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SUMMARY
In typical calibration methods (kinematic or non-kinematic) for serial industrial robot, though mea-
surement instruments with high resolutions are adopted, measurement configurations are optimized,
and redundant parameters are eliminated from identification model, calibration accuracy is still lim-
ited under measurement noise. This might be because huge gaps still exist among the singular values
of typical identification Jacobians, thereby causing the identification models ill conditioned. This
paper addresses such problem by using new identification models established in two steps. First,
the typical models are divided into the submodels with truncated singular values. In this way, the
unknown parameters corresponding to the abnormal singular values are removed, thereby reducing
the condition numbers of the new submodels. However, these models might still be ill conditioned.
Therefore, the second step is to further centralize the singular values of each submodel by using
a matrix balance method. Afterward, all submodels are well conditioned and obtain much higher
observability indices compared with those of typical models. Simulation results indicate that sig-
nificant improvements in the stability of identification results and the identifiability of unknown
parameters are acquired by using the new identification submodels. Experimental results indicate that
the proposed calibration method increases the identification accuracy without incurring additional
hardware setup costs to the typical calibration method.

KEYWORDS: Industrial robot; Kinematic calibration; Non-kinematic calibration; Truncated sin-
gular values; Matrix balance

1. Introduction

1.1. Related literature
The absolute positioning accuracy of the end effector of an industrial robot depends on various fac-
tors. Among these factors, the most important is the geometric error,1, 2 which mainly results from the
inaccurate manufacturing, misassembly, and the mechanical transmission error.3 The joint flexibility
that results in non-negligible elastic deformation under the external payload or self-gravity of robots
also plays an important role in determining positioning accuracy.1, 4, 5

Given the small values of the geometric error and compliance parameter, high-resolution devices
play an indispensablerole for their identifiability. The most widely used of these devices include
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2132 Stable calibrations of six-DOF serial robots

the Faro or Leica laser trackers given their high measurement accuracy.3, 6–10 Another optical instru-
ment called C-track 780 CMM, which has a measurement accuracy of 0.03 mm, has also attracted
wide usage.11 In addition to noncontact optical methods, the Renishaw QC20-W telescoping ballbar
(usually for calibrating machine tools) with 3–7 µm length measurement accuracy has been used.12

Another contact measuring device called the touch-trigger probe (commonly for workpiece inspec-
tion) has also been used.13, 14 This device has also been combined with the FARO arm, which has a
positioning accuracy of 0.018 mm, to calibrate the robot base frame.15 Camera with high resolution
has also been adopted.16

Although these devices can provide high resolutions by using the available technology, the small
positioning errors of the end effector might still be covered by inevitable measurement noise at
improperly selected measurement configurations.17–19 To address this problem, most of the studies
have optimized their measurement configurations before the calibration. In this way, the observabil-
ity index17–19 of the identification model can be significantly improved, that is, the effect of unknown
parameters on the positioning error of the end effector is maximized, thereby reducing the influence
of unwanted noise. To further improve the calibration accuracy, Bayesian inference methods20 and
iterative Levenberg-Marquardt algorithm21 have also been adopted in the stage of parameters iden-
tification. And the POE model has also been improved to minimize the influence of measurement
noise on the evaluation of orientation errors of end effector.22

However, some studies show that despite the measurement configurations are optimized, vari-
ous identification algorithms are adopted, and some typical identification models are improved, the
identifiability of unknowns and the stability of results still need to be improved. Klimchik et al.23

proposed a reduction method that practically eliminates nonidentifiable compliance parameters from
the identification model. In this way, the rest unknowns become practically identifiable and produce
highly accurate results. Kamali et al.24 designed a cable-driven moving platform that applies a wrench
with different directions on the end effector of a robot to further increase the observability index of
the non-kinematic identification model. Similarly, Theissen et al.25 designed a measurement method
that uses a loaded double ball bar to customize the applied wrench vectors. Huang et al.26 found that
ill conditioning may still emerge from multicollinearity even though the identification Jacobian is
full rank. Accordingly, they proposed a two-step procedure involving coarse and fine calibrations to
stabilize the identification model amidst the presence of measurement uncertainty.

1.2. Motivations
1.2.1. For serial robot, only the identifiability of compliance parameter is considered. Most efforts
have focused on the identifiability of compliance parameters, whereas those of geometric errors have
been rarely considered (the multicollinearity problem emerging in kinematic calibration26 has only
been addressed for hybrid polishing robots but not for widely used serial robots). However, geometric
errors contain various elements with different weights in the identification model, which may lead to
ill-conditioned Jacobians with fluctuated singular values.

1.2.2. Expensive additional instruments are necessary for the improvement of compliance parame-
ters’ identifiability. For instance, given the necessity of expensive instruments added for laser tracker,
the mechanisms proposed by Kamali et al.24 and Theissen et al.25 may be unavailable for ordinary
users despite their effectiveness.

1.3. Contribution of this work
1.3.1. Considers the identifiability of unknown parameters both in the kinematic and non-kinematic
calibrations. The singular values of these two typical identification models are analyzed. The
unknown parameters corresponding to abnormally low singular values are removed from identi-
fication models and separately identified by using a non-model-based method. New identification
submodels with better observability indices and condition numbers are established for the remain-
ing unknowns with higher singular values. Then, these submodels with truncated singular values
are further stabilized by using a matrix balanced method that equalizes singular values into smaller
ranges. In this way, the identifiability of unknowns and stability of models can both be significantly
improved.
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Table I. Nominal kinematic parameters and range of the six-DOF robot.

Joint α(rad) a(mm) θ(rad) d(mm) β (rad)

1 0 0 θ1[–17π /36, 17π /36] 400 –
2 –π /2 170 θ2–π /2[–π /4, 2π /3] 0 –
3 0 650 θ3[–17π /72, 13π /36] – 0
4 –π /2 155.7 θ4[–π /2, π /2] 605.4 –
5 π /2 0 θ5[–π /3, π /3] 0 –
6 –π /2 0 θ6[–π /2, π /2] 147.5 –

Fig. 1. Frame assignment of the six-DOF industrial robot.

