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Abstract

Let (M;: t > 0) be a Markov process of tessellations of R¢, and let Ci:t > 0)
be the process of their zero cells (zero polytopes), which has the same distribution as
the corresponding process for Poisson hyperplane tessellations. In the present paper
we describe the stationary zero cell process (a’Cu: t € R), a > 1, in terms of some
regenerative structure and we show that it is a Bernoulli flow. An important application
is to STIT tessellation processes.
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1. Introduction

Let us consider a process of Poisson hyperplane tessellations of the Euclidean space R¢
for some £ > 1. It is generated by a spatio-temporal Poisson process of hyperplanes marked
with birth times. Let # be the space of hyperplanes in R¢, endowed with the Borel o-field
associated to the Fell topology.

For a locally finite and translation invariant measure A on #, consider the Poisson process
X on # x [0, 00) with intensity measure A ® A4, where A denotes the Lebesgue measure
on [0, 00). Then we define the process ()A(t: t > 0) with )A(, = {(h,s) € X:s < t} and
the process (X, : t > 0), where X, is the Poisson hyperplane tessellation (PHT) generated by
(h: (h,s) e X, s <t}.

The renormalized tessellation valued processes (a’ X, : t € R), a > 1, is a time stationary
Markov process. The main object of our study is its zero cell process. The essential motivation
for investigating the zero cell process comes from stable with respect to iteration (STIT)
tessellations. A STIT tessellation process ¥ = (¥;: t > 0) is a Markov process taking
values in the space of tessellations of R¢, and was first defined by Nagel and Weiss [10],
who also showed that the zero cell processes of PHTs and STIT tessellations (with the same
measure A) are identically distributed. Also, for STIT tessellations, the renormalized process
Z = (Z; :=a'Y,: t € R) is time stationary.

Denote by C; the zero cell (or zero polytope or Crofton polytope) which is the polytope in
X; or Y;, containing the origin. The process C = (C; : ¢t > 0) is well defined almost surely.
So, we will study the process I' = (I'; := a’ G, : t € R) which is a factor of Z.
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1218 S. MARTINEZ AND W. NAGEL

In the present paper we mainly rely on results and methods developed for STIT tessellations.
Butnote that, regarding zero cell processes, many formulations can be easily translated for PHT's
by replacing the iteration of tessellations operation ‘B’ by the superposition operation ‘L1’. For
example, (4) appears as

Xiys ~ X, u X, forallz,s >0,

where X; U X, is the PHT generated by X, UX +. for independent Poisson hyperplane (marked
with birth times) processes X; and Xj.

We note that the distribution of the zero cell C* of a random tessellation is determined by
(P(C*D>K): K C ]RZ, K compact and convex);

cf. [8, Theorem 7.8], where a corresponding proposition is shown for the so-called containment
functional. In the present paper, for fixed compact and convex K, we consider the 0—1 stationary
process (1jr,5k}: n € Z) associated to the zero cell of Z. We prove that it is a regenerative
process in the state 1 and study some of its properties. A main result of this paper is Proposition 2,
where we construct the stationary process (1{r, >4 k) : 1 € Z), starting from (Iir,5k}: n € Z).
So, by recurrence, we can construct the family of regenerative processes (1, 5, ) 1 € Z)
with i > 1, starting from (I4r,>k): n € Z).

On the other hand, in [5] and [6] it was shown that Z is isomorphic to a time-continuous
Bernoulli flow with infinite entropy (a flow is a stationary time-continuous process and its
entropy is the mean gain of information in one unit of time). Because I" is a factor of Z, it is
also Bernoulli. The unique thing we need to show is that the entropy is infinite, which follows
from the fact that the law of I"; is nonatomic.

The STIT tessellation can be used as a reference model for fracture patterns, and also for
their development in time. Although the PHT process as well as the STIT process are Markov
processes, obviously not all the processes derived from them, are Markov too. Therefore, it is
of interest to also study regenerative properties of such processes.

The zero cell of a spatially stationary (homogeneous) tessellation can also be interpreted
as the volume-weighted typical cell (in the sense of the Palm distribution) of a spatially
stationary (homogeneous) tessellation. Thus, the results for the process of zero cells also
provide information for the corresponding process of typical cells.

