≤ C8e−C9 t , for all 0 ≤ t < +∞,(4.3)
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where the constants are defined as

C6 ∶= 1 − ε3 −
ε3(1 + σ1)q
λ1(q − 2) , C8 ∶= (E(0) + ε3 ∫

Ω
u0u1dx)/C6 ,

C7 ∶= 1 + ε3 +
ε3(1 + σ1)q
λ1(q − 2) , C9 ∶= βε3/C7 ,

and β is a small constant satisfying

β < p, β
2
− 1 + βBq

0
q2 (2qE(0)

q − 2
)

q−2
2

+ Bq+α
α

eα
(2qE(0)

q − 2
)

q+α−2
2

< 0,(4.4)

and ε3 is a small constant satisfying C6 , C8 > 0 and

ε3 +
βε3

2
− a < 0, E(0) + ε3 ∫

Ω
u0u1dx ≥ 0.(4.5)

Proof We divide the proof into five steps.
Step 1. Global existence for the case of (u0 , u1) ∈W1. Let the sequences {ω j}+∞j=1 ,
{u0m}+∞m=1, {u1m}+∞m=1, {um}+∞m=1 be the same as those stated in the proof of Theorem
3.1. By the definitions of I(u), E(t), and J(u), we obtain

J(um) =
q − 2

2q
∥Δum∥2

2 +
q − p

pq
∥∇um∥p

p +
1

q2 ∥um∥q
q +

1
q

I(um), for all 0 ≤ t < +∞.

(4.6)

Em(t) = 1
2
∥umt∥2

2 + J(um), for all 0 ≤ t < +∞.

Multiplying both sides of (3.1) by b′jm(t), summing over j = 1, 2, . . . , m, and integrat-
ing it from 0 to t, for sufficiently large m, we have

Em(t) + ∫
t

0
σ(∥∇um∥2

2)∥ums(s)∥2
2ds ≤ Em(0) < d , for all 0 ≤ t < +∞,(4.7)

Em(t) = 1
2
∥umt∥2

2 + J(um) ≤ Em(0) < d , for all 0 ≤ t < +∞.(4.8)

We claim that (um , umt) ∈W1 for large m. By contradiction argument, if it was false,
then there would be a constant t0 such that (um(t0), umt(t0)) ∈ ∂W1, and hence
I(um(t0)) = 0 or E(um(t0), umt(t0)) = d. Obviously, (4.7) means that the second
equation is impossible. On the other hand, if the first equation holds, then we have
um(t0) ∈ N. By the definition of potential depth d, we have J(um(t0)) ≥ d, which
contradicts (4.8). Thus, (um , umt) ∈W1 for sufficiently large m and 0 ≤ t < +∞. Using
(4.6) and (4.8), we get

q − 2
2q

∥Δum∥2
2 +

q − p
pq

∥∇um∥p
p +

1
q2 ∥um∥q

q < d , for all 0 ≤ t < +∞.(4.9)

By using 2 < p < q, (4.7), and (4.9), we get

um is uniformly bounded in L∞((0,∞); H2
0(Ω)),(4.10)

um is uniformly bounded in L∞((0,∞); W 1, p
0 (Ω)),(4.11)
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umt is uniformly bounded in L∞((0,∞); L2(Ω)),(4.12)

umt is uniformly bounded in L2((0,∞); L2(Ω)).(4.13)

From (4.10)–(4.13), there exists a function u and a subsequence still denoted by
{um}+∞m=1 such that

um
∗⇀ u in L∞((0,∞); H2

0(Ω)),(4.14)

um
∗⇀ u in L∞((0,∞); W 1, p

0 (Ω)),(4.15)

umt
∗⇀ ut in L∞((0,∞); L2(Ω)),(4.16)

umt ⇀ ut in L2((0,∞); L2(Ω)).(4.17)

By using (4.10)–(4.13) and repeating the arguments in Priori estimate II of Theorem
3.1, we obtain that there exists a positive constant C independent on T0 such that

∥zmt∥2
2 + ∥Δzm∥2

2 + ∥∇zm∥p
p

≤ C (∥z1m∥2
2 + ∥Δz0m∥2

2 + ∥∇z0m∥p
p) , for all m ∈ Z+, 0 ≤ t < +∞.

Hence, we obtain um → u in C0((0,∞); H2
0(Ω) ∩W 1, p

0 (Ω)) and um → u in
C0((0,∞); L2(Ω)). Therefore, we have σ(∥∇um∥2

2) → σ(∥∇u∥2
2) for all 0 ≤ t < +∞.

In addition, similar to (3.22), we get

∣um ∣q−2um log ∣um ∣
∗⇀ ∣u∣q−2u log ∣u∣ in L∞((0,∞); L2(Ω)).(4.18)

Therefore, together with (3.1) and initial data condition (3.2), (3.3), (4.14)–(4.18), we
obtain

ut t + Δ2u − div(∣∇u∣p−2∇u) + σ(∥∇u∥2
2)ut = ∣u∣q−2u log ∣u∣, (x , t) ∈ Ω × (0,+∞),

u(x , 0) = u0(x), ut(x , 0) = u1(x), x ∈ Ω.(4.19)

Finally, from (4.19), it can be seen that u is a global weak solution of problem (1.1).
Step 2. Global existence for the case of (u0 , u1) ∈W2. Let γm ∶= 1 − 1

m , um0 ∶= γmu0,
um1 ∶= γmu1, γm ∈ (0, 1) for m ≥ 2 and m ∈ Z+. Now, we consider the following prob-
lem:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ut t + Δ2u − div(∣∇u∣p−2∇u) + σ(∥∇u∥2
2)ut

= ∣u∣q−2u log ∣u∣, (x , t) ∈ Ω × (0, Tmax),
u = 0, ∂u

∂η = 0, (x , t) ∈ ∂Ω × (0, Tmax),
u(x , 0) = um0(x), ut(x , 0) = um1(x), x ∈ Ω.

(4.20)

We claim that I(um0) > 0 and E(um0 , um1) < d. Actually, using I(u0) ≥ 0 and
Lemma 2.2, we observe λ∗ = λ∗(u0) ≥ 1. Since γm ∈ (0, 1), we obtain I(um0) =
I(γmu0) > 0. In addition,

d
dγm

J(γmu0) =
1

γm
(∥Δγmu0∥2

2 + ∥∇γmu0∥p
p − ∫

Ω
∣γmu0∣q log ∣γmu0∣dx)

= 1
γm

I(γmu0) > 0.
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Note on a hyperbolic equation 15

Hence, J(γmu0) is increasing with respect to γm and

E(um0 , um1) =
1
2
∥um1∥2

2 + J(um0) =
1
2
∥γmu1∥2

2 + J(γmu0) < E(0) < d .