1.3.2. Implements the new calibration method by using the same experimental setup with that of
typical calibration methods. No additional expensive mechanisms are employed because the new
identification submodels and new measurement configurations are all generated by only using the
software method without additional hardware costs.

The remainder of this article is organized as follows. Section 2 presents two typical identifica-
tion models for kinematic and non-kinematic calibrations. Section 3 analyzes the singular values
of these models. Section 4 proposes a two-step method for establishing identification models with
equalized singular values. Section 5 compares the effectiveness of the typical and proposed methods
by performing a set of simulations. Section 6 further verifies such effectiveness by performing a real
calibration. Section 7 concludes the paper and presents directions for further work.

2. Typical Identification Models
Here, two typical identification models are briefly introduced. The first model only considers the
geometric errors9 and the second is used for a non-kinematic calibration that takes the geometric
errors and compliance parameters into account.10 The prior knowledge for these calibration methods
is the frame assignment shown in Fig. 1 and the nominal kinematic parameters are given in Table I.

The typical models for kinematic and non-kinematic calibration are both established based on
homogeneous transformation matrices1 which denote the pose of frame Fi with respect to Fi−1 by
using

Hi−1
i = Transz(di)Rotz(θi)Transx(ai)Rotx(αi). (1)
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The DH (Denavit-Hartenberg) parameter1 d3 is substituted by the MDH (Modified Denavit-
Hartenberg) parameter1 β3 to decouple d2 and d3. Accordingly, the pose of F3 with respect to F2

is calculated as

Hi−1
i = Rotz(θi)Transx(ai)Rotx(αi)Roty(βi). (2)

If the base frame F0, world frame Fworld and end-effector frame Ftool are established and rotation
angles are denoted by using q = [θ1, θ2, . . . , θ6]T , then the transformation from Fworld to Ftool is

H(q) = Hworld
0 H0

1H1
2H2

3H3
4H4

5H5
6H6

tool. (3)

2.1. The typical model for kinematic calibration
To establish the mapping from the geometric errors of six joints to the pose errors of the end effector,
a 24×1 vector �uK is formed as

�uK = [δα1, δa1, δθ1, δd1, ..., δα6, δa6, δθ6, δd6]T (4)

The corresponding identification Jacobian JK with a dimension of 6×24 at the lK th measurement
configuration (where lK = 1, 2, . . . , mK denotes the order of measurement configurations for kinematic
calibration) is established as

JK(lK) = [Jα1, Ja1, Jθ1, Jd1, ..., Jα6, Ja6, Jθ6, Jd6](lK), (5)

where Jα1, Ja1, . . . ,Jθ 6, Jd6 are 6×1 Jacobians9 that represent the mapping from the corresponding
kinematic error to the caused pose errors of the end effector. Their elements are obtained by using
the differential transformation theory1 and⎡

⎢⎢⎢⎣
nx ox ax px

ny oy ay py

nz oz az pz

0 0 0 1

⎤
⎥⎥⎥⎦ = Hi

i+1Hi+1
i+2 ...H

5
6H6

tool (6)

which is acquired from Eqs. (1)–(3). The transformation from frame F6 to Ftool is achieved during real
calibration.6 Then the Jacobian JK (with a dimension of 6mK×24) for m measurement configurations
is obtained and the kinematic model can be given as

�EK = JK�uK, (7)

where �EK (also with the dimension of 6mK×24) is the pose error vector of the end effector. The
corresponding kinematic identification model10 is

�uK = J+
K �EK, (8)

where the superscript ‘+’ represents the pseudo-inverse matrix.

2.2. The typical model for non-kinematic calibration
In addition to the abovementioned geometric errors, joint flexibility also plays an important
role.4, 6, 7, 10, 13, 19, 20 If a more complete and accurate calibration is necessary, then the compliance
parameters {λ2, λ3, λ4, λ5} of joints 2–5 (dependent on external payload)and the compliance param-
eters {ξ 1, ξ 2, ξ 3} (dependent on the gravities of links 2–3) cannot be ignored (details are given in
ref. [10]). Two error vectors are used to lump these compliance parameters as �uE = [λ2, λ3, λ4, λ5]T

and �uG = [ξ 1, ξ 2, ξ 3]T ,10 respectively. The mappings from �uE and �uG to the caused end effector
pose errors �EE and �EG are established as

�EE = JE�uE (9)

and

�EG = JG�uG, (10)
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respectively. The Jacobians JE and JG (elaborated in Chen et al.10) are established respectively by
using the Jacobians JE(lc) and JG(lc) (at lCth measurement configuration, where lC = 1, 2, . . . , mC

denotes the order of measurement configurations for non-kinematic calibration) given as⎧⎨
⎩

JE(lC) = J2,3,4,5
Kθ (lC) diag[J2,3,4,5

F(lC) Ad(lC)(Htool
e )eFe]

JG(lC) = J2,3
Kθ (lC)CG(lC)

, (11)

where the kinematic and force Jacobians are established as⎧⎪⎪⎪⎨
⎪⎪⎪⎩

J2,3,4,5
Kθ (lC) = [Jθ2, Jθ3, Jθ4, Jθ5](lC)

J2,3
Kθ (lC) = [Jθ2, Jθ3](lC)

J2,3,4,5
F(lC) = [J2,3,4,5

Kθ (lC) ]T

(12)

Definitions of Jθ 2, Jθ 3, Jθ 4, Jθ 5 are the same with those in Eq. (5). And the force adjoint matrix
Ad(lc)(·) at lCth measurement configuration is

Ad(lC)(H
tool
e ) =

[
tool

eR 0

[tool
ep]tool

eR tool
eR

]
, (13)

where

Htool
e = [(H6

e )
−1H6

tool]−1

[
tool

eR tool
ep

0 1

]
(14)

represents the transformation from frame Ftool to the external payload frame Fe, and

[tool
ep] =

⎡
⎢⎢⎣

0 −tool
epz

tool
epy

tool
epz 0 −tool

epx

−tool
epy

tool
epx 0

⎤
⎥⎥⎦. (15)