Even if the PHT, as a random tessellation of the space (but not a tessellation-valued process
in time), is one of the classical and extensively studied models in stochastic geometry, there
are still many open problems concerning the zero cell or the typical cell, e.g. the distribution
of metric entities like volume, surface area, and diameter. Even if these problems are not yet
solved, the spatio-femporal approach, which is intrinsic for the STIT model, can also be fruitful
for the PHT. This motivates our investigation of the containment functional process.

Let us introduce some notation. Let Z denote the set of integers, andletZ, = {n € Z: n >
0} and N = {n € Z: n > 0}. For a finite set I, we denote by || the number of its elements.
For C C RY, we denote by int C its interior, by cI C its closure and by dC = cl C \ int C its
boundary. For random elements, we use ‘~’ to mean ‘identically distributed as’.

1.1. The space of tessellations

A polytope is the convex hull of a finite point set. By definition, a tessellation T of R*
is a countable family of polytopes with a nonempty interior called the cells of T'; we set
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T = {C(T)': I € N}, which satisfies
(i) RY = U,y C(T)! (covering),
(i) intC(T) NintC(TY" = @ ifl #m (disjoint interiors),
(i) {l e N: C(T)' N K # @}| < oo for all compact K C R (locally finite).

The boundary of a tessellation is 97 = | J;.yy dC(T)". Note that T is determined by 97 .

Let T be the space of tessellations of R¢. Forb # 0and A C RY, weset bA = {bx: x € A}.
Then, for T € T and B C T, we define bT = {bC: C € T}and bB = {bT: T € B}.

We fix a polytope with nonempty interior W C RY, and call it a window. A tessellation in W
is a locally finite countable covering of W by polytopes with disjoint interiors. Let Ty be the
space of tessellations of W. By compactness, each R € Ty has a finite number of cells |R|.
The trivial tessellation is R = {W} in Ty, and it has the boundary d W

Let 7 € Tand U C R’ be a nonempty set such that U = cl(intU). We define the restriction
of T to U by

TAU={CNU:CeT,int(CNU) # }.

When T = (T;: I € L) is a family of tessellations, we write TAU = (T1AnU:1lel). Fora
window Wand T € T, wehave T AW € Ty.

The spaces T and Ty are endowed with the Borel o-fields, denoted by B(T) and B(Tw),
respectively, associated to the Fell topology; see [13, Chapter 12]. The measurability issues
which play a role in the present paper were dealt with in detail in [6].

1.2. The STIT tessellation process

Let us recall the construction of the STIT tessellation process YW = (¥WV: ¢ > 0) in
a bounded window W. Its law is determined by a (nonzero) locally finite and translation
invariant measure A on the space of hyperplanes # in R®. We use the notation [B] = {H €
H: HN B # &} for a bounded Borel set B C R¢ and if 0 < A([B]) < oo, we define a
probability measure on [B] by AB(-) = A([B])"'A(- N[B]).

The initial state of ¥V is YOW = {W}. The window W has a random lifetime that is
exponentially distributed with parameter A([W]). At the end of its lifetime, W is divided into
two new cells, C; and C; say, by a random hyperplane with law A". Thus, the extant cells
are divided consecutively: any cell C; has a lifetime, exponentially distributed with parameter
A([Ci]), and at the end of its lifetime it is divided by a random hyperplane into two new cells.
The lifetime as well as the dividing hyperplane are conditionally (given the cell C) independent
from all the other random variables used before. For ¢ > 0, the tessellation YtW is the set of all
cells existing at this time.

A more precise and detailed description of the process is given in several earlier papers; see,
e.g. in [6] or [10]. It was also shown that this process has the following spatial consistency
property: for all pairs of windows W' c W, YW A W'~ Y% holds. This property guarantees
the existence of a process Y of STIT tessellations of the whole space R such that Y AW ~ YW
for all windows W. A global construction (in the whole space R®) of Y is given in [7].

The restricted STIT process Y = (¥¥: ¢ > 0) is a pure-jump Markov process, and the
STIT process Y = (Y;: t > 0) is a Markov process.

