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Abstract

Let (Mt : t > 0) be a Markov process of tessellations of R
�, and let (Ct : t > 0)

be the process of their zero cells (zero polytopes), which has the same distribution as
the corresponding process for Poisson hyperplane tessellations. In the present paper
we describe the stationary zero cell process (atCat : t ∈ R), a > 1, in terms of some
regenerative structure and we show that it is a Bernoulli flow. An important application
is to STIT tessellation processes.
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1. Introduction

Let us consider a process of Poisson hyperplane tessellations of the Euclidean space R
�

for some � ≥ 1. It is generated by a spatio-temporal Poisson process of hyperplanes marked
with birth times. Let H be the space of hyperplanes in R

�, endowed with the Borel σ -field
associated to the Fell topology.

For a locally finite and translation invariant measure � on H , consider the Poisson process
X̂ on H × [0, ∞) with intensity measure � ⊗ λ+, where λ+ denotes the Lebesgue measure
on [0, ∞). Then we define the process (X̂t : t > 0) with X̂t = {(h, s) ∈ X̂ : s ≤ t} and
the process (Xt : t > 0), where Xt is the Poisson hyperplane tessellation (PHT) generated by
{h : (h, s) ∈ X̂, s ≤ t}.

The renormalized tessellation valued processes (atXat : t ∈ R), a > 1, is a time stationary
Markov process. The main object of our study is its zero cell process. The essential motivation
for investigating the zero cell process comes from stable with respect to iteration (STIT)
tessellations. A STIT tessellation process Y = (Yt : t > 0) is a Markov process taking
values in the space of tessellations of R

�, and was first defined by Nagel and Weiss [10],
who also showed that the zero cell processes of PHTs and STIT tessellations (with the same
measure �) are identically distributed. Also, for STIT tessellations, the renormalized process
Z = (Zt := atYat : t ∈ R) is time stationary.

Denote by Ct the zero cell (or zero polytope or Crofton polytope) which is the polytope in
Xt or Yt , containing the origin. The process C = (Ct : t > 0) is well defined almost surely.
So, we will study the process � = (�t := atCat : t ∈ R) which is a factor of Z.
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1218 S. MARTÍNEZ AND W. NAGEL

In the present paper we mainly rely on results and methods developed for STIT tessellations.
But note that, regarding zero cell processes, many formulations can be easily translated for PHTs
by replacing the iteration of tessellations operation ‘�’ by the superposition operation ‘�’. For
example, (4) appears as

Xt+s ∼ Xt � X′
s for all t, s > 0,

where Xt � X′
s is the PHT generated by X̂t ∪ X̂′

s for independent Poisson hyperplane (marked
with birth times) processes X̂t and X̂′

s .
We note that the distribution of the zero cell C∗ of a random tessellation is determined by

(P(C∗ ⊃ K) : K ⊂ R
�, K compact and convex);

cf. [8, Theorem 7.8], where a corresponding proposition is shown for the so-called containment
functional. In the present paper, for fixed compact and convex K , we consider the 0–1 stationary
process (1{�n⊃K} : n ∈ Z) associated to the zero cell of Z. We prove that it is a regenerative
process in the state 1 and study some of its properties. A main result of this paper is Proposition 2,
where we construct the stationary process (1{�n⊃a K} : n ∈ Z), starting from (1{�n⊃K} : n ∈ Z).
So, by recurrence, we can construct the family of regenerative processes (1{�n⊃ai K} : n ∈ Z)

with i ≥ 1, starting from (1{�n⊃K} : n ∈ Z).
On the other hand, in [5] and [6] it was shown that Z is isomorphic to a time-continuous

Bernoulli flow with infinite entropy (a flow is a stationary time-continuous process and its
entropy is the mean gain of information in one unit of time). Because � is a factor of Z, it is
also Bernoulli. The unique thing we need to show is that the entropy is infinite, which follows
from the fact that the law of �1 is nonatomic.

The STIT tessellation can be used as a reference model for fracture patterns, and also for
their development in time. Although the PHT process as well as the STIT process are Markov
processes, obviously not all the processes derived from them, are Markov too. Therefore, it is
of interest to also study regenerative properties of such processes.

The zero cell of a spatially stationary (homogeneous) tessellation can also be interpreted
as the volume-weighted typical cell (in the sense of the Palm distribution) of a spatially
stationary (homogeneous) tessellation. Thus, the results for the process of zero cells also
provide information for the corresponding process of typical cells.