In Eq. (11), eFe = [0, 0, –meg, 0, 0, 0]T is the external payload vector,10 where me is the mass of the
external payload and g = 9.8 m/s.2 In Eq. (11), the coefficient matrix CG(lc) is

CG(lC) =
[

sin θ2 cos(θ2 + θ3) 0

0 0 cos(θ2 + θ3)

]
. (16)

Then, if the following combinations⎧⎪⎨
⎪⎩

�uC = [�uT
K, �uT

E, �uT
G]T

JC = [JK, JE, JG]
�EC = �EK + �EE + �EG

(17)

are used, then the non-kinematic model is established as

�EC = JC�uC. (18)

The corresponding non-kinematic identification model10 is

�uC = J+
C �EC. (19)

3. Problems of the Typical Identification Models
The stability of the identification models in Eqs. (8) and (19) can be evaluated according to the con-
dition numbers27 of Jacobians JK and JC. The simulation is performed on MATLAB. In Sections 3.1
and 3.2, the measurement configurations for simulations are optimized by using the DETMAX algo-
rithm,28 and the numbers are acquired as mK = 20 and mC = 26. Then, according to Sections 2.1
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Fig. 2. Singular values of typical identification model for kinematic calibration.

and 2.2, Jacobians JK and JC can be established. The condition number is calculated by using cond
= σ max/σ min, where σ max and σ min are the maximum and minimum singular values, respectively, of
JK or JC.27 The singular values are acquired by using the singular value decomposition (SVD).17

3.1. Problems of typical identification models for kinematic calibration
The result of condition number is cond(JK) = 1.2×109. According to ref. [27], if the change of
measuring pose errors (due to measurement noise) is denoted by δ�EK and the caused change of
identification results is denoted by δ�uK , it is acquired that

‖δ�uK‖
‖�uK‖ ≤ cond(JK)

‖δ�EK‖
‖�EK‖ . (20)

If a Faro vantage laser tracker is adopted, it can be roughly assumed that ||δ�EK /�EK || =
0.02 according to the specifications of instrument. Therefore, it is acquired that ||δ�uK /�uK || =
cond(JK)×||δ�EK /�EK || = 2.4×107, which means the maximum change δ�uK of identification
results under the measurement noise might be 2.4×107 times larger than their real values �uK .
Although this is only a possibility rather than a certainty, the identification results might be probably
unconvincing if the measurement noise is not well controlled. According to the definition cond =
σ max/σ min and Eq. (20), cond(JK) = 1 is preferred.27 Therefore, it is necessary to reduce cond(JK).
Given that the column vectors of Jacobian JK are all independent (i.e. there is no collinearity among
the unknown parameters to be identified), the ill conditioning of JK is not attributed to parameter
redundancy but some of the parameters themselves. In other words, some abnormal singular values
σ might enlarge the gaps between σmax and σmin.

Accordingly, a simulation is used to observe the singular values of Jacobian JK . The sum of ele-
ments’ absolute values (1-norm) of each column could be used to represent the weight of each column
in JK , that is, the weight of each unknown parameter in �uK . The singular values could also be used
to represent the weights of columns in JK (weights of unknown parameters in �uK) but arrange
them in a descending order in the diagonal matrix SofSVD (JK = USV). Therefore, the one-to-one
correspondence between unknown parameter and singular value can be acquired by rearranging the
singular values of JK in the same order with that of the unknown parameters in �uK (from 1 to 24)
instead of the descending order in SVD. Specifically, the first step is calculating the 1-norm of each
column of JK . The second step is rearranging these columns (as well as the corresponding unknown
parameters in �uK) according to the descending order of their 1-norm values. Now, the first unknown
parameter in the rearranged �uK corresponds to the first (maximum) singular value in matrix S, the
second corresponds to the second, and so on. The last unknown parameter in the rearranged �uK

corresponds to the last (minimum) singular value in matrix S. Finally, the last step is rearranging
the singular values (corresponding to certain unknown parameters) according to the original order
of unknown parameters in �uK . As shown in Fig. 2, the first singular value corresponds to the first
unknown parameter δα1(with the order number ‘1’) in vector �uK , whereas the last singular value
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Fig. 3. Singular values of typical identification model for non-kinematic calibration.

corresponds to the last unknown parameter δd6 (with the order number ‘24’). Now, it is convenient
to pick out the unknown parameters that correspond to abnormal singular values.

As shown in Fig. 2, the singular values corresponding to the rotational geometric errors (with order
numbers ‘1’, ‘3’, ‘5’, ‘7’, ‘9’, ‘11’, ’12’, ‘13’, ‘15’, ‘17’, ‘19’, ‘21’, and ‘23’) of JK are centralized
within a small range, whereas those corresponding to the translational geometric errors (with order
numbers ‘2’, ‘4’, ‘6’, ‘8’, ‘10’, ‘14’, ‘16’, ‘18’, ‘20’, ‘22’, and ‘24’) break this stability. Besides, it is
seen that the rotational geometric errors of joints 1–3 (with order numbers ‘1’, ‘3’, ‘5’, ‘7’, ‘9’, ‘11’,
‘12’, and ‘13’) have higher singular values than those of joints 4–6 (with order numbers ‘15’, ‘17’,
‘19’, ‘21’, and ‘23’) do.

3.2. Problems of typical identification models for non-kinematic calibration
The result of condition number is cond(JC) = 1.0×1016. According to Section 3.1, the value of
cond(JC) is also too large for convincing identification results. Therefore, it is also necessary to
reduce cond(JK) as much as possible.

Like Section 3.1, a simulation is also used to observe the singular values of Jacobian JC. They
are rearranged in the order of the unknown parameters in �uC (from 1 to 31). Specifically, the
first singular value corresponds to the first unknown parameter δα1 in �uC with the order number
‘1’, whereas the last singular value corresponds to the last unknown parameter ξ 3 with the order
number ‘31’.