Moreover, it was shown in [9] that the distribution of the zero cell of the STIT tessellation Y}
is identical to the distribution of the zero cell of a PHT with intensity measure A. This implies
that, for all compact convex K C RE,

POY, N K = @) = e AIKD, (1)
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The following scaling property was shown in [10, Lemma 5]:
tY; ~ Yy forallt > 0. 2)

1.3. Independent increments relation for STIT processes

Let T = {C(T)*: k € N} € T be a tessellation, and let R = (Rk: k € N) e TN bg
a sequence of tessellations with Ry = {C (Ry)': 1 € N}. We define the tessellation 7 B R
(also referred to as iteration or nesting) by the set of cells resulting from the restrictions of the
tessellations Ry to the cells C(T)F:

TBR={C(T*NCRY : keN,eN,int(CT)*NCR) # ). (3)

For s > 0, let f’;’ = (¥Y/": m € N) be a sequence of independent copies of the STIT
tessellation Yy, that is, Ys’m ~ Y, and also independent of Y. From the construction of ¥ we
have the following relation, first stated in Lemma 2 of [10]:

Yiis ~ Y, BY forallz,s > 0. )

Furthermore, forall 0 < 57 < --- < sj and all t > 0, we have

Ve Yoo Yeps) ~ (G Y, BYO @y M@ )@y ). 6

Sj—8j—1

2. The renormalized stationary process

2.1. Properties of the renormalized process

Fix a > 1 and define the renormalized process Z = (Z;: s € R) by Z; = a*Y,;s fors € R.
Note that Zy = Y;. Since Y is a Markov process, so is Z. From (2), all one-dimensional
distributions of Z are identical. In Theorem 1.1. of [6] it was shown that Z is a time-stationary
Markov process. The process Z inherits cadlag trajectories (i.e. those that are right continuous
with left limits) from Y, so it takes values in the space DT (R) of cadlag trajectories with values
in T and time R. (The space D1 (R) endowed with the Skorokhod topology is metrizable (see
[2]), where the usual metric is given.) Let ,uz be the law of Z on Dt (R), and let U{T denote
shifts. Then (Dt (R), MZ, (U{T)) is a shift flow. The discrete process zd = (Z,,: n € Z)isalso
Markov and its law on TZ is denoted by Mzd.

Let ZAW = (ZsAW:s e Ryand 29 AW = (Z, A W: n € Z) be the continuous
and discrete processes, respectively, restricted to the window W. Their laws are respectively
denoted by y,%v and /L:‘/Zvd. The mappings Z — Z A W and Z¢ — Z? A W are factor maps.
In Theorem 1.2 of [6] it was stated that Z A W, and so Z4 A W also, is a mixing stationary
Markov process. But the Markov property of Z A W (which is not a simple consequence of
Z being Markovian) was not shown in detail. Owing to the central role it plays in our main
result, Lemma 2 below, and for completeness, we give a proof of it here.

Lemma 1. The processes Z A W and Z® are Markov processes.

Proof. 1t suffices to show that Z A W is Markov. Fix B € B(Tw). For b > 0, we
have b~ !B ¢ B(T,-1y) and, for all T € T, the relation bT A W € B holds if and only if
T Ab~'W € b~ 1B. Thus, for h > 0,

P(Zisn AW eB | ZiAW,s<t)
=P 0 Aa" W ea DB | Y AaTIW, s < 1)

=PV 0 Aa" W e a B | Yy Aam W, s <)
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=P 0 Aa~ W e a= B | Y AaTIW))

=P(Zisn AW e B | Z; ANW),
where we used the fact that (Y, A a~ "W : u > 0) is a Markov process and, due to spatial
consistency of STIT tessellations, for all s < ¢, the conditional distribution of ¥ r+x Aa~ Ut W

given Y,;s Aa—* W coincides with the conditional distribution of Y ,i+x A a” W given Vs A
a~hw, O

Let Y/ = (Y'"™: m € N) be a sequence of independent copies of the STIT process Y, and
independent of Y. From (4), it follows that

+1v7
Zyy1 ~azZ, © a" Yan+l_an'

Since a1y’ = (a/(a — D)(@"(@— 1Y}, ,_,)). we obtain, from (2),

antl_gn

a -
(Zns Zni1) ~ (zn,aznaaa_l {). (6)

Let (f’l/m : i > 0) be independent copies of 171, . A simple reiteration of (6) and using (5) yields
the following formula for the finite-dimensional distributions of Z¢:
aiti—i

(Znti: 0<i <k)~ <a"z,, m_, 7, :0<i< k) (7)

a—1
forn € Zandk > 0. Here M H_, M'® is an abbreviation for (... (MBM OY@E.. )BM'®,
where M is a tessellation and M @ is a sequence of tessellations.