Even if the PHT, as a random tessellation of the space (but not a tessellation-valued process
in time), is one of the classical and extensively studied models in stochastic geometry, there
are still many open problems concerning the zero cell or the typical cell, e.g. the distribution
of metric entities like volume, surface area, and diameter. Even if these problems are not yet
solved, the spatio-temporal approach, which is intrinsic for the STIT model, can also be fruitful
for the PHT. This motivates our investigation of the containment functional process.

Let us introduce some notation. Let Z denote the set of integers, and let Z+ = {n ∈ Z : n ≥
0} and N = {n ∈ Z : n > 0}. For a finite set I, we denote by |I | the number of its elements.
For C ⊆ R

�, we denote by int C its interior, by cl C its closure and by ∂C = cl C \ int C its
boundary. For random elements, we use ‘∼’ to mean ‘identically distributed as’.

1.1. The space of tessellations

A polytope is the convex hull of a finite point set. By definition, a tessellation T of R
�

is a countable family of polytopes with a nonempty interior called the cells of T ; we set
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T = {C(T )l : l ∈ N}, which satisfies

(i) R
� = ⋃

l∈N
C(T )l (covering),

(ii) intC(T )l ∩ intC(T )m = ∅ if l �= m (disjoint interiors),

(iii) |{l ∈ N : C(T )l ∩ K �= ∅}| < ∞ for all compact K ⊂ R
� (locally finite).

The boundary of a tessellation is ∂T = ⋃
l∈N

∂C(T )l . Note that T is determined by ∂T .
Let T be the space of tessellations of R

�. For b �= 0 and A ⊂ R
�, we set bA = {bx : x ∈ A}.

Then, for T ∈ T and B ⊂ T, we define bT = {bC : C ∈ T } and bB = {bT : T ∈ B}.
We fix a polytope with nonempty interior W ⊂ R

�, and call it a window. A tessellation in W

is a locally finite countable covering of W by polytopes with disjoint interiors. Let TW be the
space of tessellations of W . By compactness, each R ∈ TW has a finite number of cells |R|.
The trivial tessellation is R = {W } in TW , and it has the boundary ∂W .

Let T ∈ T and U ⊆ R
� be a nonempty set such that U = cl(intU). We define the restriction

of T to U by
T ∧ U = {C ∩ U : C ∈ T , int(C ∩ U) �= ∅}.

When �T = (Tl : l ∈ L) is a family of tessellations, we write �T ∧ U = (Tl ∧ U : l ∈ L). For a
window W and T ∈ T, we have T ∧ W ∈ TW .

The spaces T and TW are endowed with the Borel σ -fields, denoted by B(T) and B(TW),
respectively, associated to the Fell topology; see [13, Chapter 12]. The measurability issues
which play a role in the present paper were dealt with in detail in [6].

1.2. The STIT tessellation process

Let us recall the construction of the STIT tessellation process YW = (YW
t : t ≥ 0) in

a bounded window W . Its law is determined by a (nonzero) locally finite and translation
invariant measure � on the space of hyperplanes H in R

�. We use the notation [B] = {H ∈
H : H ∩ B �= ∅} for a bounded Borel set B ⊂ R

�, and if 0 < �([B]) < ∞, we define a
probability measure on [B] by �B(·) = �([B])−1�(· ∩ [B]).

The initial state of YW is YW
0 = {W }. The window W has a random lifetime that is

exponentially distributed with parameter �([W ]). At the end of its lifetime, W is divided into
two new cells, C1 and C2 say, by a random hyperplane with law �W . Thus, the extant cells
are divided consecutively: any cell Ci has a lifetime, exponentially distributed with parameter
�([Ci]), and at the end of its lifetime it is divided by a random hyperplane into two new cells.
The lifetime as well as the dividing hyperplane are conditionally (given the cell C) independent
from all the other random variables used before. For t ≥ 0, the tessellation YW

t is the set of all
cells existing at this time.

A more precise and detailed description of the process is given in several earlier papers; see,
e.g. in [6] or [10]. It was also shown that this process has the following spatial consistency
property: for all pairs of windows W ′ ⊂ W, YW ∧ W ′∼ YW ′

holds. This property guarantees
the existence of a process Y of STIT tessellations of the whole space R

� such that Y ∧W ∼ YW

for all windows W . A global construction (in the whole space R
�) of Y is given in [7].