Compared with Fig. 2, Fig. 3 shows the singular values corresponding to the compliance param-
eters (�uE and �uG) additionally. The results indicate that �uE (with order numbers ‘25’ – ‘28’)
have higher singular values than other parameters do, while the singular values of �uG (with order
numbers ‘29’ – ‘31’) are similar with those of rotational geometric (with order numbers ‘1’, ‘3’, ‘5’,
‘7’, ‘9’, ‘11’, ’12’, ‘13’, ‘15’, ‘17’, ‘19’, ‘21’, and ‘23’). Similar with the results in Fig. 2, the trans-
lational geometric errors (with order numbers ‘2’, ‘4’, ‘6’, ‘8’, ‘10’, ‘14’, ‘16’, ‘18’, ‘20’, ‘22’, and
‘24’) still have much lower singular values than rotational geometrics do. Also, rotational geometric
error δα6 (with order number ‘21’) has lower singular value than those of other rotational ones do.

4. Identification Models with Equalized Singular Values

4.1. Submodels with truncated singular values
4.1.1. Kinematic submodels with truncated singular values. According to the analysis in
Section 3.1, the unknown parameters with abnormal singular values (weights) should be separately
identified. Therefore, the error vector �uK in Eq. (4) is divided into three parts as⎧⎪⎪⎨

⎪⎪⎩
�u(1)

K = [δα1, δθ1, δα2, δθ2, δα3, δθ3, δβ3]T

�u(2)
K = [δα4, δθ4, δα5, δθ5, δα6, δθ6]T

�u(3)
K = [δa1, δd1, ..., δa6, δd6]T

. (21)
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The translational geometric errors (vectors with superscript ‘(3)’) should be identified by using the
CPA method,29–31 whereas the rotational errors (vectors with superscripts ‘(1)’ and ‘(2)’) should be
identified by using the reduced models. Correspondingly, the Jacobian JK (lk)in Eq. (5) is divided into⎧⎨

⎩
J(1)

K(lK1)
= [Jα1, Jθ1, Jα2, Jθ2, Jα3, Jθ3, Jβ3](lK1)

J(2)

K(lK2)
= [Jα4, Jθ4, Jα5, Jθ5, Jα6, Jθ6](lK2)

, (22)

where lK1 = 1, 2, . . . , mK1 and lK2 = 1, 2, . . . , mK2 denote the order of measurement configurations
for joints 1–3 and 4–6, respectively. And definitions of Jα1, Jθ 1, . . . , Jα6, Jθ 6 are the same with those
in Eq. (5). Then, the kinematic model in Eq. (7) for geometric errors can be divided into

{
�E(1)

K = J(1)
K �u(1)

K

�E(2)
K = J(2)

K �u(2)
K

, (23)

where each Jacobian has truncated singular values with a similar magnitude (i.e. reduced condition
numbers). Accordingly, with the improved stability of the submodels, more accurate identification
results of �uK can be obtained.

4.1.2. Non-kinematic submodels with truncated singular values. According to the analysis in
Section 3.2, the unknown parameters with abnormal singular values (weights) should be separately
identified. However, �uE which have higher singular values are difficult to be identified separately
(installation of sensors on the end effector should be considered as a part of external payload which
is nonignorable). Therefore, the error vector �uC in Eq. (17) is also divided into three parts as⎧⎪⎪⎪⎨

⎪⎪⎪⎩
�u(1)

C = [(�u(1)
K )T , λ2, λ3, �uT

G]T

�u(2)
C = [(�u(2)

K )T , λ4, λ5]T

�u(3)
C = �u(3)

K = [δa1, δd1, ..., δa6, δd6]T

. (24)

Correspondingly, the Jacobian JE(lc) in Eq. (11) is divided as⎧⎨
⎩

J(1)

E(lC1)
= J2,3

Kθ (lC1)
diag[J2,3

F(lC1)
Ad(lC1)(H

tool
e )eFe]

J(2)

E(lC2)
= J4,5

Kθ (lC2)
diag[J4,5

F(lC2)
Ad(lC2)(H

tool
e )eFe]

, (25)

where the kinematic and force Jacobians are established as⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

J2,3
Kθ (lC1)

= [Jθ2, Jθ3](lC1)

J4,5
Kθ (lC2)

= [Jθ4, Jθ5](lC2)

J2,3
F(lC1)

= [J2,3
Kθ (lC1)

]T

J4,5
F(lC2)

= [J4,5
Kθ (lC2)

]T

. (26)

In Eq. (25), the force adjoint matrices Ad(lc1)(·) and Ad(lc2)(·) are established in the same way as
Eq. (13). l1 = 1, 2, . . . , mC1 and l2 = 1, 2, . . . , mC2 denote the order of measurement configurations
for joints 1–3 and 4–6, respectively. Definition of eFe is the same with that in Eq. (11). Definitions of
Jθ 2–Jθ 5 are the same with those in Eq. (5). According to the definitions of Jacobians JG, JK , and JE

in Eqs. (11), (22), and (25), respectively, the combined JC in Eq. (17) is reduced and reconstructed as⎧⎨
⎩

J(1)
C = [J(1)

K , J(1)
E , JG]

J(2)
C = [J(2)

K , J(2)
E ]

. (27)
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Accordingly, the non-kinematic model in Eq. (18) is modified into⎧⎨
⎩

�E(1)
C = J(1)

C �u(1)
C

�E(2)
C = J(2)

C �u(2)
C

, (28)

where each Jacobian has truncated singular values with a similar magnitude (i.e. reduced values
of condition numbers). Accordingly, with the improved stability of the submodels, more accurate
identification results of �uC can also be acquired.