Similar to Step 1, we obtain that problem (1.1) admits a global solution.
Step 3. Energy inequality (4.1). Now, we prove that

lim
m→∞∫Ω

∣um ∣q log ∣um ∣dx = ∫
Ω
∣u∣q log ∣u∣dx ,(4.21)

lim
m→∞∫Ω

∣um ∣qdx = ∫
Ω
∣u∣qdx .(4.22)

In fact, from Steps 1 and 2, we have u ∈ L∞((0,∞); H2
0(Ω) ∩W 1, p

0 (Ω)) and ut ∈
L∞((0,∞); L2(Ω)). Using similar discussion to (3.16)–(3.18) and letting m → +∞,
we have

∣∫
Ω
∣um ∣q log ∣um ∣dx − ∫

Ω
∣u∣q log ∣u∣dx∣ ≤ C∥Δum − Δu∥2 → 0, for all 0 ≤ t < +∞.

For some of a constant θ ∈ (0, 1), using the Mean Value theorem, Hölder’s inequality,
the embedding H2

0(Ω) ↪ L2(q−1)(Ω), and taking m → +∞, we have

∫
Ω
(∣um ∣q − ∣u∣q)dx ≤ q∫

Ω
(θ∣um ∣ + (1 − θ)∣u∣)q−1 ∣um − u∣dx

≤ q∥θ∣um ∣ + (1 − θ)∣u∣∥q−1
2(q−1)∥um − u∥2

≤ qλ−1
1 Bq−1∥∣Δu∣ + ∣Δum ∣∥q−1

2 ∥Δu − Δum∥2

≤ C (∥Δu∥2 + ∥Δum∥2)q−1 ∥Δum − Δu∥2 → 0.

Hence, (4.21) and (4.22) hold. By (3.2) and (3.3), we have lim
m→+∞

E(u0m , u1m) =
E(u0 , u1) = E(0). Making use of Fatou’s Lemma, (4.7), (4.21), and (4.22), we deduce

1
2
∥ut∥2

2 +
1
2
∥Δu∥2

2 +
1
p
∥∇u∥p

p + ∫
t

0
σ(∥∇u∥2

2)∥us∥2
2ds

≤ 1
2

lim inf
m→+∞

∥umt∥2
2 +

1
2

lim inf
m→+∞

∥Δum∥2
2 +

1
p

lim inf
m→+∞

∥∇um∥p
p

+ lim inf
m→+∞ ∫

t

0
σ(∥∇um∥2

2)∥ums∥2
2ds

≤ lim inf
m→+∞

[Em(0) + 1
q ∫Ω

∣um ∣q log ∣um ∣dx + 1
q2 ∥um∥q

q]

= E(0) + 1
q ∫Ω

∣u∣q log ∣u∣dx + 1
q2 ∥u∥

q
q .

Then the energy inequality (4.1) holds.
Step 4. Decay estimate (4.2) of energy. From Steps 1 and 2, we know (u, ut) ∈W for
0 ≤ t < +∞ and I(u) ≥ 0 provided (u0 , u1) ∈W. By the definitions of E(t), σ(s), and
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16 L. Zhang and F. Li

I(u) ≥ 0, we get

E(0) ≥E(t) + ∫
t

0
σ(∥∇u∥2

2)∥us(s)∥2
2ds ≥ 1

2
∥ut∥2

2 + J(u) + a∫
t

0
∥us∥2

2ds

≥ 1
2
∥ut∥2

2 +
q − 2

2q
∥Δu∥2

2 +
q − p

pq
∥∇u∥p

p +
1

q2 ∥u∥
q
q + a∫

t

0
∥us∥2

2ds.(4.23)

Equation (4.23) and E(0) ≤ d yield

∥ut∥2
2 ≤ 2d , ∥Δu∥2

2 ≤
2qd
q − 2

, ∥∇u∥p
p ≤

pqd
q − p

, ∫
t

0
∥us∥2

2ds ≤ d
a

.(4.24)

Using Hölder’s inequality, we have ∥∇u∥2
2 ≤ ∣Ω∣

p−2
p ∥∇u∥2

p ≤ ∣Ω∣
p−2

p ( pqd
q−p)

2
p . Due to the

continuity of σ(s) in [0,+∞), there exists a constant σ1 > 0 such that

σ(∥∇u∥2
2) ≤ max

0≤∥∇u∥2
2≤C′

σ(∥∇u∥2
2) ∶= σ1 .(4.25)

Now, taking ϕ ∶= u in (2.2) and applying (4.24) and (4.25), Young’s and Hölder’s
inequalities, and λ1∥u∥2

2 ≤ ∥Δu∥2
2, we get

∫
t

0
I(u)ds = −∫

t

0
∫

Ω
ussudxds − ∫

t

0
σ(∥∇u∥2

2)∫Ω
usudxds

≤ −∫
Ω

utudx + ∫
Ω

u0u1dx + ∫
t

0
∥us∥2

2ds + σ1 ∫
Ω
∣∫

t

0
usuds∣dx

≤ 1 + σ1

2λ1
∥Δu∥2

2 +
1
2
∥ut∥2

2 +
1
2
∥u0∥2

2 +
1
2
∥u1∥2

2 + ∫
t

0
∥us∥2

2ds.(4.26)

Furthermore, using (4.24) and (4.26), we arrive at

∫
t

0
I(u)ds ≤ (1 + σ1)qd

(q − 2)λ1
+ d + d

a
+ 1

2
∥u0∥2

2 +
1
2
∥u1∥2

2 =∶ C4 , for all 0 ≤ t < +∞.

