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We show that the limiting distribution of the number of comparisons used by Hoare’s
quickselect algorithm when given a random permutation of n elements for finding the
mth-smallest element, where m = o(n), is the Dickman function. The limiting distribution
of the number of exchanges is also derived.

1. Quickselect

Quickselect is one of the simplest and most efficient algorithms in practice for finding
specified order statistics in a given sequence. It was invented by Hoare [19] and uses the
usual partitioning procedure of quicksort: first choose a partitioning key, say x; regroup
the given sequence into two parts corresponding to elements whose values are less than
and greater than x, respectively; then decide, according to the size of the smaller subgroup,
which part to continue recursively or to stop if x is the desired order statistics. See Figure 1
for an illustration in terms of binary search trees. For more details, see Guibas [15] and
Mahmoud [26].

This algorithm,! although inefficient in the worst case, has linear mean when given a
sequence of n independent and identically distributed continuous random variables, or
equivalently, when given a random permutation of n elements, where, here and throughout
this paper, all n! permutations are equally likely.

Let C,,, denote the number of comparisons used by quickselect for finding the mth-
smallest element in a random permutation, where the first partitioning stage uses n — 1

+ Part of the work of this author was done while he was visiting the School of Computer Science, McGill
University. He thanks the School for hospitality and support.

1 For simplicity of presentation, we have only sketched the algorithm of quickselect; when dealing with random
input, we assume that the randomness is preserved in each partitioning stage, which is the case for many
partitioning algorithms. See Sedgewick [33] for a detailed discussion.
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Figure 1 A binary search tree illustration of quickselect.
Given a sequence {xl,...,x,,}, the binary search tree asso-
ciated with this sequence is constructed by putting x; in the
root node, the remaining elements being compared sequen-
tially to x;. Those smaller (larger) elements go to the left
(right) branch and they form (recursively) a binary search tree.
Assume that we are selecting the mth-smallest element in this
sequence and that the size of the left subtree is k — 1. If m =k
then x; (root) is the desired order statistic: if m < k then the
search for the mth-smallest element goes on recursively in the
left subtree; otherwise, the search for the (m — k)th-smallest
element is conducted in the right subtree

comparisons. Knuth [23] was the first to show, by a differencing argument, that
E(Cn,m) = 2(” + 3 + (n + l)Hn - (m + 2)Hm - (I’l + 3— m)HnJrlfm)a

for 1 < m < n, where H,, = Z1<k<m k~'. A more transparent asymptotic approximation
is

E(Cym)

" (o), wo) =2 —2aloga — 2(1 —a)log(l — ),

for 0 < o = m/n < 1. In particular, u(0) = w(1) = 2. The variance was derived by

Kirschenhofer and Prodinger [21], using generating functions,

Var( Cn,m)
T ~

a*(x),
where (o) > 0 is defined by
o(a) = % —20% log? o0 + 4(o> — ot — 1) log alog(1 — o) — 2(1 — )? log?(1 — a1)
— dologo — 4(1 — o) log(1 — o) + §n2a(1 — o) + 501 — o)
¥ 4o al %dtﬂ(l —a)/: 710‘%(1[_” dt:

see also Paulsen [31]. Note that ¢%(0) = ¢2(1) = 1/2.

The limiting distribution of C,,,/n was studied independently by Griibel and Rdsler
[14] and Kodaj and Mori [24]; see also Griibel [12]. Although several (different) char-
acterizations of the limiting distribution of C,,,/n were derived, none of them is simple.
The aim of this paper is to show that, when 1 < m = o(n), the limiting distribution
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can be described in a more transparent way via the Dickman function, extensively stud-
ied in number theory and probability theory. By symmetry, the same results hold for
0 < n—m = o(n). While all previous approaches are based essentially on the recurrence
relations of C,,, our approach is more combinatorial (in contrast to computational)
in nature and relies on proper decomposition of the random variable in question. For
more methodological interests, we also sketch another computational approach, using
recurrence and generating functions. The number of exchanges is discussed in Section 5.
We conclude with some remarks.