Let us now consider the joint distribution of the zero cell process of Z¢, denoted by I'¥ =

-/

(Ty:n e Z). Let @;(i) denote the zero cell of the first element of the sequence Y ](i). Thus,
(G;(i) 11 > 0) is a sequence of independent and identically distributed zero cells. Then (3) and
(7) yield, forn € Z and k > 0,

. Logitl=i
(Fn+i:05i§k)~<(alr‘n)ﬂﬂ—@1(”:0§i§k>. (8)
j=1

a—1

3. Regenerative structure of the stationary zero cell process

3.1. Stationary renewal sequences

Let (V,: n € Z) be a stationary 0—1-valued sequence. We define the vector of transition
probabilities ¢ = (g, : n € N) by

g =PV, =11 Vo=1)=P(Vy;=1|Vi=1) forallnmeN. 9
By definition (see [12, Chapter 3, Section 3.7]), this stationary process regenerates at the
1-values if
PWVi=ar, k=1,....r | Vo=1,V_;=1,...,V_; =1)
=PWVi=ar, k=1,...,r | Vo =1) (10)
forall0 < j; < --- < j,. Then, from this regeneration property and (9),
n—1
PVyp=1Vy,=1....V, , =1V, =D = (]_[ Qik+1ik>P(‘/io =D. dbh
k=0

For a deeper treatment of regenerative processes, see [1, Chapter VI]J.
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Let us consider the random set
V' ={neZ:V, =1},

which is stationary too, i.e. for all m € Z, we have V* ~ V* 4+ m.

The interarrival distribution p = (p,: n € N)is given by p, = P(Vyax = 1, Vigx = 0,
0<l<n|Vy=1)forall k € Z. The stationarity of V* implies that the mean recurrence
time is finite, thatis, p = ), _x#pn < 00, and we have

Pme V) =P0OeV)=P(Vy=1)=p~ ! forallm e Z. (12)

We enumerate the elements of V*, i.e. we set V* = {V*: i € Z} by imposing the condition
that V;* < V| foralli € Z and letting Vij = inf{n € N: n € V*}. Then

pn =PV, =V =n) foralli >0, n>0,

and
P(V§=k)=p! Z pm forallk > 0.
m>k

For all these results on stationary renewal sets, see [4, Chapter II].

Note that the reverse process —V* is also a stationary renewal sequence with the same
interarrival law as V*.

Let us describe the interarrival distribution p of the renewal set 'V* in terms of g.

Proposition 1. Letn € Nand I C {1, ...,n — 1}. Let |I| be the number of elements of I and
denote its elements by ill << ill”. Furthermore, set ié = 0and i‘I”Jrl =n. Then

1]

1
pn=PMVo=1Vi=00<k<n|Vi=D=p Y (1 (1_[61,-,5+1_i15),
I<(l,...,n—1} k=0

where the sum includes the summand for I = O.

Proof. By (12) we obtain ,o_lpn =PWVo =1,V =0,0 <k <n,V, =1). For
k=0,...,n, define the event Ay = {V; = 1}. Then

n—1

ol = IP(AO N ﬂ AS N An>
k=1

~#(40n (Q Ak)c na)

=#(a0na,) ~F(a0n (kg A) N ).

Now using the inclusion—exclusion principle and (11) yields the assertion. ]

3.2. Regenerative properties of the stationary zero cell process

As already mentioned in the introduction, denote by C; the zero cell of the PHT X, or the STIT
tessellation Y;, respectively. The process C = (C;: ¢t > 0) is well defined almost everywhere.
The process I' = (T := a’Cy : t € R) is the zero cell process of Z and r{=T,:neZ)is
the zero cell sequence of Z¢. Both processes I" and I'? are stationary.
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Let us construct a regenerative sequence for the discrete stationary zero cell sequence. Let
K be a compact and convex set containing 0 in its interior, and consider the random sequence
vk = (VnK : n € Z) of 0—1-valued random variables with

VnK = 1ir, >k}, n € 7.

The random sequence VK = (VnK : n € 7) inherits stationarity from Z¢ A K. From (1) we

have

P(VK =1)=PT, > K) =e KD foralln e Z. (13)
Lemma 2. The 0-1 stationary sequence VK = (VnK: n € 17) satisfies the regenerative
property (10).

