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Hyperasymptotics is an analytical method that incorporates exponentially small
contributions into asymptotic approximations, thereby expanding their domain of
validity, improving accuracy, and providing deeper insight into the underlying
singularity structures. It also allows for the computation of problem-specific
invariants, such as Stokes multipliers, whose values are often assumed or remain
unknown in other approaches. For differential equations, unlike standard asymptotic
expansions, hyperasymptotic expansions determine solutions uniquely. In this paper,
we extend the hyperasymptotic method to inverse factorial series solutions of certain
higher-order linear difference equations and demonstrate that the resulting
expansions also determine the solutions uniquely. We further indicate how the
connection coefficients appearing in these expansions can be computed numerically
using hyperasymptotic techniques. In addition, we give explicit remainder bounds for
the inverse factorial series solutions. Our main tool is the Mellin—Borel transform.
The expansions are expressed via universal hyperterminant functions, closely related
to the hyperterminants familiar from integral and differential equation contexts. The
results are illustrated by the Gauss hypergeometric function with a large third
parameter and a third-order difference equation.
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1. Introduction

In this paper, we investigate linear difference equations of order n > 2 of the form

n—1

w(z +n) —I—ka(z)w(z—I—k) =0, (1.1)

k=0

where the coefficient functions f(z) are polynomials of degree at most n — k,
and fo(z) has degree exactly n. In particular, the point at infinity is an irregular
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2 G. Nemes

singularity of rank 1. It will be convenient to express these polynomials in the basis
of falling factorials rather than the standard monomial basis:

n—=k
_ I'(z+1) _
fk(z)_wézofm’kf(z—n—&—k—i—m—i—ly k=0,1,...,n—1, (1.2)

with f070 7é 0.
Formal series solutions of (1.1) in descending powers of z are given by

bs' .
d o 5=1,2,...,n (1.3)

o0
L(2)A; 724 Z g

s=0
(see, e.g., [16]). The constants A;, u;, and the coefficients b, ; are determined by
substituting the formal series into the difference equation and matching coefficients,
after freely assigning the initial term bg ;.

Immink [16] showed that each formal series in (1.3) is Borel summable, and
that its Borel transform (inverse Laplace transform) possesses infinitely many sin-
gularities in the complex Borel plane. These singularities give rise to infinitely
many exponentially small contributions to the full asymptotic expansion of an
exact solution, with (1.3) representing the dominant level.

Here, we consider formal solutions in the form of inverse factorial series:

)\;’Zzas,jr(z‘*‘ﬂj_s)’ j=12...,n. (1.4)
s=0

Inverse factorial series play a significant role in the asymptotic analysis of integrals
and differential equations, where they naturally arise as expansions for high-order
coefficients and as tools for the numerical computation of connection coefficients,
also called Stokes multipliers (see, e.g., [3, 24, 33]). More recently, they have also
been shown to provide natural asymptotic representations for certain special func-
tions of hypergeometric type [20, 21]. We remark that solutions of (1.1) can also
be expressed using (normal) factorial series [13], which converge, though slowly, in
half-planes.

Substituting into the left-hand side of (1.1) using (1.2) and (1.4), and applying
the known inverse factorial expansion for the ratio of gamma functions given in [22,
Eq. (5.11.19)], we equate the coefficients of I" (2 +n + p; — s) to zero. This yields a
hierarchy of equations determining the parameters \;, 1;, and the coefficients a, ;.
The characteristic equation

> fom-rAf =0, (1.5)
k=0
with fo, =1, determines the values of \;. We impose the condition that

N # M, LH#].
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Hyperasymptotics for linear difference equations 3

The corresponding constants f; are obtained from

Z:fl,n—k)\;‘c Zfl,n—k/\;?
k=1

pj=1l-n4+-2=t —  —1_p—

A\
kzzokfo,n—k)\? H (1 - /\Z,)

14

(1.6)

We also assume that the constants p; are non-integers. If this assumption fails, the
independent variable can be shifted by replacing z with z + ¢, choosing ¢ such that
each p; + ¢ becomes non-integer. Finally, the coeflicients a, ; satisfy the recurrence

relation
£ min(n,s+1) n
SV (B ENE SRS ot
0] ¢ m=2 k=1 (17)
" S —pi+s—r+2) (m—k—r),
X Z (71) ! 7"! fm—r,n—ka

r=max(0,m—k)

valid for s > 1. The initial coefficient ap ; may be chosen freely. Here, (1), =
I'(+7)/T (1) denotes the Pochhammer symbol.

We note that an expansion of the form (1.3) can always be transformed into
one of the form (1.4), and vice versa, with A; and p; remaining unchanged. By
this correspondence and the existing theory in the literature (see, for instance,
[7, 16]), it is known that there exists a set of n linearly independent solutions
to the difference equation (1.1) that are represented asymptotically by the formal
series (1.4) as Re(z) — 4o0. In general, however, these solutions are not uniquely
determined by their asymptotic expansions.

Olde Daalhuis [25] studied inverse factorial series solutions to second-order linear
difference equations of the form (1.1), under the milder assumption that 22 fy(z)
and 27! f1(2) are analytic in a neighbourhood of infinity. He showed that the formal
series (1.4) are Borel summable via Mellin-type integral transforms, and that their
Borel transforms have only three singularities—located at A1, Az, and O—rather
than infinitely many. The singularities at A; and Ay are simple, corresponding to
the two formal series solutions of the form (1.4) to equation (1.1). The singularity at
the origin, however, is more intricate and generally more difficult to analyse. In the
case where )1 is closer to A5 than to the origin, he showed that, after truncating the
inverse factorial series (1.4) with j = 1 at its numerically least term, the remainder
can be re-expanded into a new series whose coefficients are a 2. This results in an
exponentially improved asymptotic expansion that uniquely determines an exact
solution. A similar result holds for the second solution corresponding to j = 2.
Furthermore, he derived asymptotic expansions for the coefficients a,; as s —
400, which can be used to compute the connection coefficients that appear in
the exponentially improved asymptotic expansions. The assumption regarding the
distance between \; and Ay allows one to sidestep the complication of analysing
the Borel transforms at the origin.
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The analysis presented in [25] can be extended to the higher-order case. The
formal series (1.4) remain Borel summable via Mellin-type integral transforms, and
their Borel transforms exhibit n + 1 singularities located at A1, Ao, ..., \,, and 0.
However, when n > 3, the exponentially improved asymptotic expansions typically
no longer determine the solutions uniquely. In this paper, we address this issue by
developing hyperasymptotic expansions for the solutions—refinements of the expo-
nentially improved expansions—which not only ensure uniqueness but also provide
increasingly accurate approximations. With each level of re-expansion, however,
increasingly stricter conditions would be imposed on the relative positions of the
singularities A1, Ag,..., A, with respect to the origin. For this reason, we have
restricted attention to the case where the coeflicient functions fi(z) are polynomi-
als. As we will see, this ensures that the Borel transforms of the inverse factorial
series (1.4) remain analytic at the origin. We note that inverse factorial series solu-
tions of second-order difference equations with polynomial coefficients were also
studied by Olver [30].

Hyperasymptotic expansions were originally introduced by Berry and Howls [5]
to refine WKB approximations for Schréodinger-type differential equations, incor-
porating exponentially small contributions. Their approach was entirely formal,
based on the re-summation of the inverse factorial series for the WKB coeffi-
cients originally derived by Dingle [11]. Subsequent work extended hyperasymptotic
analysis to single integrals with saddle points [3, 4, 14] and to multidimensional
integrals [10, 15] within a rigorous mathematical framework. For multidimensional
integrals, hyperasymptotics offered an effective solution to the global connection
problem, where the geometric methods applicable to single integrals fail. Parallel
approaches for differential equations, using the Cauchy—Heine method and Borel
transforms, were developed by Olde Daalhuis and Olver [24, 26, 27, 29]. Again,
hyperasymptotics enabled the numerical computation of Stokes multipliers (or con-
nection coefficients)—often treated as unknowns in other methods—with arbitrary
precision.

One notable difference between the hyperasymptotic expansions presented here
and those studied previously is that, in earlier works, the region of validity expanded
with successive re-expansions, whereas in our case, it remains the same half-plane.

Hyperasymptotic expansions are expressed in terms of a universal family of spe-
cial functions known as hyperterminants, which apply equally to problems arising
from integrals and differential equations alike. Olde Daalhuis [23] developed effi-
cient methods for computing these hyperterminants, which made hyperasymptotic
expansions numerically feasible in practical applications. The expansions presented
in this paper are formulated in terms of hyperterminant functions closely related
to these.

The remainder of the paper is organized as follows. In Section 2, we introduce the
Borel transforms of the inverse factorial series (1.4) and their associated functions,
and establish their fundamental properties. In Section 3, we develop hyperasymp-
totic refinements of the inverse factorial expansions using the Borel transforms
and associated functions introduced in the previous section. Section 4 discusses
how the connection coefficients appearing in these hyperasymptotic expansions can
be computed numerically via hyperasymptotic expansions for the late coefficients.
In Section 5, we derive explicit error bounds for the inverse factorial expansions.
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Section 6 illustrates the results with the Gauss hypergeometric function with a
large third parameter and a third-order difference equation. The paper concludes
with a discussion in Section 7.

2. The Borel transforms and their associated functions

In this section, we introduce the Borel transforms of the inverse factorial series (1.4),
along with their associated functions, and establish their fundamental properties.

Before presenting the main results, we introduce some notation, which closely
follows that of [24]. We define

9]',@ = arg (/\g - )\j) .

We consider the complex ¢-plane, equipped with cuts from each ); extending to
infinity along the ray arg (¢t — A\;) = 7 for a fixed real number 7. This direction 7
can be chosen arbitrarily, provided that no cut intersects any other singularity A,
with ¢ # j; that is, we require

777£9j,em0d27ﬂ 1§ja£§n7 675]

Any such choice of 7 is called admissible.
For each j =1,2,...,n, we define the logarithm on the ray arg (t — A;) =7 by

log (t — A\;) =log |t — A\;| +i(n —0).

We denote the t-plane with these cuts and corresponding branches of the logarithm
by P,. In this domain, each log (t — ;) is single-valued and consistent with the
definition above along the ray arg (t — ;) = 7.

REMARK 2.1. In [24], the author specifies the branch of the logarithm by requiring
that log (t — ;) =log|t — A;| +i(n + 2w — 0). Since we adopt a different branch of
the logarithm, the definitions of the loop contours and the connection coeflicients
will differ from the corresponding ones in the paper [24].

Given an admissible 7, we define
n~ = inf {5 < n | 7] is admissible for all 7 € (7, 7]},
nt =sup {7 > n | 7 is admissible for all 7 € [,7)}, (2.1)
Z,=(n".n").