2. The Dickman function

The Dickman function p(u) is defined as the continuous solution of the differential-
difference equation

up' () +plu—1)=0  (u>1),

with the initial condition p(u) = 1 for 0 < u < 1. It originated in the study by Dickman
[9] who showed that

1
lim =#{k : 1 <k < n,the largest prime factor of k is < nl/”} = p(u),

n—oo N

for u > 1; in words, the number of positive integers less than n whose largest prime factor
is less than n!/* has the limiting density p(u) for u > 1. The Dickman function plays
an important role in analytic number theory, especially for problems in connection with
so-called psixyology; see Tenenbaum [35], Hildebrand and Tenenbaum [17], and Moree
[29] for further information and more instances.

Besides its appearance and applications in number theory (see also Hirth [18]), the
Dickman function also arises in a large number of problems such as the degree of the
largest irreducible factors in random polynomials over finite fields (see Arratia, Barbour
and Tavare [2], Car [5], Knopfmacher and Manstavicius [22]), the size of the largest
cycle in random permutations (see Shepp and Lloyd [34], Gourdon [11]), the sum of
products of uniform random variables (see Goldie and Griibel [10], Devroye [7]), and
allele frequencies in the infinitely-many neutral alleles diffusion model (see Watterson
[36]). See also Arratia [1] and Arratia, Barbour and Tavaré [3] for a comprehensive
survey of scale-invariant Poisson processes in which the Dickman function has appeared
in several different forms. Our example of quickselect is a new addition to this list.

Note that (see Tenenbaum [35, §II1.5.4])

/ p(x)dx =,
0

where y is Euler’s constant. For simplicity of reference, we call the distribution with the
density function e~7p(x) the Dickman distribution; see Figure 2 for a plot of the density.

Let Z be a random variable with the Dickman distribution. Some known properties of
this distribution are listed as follows.
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(1) The distribution of Z is infinitely divisible; see Hensley [16].

(2) The moment generating function of Z satisfies

E(e¥?) = exp(/ ¢ v_l dv) = —% exp(/ vle™ dv), (2.1)
0 —s

the second equality holding for s € C \ [0, ).

(3) The kth cumulant of Z is equal to 1/k; and the kth moment p, of Z satisfies the
recurrence

k
w=i ¥ (=,

0<j<h—1
with po = 1.

One simple way of describing the Dickman function is the following. Let {X;}i<i<n be
a sequence of independent random variables such that

P(Xyx=k)=k™' and P(Xy=0)=1—k",

fork=1,...,n.

Proposition 2.1. The limiting distribution of the random variable

D,:= Y X,

1<j<n

is Dickman:

lim P(n~'D, < x)=¢7" / p(v)do (x > 0).
0

n—oo

This result will be used to prove our main result for C,,.

Proof. From (2.1) and

E(eitD”) _ H 1 + eil\'[ —1
k 5

1<k<n

it suffices, by Lévy’s continuity theorem, to show that

it v
lim E (e"™™/") = exp </ -1 dv), (2.2)
0

n—0o0 v

uniformly for finite and real ¢t. Now

) eikl/n -1
E(e™/M) =exp | ) —— TRO],

1<k<n

where

-1 j—1 ikt/n __ 1 Vi
R, (1) == Z( J) > (ekij) =o(ltPn™).

1<k<n
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The dominant term satisfies

eikl/n -1 it e’ —1 B
> :/0 do +0(Jen ),

v
1<k<n

by a simple application of the Euler—-MacLaurin summation formula or by the integral
representation of the left-hand side. This implies (2.2) and the proposition. Ul

0.8
0.6 1
0.4+

0.2+

o o’s i 1’5 2 25 3

Figure 2 Histograms of nP(D, = |xn]) for n from 10 to 30 and
0 < x < 3 and the Dickman distribution e™7 p(x)

With more calculations, we can prove a local limit theorem for D, of the form (see
Arratia, Barbour and Tavaré [4, Corollary 2.8])
lim nP (D, = k) = e 7 p(x),

n—0o0

where k/n — x > 0; see Figure 2. Interestingly, the histograms of D, indicate that
P (D, = k) is highly fluctuating for k < n, a fact due to the wide gap of individual X;.

3. Cost of quickselect
Our main result is as follows.

Theorem 3.1. If' 1 < m = o(n), then the limiting distribution of n='C,,, — 1 is Dickman:

n—o0 n

lim P <C_" < x> el / p()dv (x> 0). (3.1)
0

By Proposition 2.1, it suffices to prove the following result. We write X, 2 Y, if
X, z Y, + Z, and Z, — 0 in distribution.