4.2. Submodels with balanced identification Jacobians
Based on truncation, the singular values in each submodel (Eqs. (23) and (28)) can be further equal-
ized by using a two-step matrix balance method. The first step is column balance. If B is a diagonal
matrix used for the column balance, then an equivalence relation between two equations can be
acquired as

�E(#)
∗ = J(#)

∗ �u(#)
∗ ⇔ �E(#)

∗ = (J(#)
∗ B)B−1�u(#)

∗ , (29)

where the superscript ‘(#)’corresponds to the superscripts ‘(1)’ (joints 1–3) or ‘(2)’ (joints 4–6), and
the subscript ‘*’ corresponds to the subscripts ‘K’ (kinematic) or ‘C’ (non-kinematic), respectively.
Thus, the column balance method can be used for both Eqs. (23) and (28). Matrix B should be
established with the following constraints⎧⎪⎪⎨

⎪⎪⎩
rank(J(#)∗ B) = rank(J(#)∗ )

cond(J(#)∗ B) < cond(J(#)∗ )

observe(J(#)∗ B) > observe(J(#)∗ )

, (30)

where rank(·), cond(·), and observe(·) represent the rank, condition number, and observability index6

of Jacobian ‘·’, respectively. Accordingly, the column balance criterion is determined by computing
the maximum1-norm(denoted by ||·||1) of columns as

Jcol_max = max
{∥∥Col(J(#)

∗ , 1)
∥∥

1 ,
∥∥Col(J(#)

∗ , 2)
∥∥

1 , ...,
∥∥Col(J(#)

∗ , n)
∥∥

1

}
, (31)

where Col(M,y) denotes the yth column of matrix M. Afterward, the column balance factor (i.e. the
diagonal elements of matrix B) is calculated as

bcol,col = Jcol_max∥∥∥Col(J(#)∗ , col)
∥∥∥

1

, (32)

where col = 1,2,. . . ,n and n = rank(B). Equation (32) indicates that a column vector with lower weight
is multiplied by a higher bcol,col. After that, the 1-norms of all columns in Jacobian JB are the same,
that is, the weights of columns are equalized.

The second step is row balance. A diagonal matrix A is generated. After the left multiplication
of A, an equivalence relation between two equations can be acquired as

A�E(#)
∗ = AJ(#)

∗ �u(#)
∗ ⇔ A�E(#)

∗ = AJ(#)
∗ BB−1�u(#)

∗ , (33)

where the denotations of superscript ‘(#)’ and the subscript ‘*’ are the same with those in Eq. (29).
Thus, the row balance method can also be used for both Eqs. (23) and (28). The row balance matrix
A should be constructed with the following constraints⎧⎪⎪⎨

⎪⎪⎩
rank(AJ(#)

∗ B) = rank(J(#)∗ B)

cond(AJ(#)
∗ B) < cond(J(#)∗ B)

observe(AJ(#)
∗ B) > observe(J(#)∗ B)

. (34)

Accordingly, the maximum 1-norm can be determined by rows as

Jrow_max = max
{∥∥Row(J(#)

∗ B, 1)
∥∥

1 ,
∥∥Row(J(#)

∗ B, 2)
∥∥

1 , ...,
∥∥Row(J(#)

∗ B, 6m)
∥∥

1

}
, (35)
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Fig. 4. Steps of simulation preparation.

where Row(M,x) denotes the xth row of matrix M. The row balance factor (i.e. the diagonal elements
of matrix A) is calculated as

arow,row= Jrow_max∥∥∥Row(J(#)∗ B, row)

∥∥∥
1

, (36)

where row = 1,2,. . . ,6m, 6m = rank(A), and m represents the number of measurement configurations
(m can be mK , mK1, mK2, mC, mC1 and mC2). Equation (36) indicates that a row vector with lower
weight is multiplied by a higher arow,row. Therefore, the 1-norms of all rows in Jacobian AJB are the
same, that is, the weights of rows are also equalized.

After these two steps, the identification submodels (Eqs. (23) and (28)) are established as

�u(#)
∗ = B(AJ(#)

∗ B)+A�E(#)
∗ . (37)

The balance matrices A and B differ for various denotations of ‘(#)’ and ‘*’. In other words, each
submodel in Eqs. (23) and (28) can be transformed into the form of Eq. (37) with corresponding
denotations of ‘(#)’ and ‘*’ by using the matrix balance method. Given that more equalized singular
values (smaller condition numbers) are available from the balanced Jacobian AJB than the reduced J
(in Section 4.1), more accurate identification results of �u can be acquired.

5. Simulation of Improved Identification Models
The simulation is performed on MATLAB. The analysis aims to compare the condition numbers,
observability indices, singular values, stability of results, and calibration accuracy between the
typical (in Sections 2) and improved identification models (in Sections 4.1 and 4.2).

5.1. Simulation preparation
The performances of Eqs. (8), (19), (23), (28) and their corresponding balanced forms in Eq. (37)
are compared. The preparations are illustrated in Fig. 4. In step 1, for the kinematic calibrations,
six rotation angles are taken on average in the motion range of each joint, thereby generating 66 =
46,656 candidate configurations. For non-kinematic calibrations, the optimization not only consid-
ers the best combinations of joint angles {θ1, θ2, θ3, θ4, θ5, θ6} but also involves the selection of
proper external payloads me (0, 2, 4, 6 and 8 kg are available). Therefore, 5×66 = 933,120 candidate
configurations are generated. Then, step 2 selects optimal measurement configurations by using the
DETMAX algorithm28 to establish the Jacobians in Eqs. (7), (18), (23) and (28), respectively. This
step acquires the number of measurement configurations for each Jacobian (mK = 20, mK1 = 12, mK2

= 10, mC = 26, mC1 = 16, mC2 = 14). Step 3 establishes identification model with truncated singular
values corresponding to Eqs. (7), (18), (23) and (28). Step 4 establishes identification models with
balanced Jacobians corresponding to Eqs. (23) and (28). These identification models will be used in
Section 5.2.
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Table II. Condition numbers and observability indices of Jacobians in kinematic models.

Jacobians JK J(1)

K J(2)

K AJ(1)

K B AJ(2)

K B

Observability index 1.2 226.3 198.1 1433.2 685.6
Condition number 1.2×109 37.6 1.8 2.3 1.6

Table III. Condition numbers and observability indices of Jacobians in non-kinematic models.

Jacobians JC J(1)

C J(2)

C AJ(1)

C B AJ(2)

C B

Observability index 22.6 1264 1612 3.9×107 4.3×106

Condition number 1.0×1016 1.2×106 2.2×104 77.6 1.8

Fig. 5. Singular values of Jacobians in kinematic models.