Note that the endpoints 7~ and ™ themselves are not admissible.
Throughout, we also use the notation

[¢] +ooel?
/ :/ , el

We are now in a position to present the main results of this section, with proofs
provided at the end. The following proposition introduces the Borel transforms of
the inverse factorial series (1.4) and establishes their fundamental properties.
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PROPOSITION 2.2. Let 1 € R be an admissible direction, and let p; (1 < j <n) be
gwen by (1.6). For each 1 < j < n, the function y;(t,n), defined by

oo t S—[J/] )
yi(t,n) =Y as,T (p; —s) (1—A,> c JE= X <minfy = A,
s=0 J J

is analytic in Py, satisfies the relation

27

yitn) = Kej g —

yg(t,’f]) +reg (t_)‘f)a E#]a (22)
where the Ky ; are constants, and admits endless analytic continuation along any
path that does not contain any of the points A1, Ao, ..., An. Moreover, if S is a
sector in the complex t-plane of the form

S=A{lt| >R, a<argt < S} (2.3)

with 0 < 8 — a < 27w and R > maxy |\¢|, then for any fized analytic continuation
of y;(t,n) into the entire sector S, we have

lim ¢t~y (t,n) =0, teS, (2.4)

t—o0

for any € > 0, where a denotes the real part of the root of the equation fo(z) =0
with the largest real part.

In (2.2), reg (t — A¢) denotes a function that is analytic in a neighbourhood of
t = A\¢. The constant preceding y,(t,n) in (2.2) is expressed in this seemingly
complicated way to simplify the form of the hyperasymptotic expansions presented
in the subsequent section. The constants K ;, referred to as connection coefficients
or Stokes multipliers, can be computed using the numerical method outlined in
Section 4 and developed in [24].

In the next proposition, we introduce functions associated with the Borel trans-
forms y;(¢,n). These are Laplace-type transforms of the functions y;(¢,n) and will
be used to derive the hyperasymptotic expansions.

PROPOSITION 2.3. Let n € R be an admissible direction. For each 1 < j < n,
define

1

Yj(“ﬂ)):%

/ ety;(t,m) dt, (2.5)
5 (1)

where «v;(n) is a contour in P, that starts at infinity along the left-hand side of
the branch cut arg (t — \;) = n, encircles \; in the positive (counter-clockwise)
direction, and returns to infinity along the right-hand side of the same cut. Along the
left-hand side of the branch cut, we have argt = n — 2mw, while along the right-hand
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side argt = 1. The integral in (2.5) converges for
ue () ={%-n<argu <3 —n}

and defines an analytic function that satisfies Y;(u,n) = Y;j(u,n) for alln € Z,, and
u € L (n)NL(n). Moreover,

o0
Yj(u,m) ~ e g (Auem ™) (2.6)
s=0

as u — oo within . (n), and
Yj(u,n) = O (u™"179) (2.7)
as [u| = 0 in L (n), for any € > 0, where a is as defined in Proposition 2.2.

The following proposition presents exact analytic solutions of the difference equa-
tion (1.1), expressed either directly through Mellin-type integrals of the Borel
transforms y;(¢,n), or alternatively through Mellin transforms of the associated
functions Yj(u,n). The large-Re(z) behaviour of these solutions are described by
the inverse factorial series (1.4).

PROPOSITION 2.4. Let n € R be an admissible direction such that |n —arg ;| <m
and —5+n~ <arg; < g+n+, where Ny are defined in (2.1). For each 1 < j < n,
define

I'(z+1)

w](zan) == i

[ Ree) > max(-La), - (29)
3 (m)

where v;(n) is the contour specified in Proposition 2.3, subject to the additional
condition that it does not encircle the origin. Then w;(z,m) is a solution of the
difference equation (1.1), and satisfies w;(z,n) = w;(z,1) for alln € I,,. Moreover,

]
wji(z,n) = e_mz/ u?Yj(u,n)du, Re(z) > a, (2.9)
0

where w is an arbitrary angle satisfying |n — w| < T and |arg \; — w| < 5. Finally,

w;i(z,m) ~ A} ” Za&jl“ (z4p; —s), (2.10)
s=0

as Re(z) = +o0, with Im(z) = O(y/Re(z)).
REMARKS 2.5.
(1) The restriction |n — arg A;| < 7 in Proposition 2.4 ensures that the branch
cut from A; and the contour 7;(n) avoid the branch point of the integrand
at t = 0. The condition —5 +7n~ <arg\; < 5 +n* is imposed to guarantee

the validity of the inverse factorial expansion (2.10). A possible choice for w
in (2.9) is w = TFUBA
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(ii) In [25], the representation (2.8) was used to derive exponentially improved
asymptotic expansions for solutions of second-order linear difference equa-
tions. In contrast, in this paper, we use the alternative representation (2.9)
to develop hyperasymptotic expansions. This approach has the advantage
that the hyperasymptotic expansions for w;(z,n) can be directly related to
the hyperasymptotic expansions for Laplace-type integrals (such as (2.5))
established in [24]. Moreover, the polynomial growth of the Borel transforms
y;j(t,n) allows for certain simplifications compared to [24].

Proof of Proposition 2.2. We make a Mellin-type integral ‘ansatz’ to derive a linear
differential equation for the Borel transforms y;(t) = y;(t,n). Specifically, we seek
functions y;(t) such that

L(z+1
—7(27% )/ t= hy; () dt
2mi 5 (1)

satisfies the difference equation (1.1). Note that, for each integer k > 0,

w;(z) = wj(z,m) =

I'z+k+1 ke
wj(z—i-k):—i(z 51 )/()t hly (t) dt
Yi(n
CTER [t
2mi () dtk ’

where the second equality follows by integrating by parts k times. Consequently,

n—k

fr(2)w;(z + k) = w;(z + k) Z ok I(z+1)

Pz—n+k+m+1)

o 2mi /W7 (me " dt” 371 > .

Therefore, the left-hand side of (1.1) can be expressed as

wj(2+n)+ifk(z)wj(z+k) = F(’Z;l)/( )tfzfl <Z gm(t)w> ar,

k=0

where
m
§ k
= fn—m,m—kt )
k=0

with the convention fy, = 1. Thus, w;(2) satisfies the difference equation (1.1) if
and only if y;(¢) satisfies the linear differential equation

Z gL _ g, (2.11)

dtm

https://doi.org/10.1017/prm.2026.10136 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2026.10136

Hyperasymptotics for linear difference equations 9

From (1.5), we obtain

u t
n(t) = 1-—).
w0 =11 (1-52)
Using (1.6) and the definition of g,—_1(t), we can apply Lagrange interpolation to
find

n n—1 n 1_)\4 n —u —n4+1 n ¢
0es®)= 3 (St T4 = 32 T (1),
— m=1 m j=1 J
j J#Fm
It follows that the differential equation (2.11) is of Fuchsian type, with regular
singular points at A1, Aa,..., A, and at ¢ = co.
The roots of the indicial equation corresponding to the regular singularity J\;,
for 1 < j < n, are easily seen to be 0,1,...,n — 2, and —pu;. Consequently, the
differential equation (2.11) admits n linearly independent solutions of the form

oo t S_Mj
Y aol (i —9) (1 - A) , 1<j<n (2.12)
s=0 J

Substituting these expansions into (2.11) shows that the coefficients a ; satisfy the
recurrence relation (1.7).

On the domain P, for each 1 < j < n, the series in (2.12) converges in a
neighbourhood of \; with radius ming.; |A; — A¢|, defining an analytic function
there. We define the solution y;(¢,7) of the differential equation (2.11) as the single-
valued analytic continuation of this function throughout P,. Considering y;(t,n)
near t = A\, for £ # j, we see that there exists a constant K, ; such that

2mi
y;(t,m) = Ké,jmyé(t,ﬁ) +reg (t — Ae)

where reg (t — A¢) denotes a function analytic at ¢ = A. Finally, since (2.11) is a
linear Fuchsian differential equation, the solution y;(¢,7) admits analytic continua-
tion beyond P, along any path in the complex plane that avoids the singular points
A1, A2, ..., An. The roots of the indicial equation corresponding to the regular sin-
gularity at infinity coincide with the roots of the polynomial fy(z). It follows that,
for any fixed analytic continuation of y;(¢,n) into a sector S of the form (2.3), we
have

y;(t,n) = O(t"log™ 1),

as t — oo within S, where a denotes the real part of the root of fy(z) = 0 having
maximal real part, and M denotes its multiplicity. In particular, (2.4) follows. O

Proof of Proposition 2.3. The convergence of the integral (2.5) for u € .#(n) follows
directly from (2.4).

We assert that Y;(u,n) is independent of n as long as 1 varies within the interval
(n—,n+). To demonstrate this, let us take two values n, 77 € (n—,n4) and a reference
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point to (with respect to both 1 and %) lying on v;(n). Now, if we rotate the contour
7v;(n) so that it aligns with the direction 1—while still passing through t,—it is
easily seen that the value of the integral does not change (for v € . (n) N.7 (7)),
provided we define the integrand by fixing its value at ¢ = t; and extending it
analytically along the new path of integration. In doing so, we observe that the
new integrand becomes e“'y;(¢,7), and the rotated integration path can be taken
as v; (7). Hence,

Y, (u,m) = Y;(u, ) for u € #(n) 1.7 (7)) whenever .7 € (n-,n5).

To establish the asymptotic expansion (2.6), we proceed as follows. A simple
change of variables allows us to rewrite (2.5) in the form

- O
Y (u,n) = e / e "ty (17 4\ ) dt,

2m J_

where the contour of integration encircles the negative real axis in the counter-
clockwise direction. Along the lower side of the branch cut, we have argt = —,
while along the upper side argt = 7. Applying Watson’s lemma for loop integrals
[31, p. 120] then gives the asymptotic expansion (2.6).

To analyse the behaviour of Yj(u,n) as |u| — 0, we derive a linear differential
equation satisfied by it. Integrating by parts m times in (2.5) gives

1 d™y;(t
R
2mi ~;(n) dem

Differentiating k£ times under the integral sign yields

k T m
(71)mz k m! umfkjtrd Yj(u’n) _ L / euttkd yj(tvn) d+
—\r)(m—k+r) dur 271 s, ) dgm '

It then follows directly that if y; (¢, ) satisfies the linear differential equation (2.11),
then Y;(u,n) satisfies

m

- m— rdrY‘( ) )
2.2 (-1 ﬁmmkz()mm>“ il

m=0 k=0
that is, the linear differential equation
" " uF - r—k d™Y;(u,n)
m —1)" If — 0.
5 (5 it 0 () T

The origin is a regular singular point of this equation, and the corresponding indicial
equation takes the form

Sl ERY k I(z+1
5 (4 S (8)nnn) o2 o

m=0 k=m
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The left-hand side of this equation can be simplified by applying the
Chu—Vandermonde identity [22, Eq. (15.4.24)] for the Gauss hypergeometric
function o F:

WA k L'(z+1)
Z:: <m' Z (-1)* (m) k!fn_k’()) L(z—m+1)

o \"" i,
. g‘a( 1 Kl f o 2F1< *k’fz ;1>
—:ZO( 1 fooRE R D (z+k+1 if" . )k)_fO(Zl)'
Therefore,

Y;(u,n) = (Q(U*“*1 logM_1 u),

as |u| — 0 within .(n), where a denotes the real part of the root of fy(z) = 0 having
maximal real part, and M denotes its multiplicity. In particular, (2.7) follows. O

Proof of Proposition 2.4. By Proposition 2.2, the integral (2.8) converges absolutely
and uniformly for Re(z) > a. The integrand is analytic in P,;, except for a branch
cut extending from 0 to infinity in the direction arg (—\;). Reversing the steps that
led to the differential equation (2.11) for y;(¢,n) in the proof of Proposition 2.2, it
follows that w;(z,n) satisfies the difference equation (1.1).