Proposition 3.2. If m = o(n) then

1 9 1
n Cn,m ~ 14+n""D,.
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Proof. Let &, denote the set of all permutations of n elements. Since we consider
quickselect algorithms whose partitioning procedures preserve randomness, we can, for
the purpose of analysis, restrict our analysis only to quickselect algorithms that do not
exchange keys in the whole process. We thus consider algorithms where the keys in the
subproblems in which we continue the search for the desired order statistics retain their
original (relative) ordering after each partitioning stage; this essentially corresponds to
the structure of a binary search tree (we use the first element in each subproblem as the
partitioning key).

Let £(i, j), 1 <i,j < n, be the indicator that key i (as a partitioning key) compares with
key j during the whole quickselect process when given a random permutation. Then

Cn,m= Z é(l’.])

1<ij<n

We first prove the case m = 1. Observe that in this case &(i,j) depends only on
the relative ordering of {1,2,...,max{i, j}}. Let 0 € &%, be the given permutation. Let
Ay = &, denote the event that k appears before {1,2,...,k — 1} in ¢ for 2 < k < n. Then
P(Ax) = 1/k and k is used as a partitioning key (at some stage of the quickselect process)
if and only if ¢ € 4. Thus

S ek j)o) =

1<j<k

k—l, ifGEAk,
0, if ¢ ¢ Ay

On the other hand, we have

> &Gik)o) =

0, if o € A4y,
- 1
1<j<k

5 ifO'¢Ak,

since we are selecting the smallest element, and the key k is not present in the remaining
process once it is used as a partitioning key (6 € Ay) or once it is compared to a
partitioning key that is less than k (o & Ay).

Summing over k from 2 to n, we obtain, by the independence of the sets A,

D PN R R e (3.2)

1<ij<n 1<j<n

The referee pointed out an alternative proof for this simple case by using binary search
trees that proceeds as follows. Observe first that the smallest element in a binary search
tree is the node reachable by following only left branches from the root. Thus the number
of comparisons used by quickselect to find the smallest element is essentially the sum
of the subtree sizes of all nodes lying along the leftmost path (or ‘left arm’) of the tree,
yielding

Cht %n(1+%1+%1%2+-~-),

where the %;s are iid. uniform [0,1] random variables. The limiting distribution of
the right-hand side is Dickman; see Arratia, Barbour and Tavaré [3], Chamayou [6],
Devroye [7].
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For 2 < m = o(n), we observe that the distribution of the sum

> &)
m<i,j<n

is identical to the distribution of the number of comparisons used to find the smallest
element in the set {m,...,n}, which, by (3.2), satisfies

D SN ) B B e NP (R B N ¢}

m<Lj<n 1<j<n—m+1 I<j<n

Thus it remains to prove that the remaining cost is negligible:

> E(ij) = o(n).

1<min{i,j}<m

To this aim, we observe that the sum on the left-hand side is bounded above by

ool = ) ap+ Y, D k4 > D dk))

1<min{i,j}<m 1<i,j<m m<k<n 1<i<m m<k<n 1<j<m

= Z1+2Z,+ Zs.
The first part satisfies
E(Zy) ~ 2m = o(n),

since the distribution of Z; is identical to the cost of finding the largest (or smallest)
element in a random permutation of m elements.

For Z, (and Z3), we note that, for fixed k, m < k < n, the indicators {&(k,j) : 1 <
Jj < k} and {&(j,k) : 1 < j < k} depend only on the relative ordering of {1,...,k}.
Thus it suffices to consider permutations in <. Given ¢ € ¥, let B, be the event
that there are exactly / elements in {1,...,m — 1} that all appear before {m,...,k}; let
{b1(0),...,bs(0)} = {1,...,m — 1} denote these / elements (in their left-to-right orders).
Then the sum

> &Ko)

1<j<m

equals the number of records (or left-to-right maxima) in the sequence {b;(c),...,b/(c)},
whose mean is of logarithmic order for 1 </ < m; the sum is zero if / = 0. To see this,
observe first that if m is used as the partitioning key then the process stops; otherwise, if
any element in {m+ 1,...,k} is used as a partitioning key, then k is eliminated from the
remaining selection process. So the records in the sequence {b;(7),...,b/(c)} are exactly
the partitioning keys in the process in which k is present. Thus

(k—m+1)<m_1>
B ) m—1)(m—O)k—m+1) _
(k—/)(K)
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and, consequently,

E(Zy) = > > P(B/) 0(1+log/)

m<k<n 1</<m

ol ¥ 7m(k_k'2’“+l)+ 3 1og/27k_':+l(m/k)/

m<k<n 2</<m k>m

0] mlog%—l— Z log/Z((m/k)/_(m/k)/H)

2</<m k>m
log/
= (0]
o(n) + m Z -1
2</<m
= o(n).