5.2. Simulation and results
5.2.1. Condition number and observability index. The condition number and observability
index16−18 of the Jacobians in the abovementioned identification models are presented in Tables II
and III. Results indicate that the condition numbers can be reduced by successively using submodels
with truncated singular values (Section 4.1) and balanced identification Jacobians (Section 4.2). And
the observability index O1

17–19 can also be significantly improved in this way.

5.2.2. Singular values. To obtain additional details regarding the improvement of kinematic identifi-
cation models, the singular values of Jacobians in Eqs. (8), (23), and (37) are compared in Fig. 5. The
ranges of singular values are significantly narrowed down in the submodels with truncated singular
values (Eq. (23)) by eliminating the abnormal singular values of translational geometric errors and
by dividing the rotational geometric errors into two groups (Section 4.1). However, some unknowns
(δα1 with the order number ‘1’, δα3 with the order number ‘9’ and δβ3 with the order number
‘12’) still have relatively different singular values. Accordingly, the adopted matrix balance method
(Section 4.2) pulls up all singular values to a similar magnitude, thereby resulting in highly equalized
singular values.

For non-kinematic identification models, the singular values of Jacobians in Eqs. (19), (28) and
(37) are compared in Fig. 6. Results indicate that the condition number and observability index of
non-kinematic models are also significantly improved by truncating and balancing the singular values
of Jacobians. By comparison, the matrix balance method (Section 4.2) is much more effective in non-
kinematic models than in kinematic ones because it smoothes the abnormality of the singular values
of compliance parameters (with the order numbers ‘26’, ‘27’, ‘28’, and ‘29’).
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Table IV. Assumed values of unknown parameters and measurement noise ratio.

uK[R] uE uG ||δ�E[model]||/||�E[model]||

0.001rad 2×10−5rad/Nm 0.0004 rad N ∼ [0, (0.005/3)2]

Fig. 6. Singular values of Jacobians in non-kinematic models.

5.2.3. Stability of the identification results. Now, we test whether the equalized (truncated and then
balanced) singular values benefit the stability of the identification results under measurement noise.
The measurement noise is mainly attributed to the errors of the measurement instrument (given that
a Faro vantage laser tracker is adopted) and the repeatability errors of the robot. Their main spec-
ifications are given in Section 6.1. According to Section 4, the translational geometric errors are
identified separately by using a non-model-based CPA method. Therefore, the stability of their iden-
tification results is not evaluated in this step. uK [R] denotes the rotational geometric parameters in
uK . ||δ�E[model]||/||�E[model]|| denotes the measurement noise ratio in the model-based calibration and
used in the way of Eqs. (38)–(43). Each equation runs 1000 times according to the distribution of
||δ�E[model]||/||�E[model]|| given in Table IV. The assumed values of each kind of unknown parameters
are also listed in Table IV.

�uK = J+
K �EK

(
1 + δ�E[model]

�E[model]

)
, (38)

�uC = J+
C �EC

(
1 + δ�E[model]

�E[model]

)
, (39)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�u1
K = [J1

K]+�E1
K

(
1 + δ�E[model]

�E[model]

)

�u2
K = [J2

K]+�E2
K

(
1 + δ�E[model]

�E[model]

) , (40)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�u1
C = [J1

C]+�E1
C

(
1 + δ�E[model]

�E[model]

)

�u2
C = [J2

C]+�E2
C

(
1 + δ�E[model]

�E[model]

) , (41)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�u1
K = B

(
AJ(1)

K B
)+

A�E1
K

(
1 + δ�E[model]

�E[model]

)

�u2
K = B

(
AJ(2)

K B
)+

A�E2
K

(
1 + δ�E[model]

�E[model]
) , (42)
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Fig. 7. Stability of the identification results of unknowns in kinematic models.

Fig. 8. Stability of the identification results of unknowns in non-kinematic models.

and ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

�u1
C = B

(
AJ(1)

C B
)+

A�E1
C

(
1 + δ�E[model]

�E[model]

)

�u2
C = B

(
AJ(2)

C B
)+

A�E2
C

(
1 + δ�E[model]

�E[model]

) (43)

Each element of uK [R], uE and uG is calculated 1000 times by using the corresponding identifica-
tion models in Eqs. (38)–(43). Afterward, the root mean square error (RMSE) of each set of identified
values (containing 1000 samples) and its proportion to the assumed value of corresponding unknown
parameter can be calculated. The results are presented in Figs. 7 and 8. The reduced heights of the
green and blue plots indicate that the new identification models improve the stability of the identifi-
cation results of rotational parameters significantly. Meanwhile, the results about uE and uG are not
too sensitive to the condition number of Jacobians and measurement noise. In sum, similar to the
equalization for singular values as shown in Figs. 5 and 6, the stability of the results about rotational
parameters (uK [R], uE and uG) shown in Figs. 7 and 8 are smoothed to relatively unified levels.

The stability of the identification results of translational geometric errors are also pre-
sented in Figs. 7 and 8. For typical identification models, the measurement noise ratio is
||δ�E[model]||/||�E[model]|| given in Table IV. For truncated and balanced identification models, the
measurement noise ||δ�E[CPA]|| depends on the standard deviation of the center of a fitted circle,
which is obtained from the circle points by using the CPA method. If a laser tracker with a mea-
surement accuracy of ±0.02 mm and a robot with a positioning repeatability of ±0.02 mm is used,
then the measurement error of these circle points is calculated as their combined uncertainty (0.0094
mm). In other words, if 1000 centers are adopted for each translational geometric error (assumed to
be 0.05 mm) and if each of these centers is fitted from 15 circle points, then the RMSE-to-unknown
ratio is calculated as 0.0018 mm/0.05 mm = 3.6%.
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Fig. 9. Residuals after calibration by using kinematic models in the simulation.

Fig. 10. Residuals after calibration by using non-kinematic models in the simulation.