An argument similar to that in the proof of Proposition 2.3 shows that w;(z,n) =
w;(z,7) for all 77 € Z,,. Note that |n —arg \j| <7 and =5 +n~ <arg); <5 +n*
imply |7 —arg \;| < 7 for all 7 € Z,,.

To prove the representation (2.9), we first observe that, by [22, Eq. (5.9.1)],

(-] =l
D(z+1)t7*1 = / e Wyt dy = —e ™* / e u® du,
0 0
valid when |arg? —w| < § and Re(z) > —1. Consequently, we have

F(Z+1)/ S
— =y (t,m) dt
2mi ~;5(n) !

1 a1
- yi(t,mT(z+ 1)t dt
211 Sy ()

1 [r—w]
— e—mzi./ y’(t,n) / tu u?du ) dt ’
21, () ! 0

under the conditions | —w| < 7 and Re(z) > max(—1,a). Assuming also

that |arg \; —w| < 7, and using the asymptotic properties of Yj(u,7), we may

wj(z,m) = =
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interchange the order of integration to obtain

] [m—w] 1
w;(z,1n) :eﬂ”z/ u® —/ eyi(t,n)dt | du
’ 0 <27” 5 (n) !

) [m—w]
=e ™7 / u?Y;(u,n) du.
0

Finally, the condition Re(z) > —1 (when applicable) can be lifted by analytic
continuation.

To derive the inverse factorial expansion (2.10), note that, since | —arg ;| <7
and —5+n~ < arg\; < 5+nT there exists an angle 77 € Z,, such that [ — arg \;| <
5. Let 7 be such an angle. Then, by applying (2.6) and (2.7), it follows that if
N > max(0, Re(;) + a), we have

Y (u,7) = eyt Z Qs j (/\juefm)w_s + R;(u,7; N),

where the remainder term satisfies
IR; (u, 7 N)| < Ay [ u=] gl

for all u € .#(7), with a suitable positive constant Ay ;. Next, let @ be any angle
satisfying |7 — w| < § and |arg \; — w| < &. Then, we obtain

N-1
’lUj(Z,T])*)\;ZZG,S’jF(ZﬂLMj*S) w;j(z,1) — A;” Za” (z4 p; —s)
s=0
et Nl o
= e_mz/ u? <Yj(u,ﬁ) — Nyt as,j (A ue"”)uj S) du
0 s=0
] [r—&] ) [r—arg \,;]
= e’mz/ w*Rj(u,m; N) du| = *’”Z/ wR;(u,m; N) du
0 0

“+o00
= Aj—z—l/o t*R;(A; 'e™t,7; N) dt’

IN

+oo
|)\;Z|ANJ'/O tReCri) =N=1o=t g4
= [\ An T (Re (2 + p5) = N),

provided Re(z + p;) > N > max(0,Re(p;) + a). In the fourth step, we rotated
the path of integration from the direction m — w to 7 — arg A;. This deformation is
justified by Cauchy’s theorem, together with the fact that the integrand vanishes
along the arc at infinity. Finally, if Im(z) = O(y/Re(z)), then by the uniform
asymptotics for the ratio of gamma functions [12] we have

I'(Re(z + ) = N) = O()I (2 + p; — N),
as Re(z) — +o0. O
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Hyperasymptotics for linear difference equations 13
3. Hyperasymptotic expansions

In this section, we develop hyperasymptotic refinements of the inverse factorial
expansions (2.10) by employing the Borel transforms and their associated functions
studied in the previous section. To proceed, we first establish the necessary notation
and definitions. Set

Ao =X — A, _
Pt o } ¢+#j and p=max{Re(ui),...,Re(un)}.
Wi = Ij = He,

Furthermore, for each non-negative integer m, define
af™ = min {I\; = Aj |+ 1N = Al Ay, = Al
jl 7é j7 Kjl,j 7é 07 jf 7& j@*l? Kj@vjé—l 7é 0} )

with jo = j in the case m = 0. If we consider the directed graph G = (V, E) with
vertices V = {A1,..., A\, } and edges

(3.1)

E={(A\pA) | 1<p,g<n,p#q Kyp #0},

then o™ represents the length of the shortest directed path consisting of m + 1

J
edges starting at ;. We leave it to the reader to verify that the sequence a§m)

strictly increasing and unbounded.

The hyperasymptotic expansions will be expressed in terms of hyperterminant
functions, which are closely related to the hyperterminants commonly encountered
in the study of integrals and differential equations. We begin by defining these latter
functions. For a non-negative integer ¢, we set

M. [r—arg oo] U(JtotMO*l
FO z; 0 :/ g T dto,
o) 0 z — to

F(Z+1) P Mo, ..., M. :/[W_arg%] eaotot(])V1071
’ 00,...,0¢ 0 z —to

is

14

[r—arg o] U,.t.,.tMval
/ €t dio,
0 tr—l - tr

r=1

(3.2)

where My, ..., M, are arbitrary complex numbers with Re(M,.) > 1 forr =0,..., ¢,
and oy, ...,y are elements of the Riemann surface associated with the logarithm
such that argo, # argo,+1 mod 2m for r = 0,...,¢ — 1. These multiple integrals
converge provided that |arg(cpz)| < =, and they can be analytically contin-
ued to other values of argz. The function F(“*1) is referred to as the (¢ + 1)t
hyperterminant. We note in particular that

FM (z; Mo ) = ™Mooz Mol (A1) T (1 — My, 092) ,
00

where I'(M, z) denotes the incomplete gamma function. For further properties of
these hyperterminants, see [23].
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If for some index r we have argo, = argo,+1 mod 2w, it becomes necessary to
specify whether the t,.-contour passes to the left or right of the pole of (¢t,_1 — t,,)_l
To resolve this ambiguity, we define

e+ <z; Moy, ..., M, )

00y..-,0y¢
T (1) [ .. Mo, M, e, My, M,
= lim F z; e (- 1)ei . .
e—0+ ope Y, e T EL Ll gp_1e7 % oy

Thus, we require that the pole of (t._1 — t,.)~! is on the left-hand side of the
t,.-contour.
We now define the new hyperterminant functions. For any positive integer ¢, set

( : )2 YA 1_é+zﬁ=0M7‘
My, ..., M — (e~™ayg o

H¢AD 2 05 ) HVLe =\ 7Y i o,

00y - 00 T(z4+ Mo+1) ;0

o« P+ (0, 2+ Moy +2,My, ..., M, )

00, 01, s 0%

(3.3)

where z and My, ..., M, are complex numbers satisfying Re(z + My + 1) > 0 and
Re(M,) > 1forr =1,...,¢, and where oy, ..., o, again lie on the Riemann surface
of the logarithm. The new hyperterminant H*1) is essentially obtained by taking
the Mellin transform of the standard hyperterminant F(©); this Mellin transform,
in turn, corresponds to the standard hyperterminant of one level higher, F(¢+1),
evaluated at the special value 0 of its argument. The normalization is chosen so
that the resulting hyperasymptotic expansions take a form as close as possible to
those arising in the context of integrals and differential equations. For example,
from [28, Eq. (3.2)], we have the identity

7 [ 2 Moy, M,y
00, 01

(oo +o)™ M () 1( 1,0, ao>

14 =
oo™ Z+ Mo+ My 24 Mo+ My 41 o1

where oF7 denotes the Gauss hypergeometric function. Appendix A presents an
efficient method for computing these new hyperterminant functions.

As in the proof of Proposition 2.4, we choose an angle 7 € Z, such that
| —arg Aj| < 5. Then,

) [m—@) ) [r—arg ;]
w;(z,n) =w;i(z,n) =e ™7 / wYj(u,n)du =e" ™% / w?Y;(u,n) du,
0 0
(3.4)
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Hyperasymptotics for linear difference equations 15
provided that Re(z) > —a. For a non-negative integer N ;0), define the remainder

RS (u, 75 N} by

N1

Yi(u, i) =eNvut 3" agy; (Aue ™)™ 4 RO (u, i NY) (3.5)
s=0

(cf. (2.6)). Substituting this into (3.4) gives

N© 1
wj(z,m) = A; " Z as ;T (z4+p; —s)+ RS—O) (z,m; N;O)), (3.6)
s=0
where
© © e [N 0 = O
R; (z,n;Nj ) = efmz/ u*R; (u,n;Nj )du, (3.7)
: . o ‘

provided that Re(z) > max(N;O) — Re(u;) — 1,0a).

The key idea in deriving the hyperasymptotic expansions is to apply the well-
established theory of hyperasymptotic expansions for Laplace-type integrals—such
as the one defining Y} (u,n)—as developed in [24]. In particular, hyperasymptotic

re-expansions of the remainder R§-0) will, via (3.7), directly yield hyperasymptotic

re-expansions of the remainder R;-O) in the inverse factorial expansion of w;(z,7).

To ensure the applicability of this procedure, we adopt a stronger assumption on
n, namely that n~ < argA\; < ™, in place of the original condition —% 4+ 7~ <
arg \; < § + n+. This guarantees that the required re-expansions of R;p) are valid.

We follow the standard terminology for the expansions discussed in the sub-
sections below. The original inverse factorial expansions are referred to as level-
zero—hence the notation (0) in N](O). Truncating the level-zero expansion at or
near its numerically least term yields a superasymptotic approximation. A level-
one expansion is constructed by truncating the level-zero expansion at or beyond its
numerically least term and then re-expanding the resulting remainder using H?)
functions (Gauss hypergeometric functions). These level-one expansions are called
exponentially improved expansions. Subsequent re-expansions of the remainders
correspond to higher levels in the hyperasymptotic hierarchy.

3.1. Superasymptotics
In this subsection, we examine the behaviour of the remainder R;O) in (3.6) in the
case where both Re(z) and N, J(O) are large and of comparable magnitude.

We begin by presenting an explicit expression for the remainder Réo) in (3.5),
derived by following the procedure outlined in [24, §3]. The key difference in our
setting is that the Borel transform grows at most polynomially, rather than expo-
nentially, at infinity. As a result, the large circular contours used in [24] can be

https://doi.org/10.1017/prm.2026.10136 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2026.10136

16 G. Nemes

extended to infinity. We obtain

RO (u, 7 N) = 3 Kjig
A 2

(0)
] euto to — )\,)Nj —Hj
J
Y (tla 77) dtl dth
/ le(ejjl) t1 —to (tl—)\j j1
(3.8)

provided that argu = m — arg A; and N;O) > max(0, Re(r;) — 1, Re(p;) + a). Here,
v, (05,5, ) is a contour that begins at infinity along the left-hand side of the branch
cut arg (t; — Aj;) = 0} ;,, encircles \j, in the positive (counter-clockwise) direction,
and returns to infinity along the left-hand side of the same cut. Along the left-hand
side of the branch cut, we have argt = 0, ;, — 27, while along the right-hand side
argt = 0; ;,. The phase 0, ;, of A\;, — \; is chosen to lie in the interval (7 — 27, 7).
If [A; — Aj,| > |Aj — Aj,| and 6} 5, = 0; ;,, then the contour v;, (0} ;,) passes to the
right of the contour v;,(6;;,).