(4.27)

By the definitions of J(u) and I(u), we have

J(u) = q − 2
2q

∥Δu∥2
2 +

q − p
pq

∥∇u∥p
p +

1
q2 ∥u∥

q
q +

1
q

I(u).(4.28)

Since I(u) ≥ 0 and by Lemma 2.2, there exists a constant λ∗ ≥ 1 such that I(λ∗u) = 0.
By the definition of d and (4.28), we have

d ≤ J(λ∗u) = λq
∗ (

q − 2
2q

λ2−q
∗ ∥Δu∥2

2 +
q − p

pq
λp−q
∗ ∥∇u∥p

p +
1

q2 ∥u∥
q
q)

≤ λq
∗ (

q − 2
2q

∥Δu∥2
2 +

q − p
pq

∥∇u∥p
p +

1
q2 ∥u∥

q
q +

1
q

I(u)) = λq
∗ J(u).(4.29)

By the definition of E(t), I(u) ≥ 0, and (4.28), we have

q − 2
2q

∥Δu∥2
2 +

q − p
pq

∥∇u∥p
p +

1
q2 ∥u∥

q
q ≤ J(u) < E(t) ≤ E(0) ≤ d .(4.30)
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It follows from (4.29) and (4.30) that

1 ≤ ( d
E(0))

1
q

≤ ( d
E(t))

1
q

< ( d
J(u))

1
q

≤ λ∗ .(4.31)

On the other hand, together with (4.31), we have 0 = I(λ∗u) = λq
∗I(u) + (λ2

∗ −
λq
∗)∥Δu∥2

2 + (λp
∗ − λq

∗)∥∇u∥p
p − λq

∗∥u∥q
q log λ∗, which implies

I(u) = λq
∗ − λ2

∗

λq
∗

∥Δu∥2
2 +

λq
∗ − λp

∗

λq
∗

∥∇u∥p
p + ∥u∥

q
q log λ∗ .(4.32)

Using (4.27) and (4.32), we have

∫
t

0
∥Δu∥2

2ds ≤ λq
∗

λq
∗ − λ2

∗
∫

t

0
I(u)ds ≤ λq

∗

λq
∗ − λ2

∗

C4 ,(4.33)

∫
t

0
∥∇u∥p

pds ≤ λq
∗

λq
∗ − λp

∗
∫

t

0
I(u)ds ≤ λq

∗

λq
∗ − λp

∗

C4 ,(4.34)

∫
t

0
∥u∥q

qds ≤ 1
log λ∗ ∫

t

0
I(u)ds ≤ C4

log λ∗
.(4.35)

Due to the monotonicity of E(t), we conclude that d
dt [(L + t)E(t)] ≤ E(t). By

integration, we infer

E(t) ≤ 1
L + t

( 1
q ∫

t

0
I(u)ds + q − 2

2q ∫
t

0
∥Δu∥2

2ds + q − p
pq ∫

t

0
∥∇u∥p

pds

+ 1
q2 ∫

t

0
∥u∥q

qds + 1
2 ∫

t

0
∥us∥2

2ds + LE(0)) .

Hence, using E(0) ≤ d, (4.24), (4.26), and (4.33)–(4.35), we get decay estimate (4.2).
Step 5. Exponential decay estimate (4.3) of energy. Define a function

F(t) ∶= E(t) + ε3 ∫
Ω

uutdx + ε3 ∫
t

0
σ(∥∇u∥2

2)∫Ω
uusdxds,

where ε3 is a positive constant to be specified later. We claim that there exist two
positive constants C6, C7 such that C6E(t) ≤ F(t) ≤ C7E(t) for all 0 ≤ t < +∞. In
fact, by the definition of σ(s), (4.23), (4.25), Young’s inequality, and λ1∥u∥2

2 ≤ ∥Δu∥2
2,

we compute

F(t) ≥ E(t) − ε3

2
∥u∥2

2 −
ε3

2
∥ut∥2

2 − ε3σ1 ∫
Ω
∣∫

t

0
uusds∣dx

≥ E(t) − ε3

2
∥u∥2

2 −
ε3

2
∥ut∥2

2 −
ε3σ1

2
∥u∥2

2

≥ E(t) − ε3(1 + σ1)
2λ1

∥Δu∥2
2 −

ε3

2
∥ut∥2

2 ≥ C6E(t).
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Now, we choose a small positive constant ε3 such that (4.5) holds, where β will be
specified later. Similar to the above procedure, we have

F(t) ≤ E(t) + ε3

2
∥u∥2

2 +
ε3

2
∥ut∥2

2 + ε3σ1 ∫
Ω
∣∫

t

0
uusds∣dx

≤ E(t) + ε3

2
∥ut∥2

2 +
ε3(1 + σ1)

2λ1
∥Δu∥2

2 ≤ C7E(t).

Differentiating F(t) with respect to t, using (2.2), and definitions of E(t) and σ(s),
we get

F′(t) = −E′(t) + ε3∥ut∥2
2 + ε3 ∫

Ω
ut tudx + ε3σ(∥∇u∥2

2)∫Ω
utudx

= −σ(∥∇u∥2
2)∥ut∥2

2 + ε3∥ut∥2
2 + ε3 ∫

Ω
∣u∣q log ∣u∣dx − ε3∥Δu∥2

2 − ε3∥∇u∥p
p

≤ −βε3E(t) + (βε3

2
+ ε3 − a) ∥ut∥2

2 + (
βε3

2
− ε3)∥Δu∥2

2 + (
βε3

p
− ε3)∥∇u∥p

p

+ (ε3 −
βε3

q
)∫

Ω
∣u∣q log ∣u∣dx + βε3

q2 ∥u∥
q
q .

(4.36)

Now, we consider the right side of (4.36). Using (2.4), (4.24), and the embedding
H2

0(Ω) ↪ Lq+α(Ω), we arrive at

∫
Ω
∣u∣q log ∣u∣dx ≤ 1

eα
∥u∥q+α

q+α ≤
Bq+α

α

eα
∥Δu∥q+α

2 ≤ Bq+α
α

eα
(2qE(0)

q − 2
)

q+α−2
2

∥Δu∥2
2 .

(4.37)

Similarly, we have

∥u∥q
q ≤ Bq

0∥Δu∥q
2 = Bq

0∥Δu∥q−2
2 ∥Δu∥2

2 ≤ Bq
0 (

2qE(0)
q − 2

)
q−2

2

∥Δu∥2
2 .(4.38)

Since (4.37) and (4.38), equation (4.36) can be estimated by

F′(t) ≤ (βε3

2
+ ε3 − a) ∥ut∥2

2 −
βε3

eqα
Bq+α

α (2qE(0)
q − 2

)
q+α−2

2

∥Δu∥2
2 + ε3 (

β
p
− 1)∥∇u∥p

p

+ ε3

⎡⎢⎢⎢⎢⎣

β
2
+ βBq

0
q2 (2qE(0)

q − 2
)

q−2
2

+ Bq+α
α

eα
(2qE(0)

q − 2
)

q+α−2
2

− 1
⎤⎥⎥⎥⎥⎦
∥Δu∥2

2 − βε3E(t).