5.2.4. Calibration accuracy. The last step is to test how much the positioning accuracy of the end
effector can be improved by using the identification results with enhanced stability. The assumed
values of unknowns and the measurement noise specified above are adopted. And three sets of 60
validation configurations (with an external payload of 6 kg) are randomly selected from the candi-
dates generated in Section 5.1. The histograms of mean residuals after kinematic and non-kinematic
calibrations are illustrated in Figs. 9 and 10, respectively. Results indicate that lower residuals can
be acquired by using the truncated and balanced identification models. In addition, a comparison of
Figs. 9 and 10 reveals that lower residuals are achieved by using the kinematic models than non-
kinematic ones. This might be on the fact that the kinematic models consider less error sources (24
unknowns) than the non-kinematic ones do (31 unknowns). However, these simulation results do not
confirm that kinematic calibrations are more accurate than non-kinematic ones in the real calibration
because the importance of compliance parameters has been ignored by the kinematic models in the
simulation.

6. Experiment

6.1. Experimental setup
A six-DOF BRTIRUS1510A robot with the nominal kinematic parameters given in Table I is adopted
for the experiment. The repeatability after calibration is ±0.02 mm, the recommended maximum pay-
load is 10 kg, and the arm length is 1.5 m. A Faro vantage laser tracker with the main specifications
listed in Table V is also adopted. According to the effective working range of the laser tracker and
robot arm, the measurement distance is constrained between 2 and 5 m. The counterweights (each is
0.5 kg and 16 mm thick) are located symmetrically around the Z6-axis (as shown in the right part of
Fig. 11) to minimize the eccentric influence of gravity centre on θ6 because the compliance of joint
6 is not considered. The choices me = 0, 2, 4, 6 and 8 kg are available for the external payloads.
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Table V. Main specifications of the Faro vantage laser tracker.

Specifications Values

Distance resolution 0.5 µm
Distance measurement accuracy MPE: 16 µm + 0.8 µm/m
Angular measurement accuracy MPE: 20 µm + 5 µm/m
Working range 0–80 m

Fig. 11. Experimental setup.

The world frame Fworld, base frame F0, tool frame Ftool, and external payload frame Fe should
be established before calibration.6 Frames Fworld and F0 are defined by using the method proposed
by Nubiola et al.6 directly as shown in Fig. 12. Specifically, frame Fworld is defined by using three
positions of the SMR (spherically mounted reflector) near the base of robot. Then, the vectors of
axis-1 (joint 1) and axis-2 (joint 2) in the frame Fworld are acquired by using the CPA method. And
frame F0 is defined as one that moves 400 mm (d1) from the origin of frame F1 in –Z-direction.
In this way, the geometric errors δα1, δa1, δθ1, and δd1 are removed. The real transformation from
frame Fworld to F0 is also given in Fig. 12. Ftool is established by using the three positions of the SMR
(as shown in Fig. 13 where vectors v1 and v2 are acquired from the three positions of the SMR, Xtool-
axis is coincident with v1, and Ztool-axis is a cross product of v1 and v2) measured by the laser tracker
with respect to frame F6. Frame F6is also defined according to ref. [6] as shown in Fig. 13 where
the vectors of axis-5 and axis-6 in frame Fworld are acquired by using the CPA method. Therefore,
the unknown parameters δα6, δa6, δθ6, and δd6 are also eliminated from the identification models.
The real transformation from frame F6 to Ftool is given in Fig. 13. The real transformation (changing
with the thickness of counterweights installed on the end effector) from frame F6 to Fe is also given
in Fig. 13.

6.2. Experimental procedures
The experimental procedures are illustrated in Fig. 14. Step 1 has already been done in the experi-
mental setup (Section 6.1). Then, step 2 is to generate 46,656 and 933,120 candidate configurations
for kinematic and non-kinematic calibrations, respectively. These configurations are the same with
those in Section 5.1. Step 3 is to select the optimized measurement configurations (by using the
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Fig. 12. Definitions of world frame Fworld and base frame F0.

Fig. 13. Definitions of tool frame Ftool, joint 6 frame F6, and external payload frame Fe.

DETMAX algorithm28) for each identification model and establish corresponding identification
Jacobians accordingly, with consideration of the parameter elimination in Section 6.1. Then, the
pose errors of frame Ftool are measured at these optimized configurations in step 4. Specifically, for
the typical calibration method, all joints are involved to form the optimized configurations. Whereas
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Fig. 14. Flowchart of the experimental procedure.

(a) (b) (c)

Fig. 15. Measurement configurations of the proposed calibration method. (a) CPA method to identify transla-
tional geometric errors. (b) Rotate first three joints to establish �E(1)∗ = J(1)∗ �u(1)∗ . (c) Rotate last three joints to
establish �E(2)∗ = J(2)∗ �u(2)∗ .

for the proposed calibration method, first, the translational geometric errors are identified by using
the CPA method as shown in Fig. 15(a). Then, as shown in Fig. 15(b), the pose errors of frame Ftool

are measured at the optimized measurement configurations of joints 1–3, meanwhile, joints 4–6 are
locked. In this way, the transformation from frame Ftool to F3 is unchanged so that the pose errors of
frame Ftool are independent with the unknown parameters of joints 4–6. Finally, the poses of Ftool are
measured at the optimized measurement configurations of joints 4–6 as shown in Fig. 15(c) while
joints 1–3 are locked. Therefore, frame F3 is held with respect to frame F1 to remove the impact of
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Table VI. Kinematic identification results acquired by using the typical, truncated and balanced identification
models, respectively.