By applying the method leading to [24, Eq. (3.10)], we obtain

R (1,7 V) = X uf "0 =2 D (N~ Re (1) + 1)
—N,(vo) 0 RC( .7’1)71
X YK TN (V)R o)

J1#7

© \
© Z Qy 0)\Re(u,)—1
)\ ju—a;” |ul I ( ) (NJ( )) e(ry O(l),

17 | J17J|

valid for large u and NJ( ) with argu = m — arg A;. The quantity a( ) is defined in
(3.1). From (2.7), we may infer that this estimate remains valid for all u satisfying
argu = 7 — arg \;, after adjusting the implied constants if necessary. Substituting
this result into (3.7) yields

R (2, NI”) = AT T (NI = Re () + )T (Re (2 + p5) — N\* +1)

N©
X E KJl]

(Nj(o))Re(H’Jl)flo(l)
J17#J

Re(z
+ N7 A “ ) o O‘(O)
TN |+a(0) Kiva |>\j1,j|

% (NJ(O))Re(ugl) 1 0(1)

Jl,J

N(O) (3'9)

which is valid for large Re(z) and N;O), provided that both gamma function
arguments are positive. We now assume

N;O) = 53(0) Re(z) + vj(o),
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where 53(»0) € (0,1) is a parameter at our disposal, and %(0) is bounded. Substituting

this into (3.9) and applying Stirling’s formula [22, Eq. (5.11.7)] yields

(0)
R (2 M) =057 37 Ko (Re (e )+ 5) (1 610) 00
N#j

EO)Re(z)
RYING) bi
1
(g oW

A\ o0\
-z J } :
/\j (0) KJhJ |
IAjl+ o o 1.3

x (Re(2)) )71 0(1)

—_— (0) ez
=27 Y KT (Re (2 + 1) + ) (1— gl ReE

J1#7
©) Re(z)
Ml o)
B; 0(1),
<|>‘117J|

as Re(z) — +oo. Each term in the final sum is minimized when

Al o ©) Nl

1_ﬂ(0): | J B e O = J1,J
N PYA T ! A1+ 1A

(see, e.g., [8, Theorem 2.7.1]). This yields the optimal choice

(0)
o _ _ %
J 0
(gl + af”

With this choice, we obtain the main result of this subsection: if n is such that
n- <arg\; <nt andN(
(3.6) satisfies

= T+ @ Re(z) + O(1), then the remainder term in

Re(z)
—z ~ >\
R§0) (z,n; N](O)) =A; F(Re(z) + p+ %) <|J> 0(1),
as Re(z) = +o0.

3.2. Level-one
In this section, we present a re-expansion of the remainder term Rgo) in (3.6)
in terms of the hyperterminant H(?. This yields the level-one hyperasymptotic
expansion, also called an exponentially improved asymptotic expansion.

First, we state a re-expansion of the remainder R§O) in (3.5) in terms of the
hyperterminant F(!), which follows from the procedure described in [24, §3]. Due
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18 G. Nemes

to the reasons discussed in the previous subsection, the resulting expression is
simpler than the corresponding one in [24]. We obtain

NY
J1

R(O (u ot N(O)) — oMUt~ N( ) Z » Z sy ()\jle—ni)#h*s
J1#d 5=0 (3.10)

0) o
« (u; Nj )\S"‘Mm >+R§1)(u,?]},
1,7

with

euto

[05,5:]
R(l (u J17J Kj, j, / / /
77) Z Z 27'('1 Yia Jl 72) (tl — to) (tQ — tl)
(1)

J1#£3 JeFd1

Oy, ND
t() — )\j Nj Hi tl — )\jl g "Hn
X —_— i (t2,m) dto dty dto,

(tl—Aj> ta — Aj, Ysa (b, 1) dtz dt dfo

valid under the conditions that argu = 7w — argl;, N;O) > max(0,Re(p;) —
1,N;11) — Re(uy,,5)), and N;ll) > max(0, Re(yj,) — 1,Re(p;,) + a), for all indices
j1 # j such that Kj, ; # 0. The contours ~;,(6;, ;,) are defined analogously to
those in (3.8). To keep the notation concise, the dependence of Rg-l) on N;O) and

the values of N ](11) is suppressed.
Substituting this result into (3.7) yields the re-expansion

NV -1
0 0 —2 0)
Rg-)(z,n;N; )) =A; F(z—l—,uj—N( z:K?h7 Z s, j,
J1#J
_ NGO Ar(0) o
« H® (Z; Hj NJ ’NJ S+ Hjy,j ) +R§-1)(2,ﬂ), (3.11)
Ajis Aji.g
where the remainder term Rgl) is given by

" . [r—arg \;] 0

R (z,m) =e T”Z/O u*R; 7 (u, ) du, (3.12)

valid under the condition Re(z) > max(N;O) —Re(pj)—1,a). As before, to keep the

notation concise, the dependence of R§1) on N;O) and the values of N}ll) is omitted.
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By applying the method leading to the penultimate expression in [24, Eq. (4.13)],
we obtain the estimate

R (u, ) = v o0 =N 41

J
X Z Z J1.J ]2,]1 (Nj(ll)iRe(lu’jl)+]‘)
177 J2F1
X F(N(O) — NQ) + Re (uj,,5) — 1)

x gyl 0 a0 Jule02) O(1),

which holds for large values of wu, N , and the N; ( ), with argu = m — arg \;,
and assuming that the arguments of the gamma functlons are positive. Moreover,
using (2.7) and the boundedness of the hyperterminants F® pear the origin, we
conclude that this estimate remains valid for all u satisfying argu = 7 — arg A,
possibly after adjusting the implied constants. Substituting this result into (3.12)
yields

1 0
R()Zn = A ZZ Z Jisd 1211 (Re(z+Uj+Nj2)_N]()+2)
J1#£7 JeFi1

(1)
x D(N;” —Re(pj,) +1) (3.13)

(0)
X F(N(O) - (1) +Re (15,,;) — 1) [\

(1) (0) (1)
X [Agy, ] N T M o(),

J1,J | J2, ]1|7

which is valid for large Re(z), N ;O), and all N ;11), provided that all gamma function
arguments are positive. We now aim to optimize the remainder Rgl) by setting

(0) _ 5(0) (0) 1 _ M (1)
N;7 =PB;" Re(z) +957,  Nj," =B, Re(z) +;,",
where the constants ﬂ( and B( satisfy 0 < 3}, 1 < ﬁ < 1, and 'yj(- ) and 7(1)
remain bounded as Re( ) — +oo Substituting ‘these expressions into (3.13) and
applying Stirling’s formula gives

. 1—ﬁ,(0> Re(z
RO () =275 S0 S Ky Ky T (Re (= + ) + 1) (1 — BO) 0776

J1#J J2F 51
(0 _ g1 Re(z) BY Re(z)
|)\ | (0) (1) (8; B.n ) |)\]| )
—f: o1
8 (|)\le]| (ﬁ ﬂjl ) |)‘j2,j1|ﬁ]1 ( )7

as Re(z) — +o00. Each term on the right-hand side is minimized when

180 = Al 5O _ g _ i
Nl gl + Pl 7 7 I D+ sl
’BJ(11) [ Aja .|
Al |+ e
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(see again, for instance, [8, Theorem 2.7.1]). This leads to the optimal choice

(1)
2¥] e g0 _ Y

1- 89 = (0) _
1 DR
‘Aj|+0(§~> ’ |/\j|+a§-)

J

where ozg-l) is defined in (3.1). For each j; such that K ; # 0, we may optimize

the value of ,8](:) by selecting jo with Kj, ;, # 0 appropriately. Nevertheless, a
reasonable and effective choice is

O 0,0

6(‘1) _ 5(0) _ J _ i
7 ! |/\]| JrOtSl) |)\J| +OZ§-1)

With these choices, we arrive at the final estimate for the level-one hyperasymptotic
remainder in (3.11):

Re(z)
- by
RW(z,n) = A7°T (Re(2) + i + 1) _ o(1),
J J A (1)
Al + Q;

as Re(z) — +oo, provided that 7 satisfies n~ < arg \; <n™.

3.3. Level-two

In this section, we re-expand the remainder term R§1) from (3.11) using the

hyperterminant H®), thereby obtaining the level-two hyperasymptotic expansion.
Analogously to the level-one case, where we begin by re-expanding the remainder

R§0) in terms of the hyperterminant F(!), we now obtain a re-expansion of the

remainder R;l) in (3.10) using the hyperterminant F' ), following the procedure

described in [24, §3]. For the reasons discussed in the previous subsections, the
resulting expression is simpler than the corresponding one in [24]. We obtain

N®
J2
1 o N©® s
R (u, ) = Mo =N DD KK D asg (Ae ™)
J1#£3 j2#J1 5=0
(0) 1 (1)
« F@ (u. Nj - Njgl) + Mg+ 17Nj1 = 8+ s ) + R(-Q)(u )
Ajris Ajz i !

https://doi.org/10.1017/prm.2026.10136 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2026.10136

Hyperasymptotics for linear difference equations 21
with

K: K. . K 05,511 051,321
R§2)(u’m _ E § : E : J1,J ;271—]11 ]\sdz/ / / /
2

J1#] JeFd1 J3F T2

72 73)

1

(1)
euto <t0 —\ )Nj <t1 by )N “Han
(tl - to) (tg - tl) (t3 - t2) tl - )\] t2 )\]1

Y N —p;,
X (152_/\]2> Yia (t3,77) dts dtz dty dto,
J2

valid under the conditions that argu = m—arg A;, N;O) > max(0, Re(p;)—1, N;ll) -
1 2 2
Re(uj, 7)), Ny, > max(0, Re(puy,) — 1. N2 —Re(puz, j,)), N2 > max(0, Re(yuz,) -
1,Re(u;,)+a), for all indices j; # j and jo # j1 such that K, ; # 0 and K}, ;, # 0.
The contours v;, (0}, ;,) are defined analogously to those in (3.8). For brevity, the
dependence of Rf) on IV ;O) as well as on the values of IV j(ll) and IV ](22) is suppressed.
Substituting this result into (3.12), we obtain the re-expansion

N -1
1 —z 0)
R; )(2777) = F(Z"‘NJ N( + 1 Z Z 1,98 2.51 Z As,ja
1#] J2#01
0) A7(0 1
« H® (z pj = NSO NSO — NI 4o, + 17N](1) = S+ Mz >
Aj Aji.g Az
(2)
+ Rj (Z7 Tl)’
(3.14)
where the remainder term Rf)(z, 7n) is given by
@ ) [r—arg ;] @
R (z,m) = e_mz/o uw*Ry7 (u, ) du, (3.15)

and is valid under the condition Re(z) > maX(NJ(O) — Re(p;) — 1,a). As before, to

keep the notation concise, we omit the explicit dependence of R§-2) on N ;0) as well
as on the values of Nj(ll) and Ng).
By applying the argument that leads to the second-to-last expression in
[24, Eq. (5.11)], we obtain the following estimate:
R (u, ) = et [ R0~ 41
0 1
XY D D KK K in (N = Re (1) ) (V] = Re (113,) )
J1#7 J2#51 JsF#j2
(N = ND 4+ Re (uj, ;) — DT(ND — Re (uj,) + 1
X ( 7 J1 + Re (/“LJLJ) ) ( J2 € (/J“JZ) + )
1 2 NP N
XT(NL)—NL)JFRG(MMJ )|)\]1 gl ‘)‘J231|