The restricted STIT process YW = (YW
t : t ≥ 0) is a pure-jump Markov process, and the

STIT process Y = (Yt : t ≥ 0) is a Markov process.
Moreover, it was shown in [9] that the distribution of the zero cell of the STIT tessellation Y1

is identical to the distribution of the zero cell of a PHT with intensity measure �. This implies
that, for all compact convex K ⊂ R

�,

P(∂Y1 ∩ K = ∅) = e−�([K]). (1)
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The following scaling property was shown in [10, Lemma 5]:

tYt ∼ Y1 for all t > 0. (2)

1.3. Independent increments relation for STIT processes

Let T = {C(T )k : k ∈ N} ∈ T be a tessellation, and let �R = (Rk : k ∈ N) ∈ T
N be

a sequence of tessellations with Rk = {C(Rk)
l : l ∈ N}. We define the tessellation T � �R

(also referred to as iteration or nesting) by the set of cells resulting from the restrictions of the
tessellations Rk to the cells C(T )k:

T � �R = {C(T )k ∩ C(Rk)
l : k ∈ N, l ∈ N, int(C(T )k ∩ C(Rk)

l) �= ∅}. (3)

For s > 0, let �Y ′
s = (Y ′

s
m : m ∈ N) be a sequence of independent copies of the STIT

tessellation Ys , that is, Y ′
s
m ∼ Ys , and also independent of Ys . From the construction of Y we

have the following relation, first stated in Lemma 2 of [10]:

Yt+s ∼ Yt � �Y ′
s for all t, s > 0. (4)

Furthermore, for all 0 < s1 < · · · < sj and all t > 0, we have

(Yt , Yt+s1 , . . . , Yt+sj ) ∼ (Yt , Yt � �Y ′(1)
s1

, . . . , (((Yt � �Y ′(1)
s1

) � . . .) � �Y ′(j)
sj −sj−1

)). (5)

2. The renormalized stationary process

2.1. Properties of the renormalized process

Fix a > 1 and define the renormalized process Z = (Zs : s ∈ R) by Zs = asYas for s ∈ R.
Note that Z0 = Y1. Since Y is a Markov process, so is Z. From (2), all one-dimensional
distributions of Z are identical. In Theorem 1.1. of [6] it was shown that Z is a time-stationary
Markov process. The process Z inherits càdlàg trajectories (i.e. those that are right continuous
with left limits) from Y , so it takes values in the space DT(R) of càdlàg trajectories with values
in T and time R. (The space DT(R) endowed with the Skorokhod topology is metrizable (see
[2]), where the usual metric is given.) Let μZ be the law of Z on DT(R), and let σ t

T
denote

shifts. Then (DT(R), μZ, (σ t
T
)) is a shift flow. The discrete process Zd = (Zn : n ∈ Z) is also

Markov and its law on T
Z is denoted by μZd

.
Let Z ∧ W = (Zs ∧ W : s ∈ R) and Zd ∧ W = (Zn ∧ W : n ∈ Z) be the continuous

and discrete processes, respectively, restricted to the window W . Their laws are respectively
denoted by μZ

W and μZd

W . The mappings Z → Z ∧ W and Zd → Zd ∧ W are factor maps.
In Theorem 1.2 of [6] it was stated that Z ∧ W , and so Zd ∧ W also, is a mixing stationary
Markov process. But the Markov property of Z ∧ W (which is not a simple consequence of
Z being Markovian) was not shown in detail. Owing to the central role it plays in our main
result, Lemma 2 below, and for completeness, we give a proof of it here.

Lemma 1. The processes Z ∧ W and Zd are Markov processes.

Proof. It suffices to show that Z ∧ W is Markov. Fix B ∈ B(TW). For b > 0, we
have b−1B ∈ B(Tb−1W) and, for all T ∈ T, the relation bT ∧ W ∈ B holds if and only if
T ∧ b−1W ∈ b−1B. Thus, for h > 0,

P(Zt+h ∧ W ∈ B | Zs ∧ W, s ≤ t)

= P(Yat+h ∧ a−(t+h)W ∈ a−(t+h)B | Yas ∧ a−sW, s ≤ t)

= P(Yat+h ∧ a−(t+h)W ∈ a−(t+h)B | Yas ∧ a−(t+h)W, s ≤ t)
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= P(Yat+h ∧ a−(t+h)W ∈ a−(t+h)B | Yat ∧ a−tW))