For the final part Zs, let J; denote the event that k appears before {m,...,k —1}. Then
P(J)=1/(k —m+ 1) and k is a partitioning key if and only if ¢ € J;. Thus

—I—Umk ifJEJk
E ¢k, j)( { v ’
1<jem 0 if o ¢ Jk,
where U, denotes the maximum element among those elements {1,...,m—1} that appear

before {m,...,k}, and U, = 0 if no such element exists. It follows that

E(Uni) = Y (m—j)P(Ups =m—j)

1<j<m

_ m—j k—m+1\""
N k—m+2\k—m+2

1<j<m

>m—1—(k—m+2).

By this inequality and by noting that Ji is independent of U, , we obtain

EZy) = > E[ Y ék)

m<k<n 1<j<m
_ Z m—1 _E(Um,k)
m<k<n k—m +1
k—m+2
< X + 2%
m<k<2m k —m+1 2m<k<n —m+ 1
= o(n).
This completes the proof of the proposition and the theorem. ]

4. Recurrences and generating functions

We give another direct proof of Theorem 3.1 in this section. This proof relies on the
recurrence relations in question and uses only suitable differencing arguments. It is thus
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elementary in nature. This method is easily amended for other cost measures like the
number of exchanges used by quickselect or other versions of quickselect; see Section 5.

Let P,.(y) = E(y“) denote the probability generating function of C,,,. Then P,
satisfies the recurrence (see [21] and [27])

n—1
y
n

Pn,m(y) = 1 + Z Pn—k,m—k(y) + Z Pk,m(Y) B (41)

1<k<m m<k<n

for 1 < m < n, with the initial condition P,o(y) = 0, the Kronecker symbol.

Proposition 4.1. For n > 1,

_ i+ /!
Py = Py =Py =y T 5 (4.2)
i<jen—1 J
and, for2<m<n—1,
1 Hj<h<n ﬁ
Puw(y) = Pu(y)+ )" Z I E—
m<j<n J +

X Y (Pirstmr(¥) = Pirmr (1)) (43)

1</<m

Proof. By multiplying both sides of (4.1) by n and taking the difference of nP,,(y) —
(n - l)yPnfl,m(y), we obtain

n—1)y+ n—2
Pum(y) = %Pn—l,m(y)
n—1
+ 5 ST (Pacvn o) = Pucirnev), (4.4)
1<l/<m
from which (4.2) and (4.3) follow. Ul

Proposition 4.2. If m = o(n), then

) ) it v 1
efnP,,,m(e”/”) = exp </ ¢ dv) +o(1),
0

v

uniformly for real t.

Proof. For m = 1, the result follows from (4.2) using the same method of proof as
Proposition 2.1. Also by Proposition 2.1, it suffices that we prove, for m = o(n),
Pun(e") = Py(¢"") +0(1) (1 €R),

or, equivalently, by (4.3), R,.(e"/") = o(1), where

H h +y}1—1
j<h<n h+1
Rn,m(y) = Z T Z (Pj—/Jrl,m—/(y) - Pj—/,m—/(y))- (45)
m<j<n 1<l/<m
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We first need an estimate for the difference |Pnu(y) — Po—i1m(y)| when [y| = 1. We have,
by (4.4),

yn—l —y
Pn,m(y) - Pnfl,m(y) = ((.V - 1) + n>Pnl,m(y)

n—1
LY

Z (Pnff,mf/’(y) - P,,,/,Lm,/(y)),

1<l/<m
implying that, for 1 <m < n,

|Pn,m(em) - Pnfl,m(em)‘ < 2u| + ; Z |Pn,/’m,/(€m) - Pnfffl,mff(em” (u € R).