(2) .
X Njg,ial N2 JulR0W) O(1),

NN

https://doi.org/10.1017/prm.2026.10136 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2026.10136

22 G. Nemes

which holds for large values of u, N }O), and all N J(ll) and N ](22), under the condi-
tion argu = m — arg A;, and provided that the arguments of the gamma functions
are positive. Furthermore, by invoking (2.7) and the boundedness of the hyperter-
minants F(?) near the origin, we conclude that the estimate remains valid for all
values of u with argu = m — arg \;, possibly after adjusting the implied constants.
Substituting this result into (3.15), we obtain

Rg-Q)(Z,ﬂ) =7 Z Z Z Ky Ko 2 K, Jz( —Re (IU‘J))(NJ(P —Re (u;,))
J1#] JeF#d1 JsF T2
x T'(Re (2 + pj + pj,) — N;O) + Z)F(N;O) - N;ll) +Re (1),,5) — 1)
x T(N? —Re(uj,) + YI(N — N2 4 Re (), 5,) — 1)

N© NO_N© N N(l) _N®
X |)‘]| ! | J1 ]| ’ |)‘Jz Jl| |/\]3 12‘ 2 O( )
(3.16)
3.16
which is valid for large Re(z), N;O), and all N;ll) and N;3)7 provided that all gamma

(2)

function arguments are positive. To optimize the remainder R}, we now set

N = B Re(z) +4(", N} =i Re(2) + 75, NP = B2 Re(z) + 157,

J J1 J1 ’

where the constants B Bj(ll), and 5](»22) satisfy 0 < Bj(? < Bj(-ll) < Bj(.o) < 1, and the
constants 'y( ), yj(ll), and 7j2 remain bounded as Re(z) — +o00. Substituting these

expressions 1nto (3.16) and using Stirling’s formula yields

R§‘2)(Zv77) - >‘j_z Z Z Z KJ17JKJ2 J1K13 J2 (Re (Z + .uja) + %)

J1#£7 JeFJ1 JaFd2

— (.0) e(z )\
(1= g0 (AL (0 )
| ]1,]|

(B —82) Re(2) B2 Re(z)

‘ | (2) ) g1 J2 ( |)\ | (2) ) J2

X ﬁ - B; B, o(1),
(Pt - 82) gyl

)(5“” —B857) Re(2)

as Re(z) — 4o00. Each term on the right-hand side is minimized when

A
|)‘ | + |)‘]1,]| + |)‘727J1| + |/\J3 12‘

R
VIR PV S YT S DY

_ BJO)

)

’

(0) (1) _
Bj 7ﬂj1 -

ﬂ(l — 8t (2 _ ‘/\jz,h‘
T N N e L+ s g

5 _ | Aj g | '
R PV S VA S LY AP S DY
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Once again, we find that the optimal choice for ﬁj(-o) is given by

2)
A a;
1- B = MI(Q) — 0= Y -
IA\j| + o (Ajl + o

where a§2) is defined in (3.1). A reasonable and effective choice for the constants

B and 81 is

N B N ORNC JINCY

o
5(1) _ B(O) _ J ~ = J 12 - 5(1) _ 32 _ J2 .
T g kel T kel Dyl

With these choices, the final estimate for the level-two hyperasymptotic remainder
in (3.14) becomes

Re(z)
. _ A
R (2,m) = A7°T (Re(2) + i + 3) Il 5 o),
Al +af?

as Re(z) — +oo, provided that 7 satisfies n~ < arg \; < n™.

3.4. General level

The method for deriving the level-¢ hyperasymptotic expansion is now clear from
the cases ¢ = 0,1,2. The general formula can be directly stated by analogy and
rigorously confirmed through induction.

THEOREM 3.1. Let ¢ be an arbitrary non-negative integer, and let the integers

N;O), N;ll), cee N;f) satisfy

N© = B(-O) Re(z) +’yj(»0), N](:) = BJ(-:) Re(z) + 7](-:), r=1,2,...,¢,
where the constants B satisfy

0<B8Y < gD <<V <p? <1,

Je—1
and each v remains bounded as Re(z) — +o00. Let n € R be an admissible direction

such that |n —arg A\j| < 7 and n~ < arg\; < n*. Then, for each 1 < j < n, the
solution of the difference equation (1.1) defined in Proposition 2.4 admits a level-¢
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hyperasymptotic expansion of the form

N©O
J
wi(z,m) =A7 (D a,T (24 ps —s)
s=0
ND
7 (0) 77(0)
i— N7 N — s+ .
+F(Z+Mj - NJ(O) + 1) Z Kjlvj{ Z a5v11H(2> (Z§ i J J Hiv.g )
i1 o Aj, Aj1 g
N
J2
+ Z Kanjl{ Z As,j2
J2#d1 s=0

0) 0 0 0
« H® (Z N< N(> N()+H31J+1N]§1)*3+F"j2,jl )
Aj

s >‘]1a]7 Aj27j1

N® 1

e 0) Ar(0) (0)
K — N Ny’ — N . 1....
+ E jeﬁjz_l{ E as,ng(Hl)(z; ;\LJ ot g THG T L
= 7

JeFJe—1 A1 cees

Je—2 Je—1 Je—1

-2 -1 -1
N( )—N( )+I’Lj£717jl >+ 1, N< )—8+,lejg,j[,1 )

)\je—l,je—zv Aje,je—l

as Re(z) — 400, where the remainder term R;e) satisfies the bound

(z,m) = A/ ZZ Z g1 ey e (Re (z"":ujeﬂ)""eTl)

J1#£7 Jet17Je

— (0) e Z )\
% (1 _ IB(O))(l B; ) Re( | | (/6(0 Byt 1))
! | Aji i

(£-1) () Re(z)
|)\ I (1) © (ﬂJz L =By, )
( : (6]47 1 Bje )

|)‘]eyje 1‘

} ’Re(z)
X( il ﬁu)) on),

|/\jz+1,jz |

) + RO (z,m),

) (857 =B) Re(2)

as Re(z) — 4o00. In the case £ = 0, the notation is understood as jo = j.

REMARK 3.2. As explained in [24], if none of the triples

{)\7'1’ /\7”27)‘7“3 ‘ )‘7"1 7é /\7“2 7£ )‘7"3 # >‘7"1}

are collinear, then the estimate for the remainder Ry) in the level-¢ hyperasymptotic
expansion of Y;(u,17) can be improved by a factor of |u|=¢~1/2. Accordingly, the
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shift “?1 in the gamma function appearing in the estimate for Rge) can be replaced

by —%.

The remainder terms Ry) in Theorem 3.1 are not optimized. Optimization is
given by the following theorem:

THEOREM 3.3. Let

o__ o o ma) ey e e
B Y AVIE L PR RV
0_ o —a"
SV

where agm) is defined by (3.1). Then, as Re(z) — 400,

Re(z)
¢ . ~ by
R (z,m) = A7°T (Re(2) + i + 1) (%) o). (3.17)
J
If none of the triples

{>\7‘1a)\7"27>\7"3 | >\7'1 % Arz # )\7'3 # >\7'1}

are collinear, then the sharper estimate
|)\ ‘ Re(z)
R;Z)(z, n) = A;°T (Re(2) + 1 — 5) 7](4) o)
|)\j| + a;

N

also holds, as Re(z) — +00.

Since
a§'€) > (£+1)min A, — Ag| = 400
PF#q

as { — 400, it follows from (3.17) that for sufficiently large ,

R (z,m) = o\, °T (2 + 1))

as Re(z) — +oo for every 1 < r < n. In other words, for such ¢, the solution
w;(z,m) is uniquely determined by its level-¢ hyperasymptotic expansion.

4. Computation of the connection coefficients

To make Theorem 3.1 practically useful, it is necessary to compute the connection
coefficients K ; defined in (2.2). In [24], it was shown that for differential equations,
such coefficients can be computed numerically to arbitrary precision by applying a
hyperasymptotic expansion to the late terms in the associated asymptotic power
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series. In our setting, we apply the same idea to the coefficients appearing in the
inverse factorial expansions (2.10). Combining (3.6) with Theorem 3.1, we obtain

R (2 N}”) = B (2.0 N} + 1)

aN@)’, = 0
i 7 F(Z‘F,Uj*N;))
(0) N 1
A \ Vi s Hijy =S
=> K, ( . ) > as, <J1) D(NO + iy 5 — s)
31#j Ajv.g s=0 Ajr.j
(0)
)\‘ N]‘ —Hj
0 1

+MN}L4¢Q+MM+4)§:KMh{<X¢

J2#J1 J2:J

N® 1
R >‘j2 Haz e
X Z a/‘S’jZ (A]2J>
s=0 ’
(0) (1) (1)
w 1@ (0 N T N R Ny =S Hg g
)‘jlyj’ )‘j2,j1
A N(O)*Mj Néj)il A Hijp—$
# Y K] (22)77 3w (22)
JeFje—1 Jesd s=0 Jed

© _ n
w 1O [0, Mo TNy g
/\j1,j7 ey

—2 l—1 —1
Nj(efz = N](Z—l : + lje1en T 1’Nj(zf1 ) 8+ Moy >
/\jthjzfza )\jlyjéfl
4 0
}~~}}+r§)(NJ( ), (4.1)
(£)

where the remainder term T satisfies

HON®) = e 73 (1 g0)2) T o)

N
N 0 _
= (L@) F(N]( ) —Re(py) + i+ £ +1)0(1)
J

provided that N](O) = BJ(-O)Z—i—O(l) and N](?) = BJ(-:)Z'—i—O(l) = (ﬁj(r)/ﬁj(-o))N;o)—l—O(l)

forr=1,2,...,¢, as z — +00, where ﬁj(-o) and BJ(-:) are given in Theorem 3.3.

REMARK 4.1. Although the expansion (4.1) contains terms where division by A;, ;
occurs for r = 1,2,... £, these divisions never actually lead to a singularity. Indeed,
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in the definition of the functions H("), the same factors appear with opposite pow-
ers, which exactly cancel the potentially singular terms. Therefore, (4.1) remains
well-defined for all values of A;,_ ;.

The expression (4.1) may be viewed as a hyperasymptotic expansion for the

coefficients a in the limit N; © +00. For second-order difference equations,

N
the case £ = 1 was also established in [25, 30].

An alternative approach to obtaining this expansion is to reinterpret the
coefficients a, ; as those appearing in the large-u asymptotic expansion of the
Laplace-type integral defining the function Yj(u,7n). One then invokes the known
hyperasymptotic formula for such integrals’ coefficients (cf. [24, Eq. (7.4)]),
reproducing exactly the same expansion.

A detailed explanation of how a hyperasymptotic expansion of the form (4.1) can
be used to compute the connection coefficients K ; numerically is given in [24]. We
do not reproduce the procedure here.

5. Error bounds for the inverse factorial series

In this section, we derive explicit error bounds for the inverse factorial expansions
(2.10), under the additional assumption that Re(y;) < 1 for each 1 < j < n. To
this end, for each 1 < j < n and admissible direction 7, we introduce the function
Ay, y;(t,n) defined by

2mi Ay i (t,m) = yi (E+ Aj,m) — i ((E+ Aj)e >, m).