Unknown parameters Typical Truncated Balanced

δα2 (rad) 0.0189 0.0196 0.0195
δa2 (mm) 0.025 0.021 0.021
δθ2 (rad) 0.0071 0.0052 0.0054
δd2 (mm) −0.004 −0.003 −0.003
δα3 (rad) −0.0112 −0.0098 −0.0094
δa3 (mm) 0.024 0.018 0.018
δθ3 (rad) 0.0113 0.0090 0.0092
δβ3 (rad) 0.0024 0.0061 0.0061
δα4 (rad) 0.0087 0.0059 0.0060
δa4 (mm) 0.007 0.008 0.008
δθ4 (rad) 0.0011 0.0015 0.0014
δd4 (mm) −0.023 −0.019 −0.019
δα5 (rad) 0.0066 0.0054 0.0052
δa5 (mm) −0.004 −0.006 −0.006
δθ5 (rad) −0.0034 −0.0027 −0.0026
δd5 (mm) −0.008 −0.005 −0.005

unknown parameters of joints 1–3 on pose errors of Ftool. During the measurement, the laser beam
might be blocked by the robot body and the supporter of SMR at some of the optimized measurement
configurations due to the absence of SMR at the back of the supporter (more SMR bases are unavail-
able in our experiment). To solve this problem, these blocked configurations are modified slightly
by just rotating one or two joints to make the three positions of SMR always visible from the laser
tracker. And then the modified values of θ1, θ2, . . . , and θ6 are used to generate the identification
Jacobians again to check whether the modified Jacobians are still well-conditioned.

In step 5, the Jacobians established in step 3 and the pose errors measured in step 4 are used
to establish typical identification models (corresponding to Section 2) and the new submodels with
truncated singular values (corresponding to Section 4.1). And in step 6, the submodels with truncated
singular values are then improved to be the ones with balanced identification Jacobians (correspond-
ing to Section 4.2) which are obtained by using the software method (on MATLAB). In step 5 and
step 6, the rotational unknown parameters (uK [R], uE and uG) are eventually identified. Then in step 7,
to compare the effectiveness of the different identification models, three sets of 60 randomly selected
validation configurations (with an external payload of 6kg) that differ from those used in step 4 are
used to measure the residuals of Ftool after compensation.

6.3. Experimental results and discussion
The kinematic and non-kinematic identification results are listed in Tables VI and VII, respectively.
The mean residuals at each measurement point in the three sets of configurations (acquired by step 7)
after the kinematic and non-kinematic calibrations are given in Figs. 16 and 17, respectively. The
green plots indicate that the lower residuals can be acquired by using the identification models with
truncated singular values (Section 4.1), and the blue plots prove that the residuals are further reduced
by using the identification submodels with balanced Jacobians (Section 4.2). From the statistics
(in the form of box plots) of these residuals as shown in Figs. 18 and 19, 38–46%, and 65–66%
reductions of the mean residuals after using the truncated and balanced submodels, respectively, can
be observed. Moreover, the mean residuals with the balanced submodels are reduced by 34–45%
compared with the truncated ones. The improvements in these residuals from truncated to balanced
submodels in the non-kinematic calibration are not too significant (34%). However, given that the
balanced Jacobians are only generated by using the software method without additional costs after
completing the measurement configurations for the truncated submodels, this attempt is still deemed
valuable for improving identification accuracy.
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Table VII. Non-kinematic identification results acquired by using the typical, truncated and balanced
identification models, respectively.

Unknown parameters Typical Truncated Balanced

δα2 (rad) 0.0112 0.0114 0.0114
δa2 (mm) 0.024 0.021 0.021
δθ2 (rad) 0.0064 0.0051 0.0051
δd2 (mm) −0.003 −0.003 −0.003
δα3 (rad) −0.0081 −0.0076 −0.0075
δa3 (mm) 0.023 0.018 0.018
δθ3 (rad) 0.0092 0.0096 0.0096
δβ3 (rad) 0.0052 0.0049 0.0051
δα4 (rad) 0.0053 0.0048 0.0047
δa4 (mm) 0.005 0.008 0.008
δθ4 (rad) 0.0012 0.0010 0.0011
δd4 (mm) −0.014 −0.019 −0.019
δα5 (rad) 0.0032 0.0030 0.0033
δa5 (mm) −0.009 −0.006 −0.006
δθ5 (rad) −0.0031 −0.0028 −0.0028
δd5 (mm) −0.003 −0.006 −0.006
λ2 (rad/Nm) 1.65×10−7 1.39×10−7 1.32×10−7

λ3 (rad/Nm) 3.83×10−6 3.51×10−6 3.37×10−6

λ4 (rad/Nm) 4.58×10−5 4.30×10−5 4.17×10−5

λ5 (rad/Nm) 1.09×10−5 1.09×10−5 1.10×10−5

ξ 1 (rad) 0.0003 0.0002 0.0002
ξ 2 (rad) 0.0003 0.0006 0.0007
ξ 3 (rad) 0.0005 0.0007 0.0009

Fig. 16. Residuals after calibration by using different kinematic identification models.

Besides, the residuals after the non-kinematic calibration (Fig. 19) are lower than those after the
kinematic calibration (Fig. 18). The differences from the simulation results may demonstrate the
inference presented at the end of Section 5, that is, the non-kinematic calibration with an additional
consideration of compliance parameters might be more accurate, especially in the case where the
identification models are improved to be well-conditioned (with equalized singular values).
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Fig. 17. Residuals after calibration by using different non-kinematic identification models.

Fig. 18. Statistics of residuals by using different kinematic identification models.

Fig. 19. Statistics of residuals by using different non-kinematic identification models.

7. Conclusion
The condition number and observability index of identification Jacobians are improved by using the
proposed two-step equalization method for singular values. The comparison results from the simula-
tion indicate that the stability and identifiability of the results can be improved by using the submodels
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with equalized singular values. Experimental results also verify the effectiveness of the new identi-
fication submodels in a real calibration performed on a six-DOF robot by testing the residuals. The
experimental setup for this method is the same as that for the typical laser method without requiring
additional sensors, measurement instruments, or auxiliary equipment. The only cost for this method
is that three sets of measurement configurations are required for three groups of unknowns, which
may extend the calibration time.

The matrix balance method introduced in this study centralizes the singular values of truncated
submodels into smaller ranges but does not equalize them exactly, especially in the non-kinematic
identification model for joints 1–3 (the improved condition number is 77.6). Some other algorithms
might be highly capable of narrowing the gaps between singular values. In this case, the identifi-
cation accuracy can be further improved by using better-conditioned submodels. This issue will be
considered in our future work.
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