1</<m
Defining A, = Ap(|u]) by Ay = 2Juf and, for 2 <m < n,
1
An,m = 2‘”' + E Z An—/,m—/a
1<t<m

then [P, u(e") — Py_1m(e™)] < Ay and A, can be easily solved by taking the difference
nA",m —(n—DAy—1 1, giving

An,m = 2|u‘ + 2|u| Z j_l'

n—m—+2<Lj<n
It follows that
|Pn,m(eiu) - Pn—l,m(eiu)‘ = O(‘“')a

uniformly for m = o(n). Substituting this estimate in (4.5), we obtain

. mit o mit n
Rt =0 [0 5 ) —o(™iog 2 ) = ot

m<j<n

for m = o(n). This completes the proof. ]

5. The number of key exchanges

Let W, denote the number of key exchanges made by quickselect to select the mth-small-
est element in a random permutation of n elements. Let T,,(y) denote the probability
generating function of W,,. Then, by conditioning on the value of the partitioning
element, we have T,,,(y) = 1 for 0 < n,m < 2 and?

1
Tn,m(y) = ; Z Tnfj,mfj(y)Vn,j(.V) + Vn,m(y) + Z ijl,m(y)Vn,j(y) 5 (51)

1<j<m m<j<n

2 Note that the number of exchanges, unlike the number of comparisons, depends on the partitioning key
used. For simplicity, we count only the main random part of the number of exchanges.
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for n > 3 and 1 < m < n, where V,, j(y) denotes the probability generating function of the
number of exchanges used to partition the random permutation into two parts when the
partitioning element is j (see Sedgewick [33]):

"))
Vi) =" S<n_1s yooa<j<n,
S j—l)

since (/) (/;1)/ (’]’:11) is the probability that there are exactly s elements whose indices are

less than the rank of the partitioning key and whose values are larger than the partitioning

key. Note that
(0
V;fi)(l):zs: S(n—l)s ss— 1) (s—k+1)
j—1

(n=D'G—=Dn—k—1)!

= . 5.2
m—j—k)\G—1—k)ln-—1) (52)
From (5.1) and (5.2), we obtain
’Tnm(l) —j.m— 1(1 + Z lm
1<]<m m<]<n
for 1 <m < nandn > 2, with Tg, (1) = T{,(1) = 0. By the same differencing argument
of Knuth [ 3], we have, forn > 2 and 1 <m < n,
1 14 7 5
E(Wym) = z|(n+—=+m+1V)H,— (n—m+ < |Hy—pyo — (m+ = |Hp
3 3 2 2
11<m<n 1m:1 + 1m:n
2n—m+1) 36
~ g(l—oclogoc—(l—oc)log(l—oc)), (5.3)
uniformly for o :=m/n € [0,1].
Let % denote a uniform [0, 1] random variable.
Theorem 5.1. For 1 < m = o(n),
Wom 2, . (5.4)
n
where
W Zaw +ul — ),

AU and W being independent.

The distribution is uniquely characterized by its moments and is not Dickman; see
Figure 3. For simulations of the limit law W, see Devroye and Neininger [§]. Our
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Figure 3 Histograms of nP(W,; = |xn]) for n = 15,20,25,...,50 and 0 < x < 0.8

approach is first to prove the result (5.4) for m = 1, then to show that W,,, and W, are
close in distribution.

Proposition 5.2. For 2 < m = o(n),
|Tn,m(eit/n) - Tn,l (ei[/n)| = 0(1): (55)
uniformly for t € R.
We prove the convergence in distribution of T,;/n by the method of moments, and
then prove Proposition 5.2 by a differencing argument similar to the proof for the number
of comparisons. Although the method of moments can also be applied in the case when

2 < m = o(n), the proof given here seems simpler and extends the arguments used in the
proof of Proposition 4.2.

Proof of (5.4) for m = 1. For simplicity, write T,(y) = Tn1(y) and t,x := TF(1), the kth
factorial moment of W, ;. Then, by (5.1) with m =1,

1
= > Tkt (1>2),

1<j<n
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with 7ok = 71, = 0, where

Unk = ﬁ > ( > S o) k=

0</<k 1<j<n

We now show, by induction, that
T ~ gt (k> 1),

for some g; that will be determined recursively. The case k = 1 holds by (5.3) with
g1 = 1/3. Define gy = 1. By induction and (5.2),

- Z (> > =

Unk =~

0</”<I< 1<j<n

~ Yy () /x(l x)" " dx
0<r<k

k!

_ .k

= Z A2k —/+ 1) 8" (56)
0</<k

We need a simple lemma.