Proposition 2.2 immediately implies that this function is analytic on the shifted
plane P, — );, with a convergent expansion of the form

> a t\°H
Ay oyt ——ed , [t < min |\ ], 5.1
Y5 (tm) Tl D)\ [t < min A (5.1)
S=
and it admits analytic continuation along any path avoiding the points 0 and A ;
for ¢ # j. Furthermore, if S is a sector in the complex ¢-plane of the form (2.3) with
R > max [\ 5], then for any fixed analytic continuation of Ay y;(¢,n) throughout
S, we have

lim ¢~ (“+E)A)\ y;j(t,n) =0, tes,

t—o0

for every £ > 0, where a denotes the real part of the root of fy(z) = 0 with the
largest real part.

We first present a bound for the remainder term in the asymptotic expansion
(2.6) of the associated function Yj(u,n). This result will subsequently be applied
to derive error bounds for the inverse factorial expansions (2.10) of w;(z,7), and
may also be of independent interest. The proof will be given later in this section.

PROPOSITION 5.1. Let n € R be an admissible direction. Fiz the phase of Ay j =

A —Aj by setting arg Ap; = 00 € (n—2m,n) and assume that 0, # 0,0, whenever
by # Ly and Ky, j, Ky, j # 0. For each 1 < j < n and non-negative integer N, let
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Rj(u,nm; N) denote the remainder obtained by truncating the asymptotic expansion
(2.6) after N terms:

Y;(u,n) -1 Z as,j (A ue_m) et Rj(u,n; N). (5.2)
Then
Ajg,—1 Y~ N - |A>\eyf At 77)|
e D o A R
# (5.3)
x supr |FM) [ pell@ietargu), N =+l .
r>0 1

provided u € #(n), N — Re(u;) > max(0,a), and Re(ue) < 1 for all € such that
K j # 0.

REMARKS 5.2.

(i) Note that Proposition 5.1 provides error bounds for the asymptotic expan-
sions of Laplace-type integrals of the form (2.5), regardless of whether the
Borel transform y;(t,n) arises from a difference equation, provided it satis-
fies the conditions stated in Theorem 3.1. The bound (5.3) is analogous to
those established for integrals with saddle points [3, §5].

(ii) The bound (5.3) can be further simplified by using estimates for the level-
one hyperterminant. For example, if p; is real, then

. N —p; +1
supr |F(D <rel(9j“3+argu>; Ha ) SN —p;+1)

r>0 1
1, if |9j,g +argu| <3
« { min (|CSC(0j7g —+ argu)| XN —py+ 1)+ 1) R if §< ‘6]"@ + argu| <m,
2 (N — pj + 1) . 3
: — +x(N—p; +1)+1, if 7 <|0;,+argu| < =,
!COS (Gj,g+argu)|N7“-7+1 ( J ) | N4 | 2
(5.4)
vl (5+1)
where x(p) = r( (cf. [3, Appendix B]). For general complex values

of p;, the methods used to bound a related function in [19, Appendix A]
could be used.
(iii) From formula (5.7) below, we have

e)\juufl

an ; ()\jue*’ri)w_N =R;(u,m; N) — Rj(u,m; N +1)
= =MD (N =y + 1)) Ky ()\e,juefﬂi)w_N
#j

oo Ay, ye(Ae it m)
X N—p;i+1
o (1+t)N
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Thus, the right-hand side of the bound (5.3) is seen to be closely related
to the absolute value of the first omitted term in the asymptotic expansion
(2.6).

(iv) The assumption in Proposition 5.1 that 6, # 0, whenever ¢; # (o
and Ky, j, Ky, j # 0 ensures that no singularities of Ay;y;(t,7) lie on the
integration path in (5.3). This restriction can be relaxed by deforming the
contour to pass to the left or right of any such singularities.

We now turn to the error bounds for the inverse factorial expansions (2.10) of
the solutions w;(z,n).

THEOREM 5.3. Letp € R be an admissible direction such that |n — arg ;| < 7
and =% +n- < argl; < 5 + nt. Fiz the phase of \ij = M\ — \j by setting
arg /\g,j =0,0 € (n—2m,n) and assume that 0; ¢, # 0., whenever él # Ly and
Ky, , Ko, ; # 0. For each 1 < j < n and non-negative integer N, let R;(z,n; N)
denote the remainder obtained by truncating the inverse factorial expansion (2.10)
after N terms:

N-1
wi(z,m) = A} Z as ;T (z+ pj —s)+ Rj(z,m; N).

s=0
Then
)\Z ui—N
Ry o V)] < | (R 5) = ) 3 8| (B2
L#j

oo JA e jt,
X / | “yfv(fl’ij( @1 dt (5.5)

0o (L4t M
x supr |[FO) [ pellmt0ic—arg ;). N=pt1 )

r>0 1

provided Re(z) > N — Re(p;) > max(0,a), and Re(ue) < 1 for all £ such that
Ke; #0.

The proof of Proposition 5.1 is given first, followed by the proof of Theorem 5.3.

Proof of Proposition 5.1. Let C' be a closed contour encircling ¢ and A; in the
positive direction, with all other points A\, lying outside C'. Then, by the complex
Taylor theorem [2, §3.1], we have

t,n) = Nzl as ;T (1 — 8) (1 - ;)SM
27r127{ T—t( >N—w y;(r,m)dr,

for any non-negative integer V. We now introduce branch cuts in the t-plane, each
starting at A\, (¢ # j) and extending to infinity along the ray arg (t — A¢) = 6, 4.
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Assuming that N > Re(u;) + a, we can deform the contour C so that it encircles
each of these branch cuts, with the arcs at infinity making no contribution. This
yields

N-1 ¢ S— L
yi(tn) = Y as,T (; — 9) (1 - A-)
s=0 J

1 IV VA
_ : d
2m%;[%%07_t(7_M> y;(1,m)dr,

where the contour 7¢(6; ) is defined in the same manner as the contours appearing
n (3.8). Substituting into (2.5) yields (5.2) with

MuWFLLZ/ L/ et
ACINE - 2mi v (1) 2mi Ye(05,0) T —t

o
t—A \ VT
X (T — )\]]) yi(r,m)dr dt, (5.6)

valid for any u € #(n). Next, we perform the change of variable from ¢ and 7 to v
and 7 via

v
t=—(1t—X; A
u(T J)+ J

Under this substitution, (5.6) becomes

1 —AjoyyN—p;
2mi 15 Y 0(argutn—0;.0) u—v
1

X — €Ty, (7, n)dr dv,
2mi Ye(05,0)

where ~yo(argu + n — 0;,) starts at infinity along the left-hand side of the branch
cut argv = argu + 1 — 0, ¢, encircles the origin counter-clockwise, and returns
to infinity along the right-hand side of the same cut. Along the left-hand side,
argv = argu+n—0; ¢ — 27, while along the right-hand side argv = argu+n—0; 0.
If N > Re(p;) — 1, the contour may be collapsed onto the two sides of the branch
cut, yielding

larg u+n—0; 4] e~ NvyN—h;

Rj(u,m; N) = e’\f“u“ﬂ'_NZK&j/

0] 0
1

X —/ e ye(1,m) dr dv,
278 0(05.0)

u—"v
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where (2.2) has been used. Assuming Re(u,) < 1 for all £ with K, ; # 0, we collapse
the contours ,(6;.¢) onto the two sides of the corresponding branch cuts to obtain

N N larg utn—0;,0] Aejv,N—rj r[0j.]

. _ U, g — vT
Rj(u,m; N) = e uti =Ny Klﬁ/ /‘ e""Ax,ye(r,m) dr dv
oy 0 v=v Jo

largu+n—0; o] Ag v, N—p;
= e’\Juu”J_N E Kgyj)\g,j/ ¢ v
) 0 u—"v
LF]

+oo
X / e)“*j“tAMyg(/\g’jt,n) dt dw.
0

Finally, interchanging the order of integration and applying an appropriate change
of variables together with the definition of the level-one hyperterminant, we obtain

oo Ay ye (et m)

) . _ Aju, —1 ) 2 \Hi N
Rj(u,m; N) = e "u ZKLJ (Ae,ju) / (1 +t)N—/Lj+1

£ 0
X )\g)j(l—l—t)uF(l) ()\g)j(l—l—t)u; Ni'llij+1 dt,
(5.7)
provided N — Re(y;) > 0. Applying a straightforward estimate to the right-hand
side then produces the required bound (5.3). O

Proof of Theorem 5.3. By choosing an angle 1) € Z,) with |1 —arg \;| < 7, we can
write

) [r—arg ;]
Ri(z,m;N) = e_’”z/ u*R; (u7 ; N) du
0

(cf. (3.6) and (3.7)). Applying the triangle inequality together with the bound (5.3)
(with 7 substituted for ) yields (5.5) with Ax,ye(Ae,;t, 7) replacing Ay, ye(Ae,;t, 7).
However, since 7 € I, these two functions coincide by the principle of analytic
continuation. O

6. Applications

In this section, we present two examples that demonstrate the applicability of
our results. In the first, we derive a new expansion for the Gauss hypergeometric
function with a large third parameter, accompanied by explicit error bounds. The
second concerns a third-order difference equation, for which we obtain hyperasymp-
totic expansions and show how the connection coefficients in these expansions can
be computed numerically from the behaviour of the late coefficients.

6.1. Gauss hypergeometric function with a large third parameter

From the contiguous relation for the Gauss hypergeometric function [22, Eq. (15.
5.18)], it follows that

() = F(c—a+>\)F(c—b+)\)2Fl< caibx ;2)

T'(c+ )
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satisfies the second-order difference equation

wA+2) + iNw(A+ 1) + fo(Mw(A) =0, (6.1)
where

-1 -1 -1
fo()\):zz AAN—1D)+ 2" 2c—a—b+ 1A+ 2

fl()\):1_2z 1-2

(c—a)(c—0V),

A+ zc—i—a—i—b—l.
z z

The characteristic roots A; and the corresponding constants j; are

=1, = wp=c—a—>b, py=c—1.

Throughout, we assume that neither ¢ nor c—a—b is an integer. We also temporarily
restrict z so that |arg (1 — z) | < m and Im(z) # 0. With the initial values ag ; = 1
for j = 1,2, the recurrence (1.7) can be solved in closed form, yielding

9(1_a)6(1_b) :

S
2%,
s!

aoa = 0oy = ()
valid for s > 0.

We recall from Proposition 2.4 that the exact solutions constructed in this paper
depend not only on z but also on a real parameter 7, assumed to be admissible
in the sense of Section 2. Under the present constraints on z, the choice n = 0 is
admissible, and we adopt it here. By Proposition 2.4, the difference equation (6.1)
has, for Re(A) > max(Re(a — ¢),Re(b — ¢)), two solutions wy(A,0) and wa(A,0)
whose asymptotic behaviour, as Re(A) — -+oo with Im(X) = O(y/Re())), is given

by
wi (M, 0) ~ i (“)Zfb)s (z—1)*TA+c—a—b—s),
and B
wa (A, 0) ~ (Z - 1)A i(—l)swzsr@ te—1—s).