(4.39)

By assumption E(0) < M, we get Bq+α
α
eα ( 2qE(0)

q−2 )
q+α−2

2 < 1. Meanwhile, we select small
β such that (4.4) holds. Choosing ε3 such that (4.5) holds and substituting (4.4) into
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(4.39), we have

F′(t) ≤ −βε3E(t) ≤ −βε3

C7
F(t), for all 0 ≤ t < +∞.(4.40)

Integrating (4.40) from 0 to t, we have the decay estimate (4.3). ∎
The next theorem shows the existence of blow-up solution of problem (1.1). We note

that the positive constant r(α) is defined in (2.1).

Theorem 4.2 Let q > p and the initial data (u0 , u1) ∈ V0 and (H) hold. Denote u
the weak solution as defined in Definition 2.1. If E(0) < 0, then the solution u blows up
in finite time or infinite time. Moreover, if Tmax < +∞, then there are the results: (i) If
−(r(α))2 ≤ E(0) < 0, then u blows up in finite time in the sense of lim

t→T−max
∥Δu∥2 = +∞.

(ii) If −(r(α))2 ≤ E(0) < 0 and p, q satisfy

2 < q + α <
⎧⎪⎪⎨⎪⎪⎩

np
n − p

, for n > p,

+∞, for n ≤ p,
(H′)

then u blows up in finite time in the sense of lim
t→T−max

∥∇u∥p = +∞.

Proof The proof is divided into two steps.
Step 1. To prove that the solution blows up in finite or infinite time, we only need
to rule out the case where the solution is globally bounded, and we use the proof
by contradiction for this purpose. If u was globally bounded, there exists a positive
constant C independent of t such that ∥ut∥2

2 + ∥Δu∥2
2 + ∥∇u∥p

p ≤ C. We define K(t) ∶=
∥u∥2

2 and H(t) ∶= −E(t) for all 0 ≤ t ≤ T1 < +∞, where T1 denotes any of a positive
constant. Using the monotonicity of E(t), we have H′(t) = −E′(t) ≥ 0,

H(t) ≥ H(0) = −E(0) > 0, for all 0 ≤ t ≤ T1 .(4.41)

We define G(t) ∶= ∫Ω σ(∥∇u∥2
2)uutdx for 0 ≤ t ≤ T1. By the assumption of the global

existence of the solution, there are three positive constants D1, D2, and D3, which are
independent of T1, satisfying

∥Δu∥2
2 ≤ D1 , ∥∇u∥p

p ≤ D2 , ∥ut∥2
2 ≤ D3 , for all 0 ≤ t ≤ T1 .(4.42)

Using Hölder’s inequality, we have

∥∇u∥2
2 ≤ ∣Ω∣

p−2
p ∥∇u∥2

p ≤ ∣Ω∣
p−2

p D
2
p
2 =∶ D4 .(4.43)

Since σ(s) is continuous, we have

σ(∥∇u∥2
2) ≤ max

0≤∥∇u∥2
2≤D4

σ(∥∇u∥2
2) =∶ σ2 .(4.44)

Using (4.44), and Young’s and Hölder’s inequalities, we get

∣G(t)∣ = ∣∫
Ω

σ(∥∇u∥2
2)uutdx∣ ≤ σ(∥∇u∥2

2)∥u∥2∥ut∥2

≤ 1
2

σ(∥∇u∥2
2)(

1
η
∥ut∥2

2 + η∥u∥2
2) ≤

1
2η

H′(t) + σ2η
2
∥u∥2

2 ,(4.45)
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where η is a positive constant which will be specified later. Differentiating K(t)
directly, we obtain K′(t) = 2 ∫Ω uutdx, K′′(t) = 2∥ut∥2

2 + 2 ∫Ω uut tdx. Define a func-
tion y(t) ∶= H1−ζ(t) + ε4 ∫Ω uutdx, where ζ satisfies

2(q − 2)
q2 < ζ < q − 2

2q
< 1

2
,(4.46)

and ε4 will be specified later.
Next, we will estimate y′(t). By using (2.2) and Young’s inequality, we have

y′(t) = (1 − ζ)H−ζ(t)H′(t) + ε4∥ut∥2
2 + ε4 ∫

Ω
∣u∣q log ∣u∣dx − ε4∥Δu∥2

2

− ε4∥∇u∥p
p − ε4σ(∥∇u∥2

2)∫Ω
utudx

≥ [(1 − ζ)H−ζ(t) − ε4

2η
]H′(t) + ε4∥ut∥2

2 + ε4 ∫
Ω
∣u∣q log ∣u∣dx

− ε4∥Δu∥2
2 − ε4∥∇u∥p

p −
ε4ησ2

2
∥u∥2

2 .

Furthermore, we introduce a constant c ∈ (0, 1) and the above inequality can be
written by

y′(t) ≥(1 − ζ − ε4

2η
Hζ(t))H−ζ(t)H′(t) + ε4q(1 − c)H(t) + ε4

q(1 − c) + 2
2

∥ut∥2
2

+ ε4
q(1 − c) − 2

2
∥Δu∥2

2 + ε4
q(1 − c) − p

p
∥∇u∥p

p + ε4c∫
Ω
∣u∣q log ∣u∣dx

+ ε4(1 − c)
q

∥u∥q
q −

ε4ησ2

2
H−ζ(t)Hζ(t)∥u∥2

2 .(4.47)

Now, we prove ∫Ω ∣u∣q log ∣u∣dx ≥ 0. In fact, by the monotonicity of E(t), we have

1
q ∫Ω

∣u∣q log ∣u∣dx ≥ 1
2
∥ut∥2

2 +
1
2
∥Δu∥2

2 +
1
p
∥∇u∥p

p +
1

q2 ∥u∥
q
q − E(0) ≥ 0.(4.48)

Due to (4.48), the condition of Lemma 2.4 holds. Now, let us estimate the
last term on the right side of (4.47). Applying Lemma 2.4, we have ∥u∥2

2 ≤
K1 [(∫Ω ∣u∣q log ∣u∣dx)

2
q + ∥Δu∥

4
q
2 ]. Combining (4.41) with Young’s inequality, we

obtain

Hζ∥u∥2
2 ≤ (

1
q ∫Ω

∣u∣q log ∣u∣dx)
ζ

∥u∥2
2

≤ K1q−ζ
⎡⎢⎢⎢⎢⎣
(∫

Ω
∣u∣q log ∣u∣dx)

2
q +ζ

+ (∫
Ω
∣u∣q log ∣u∣dx)

qζ
q−2
+ ∥Δu∥2

2

⎤⎥⎥⎥⎥⎦
.(4.49)

https://doi.org/10.4153/S0008414X26102119 Published online by Cambridge University Press

https://doi.org/10.4153/S0008414X26102119


Note on a hyperbolic equation 21

From (4.46), it is easy to know that 2
q <

2+qζ
q ≤ 1 and 2

q <
qζ

q−2 ≤ 1. Making use of (4.49)
and Lemma 2.5, we obtain

Hζ(t)∥u∥2
2 ≤ K1q−ζ [2K2 ∫

Ω
∣u∣q log ∣u∣dx + (2K2 + 1)∥Δu∥2

2]

≤ 2K1(K2 + 1)q−ζ (∫
Ω
∣u∣q log ∣u∣dx + ∥Δu∥2

2) .