Lemma 5.3. The solution to the recurrence ay = 0 and

1
— — . > .
an—bn—}—n E aj n=1), (5.7)

1<j<n

where b, is a given sequence, is given by

; 5 (5.8)

1<j<n

Proof. Take the difference na, — (n — 1)a,—; and iterate. 0

Corollary 5.4. (Asymptotic transfer) Assume a, satisfies (5.7). If b, ~ cn®, where > 0,

then
1
ap ~ cﬁ Tl (5.9)
B
Proof. By (5.8),
1
an~cnﬂ+c2jﬁ_l~cﬁ+ nP. ]
j<n B

Applying the asymptotic transfer (5.9) to 1, using (5.6), we obtain, for k > 2,

s k+1 klk!
Nk—/+ 118"

0<r/<k
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Thus, if we define g recursively by go = 1 and

k+1 klk!
gk = § g (k>1),
ko 12— 7+ 1))

then
E(WE) ~ 1y ~ gt (k> 1).
We now show that the sequence {g;} uniquely characterizes a distribution by proving that
gr/k! < 1 for k > 0. By induction using the inequality
al'b! 1

< ,b > 0),
@rbs Saxbr1 @ )

we have for k > 1

| DN

ok <1
oS Tk o k=10 =7+ P S

Consequently, the distribution W is uniquely characterized by its moments {g} by
Carleman’s criterion, which states that the moment sequence {gx} uniquely characterizes
the distribution if g_l/ @) — 5. The result (5.4) for m = 1 is thus proved by the
Frechet-Shohat moment convergence theorem (see Loéeve [25]). ]

Note that the moment generating function G(z) = E(e"?) satisfies

1
G(z)= | G(xz)e'" " dx.
(z) /0 (xz)e X
Also
| Toa(e"") — G(it)| = o(1), (5.10)

uniformly in t.

Proof of Proposition 5.2. First consider the difference nT,,,(y) — (n — 1) Ty—1,u—1(y). By
(5.1), we have

( nm(y) n 1,m— 1()’)) = Z ( n](y) n 1,j— l(y)) n—j,m— ](y)

2 j<m

+ Vnm( )— n—lm—l()")
+ Z Tji—im(y) — Tj—om— I(Y)) )

m<j<n
+ Z nj(y n—l] I(J’)) j—2m— 1(»).
m<j<n
Then
n|Tnm(y) Ty 1,m— 1 Z |an — Vi 1,j— 1(y)|
2<j<n
+ ) Tam) = Tiama ).
m<j<n
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We need an upper bound for the ‘total variation’ 22<1<n [V i(y)
observe that

(07, )0
S S s s s s
Vn,,-(y)=; ' y—Z; o1
j—1 s
From this and the inequalities
Jj—1 j=2
S /NS Q<j<m0<s<j—2)
Vl—l = n_2 \]\ 5 X \] 5
s S
it follows that

Z Vi j(€") — Ve j—1(e")]

2<j<n

anl,jfl (y)| First

() (r)

. ! 2s+1 2s+1

o ‘elu_l‘s _

R (n — 1) (n — 2)
s s

; s!
< i _ 5" (D) (g — — ¢ —
< le 1] (2S+1)!(n s—=2)--(n—28)(n(s+1)—2s—1)
1<s<n/2
(S+1 |s s
= (2s —I—l)'
<afulp(nful),
where ¢(z)

is an entire function with nonnegative coefficients. Now define A, ,,(u)
An,O(U) =0 and, for n >m > 1’

An(u) = [ulp(nlul) + Z Ajrm(u

m<1§n

(5.11)
Then | Tn m( m) -

Ty 1m-1(e™)] < Aym(u). The recurrence (5.11) is easily solved using (5.8):

Aunli) = )+ 3 G <

m<j<n

< |ulg(nlul) + Iu|¢(n|u\)10g
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for m < n. Now
| Tam(€™) = Tua(€™)] < > [ Tusjum-i(€™) = Tujorm—j1(€")]
0j<m—2

+ | Toi(e") = Tomrr1(e)]
n—j
< mlulg(nlul) + lulg(au) D log-——=
0<j<m—2 J

+ |Tn,1(eiu) - Tn—m+1,1(eiu)|-

Thus, substituting u = t/n and using (5.10), we obtain

; ; m [t| n—j
[ Tom(€") = Tua(@/™] < e + i) D~ log——=
0<j<m—2 J

+ [ Ty1(€"") — G(it)] + | Tyemr1,1(e"™) — G(it))|
= o(1)+ |Tn—m-&-l,l(eit/(nim+1)) — G(it)]
= o(1),

uniformly for m = o(n) and t € R. This completes the proof of Proposition 5.2. ]