Now there exist periodic functions C7(A) and C2(A) of A with period 1 such that

D(c—a+NT(c—b+\) ( a,b
oI

T+ N Z> = C1(AN)wi (A, 0) 4+ Ca(N)wa (A, 0). (6.2)

c+ N\

To determine these functions explicitly, we first observe that the known large-\
asymptotic power series [22, Eq. (15.12.3)] for the Gauss hypergeometric function
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yields

~TA+c—a-0),

T(c—a+NT(c—b+)) 7 a,b Tlc—a+A)
T(c+A) o) T

as A — +oo. Hence, dividing both sides of (6.2) by I'(A + ¢ — a — b) and letting
A — 400, we find

. . . (z=1\" T\ +c—1)
1_)\EToccl(/\)_'_)\EToocg()\)/\EToo( z ) F()\-l—c—a—b)

A
= lim C;(\)+ lim C3(\) lim (z_1> a1

A——+oo A——+o0 A——+o00 z

If Re(z) < %, then |#21| > 1, and since both C;()) and Cy(A) are periodic, it

z

follows that C1(A) =1 and C3(\) = 0. Therefore,

T(c—a+MN(c—b+\) ( a,b
o

T(c+\) Z) =wi(A,0), (6.3)

c+ 2’

provided that Re(\) > max(Re(a — ¢),Re(b — ¢)), Re(z) < 3, and Im(z) # 0.

We can extend the z-domain of validity of (6.3) and the z-domain of definition
of wi(A,0) to |arg (1 — 2z)| < m by computing the corresponding Borel transform
y1(t, 0). By definition,

y1(t, 0) = Z (a)jb)a (Z _ 1)SF(C Ca—b— S)(l _ t)s+a+b—c

s=0

=T(c—a-0b)(1 —t)a+b-02F1< a+b“’_bc+ . s(1—2)(1 —t)) :

valid when |(1 — 2)(1 — ¢)| < 1. By analytic continuation, this condition can be
relaxed to |arg (1 — z)| < m and |arg (1 —t) | < . Therefore, w; (A, 0) is analytic
in z for |arg (1 — 2z)| < 7, and by analytic continuation, the equality (6.3) holds
throughout this domain.

Thus, we have established the inverse factorial expansion

e e G B A
s=0 :

(6.4)
as Re(\) — +oo with Im(A\) = O(y/Re()\)), under the conditions that
|arg (1 — z)| < m and that neither ¢ nor ¢ —a — b is an integer. To the best of
our knowledge, the inverse-factorial expansion (6.4) appears to be new; it differs
from the standard large-parameter expansions for 5 F} available in the literature
(cf. [22, Egs. (15.12.2) and (15.12.3)] and [6, Eq. (C.4)]).

We conclude this section by deriving error bounds for the expansion (6.4).
Throughout, we continue to assume that neither ¢ nor ¢ — a — b is an integer. We
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begin by determining the connection coefficient K5 ;. Applying (4.1) with £ = 1
gives

(a)n(b)n

1 (Z o ].)N ~ Kg’lzc_l(z o 1)N+a+b—c

(1—a)s(1—0)s
XZ —E)I‘(N—i-a—kb—l—s)

as N — +o0o. Comparing this with the known inverse factorial expansion for a ratio
of gamma functions [22, Eq. (5.11.19)], we find

Zl_C(Z _ 1)c—a—b

Kan = =301

Furthermore, from (5.1) and analytic continuation, we have

1 t\'¢ 1—a,1—b
B0t 0) = 3 (3) F< ) ;_t>’

valid for any ¢ > 0. Thus, writing

Flc—a+MNI'(c—b+ A b
(c—a+ (e >F< )

T(c+N) +A
N—-1
S @O a4 OO,
s=0 ’

Theorem 5.3 gives the bound

2~ 117 |em(c_a_b)|l“(Re()\ te—a—b)—N)
IT(a)l(0)1'(2 - ¢)]|

+o0 t1—Re(c) 1—a,1—b
X / N+Re(a+b—c)+1 2F1 ;_t
o (1+¢) 2—c

F(l) (Te—iarg(l—z)_ N+a+b—c+1 >

|R1(A,0; N)| <

dt (6.5)

X supr
r>0

)

1

valid whenever Re(A + ¢ —a —b) > N > max(—Re(a),—Re(b)), Re(c) < 2,
|arg (1 — z) | < m and Im(z) # 0. The requirement that Im(z) # 0 can be relaxed
using a continuity argument. We now show that a more explicit estimate for
R1(A,0; N) can be obtained if the condition Re(c) < 2 is replaced by the stronger
requirement Re(c) < Re(b) +1 < 2. By [22, Eq. (15.6.1)],

l—a,1-b_  \|_ I'(2-c¢) Lr=b(1 —r)b—e .
2F1< 2—¢ ’t> F(l—b)F(b—c+1)/ (1+t7)1ad|

- M@= )'(1 —Re(®))T (Re(b =) +1) - ( 1—Re(a),1~Re(d) _,
= T2 -Re(@)T(1-bT(b—-c+1) > ' 2 — Re(c) )
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valid when Re(c) < Re(b) + 1 < 2. Furthermore, by [32, Eq. (21.1.1.16)],

Foo t1—Re(c) 1-R 1 —Re(b
/ N+Rc(a+b_c)+1 2F1 e(a)7 e( ) ; —t dt
0o (1+1) 2 —Re(c)

_ I'(2—Re(c))I'(N + Re(a))I'(N + Re(b))
N NIT(N +Re(a+b—c)+1) ’

provided N > max(— Re(a), — Re(b)) and Re(c) < 2. Combining these results with
(6.5) gives the following estimate for Ry (A, 0; N):

|sin(7b)| T'(Re(a))T'(Re(b—c)+1)

n(m Re(b))| T(a)['(b—c+1)]
(Re(a)) v (Re(b)) v

. NI

1

“T(N+Re(atb—0) + 1)

jale) <,re—iarg(1—z), N+a+b—c+1 )
’ 1

[R1(A,0;N)| <

em(c—a—b)‘ i
| si

|z = 1INT(Re(A +c—a—b) — N)

X supr
r>0

)

valid when Re(A+c—a—>b) > N > max(— Re(a), — Re(b)) and Re(c) < Re(b)+1 <
2. If a, b, and c are all real, this bound can be further simplified using (5.4):

[Ri(\,0; N)| < %ﬂpqﬁrme(x)ﬂw%dﬁ
1, if Jarg (1 2)| <
min (| csc(arg (1 — 2))|,x(N+a+b—c+1)+1), if § <]arg(l—2)|<m,
provided that Re(A) + ¢ —a —b > N > max(—a,—b) and c < b+ 1 < 2.

REMARKS.

(i) The second solution, wy(A,0), can likewise be expressed in terms of the
Gauss hypergeometric function. In particular,

(z—-1 *TP(c—a+MT(c—b+A)
wQ()\’O)< z ) Flc—a—b+1+N)

« oI 1—a,1-b -z,
c—a—b+1+A
provided that neither ¢ nor ¢ — a — b is an integer, Re(\) > max(Re(a —
¢),Re(b—c¢)), |arg(l — z) | < w, and |arg z| < =.
(ii) It is possible to derive hyperasymptotic refinements of (6.4) using Theorem

3.1. However, even the level-one re-expansion involves hypergeometric func-
tions with a large parameter. As a result, the approximants are essentially as
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complicated as the original function we aim to approximate. Therefore, the
hyperasymptotic expansions in this setting offer little practical advantage.

(iii) The problem of determining the large-v asymptotics of the associated
Legendre functions P#(z) and Q#(z) may be reformulated in terms of the
Gauss hypergeometric function with a large third parameter. Applying the
results of this subsection then recovers some of the results on the associated
Legendre functions given in [20].

6.2. A third-order difference equation
As a second example, consider the third-order difference equation

w(z +3) + fa(z)w(z +2) + f1(z)w(z + 1) + fo(z)w(z) =0, (6.6)

where

folz) = f%(z —2)(z—=1)z— 1?5(2 — 1)z,
f(z)=(z—-1Dz+5z  falz2) =—52— %

The characteristic roots A; and the associated constants u; are given by

M=2 A=i Az=—i, m=pr=pu3=3.

The coefficients a,; can be computed recursively from (1.7), starting with the
initial values ag; = 1. In particular, a,; are real, and the remaining two sets of
coefficients satisfy the conjugacy relation a5 3 = @5 2.

We recall that the exact solutions constructed in Proposition 2.4 are functions
depending on both z and an admissible direction parameter 1 (see Section 2).
We choose n = 0 as the admissible direction. Our goal is to compute wy(z,0) at
z = 3041 using level-zero, level-one, and level-two hyperasymptotic approximations.
To this end, we first determine the connection coefficients Ky ; defined in (2.2).

To compute K31 and K31, we apply (4.1) with j = 1 and ¢ = 1. Specifically, if

N o < _6¥§0)>N<o> _ 2 NO
>3 agl) ' VE+2 o

then we have

1
NO NV -1

1+i 2 i\’ 0)
aNl(O),lzTKQJ (1_2) Sz:;) as,2 (i—2> (N —s)
N(O)N?(,l)*l —s
1-1i 2 ' i (0) (6.7)
K. (N —
it (1) k) o
2 \M
+ r(N? +3)o(),
(25) T+ pow

https://doi.org/10.1017/prm.2026.10136 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2026.10136

Hyperasymptotics for linear difference equations 37

as Nl(o) — 4-00. From the recurrence, we calculate

aioo1 = 1.1142187816307847845. .. x 10",

6.8
a1011 = —1.0529263779207865718 . .. x 1053, (6.8)

Next, neglecting the remainder term in (6.7), we evaluate the right-hand side for

Nl(o) = 100, 101, N2(1) = Nél) = 47, and equate the results to the corresponding
values in (6.8). This leads to a linear system of two equations. Solving this system
yields

Kj 1 = —0.54527032667963220005 + 0.23807964635130112660 1,
K31 = —0.54527032667963220005 — 0.23807964635130112660 i.

The choice of truncation indices ensures that all displayed digits are accurate. That
these values must be complex conjugates follows directly from the fact that the a,
are real.

To compute K 2 and K32, we apply (4.1) with j = 2 and ¢ = 1. In particular, if

(0)
1 o 0 0
N (122 )0 = 4.

1
o
then
N N 2 \°° (0)
aNQ(O),2:(1_1)K172 (2_1) ; as,1 <2—i) F(N2 —S)
N(O) N:gl)*l —s
. ]- 2 ]_ (O)
— 1K3,2 (2) ; as.3 (2> F(N2 — S)
N©
1 2
+ <4) TN + 3)o(1) (6.9)
NONTT N
= —1K372 <2 ; Gs.3 (2) F(NZ — S)

(&) reom

as NQ(O) — +o00. We first determine K3 5. Using the recurrence relation, we compute
a450,2 to 40 significant figures:

as50,2 = — 2.879560037976494995808298143930528338498 . . . x 10%°!

6.10
— 3.148525898690808216545318876400345595695 . . . x 10561 1. (6.10)

Next, neglecting the remainder, we use the second form of (6.9) with NQ(O) = 450
and N?Sl) = 50, and equate it to the precomputed value (6.10) of a450,2. Solving
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this equation gives K3 o to sufficient precision to compute K; 5. To compute Kj 2,
we first calculate

a100,2 = —1.6249326747146250691 . . . x 10'%% — 1.8597792050637335402 . . . x 1017 i
(6.11)
using the recurrence relation. Then, neglecting the remainder, we use the first form

of (6.9) with NZ(O) = 100, Nl(l) = ?El) = 50, and the previously computed K3 o,
and equate the result to (6.11). Solving this yields

Ky o = —0.15606547412085437334 — 0.06814237098247924424 1.