Proof. Forig < iy < --- < i, and two disjoint finite subsets I and J of N,

PvE,

n

=lLkel VK, =0kes|Vvi=1VK =1....vk=D

in-1
=P(Z;, s« "NK={K}, kel,Z;-x NK #{K}, ke J | Z; N K={K},
Z,,  ANK={K},...,Zi; NK ={K})
=PZ,+«x " "NK={K}, kel,Zi s« NK #{K}, ke J | Z;, NK ={K})
=PVX,=1LkelL vk, =0ker|vi=0.
In the second equality we used the fact that Z¢ A K is a Markov process; see Lemma 1. [
Note that the conditioning on {Vif_j =1} =1{Z,  AK =({K}}, j=0,...,1i, is the

conditioning on a particular value of the process Z? A K. On the other hand, conditioning on
{Vl.nKﬁ =0} ={Z;,_, A K # {K}} would be a conditioning on a set of values, and, therefore,

the Markov property of Z¢ A K does not imply that of VX
Let us compute the transition probability vector g X = (q,f : n € N) of VK which is given
by (9).

Lemma 3. For a compact and convex set K containing 0 in its interior, we have
gK = e U=a™AIKD - foralln € N.
Proof. From (8) and from {I"g D K, T'g D a " K} = {I'9g D K}, we deduce that
P(VE =1, V& =1) =PIy DK, e;(f) Sa—Da /K, j=1,....,n). (14
The n + 1 random variables I'g, {(‘?1(‘/ ) : j =1, ..., n}, are mutually independent; hence,
P(VE=1,vf =1)
=Py D> K |ToDa"K)P(Ty>a K, €Y > @a—1a /K, j=1,....n).

Using the fact that the translation invariance of A implies that A([a™"K]) = a " A([K]), we
obtain P(Tg D K | Tp D a"K) = e~ 17a7AUKD Since

P(To > a™K.C" > (a—DaiK), j=1,....n) =P, > K) =P(VK = 1),

this yields P(VX = 1 | VK = 1) = e~ (1= IAUKD -
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Since the process VX satisfies the regenerative property, we can associate to it the stationary
regenerative set VX*. Let us study the conditional joint distribution (V@ K* | v Kx),

If K C K’ are two compact convex sets then I'; D K’ implies that I'; D K and, hence,
YK * C VEx In particular, fora > 1 and 0 € K, we have V¢ K c y&* Furthermore, from
(13) we have

PO € VK =PV K = 1) = eaAIKD,

and from (12) for the mean recurrence time we have

ok = e“MIKD

A straightforward calculation yields

POVE =D _ —w-naaky

PVE =11vE=1= 15
\% V=D =FF=D - (15)
and
pa_ll( — 6_(‘1_1)1\([[(]),0;1-
Moreover, from (14) we obtain, for all n € Z,
PVE, =1, vE=1)=PT,_1 5K, ¢ > @-1a'K)
=P, D K)e*(lfafl)A([Kl)_

Also, it is easy to see that {Vn“K =1} C {VnK =1, Vlil = 1}, which implies that

POE =1V =1, v = 1) = et =2A0KD (16)

and P(VAK =1|vK =1, vE =0)=0. Hence, the values of P(V¢K =1| VK =1,
VK | =1) given in (16) are the key for the conditional joint distribution P(V*K* | vK*),

For I C Z, the notation V,K = 1 means that VnK = 1forall n € I, and, similarly, V,K =0
expresses that VK =0 foralln € 1.

Proposition 2. Let 1° = [«, B] be a finite interval in 7 containing a finite family of disjoint
intervals Iy = [0y, Br], t = 1, ..., 1, in Z that satisfies

o <ap, B < B, o < Br <1 —1 forallt=1,...,1—1.

Leti: = [a; + 1, B:] and J; C Zfort =1,...,01,and let I = Ui:l It,Tz Ui:l 1,, and
J =, Ji. Then

K
PViK =1, VAN =01 vf =1 v, =0

= ¢~ (@t DVIAKD (] _ o—(a+a™ =DATKD) I\,

Proof. Foralli € J, we obtain

PVeK =1 vk =1, jel j<ivik=0jel\Jj<i|Vf=1, Vi, =0
_]p(VaK_1|V”K—1]eJ]<lV“K O]EI\J]<1V,—1V10\[ 0)

xP(ViK =1, jed j<ivik=0jel\J j<ilV =1V}, =0.
(17)
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Let us consider the first factor in the expression above. Note that the condition VK = 1 implies
that VK = 1and VK = lforalli e I. An application of (8) yields