Substituting the above inequality into (4.47), we have

y′(t) ≥ (1 − ζ − ε4

2η
Hζ(t))H−ζ(t)H′(t) + ε4q(1 − c)H(t) + ε4

q(1 − c) + 2
2

∥ut∥2
2

+ ε4 [
q(1 − c) − 2

2
−H−ζ(t)ησ2K1(K2 + 1)

qζ ] ∥Δu∥2
2 + ε4

q(1 − c) − p
p

∥∇u∥p
p

+ ε4 [c −H−ζ(t)ησ2K1(K2 + 1)
qζ ]∫

Ω
∣u∣q log ∣u∣dx + ε4(1 − c)

q
∥u∥q

q .

(4.50)

Combining (2.4), (4.42), (4.43), the definition of E(t), and the embedding H2
0(Ω) ↪

Lq+α(Ω), we get

H(t) ≤ 1
q ∫Ω

∣u∣q log ∣u∣dx ≤ 1
eqα

∥u∥q+α
q+α ≤

Bq+α
α

eqα
∥Δu∥q+α

2 ≤ Bq+α
α

eqα
D

q+α
2

1 .

Then by (4.41) and (4.50), we have

y′(t) ≥
⎡⎢⎢⎢⎢⎣

1 − ζ − ε4

2η
(Bq+α

α

eqα
D

q+α
2

1 )
ζ⎤⎥⎥⎥⎥⎦

H−ζ(t)H′(t) + ε4q(1 − c)H(t)

+ ε4
q(1 − c) + 2

2
∥ut∥2

2 + ε4 [
q(1 − c) − 2

2
−H−ζ(0)ησ2K1(K2 + 1)

qζ ] ∥Δu∥2
2

+ ε4
q(1 − c) − p

p
∥∇u∥p

p + ε4 [c −H−ζ(0)ησ2K1(K2 + 1)
qζ ]∫

Ω
∣u∣q log ∣u∣dx

+ ε4(1 − c)
q

∥u∥q
q .

(4.51)

We choose the constants c and η so small that q(1 − c) − p > 0 and

q(1 − c) − 2
2

−H−ζ(0)ησ2K1(K2 + 1)q−ζ > 0,

c −H−ζ(0)ησ2K1(K2 + 1)q−ζ > 0.

Once c and η are fixed, we pick some of a constant ε4 small enough that
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 − ζ − ε4

2η
(Bq+α

α

eqα
D

q+α
2

1 )
ζ

> 0,

H1−ζ(0) + ε4 ∫
Ω

u0u1dx > 0.
(4.52)
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By (4.52), the estimate (4.51) becomes

y′(t) ≥ C10 (H(t) + ∥ut∥2
2 + ∥Δu∥2

2 + ∥∇u∥p
p + ∥u∥

q
q) ≥ 0,(4.53)

where the positive constant

C10 ∶= min{ε4
q(1 − c) − p

p
, ε4 [

q(1 − c) − 2
2

−H−ζ(0)ησ2K1(K2 + 1)
qζ ] , ε4

1 − c
q
}

> 0.

Hence, from (4.53), y(t) is increasing in (0, Tmax), and hence y(t) ≥ H1−ζ(0) +
ε4 ∫Ω u0u1dx > 0. By the choice of ζ , we have ζ ∈ (0, 1/2). Let r ∶= 1

1−ζ . According to the
inequality ∣a + b∣r ≤ 2r−1 (∣a∣r + ∣b∣r) for r ≥ 1, using Hölder’s and Young’s inequalities,
we have

yr(t) ≤ 2r−1 (H(t) + εr
4∣ ∫Ω

uutdx∣r)

≤ 2r−1 (H(t) + εr
4∥u∥r

2∥ut∥r
2)

≤ 2r−1 [H(t) + 2 − r
2

(ε4∥u∥2)
2

1−2ζ + r
2
∥ut∥2

2]

≤ C11 (H(t) + ∥u∥
2

1−2ζ
2 + ∥ut∥2

2) ,(4.54)

where C11 ∶= 2r−1 max{1, 2−r
2 (ε4)

2
1−2ζ , r

2} > 0. Next, we estimate the second term on
the right side of (4.54). It follows from (4.46) that 1

2 − ζ > 1
q . Applying the inequality

xτ ≤ (1 + 1
m )(m + x), x ≥ 0, 0 ≤ τ ≤ 1, m > 0, and taking x ∶= ∥u∥q

2 , τ ∶= 2
(1−2ζ)q < 1,

m ∶= H(0), we obtain

∥u∥
2

1−2ζ
2 ≤ (1 + 1

H(0))(H(t) + ∣Ω∣
q−2

2 ∥u∥q
q) ≤ C12 (H(t) + ∥u∥q

q) ,(4.55)

where C12 ∶= (1 + 1
H(0))max{1, ∣Ω∣

q−2
2 } > 0. Substituting (4.55) into (4.54), we have

yr(t) ≤ C11(1 + C12) (H(t) + ∥u∥q
q + ∥ut∥2

2) ≤
C11(1 + C12)

C10
y′(t),

which means

y′(t) ≥ C10

C11(1 + C12)
yr(t).(4.56)

A simple integration of (4.56) over (0, t) yields y(t) ≥ [y(0)1−r − C10(r−1)t
C11(1+C12)

]
1

1−r for all

0 ≤ t < T1. We choose T1 ≥ T∗ ∶= C11(1+C12)y(0)1−r

C10(r−1) . Combining r = 1
1−ζ > 1 and y(0) > 0,

we have

lim
t→T−∗

y(t) = +∞.(4.57)
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However, we claim that there exists a positive constant C13 such that

y(t) ≤ C13 , for all 0 ≤ t ≤ T1 .(4.58)

Actually, from (4.42), Young’s inequality, and λ1∥u∥2
2 ≤ ∥Δu∥2

2, we get

y(t) = H1−ζ(t) + ε4 ∫
Ω

utudx

= (∫
t

0
σ(∥∇u∥2

2)∥us∥2
2ds − E(0))

1−ζ
+ ε4 ∫

Ω
utudx

≤ (σ2 ∫
t

0
∥us∥2

2ds − E(0))
1−ζ

+ ε4∥u∥2
2 + ε4∥ut∥2

2

≤ (σ2D3T1 − E(0))1−ζ + ε4

λ1
D1 + ε4D3 =∶ C13 .