The truncation indices are chosen so that all displayed digits are accurate. The
value of K3 o, truncated here to match the precision of K », is

K39 = 0.23345811424083407518 — 0.21637581319882182578 i.

In an analogous manner, by considering the asymptotics of a we obtain

N 3

Ky 3 = —0.15606547412085437334 + 0.06814237098247924424 1,
Ky 3 = 0.23345811424083407518 + 0.21637581319882182578 i.

We now have all the ingredients in place to write down the hyperasymptotic
approximations. At level zero,

©_ _ 2
b2+ B
and the corresponding superasymptotic approximation is
NGO g
wi(z,0) =277 Z asal(z+ 3 —s)+ Rgo)(z,O),
s=0

with optimal truncation index Nl(o) = 14.
Proceeding to level one,

0 _ 24V ) 2
1 4+ \/57 2 3 4+ \/57
and the corresponding hyperasymptotic expansion is
N1
wl(z,O) = 2z< Z 04571].—‘(2 + % - S) + F(Z + % - Nl(o) + 1)K271
s=0
NP -1
1 _ N(O) N(O) — s 0
x as 2 H® [z 27 M1 M0 +T(z+ 2N+ 1)K
SZ:;) 2 2 i—2 ( 2 1 ) 3,1
NV -1
1 _ N(O) N(O) — s 1
X assH? [ z; 2 Lot + RW(z,0),
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with optimal truncation indices Nl(o) = 20 and NQ(D = Nél) = 10.
Finally, at level two, we obtain

©_4+v5 oy 4 @) _ 42 _ a2 _ 2
oV P VA 2 P 64+5

and the corresponding hyperasymptotic expansion is

N1
wi (z,0) = 22< Z as71F(z + % - 8)

s=0

Ny 1 NO N0
+T(z+ 5= NP + 1)Koy Y aeoH® |z 27 1 0

— 2 Pi—9
Ng" -1 © (0
4T+ =N+ DKy S agsH? <z 2N1 i ) )
71
s=0

+ T(z + % — Nl(o) + 1)K2,1K1,2

N® 1
1 1 (0) A7(0) ) )
o Z 4o HO 2 55— N N/ =Ny +1,N,
’ 2 i—2 2—-1

+ F(Z =+ % — Nl(o) + 1)K271K372

N§P -1 1 (0) A7(0) (1) (1)
y Z 0usHO [ 2 1NN - NV 1, N2
s=0 2

i—2
+ F(Z + % - Nl(o) + 1)K371K173

N® 1
h 1 (0) A7(0) (1) (1)
y Z 4o H® 2 5— Ny ,Ny 7 — N3’ +1,Ng
’ 2 —-i—-2 2+1

+ P(Z —+ % — Nl(o) + ].)K3’1K273

N -1 1 (0) A7(0) (1) (1)
L oNO NO N g ND W
X E asoH®) | 2; 2 Lo 3 T3 + R’ (2,0),
e 2 —i-2 % 2 (20)

with optimal truncation indices Nl(o) = 23, N2(1) = Nél) =15, and N1(2) = NQ(Q) =
NP =7.

To compute the ‘exact’ value of wy(z,0) at z = 30 4 i, we first compute wq(z,0)
at z = 10041, 101 +1i, and 102 41 using 47 terms of its inverse factorial expansion,
and then apply (6.6) backwards to reach z = 30 4 i. The numerical results are
presented in Table 1. Figure 1 shows the magnitudes of the terms in the level-two
hyperasymptotic expansion, normalized by 27*T (z + %)
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Table 1. Hyperasymptotic approzimations of wi(z,0) at z =30+ 1

Level Approximation |Relative error]|

0 —4.8415547386561052316679 x 1022 6.8 x 107!
+2.2760201589599892230494 x 1022

1 —4.8415547384705057894803 x 1022 8.5 x 10717
+2.2760201586435914394371 x 1023

2 —4.8415547384705057443385 x 1022 8.6 x 10722
+2.2760201586435909838540 x 10?1

Exact —4.8415547384705057443395 x 1022 0
+2.2760201586435909838494 x 1022

Ordinal number of term
1 1 1 1
% 10 20 30 40

107 o

107 1 ®

10710

[term|

1074+ °
°
®000000®

10—18 L

107

Figure 1. Magnitudes of the level-two hyperasymptotic terms of wi(z,0) at z = 30 + i,
normalized by scaling with 2_21"(2; + %)

7. Discussion

We have extended the hyperasymptotic method to inverse factorial series solu-
tions of higher-order linear difference equations with polynomial coefficients and an
irregular singularity of rank one at infinity. The resulting expansions were shown
to determine the solutions uniquely, and we have also indicated how the associ-
ated connection coefficients can be computed numerically using hyperasymptotic
techniques. In addition, we have derived explicit remainder bounds for the inverse
factorial series solutions.

The analysis relied on Mellin—Borel transforms, whose Laplace-type transforms
establish a direct link with the hyperasymptotic theory of Laplace-type integrals
developed in [24].

The assumption that the coefficients fi(z) of the difference equation are poly-
nomials ensures that the Mellin—Borel transforms possess only algebraic-type
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singularities, located at the roots of the characteristic equation associated with
the difference equation. If the fi(z) are instead allowed to have (isolated) singular-
ities in the finite plane, these give rise to additional singularities of the Mellin—Borel
transforms at the origin. In particular, if the singularities are poles, then—as sug-
gested in [25]—the Mellin—Borel transforms develop singularities at the origin that
are described by powers of logarithms, and they satisfy linear differential equations
of order higher than that of the original difference equation. It is unclear whether
an exact expression for the logarithmic—power singularity exists in terms of the
Mellin—Borel transforms of the other solutions, analogous to (2.2) at the algebraic
singularities. Such an expression would be essential for developing hyperasymptotic
refinements of inverse factorial series solutions in this more general setting.

Another possible extension concerns difference equations with an irregular sin-
gularity of higher integer rank at infinity. In the case of polynomial potentials, one
expects a connection with the hyperasymptotic theory for linear differential equa-
tions possessing a higher-rank irregular singularity at infinity. This hyperasymptotic
theory was investigated in the paper [17] for second-order equations and in the PhD
thesis [18] for higher-order equations. However, these works do not employ the Borel
transform, instead deriving their results via the Cauchy—Heine method.

Finally, it would be interesting to study the case where the characteristic equation
(1.5) has multiple roots. Asymptotic expansions for solutions in this setting have
been constructed for second-order difference equations, for example, in [9] and
[34], while the higher-order case was studied in [1]. In these works, the asymptotic
expansions are expressed in descending powers of z. For second-order equations, the
form of these expansions suggests that an analogue of the inverse factorial series
solutions could take the form

oo

2(2)A~7 Z asU(z,p—s,v),

s=0

where U is the confluent hypergeometric function, A is the double root of the char-
acteristic equation, and the constants u, v, and the coefficients as depend on A as
well as on the coefficients of the difference equation. A second, linearly indepen-
dent solution might likewise be expressed in terms of the confluent hypergeometric
function M. Determining an appropriate analogue of the Mellin—Borel transform
for this case requires further investigation.
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Appendix A. Computation of the hyperterminants

In this appendix, we present an efficient method for computing the hyperterminants
H+1)

PROPOSITION A.1. Let £ > 1, and suppose that Re(z + My + 1) > 0, Re(Ms) >
2, and Re(M,) > 1 for all r = 1,3,...,£. Under these conditions, the following
convergent expansion holds:

e | My, ..., M,

1-6+34 ) M,

i Mo+1 l [e'e] p+1
=\|— e O —_—
g0 r=0 71

0Qy...,0¢ p=0
< AO ( p: M, ..., M, 1 JF p+1,M; +p 49
O1,...,00 (z + Mo + M), 2+ Mo+ M +p+1 o1
where
AW p; ]\js = 0p0e™ Mgy MO (My)

with 6,0 denoting the Kronecker delta, and for £ > 1,

[e%} s+1
AU+ My, ..., M, :e“iM"ag*MOF(Mo+p) (_C’0>
0Q0,y--.,0¢ —o g1
s+1
4O [ Mo Me (s+1), o[PSt LMits 00
O1y...,0¢ (MO + Ml - 1)p+s+1 MO + Ml +p+s 01

The Gauss hypergeometric functions o F; appearing in the proposition can be

evaluated using standard numerical techniques; see, for example, [22, §15.19] and
the references therein for computational methods and implementations.

Proof. Let ¢ > 1, and suppose that Re(z + My + 1) > 0 and Re(M,) > 1 for
r = 1,...,¢. From the definition (3.2) of the hyperterminants, it follows directly
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that

Fl+1) (0; 2+ My +2,M,..., M, > _ /[‘ﬂ'argao] (ot Mo
gy 0

00,0715+,
xW«uM“JW>M
J01y...,0y¢

If we additionally assume that Re(M,) > 2, then the function F) admits the
absolutely and uniformly convergent expansion

o ) S5 e Y1
4 p=0

J01,...,0 J01y...,0y¢

where |arg(oit)] < m, and U denotes the confluent hypergeometric function (see
[23, Theorems 2 and 3]). Substituting this into the previous expression yields

F(“_l)(O_ z+ Mo +2,My,...,M, > :_iA(£)<p' My, ..., M, )

ao, J01y...,0¢ p=0 01y...,0y¢

[r—arg oo]
" / 70t F Moy (p 41,2 — My, o4t) dt.
0

Assume temporarily that § < argog — argo; < 37“ Using the known Laplace

transform of the confluent hypergeometric function U [22, Eq. (13.10.7)] together
with a linear transformation formula for o Fy [22, Eq. (15.8.1)], we obtain

[r—arg o]
/ e?otFHMory (p 41,2 — My, 01t) dt
0

_(ewi>z+Mo+1 I‘(z—|—MO—|—1) r p+1,z+ My+1 .1_’_01
(z+ Mo+ M), "'\ 2+ My+My+p+1" 0o

B (e7ri>Z+M0+1 F(Z+M0+1) ( 00>p+1
= (Z+MO+M1)P+1 01

0o
X2F1 p+1’M1+p ,l—i—@ .
2+ Mo+ My +p+1 o1

go
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Accordingly, we find that

i z+Mo+1
F<e+1><o; ”MO”’M““’M@):_(G’) T (24 Mo+ 1)
0o, J01y...,0y¢ oo

Xi(—%>p+lA(£) ; Ml,...,Mg 1
p=0 g1 ' 01,...,0¢ (Z+MO+M1)p+1

XgFl p+17M1+p ,1+@ .
2+ Mo+ M +p+1 o1

The constraint on arg oy — arg o1 may now be removed through analytic continua-
tion. Substituting this expression into (3.3) yields the desired expansion for H (e+1),
The recursive formula for the coefficients A*1) follows from [23, Theorem 3], using
a linear transformation of the Gauss hypergeometric function [22, Eq. (15.8.1)]. O
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