PVAK =1 veE =1, jel j<iviK=0jel\Jj<iVf=1, =0)

10\1

a
= ]P’(aF,-] N _1@‘(1) SaK |ali_i N —lel(” DK, I DK,
a — a —

Vek =1, jel j<iVvik=0jel\Jj<ivf=1, 1"\’ 0)

/ / a—1
- P(Fi_l >K.eV">w@-nk T ok eV o —K,

vik=1,jel j<ivi=0jel\Jj<i,Vf=1, Vit = 0)

’ ’ —1
- p(el‘” S@-nK e s “—K,)
a

_ 7(a+u_l ~2)A(K])

The third equality follows from the fact that C, AOEN 1ndependent from I";_; as well as from
{V]“K—l jedJ, j<i, VJ“K—O j eI\J j <1, V =1, VIIE\I_O} Now, a recursive
application of (17) yields the proposition. (|
Remark 1. The results show that V¢ X* is not constructed by an independent thinning of V X*,
where each 1 of VX* would be kept in 'V*K* with probability « € (0, 1) given by (15) (or
deleted with a probability 1 — «) independent of all the other 1s in V*. For thinning in renewal
processes, see [3, Chapter 10, Problem 10.5.16].

Now we show that the zero cell process is a Bernoulli flow. Let Y = (Y;: ¢ > 0) be the STIT
process, and let © = (CG;: ¢ > 0) be the process of its zero cells. Denote by K’ the family of all
nonempty compact convex sets in R¢. Then the mapping T — X', ¥, — G, is a measurable
mapping with respect to the Borel o-fields in T and K'. The proof of the measurability is
completely similar to that of Theorem 10.3.2. of [13]. Moreover, the process C = (C;: t > 0)
inherits from Y the property of having cadlag trajectories, i.e. C takes values in D x/(R) and
the mapping Dt(Ry) — Dx/(Ry), (Yi:t € R) — (C;: t € R) is measurable.

The process I' = (I'y = a®*Cys: s € R) is the zero cell process of Z, it takes values in
Dy (R), and its law I of T" on Dr(R) is stationary. The mapping

®: Dr(R) - Dy (R), Z;:teR)— (I'y: t € R)

is a factor map, that is, p,r = uz 0® . LetI' = (I',: n € Z) be the zero cell sequence of
Z4 its law on K'Z is denoted by ,urd. The mapping

0 TZ 5 % (Zy:teR) > (Th:nel)
is also a factor map.
Proposition 3. The flow (Dy (R), (T;: t € R), ub) is a Bernoulli flow of infinite entropy.

In [5] and [6] it was shown that Z is a Bernoulli flow, so, since ® is a factor map sending Z
on I', the Bernoulli property of the zero cell process I' follows; see [11, Theorem 6, p 54]. It
remains to show that it is of infinite entropy. From the regeneration property and the proof in
[6], we need only to show that the distribution of I'; has a nonatomic part. However, we go a
step further and show that this distribution is nonatomic.
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Lemma 4. The random variable T} is nonatomic.

Proof. Let ¥ denote the set of all closed subsets of R¢, and, for A ¢ RE, FA = (F €
F:ANF=0o}and F4 = {F € F: AN F # @&}. Furthermore, B(x, n~") denotes the ball
with center x and radius n~'. If P is a polytope and Fy(P) the set of its vertices then

{P}:JC/H?P ﬂﬂ ﬂ ?B(x,n’l)’
neNxeFy(P)

which implies that the singleton { P} € B(K") (see [13, Section 2.1]). Hence, if we assume that
Iy is atomic then, because I'1 ~ 'y = Cy, there exists a polytope P such that P(C; = P) > 0.
Regarding the construction of STIT tessellations, this implies that, for all (¢ — 1)-dimensional
faces f of P and their ‘carrying’ hyperplanes h(f) € # with h(f) D f, A{h(f)}) > 0. But
this contradicts the property that A ({#}) = Ofor any hyperplane 7 € #, which is a consequence
of the translation invariance of the measure A. O

Note that the ergodicity of Z¢ implies that we can apply the Birkhoff ergodic theorem, which
yields the following corollary.

Corollary 1. For all compact convex sets K C R¢, we have

1 n—1 1 n—1
i — — o ALKD — 1im —
nlgrolo " Z Irok =e = nlggo " Z Lesi-1k-
1=0 1=0
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