Obviously, (4.58) is contrary to (4.57). We conclude the solution cannot remain
globally bounded. Then lim sup

t→T−max

(∥ut∥2
2 + ∥Δu∥2

2 + ∥∇u∥p
p) = +∞. Especially, if Tmax <

+∞, we obtain by Theorem 3.1 that lim
t→T−max

(∥ut∥2
2 + ∥Δu∥2

2 + ∥∇u∥p
p) = +∞.

Step 2. If Tmax < +∞, from Theorem 3.1, we have lim
t→T−max

(∥ut∥2
2 + ∥Δu∥2

2 + ∥∇u∥p
p) =

+∞. Using the definition of E(t), we have ∥ut∥2
2 + ∥Δu∥2

2 + ∥∇u∥p
p ≤ pE(0) +

p
q ∫Ω ∣u∣q log ∣u∣dx. By the definitions of E(t) and I(u), we get

1
q

I(u) ≤ 1
2
∥ut∥2

2 +
q − 2

2q
∥Δu∥2

2 +
q − p

pq
∥∇u∥p

p +
1

q2 ∥u∥
q
q +

1
q

I(u) = E(t) ≤ E(0) < 0.

Hence, I(u) < 0. By Lemma 2.2, we have ∥Δu∥2 > r(α) > 0. Together with the defi-
nition of I(u), we have 1

q ∫Ω ∣u∣q log ∣u∣dx > ∥Δu∥2
2 > 0. By −(r(α))2 ≤ E(0) < 0, we

have E(0) + 1
q ∫Ω ∣u∣q log ∣u∣dx > 0.

(i) Using (2.4) and the embedding H2
0(Ω) ↪ Lq+α(Ω), we obtain

∥ut∥2
2 + ∥Δu∥2

2 + ∥∇u∥p
p ≤p(E(0) + 1

q ∫Ω
∣u∣q log ∣u∣dx)

≤p(E(0) + 1
eq
∥u∥q+α

q+α) ≤ p(E(0) + Bq+α
α

eq
∥Δu∥q+α

2 ) .

Hence, lim
t→T−max

∥Δu∥2 = +∞.

(ii) Similarly, using (2.4) and the embedding W 1, p
0 (Ω) ↪ Lq+α(Ω), we obtain

∥ut∥2
2 + ∥Δu∥2

2 + ∥∇u∥p
p ≤ pE(0) + pBq+α

3
eq

∥∇u∥q+α
p ,

where B3 is the embedding constant in W 1, p
0 (Ω) ↪ Lq+α(Ω). Hence, lim

t→T−max
∥∇u∥p =

+∞. ∎
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5 Case q = p

In this section, we will consider the global solvability of problem (1.1) under the state
of the equal strength of the diffusion and the reaction (i.e., q = p).

Theorem 5.1 Let (H) hold. If q = p and the initial data (u0 , u1) ∈W, then problem
(1.1) possesses a unique global solution u as defined in Definition 2.1. Moreover, the energy
function E(t) satisfies the following decay estimate:

E(t) ≤ C15

L + t
, for all 0 ≤ t < +∞,(5.1)

where L is a positive constant and

C14 ∶=
(1 + σ3)pd
(p − 2)λ1

+ d + d
a
+ 1

2
∥u0∥2

2 +
1
2
∥u1∥2

2 ,

C15 ∶=
1
p

C14 +
(p − 2)λp

∗

2p(λp
∗ − λ2

∗)
C14 +

C14

p2 log λ∗ +
d

2a
+ Ld .

In particular, if E(0) < M, then the energy functional E(t) satisfies the exponential
decay estimate

E(t) ≤ C16e−C17 t , for all 0 ≤ t < +∞,(5.2)

where the positive constants

C16 ∶=
E(0) + ε5 ∫

Ω
u0u1dx

1 − ε5 − ε5(1+σ1)p
λ1(p−2)

, C17 ∶=
βε5

1 + ε5 + ε5(1+σ1)p
λ1(p−2)

,

and β1 is a small constant such that

β1 < p, β1

2
+ β1Bp

0
p2 (2pE(0)

p − 2
)

p−2
2

+ Bp+α
α

eα
(2pE(0)

p − 2
)

p+α−2
2

− 1 < 0,

and ε5 is a small constant such that

1 − ε5 −
ε5(1 + σ1)p
λ1(p − 2) > 0, ε5 +

βε5

2
− a < 0, E(0) + ε5 ∫

Ω
u0u1dx ≥ 0.

Proof The proof of Theorem 5.1 is divided into four steps.
Step 1. Global existence for the case of (u0 , u1) ∈W1. Let the sequences {ω j}+∞j=1 ,
{u0m}+∞m=1, {u1m}+∞m=1, and {um}+∞m=1 be the same ones as those stated in the proof of
Theorem 3.1. Multiplying both sides of (3.1) by b′jm(t), summing over j = 1, 2, . . . , m,
and integrating it from 0 to t, for sufficiently large m, we obtain

Em(t) + ∫
t

0
σ(∥∇um∥2

2)∥ums(s)∥2
2ds ≤ Em(0) < d , for all 0 ≤ t < +∞.(5.3)

Em(t) = 1
2
∥umt∥2

2 + J(um) ≤ Em(0) < d , for all 0 ≤ t < +∞.(5.4)
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Next, we prove that (um , umt) ∈W1 for sufficiently large m. Similar to the proof in
Theorem 4.1, we get (um , umt) ∈W1 and I(um) > 0 for sufficiently large m and 0 ≤ t <
+∞.

Next, by the definitions of I(u), E(t), J(u), and I(u) ≥ 0, we obtain

J(um) =
p − 2
2p

∥Δum∥2
2 +

1
p2 ∥um∥p

p +
1
p

I(um), for all 0 ≤ t < +∞,(5.5)

Em(t) ∶= 1
2
∥umt∥2

2 + J(um) > 0, for all 0 ≤ t < +∞.