Note that the number of exchanges, denoted by ¥, used at the first partitioning stage
satisfies, by (5.2),

kiki(n—k — 1)! Kk
Ck+D)in—2k—1)! ~ Ck+ 1)

for k > 1. Thus we deduce that ¥",/n has in the limit a beta distribution:

p<"Vn”<x)_>1_m (0<x<1/4).

E(r")

n

6. Extensions

Random rank selection

Mahmoud, Modarres and Smythe [27] considered the problem of selecting the tth-
smallest element using quickselect, where © takes any of the n values {1,...,n} with equal
probability. Let B, denote the number of comparisons used by quickselect when given

a random permutation. Then the bivariate generating function B(x,y) := >, E(y®)x"
satisfies (see [27])
0? 0 2x 0 1
—B —B = —_B
XaaBtey)+ 5-B(x.y) [y ox (xyoo-%(l__xyy,

with the initial conditions B(0,y) = 0 and (0/0x)B(x, y)lx=0 = 1. This equation can be
explicitly solved as for P, ,,(y) above; the result is

n+1 1 h+ 2yt
E(an) — yn 1 Z — H (n 2 1)
n 15T%n JjG+ 1)j<h<n h+2
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From this expression, we can proceed as above to show that

. it e’ —1
lim E ("B="/") = exp <2/ dv),
n—o0 0 v

(see [27]) and thus

lim P <B” —" x) = /X pw)p(x —v)dv (x> 0).
n 0

n—0o0

By the same approach, it can be shown that the multiple quickselect problems in
Mahmoud and Smythe [28] introduce higher convolutions of the Dickman distribution;
see also Panholzer and Prodinger [32].

Quickselect with median-of-three

If, instead of choosing a random element to partition the random input, we take the
median-of-three random elements as the partitioning key, then the total cost is in most
cases reduced. We can extend our differencing method to describe the limiting distribution
of the cost measures of this algorithm. For example, the moments, p, of the limiting
distribution of the number of comparisons satisfy (when m = o(n)) yo = 1 and

_(k+2)(k+3) k i
M=k + ) O;Kk<j>(j+2)u+3) (=1

From this we deduce that the moment generating function M(z) satisfies the second-order
differential equation

22M"(z) — 2z(z — 3)M'(z) + (z*> — 62 + 6)M(z) = 6¢° M(z),

with the initial conditions M(0) = 1 and M’(0) = 2. Note that the mean is asymptotically
the same as the quickselect proper; see Kirschenhofer, Martinez and Prodinger [20],
Griibel [13], Neininger [30] for related materials.

Other Dickman ‘relatives’

Most examples we mentioned in the Introduction actually involve the Dickman function
as the asymptotic distribution function instead of as the limiting density function that we
encountered in this paper. Although different, there are common features these problems
share. The definition of D, reflects to some extent the ‘origin’ of the Dickman distribution,
which is the sum of independent random variables with wide ‘gaps’ with probabilities
proportional to the values they take. This situation also appears in other Dickman
problems. For example, the distribution function of the longest cycle, say L, in a random
permutation satisfies

ZP(L,, <m)z" =exp Z Z]]

1<j<m

This seems to indicate that the Dickman distribution is a rather special instead of universal
(like Gaussian) phenomenon. See Gourdon [11] for other variants of the Dickman
distribution.
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From normal to Dickman?
Consider the random variable I,, whose probability generating function is given by

ey = ] 1+§Z<y”—1) ,

1<j<n (€E;

where E; < {1,...,j} for 1 < j < n. If E; = {1}, then I, is the number of records, or cycles,
in a random permutation (Stirling numbers of the first kind); if E; = {1,..., j}, then I,
is the number of inversions in a random permutation; if E; = {j}, then I, = D,. So I,
may be interpreted as generalized inversions in permutations (counting only inversions
produced by some specified numbers). While the distributions in the cases of records and
inversions are asymptotically normal, the limiting distribution of D, is not normal. In
general, for what sets of E; will I, be asymptotically normally distributed? When will it
be Dickman?
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