Using (5.4) and (5.5) and I(u) ≥ 0, we get p−2
2p ∥Δum∥2

2 + 1
p2 ∥um∥p

p < d for all 0 ≤ t <
+∞. From the embedding H2

0(Ω) ↪ W 1, p
0 (Ω), we get ∥∇u∥p ≤ S∥Δu∥2 ≤ S

√
2pd
p−2

for all 0 ≤ t < +∞. We observe that for q = p > 2, with (5.3)–(5.5), we obtain that
{um} is uniformly bounded in L∞((0,∞); H2

0(Ω)), {um} is uniformly bounded
in L∞((0,∞); W 1, p

0 (Ω)), {umt} is uniformly bounded in L∞((0,∞); L2(Ω)), and
{umt} is uniformly bounded in L2((0,∞); L2(Ω)). The rest of the proof can be
obtained similarly to that of Theorem 4.1.
Step 2. Global existence for the case of (u0 , u1) ∈W2. The proof can be obtained
similarly to that of Theorem 4.1.
Step 3. Decay estimate (5.1) of energy. From Steps 1 and 2, we know that if (u0 , u1) ∈W,
then (u, ut) ∈W for 0 ≤ t < +∞, and I(u) ≥ 0. With the definitions of E(t), σ(s), and
I(u) ≥ 0, we have

E(0) ≥ E(t) + ∫
t

0
σ(∥∇u∥2

2)∥us(s)∥2
2ds ≥ 1

2
∥ut∥2

2 + J(u) + a∫
t

0
∥us∥2

2ds

= 1
2
∥ut∥2

2 +
p − 2
2p

∥Δu∥2
2 +

1
p2 ∥u∥

p
p +

1
p

I(u) + a∫
t

0
∥us∥2

2ds

≥ 1
2
∥ut∥2

2 +
p − 2
2p

∥Δu∥2
2 +

1
p2 ∥u∥

p
p + a∫

t

0
∥us∥2

2ds.(5.6)

A combination of (5.6) with E(0) ≤ d yields that ∥ut∥2
2 ≤ 2d, ∥Δu∥2

2 ≤
2pd
p−2 , ∥∇u∥p

p ≤

S
p∥Δu∥p

2 ≤ S
p ( 2pd

p−2)
p
2 , and ∫

t
0 ∥us∥2

2 ≤ d
a . Using the inequality λ

1
2
1 ∥∇u∥2

2 ≤ ∥Δu∥2
2, we

have

∥∇u∥2
2 ≤ λ−

1
2

1 ∥Δu∥2
2 ≤ λ−

1
2

1
2pd
p − 2

=∶ C′′ .

Because σ(s) is a positive continuous function on [0,+∞), there is a constant σ3 > 0
such that

σ(∥∇u∥2
2) ≤ max

0≤∥∇u∥2
2≤C′′

σ(∥∇u∥2
2) =∶ σ3 .(5.7)

The rest of the proof can be obtained similarly to that of Theorem 4.1.
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Step 4. Exponential decay estimate (5.2) of energy. Let

F1(t) ∶= E(t) + ε5 ∫
Ω

uutdx + ε5 ∫
t

0
σ(∥∇u∥2

2)∫Ω
uusdxds.

Similar to the proof of Theorem 4.1, we get the exponential decay estimate (5.2). ∎

Unfortunately, we failed to obtain the existence of blow-up solutions in the critical
case p = q. However, we are certain that blow-up might occur when the initial data lie
outside the potential well.

6 Case q < p

This section is concerned with the case where the reaction is dominant (i.e., q < p).

Theorem 6.1 Let q < p, (u0 , u1) ∈ H, and u be the weak solution as given in Definition
2.1. If E(0) + C̃ ≥ 0 and μ is a positive constant which satisfies q + μ < p and 2 < p +

μ <
⎧⎪⎪⎨⎪⎪⎩

np
n − p

, for n > p,

+∞, for n ≤ p,
then u remains globally bounded for any t ∈ [0,+∞), which

satisfies

∥ut∥2 ≤
√

2 (E(0) + C̃)
1
2 , ∥Δu∥2 ≤

√
2 (E(0) + C̃)

1
2 ,(6.1)

∥∇u∥p ≤
⎡⎢⎢⎢⎣

m2 p (E(0) + C̃)
m2 − 1

⎤⎥⎥⎥⎦

1
p

, ∥u∥q ≤ [q2(E(0) + C̃)]
1
q ,(6.2)

where the positive constants are defined as m1 ∶= p
p−q−μ , m2 ∶= p

q+μ , C̃ ∶=
S̃m1(q+μ)

m1(qeμ)m1 ∣Ω∣
(p−q)m1

p+μ p
m1
m2 , and S̃ is the embedding constant in W 1, p

0 (Ω) ↪ Lp+μ(Ω).

Proof Taking ϕ ∶= ut in (2.2), we get

1
2
∥ut∥2

2 +
1
2
∥Δu∥2

2 +
1
p
∥∇u∥p

p +
1

q2 ∥u∥
q
q

= 1
2
∥u1∥2

2 +
1
2
∥Δu0∥2

2 +
1
p
∥∇u0∥p

p +
1

q2 ∥u0∥q
q +

1
q ∫Ω

∣u∣q log ∣u∣dx

− 1
q ∫Ω

∣u0∣q log ∣u0∣dx − ∫
t

0
σ(∥∇u∥2

2)∫Ω
∥ut∥2

2dxds

≤E(0) + 1
q ∫Ω

∣u∣q log ∣u∣dx .(6.3)

By using the embedding W 1, p
0 (Ω) ↪ Lp+μ(Ω) and Hölder’s inequality, we obtain

∥u∥q+μ ≤ ∣Ω∣
p−q

(p+μ)(q+μ) ∥u∥p+μ ≤ S̃∣Ω∣
p−q

(p+μ)(q+μ) ∥∇u∥p .(6.4)

As for the logarithmic term, using (2.4), (6.4), Hölder’s inequality, and the embedding
W 1, p

0 (Ω) ↪ Lp+μ(Ω), we get
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1
q ∫Ω

∣u∣q log ∣u∣dx = 1
q ∫{x∈Ω∣∣u∣≤1}

∣u∣q log ∣u∣dx + 1
q ∫{x∈Ω∣∣u∣>1}

∣u∣q log ∣u∣dx

≤ 1
qeμ

∥u∥q+μ
q+μ ≤

S̃q+μ

qeμ
∣Ω∣

p−q
p+μ ∥∇u∥q+μ

p .

Finally, using Young’s inequality, we get

S̃q+μ

qeμ
∣Ω∣

p−q
p+μ ∥∇u∥q+μ

p ≤ S̃m1(q+μ)

m1(qeμ)m1
∣Ω∣

(p−q)m1
p+μ p

m1
m2 + 1

m2 p
∥∇u∥p

p .(6.5)

Substituting (6.5) into (6.3), we get 1
2 ∥ut∥2

2 + 1
2 ∥Δu∥2

2 + ( 1
p −

1
m2 p) ∥∇u∥p

p + 1
q2 ∥u∥q

q ≤
E(0) + C̃. Hence, from (6.1) and (6.2), the solution u of (1.1) remains globally
bounded. ∎

Acknowledgements The authors would like to express their sincere thanks to the
Editors and the Reviewers for the constructive comments to improve this article.

Competing interests On behalf of all authors, the corresponding author states that
there are no competing interests.

Data availability statement All data generated or analyzed during this study are
included in this article.

References

[1] M. M. AI-Gharabli and S. A. Messaoudi, The existence and the asymptotic behavior of a plate
equation with frictional damping and a logarithmic source term. J. Math. Anal. Appl. 454(2017),
1114–1128.

[2] M. M. AI-Gharabli and S. A. Messaoudi, Existence and a general decay result for a plate
equation with nonlinear damping and a logarithmic source term. J. Evol. Equ. 18(2018), 105–125.

[3] M. M. Cavalcanti, V. N. Domingos Cavalcanti, and M. A. Jorge Silva, Exponential stability for
the wave equation with degenerate nonlocal weak damping. Israel J. Math. 219(2017), 189–213.

[4] M. M. Cavalcanti, V. N. Domingos Cavalcanti, and T. F. Ma, Exponential decay of the
viscoelastic Euler-Bernoulli equation with a nonlocal dissipation in general domains. Differ.
Integral Equ. 17(2004), 459–510.

[5] T. Cazenave and A. Haraux, Equations d’évolution avec non linearite logarithmique. Ann. Fac.
Sci. Toulouse Math. 2(1980), 21–51.

[6] H. Chen, P. Luo, and G. W. Liu, Global solution and blow-up of a semilinear heat equation with
logarithmic nonlinearity. J. Math. Anal. Appl. 422(2015), 84–98.

[7] H. Chen and S. Y. Tian, Initial boundary value problem for a class of semilinear pseudoparabolic
equations with logarithmic nonlinearity. J. Differ. Equ. 258(2015), 4424–4442.

[8] I. Chueshov, Long-time dynamics of Kirchhoff wave models with strong nonlinear damping.
J. Differ. Equ. 252(2012), 1229–1262.

[9] V. da Silva, Narciso, long-time dynamics for a class of extensible beams with nonlocal nonlinear
damping. Evol. Equ. Control Theory 6(2017), 437–470.

[10] H. F. Di, Y. D. Shang, and Z. F. Song, Initial boundary value problem for a class of strongly
damped semilinear wave equations with logarithmic nonlinearity. Nonlinear Anal. Real World
Appl. 51(2020), 1–22.

[11] S. Ibrahim and A. Lyaghfouri, Blow-up solutions of quasilinear hyperbolic equations with critical
Sobolev exponent. Math. Model. Nat. Phenom. 7(2012), 66–76.

https://doi.org/10.4153/S0008414X26102119 Published online by Cambridge University Press

https://doi.org/10.4153/S0008414X26102119


28 L. Zhang and F. Li

[12] H. Lange and G. Perla Menzala, Rates of decay of a nonlocal beam equation. Differ. Integral
Equ. 10(1997), 1075–1092.

[13] W. Lian and R. Z. Xu, Global well-posedness of nonlinear wave equation with weak and strong
damping terms and logarithmic source term. Adv. Nonlinear Anal. 9(2020), 613–632.

[14] L. J. Lions, Quelques méthodes de résolution des problèmes aux limites non linéaires, Dunod,
Paris, 1969.

[15] P. H. Lv, Y. Yuan, and G. G. Lin, Longtime dynamics of solutions for higher-order
(m1 , m2)-coupled Kirchhoff models with higher-order rotational inertia and nonlocal damping.
Bound. Value Probl. 2024(2024), 1–19.

[16] L. W. Ma and Z. B. Fang, Energy decay estimates and infinite blow-up phenomena for a strongly
damped semilinear wave equation with logarithmic nonlinear source. Math. Methods Appl. Sci.
41(2018), 2639–2653.

[17] V. Narciso, On a Kirchhoff wave model with nonlocal nonlinear damping. Evol. Equ. Control
Theory 9(2020), 487–508.

[18] L. Yan and L. L. Sun, General stability and exponential growth of nonlinear variable coefficient
wave equation with logarithmic source and memory term. Math. Methods Appl. Sci. 46(2023),
879–894.

[19] Y. Yang and Z. B. Fang, A class of semilinear wave equations with Kirchhoff-type weak damping
and logarithmic nonlinearity. Acta Math. Appl. Sin. 35(2022), 1001–9847.

[20] Y. Yang and Z. B. Fang, On a semilinear wave equation with Kirchhoff-type nonlocal damping
terms and logarithmic nonlinearity. Mediterr. J. Math. 20(2023), 13–26.

[21] H. W. Zhang, D. H. Li, W. X. Zhang, and Q. Y. Hu, Asymptotic stability and blow-up for the
wave equation with degenerate nonlocal nonlinear damping and source terms. Appl. Anal.
101(2022), 3170–3181.

[22] H. W. Zhang, G. W. Liu, and Q. Y. Hu, Exponential decay of energy for a logarithmic wave
equation. J. Partial Differ. Equ. 28(2015), 269–277.

[23] H. W. Zhang, G. W. Liu, and Q. Y. Hu, Initial boundary value problem for generalized
logarithmic improved Boussinesq equation. Math. Methods Appl. Sci. 36(2016), 3687–3697.

China University of Petroleum, China
907817256@qq.com fjli@upc.edu.cn

https://doi.org/10.4153/S0008414X26102119 Published online by Cambridge University Press

mailto:907817256@qq.com
mailto:fjli@upc.edu.cn
https://doi.org/10.4153/S0008414X26102119

	1 Introduction
	2 Preliminary lemmas
	3 Well-posedness of weak solution
	4 Case q>p
	5 Case q=p
	6 Case q<p