= P(Zt+h ∧ W ∈ B | Zt ∧ W),

where we used the fact that (Yu ∧ a−(t+h)W : u > 0) is a Markov process and, due to spatial
consistency of STIT tessellations, for all s ≤ t , the conditional distribution of Yat+h ∧a−(t+h)W

given Yas ∧ a−sW coincides with the conditional distribution of Yat+h ∧ a−(t+h)W given Yas ∧
a−(t+h)W . �

Let �Y ′ = (Y ′m : m ∈ N) be a sequence of independent copies of the STIT process Y , and
independent of Y . From (4), it follows that

Zn+1 ∼ aZn � an+1 �Y ′
an+1−an .

Since an+1 �Y ′
an+1−an = (a/(a − 1))(an(a − 1) �Y ′

an(a−1)), we obtain, from (2),

(Zn, Zn+1) ∼
(

Zn, aZn � a

a − 1
�Y ′

1

)
. (6)

Let ( �Y ′(i)
1 : i ≥ 0) be independent copies of �Y ′

1. A simple reiteration of (6) and using (5) yields
the following formula for the finite-dimensional distributions of Zd :

(Zn+i : 0 ≤ i ≤ k) ∼
(

aiZn �i
j=1

ai+1−j

a − 1
�Y ′(j)

1 : 0 ≤ i ≤ k

)
(7)

for n ∈ Z and k ≥ 0. Here M �k
i=1

�M ′(i) is an abbreviation for (. . . (M � �M ′(1))� . . .)� �M ′(k),

where M is a tessellation and �M ′(i) is a sequence of tessellations.
Let us now consider the joint distribution of the zero cell process of Zd , denoted by �d =

(�n : n ∈ Z). Let C
′(i)
1 denote the zero cell of the first element of the sequence �Y ′(i)

1 . Thus,

(C
′(i)
1 : i ≥ 0) is a sequence of independent and identically distributed zero cells. Then (3) and

(7) yield, for n ∈ Z and k ≥ 0,

(�n+i : 0 ≤ i ≤ k) ∼
(

(ai�n) ∩
i⋂

j=1

ai+1−j

a − 1
C

′(j)
1 : 0 ≤ i ≤ k

)
. (8)

3. Regenerative structure of the stationary zero cell process

3.1. Stationary renewal sequences

Let (Vn : n ∈ Z) be a stationary 0–1-valued sequence. We define the vector of transition
probabilities �q = (qn : n ∈ N) by

qn = P(Vn = 1 | V0 = 1) = P(Vn+i = 1 | Vi = 1) for all n ∈ N. (9)

By definition (see [12, Chapter 3, Section 3.7]), this stationary process regenerates at the
1-values if

P(Vk = ak, k = 1, . . . , r | V0 = 1, V−j1 = 1, . . . , V−jn = 1)

= P(Vk = ak, k = 1, . . . , r | V0 = 1) (10)

for all 0 < j1 < · · · < jn. Then, from this regeneration property and (9),

P(Vi0 = 1, Vi1 = 1, . . . , Vin−1 = 1, Vin = 1) =
(n−1∏

k=0

qik+1−ik

)
P(Vi0 = 1). (11)

For a deeper treatment of regenerative processes, see [1, Chapter VI].
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Let us consider the random set

V∗ = {n ∈ Z : Vn = 1},
which is stationary too, i.e. for all m ∈ Z, we have V∗ ∼ V∗ + m.

The interarrival distribution �p = (pn : n ∈ N) is given by pn = P(Vn+k = 1, Vl+k = 0,

0 < l < n | Vk = 1) for all k ∈ Z. The stationarity of V∗ implies that the mean recurrence
time is finite, that is, ρ = ∑

n∈N
npn < ∞, and we have

P(m ∈ V∗) = P(0 ∈ V∗) = P(V0 = 1) = ρ−1 for all m ∈ Z. (12)

We enumerate the elements of V∗, i.e. we set V∗ = {V ∗
i : i ∈ Z} by imposing the condition

that V ∗
i < V ∗

i+1 for all i ∈ Z and letting V ∗
0 = inf{n ∈ N : n ∈ V∗}. Then

pn = P(V ∗
i+1 − V ∗

i = n) for all i ≥ 0, n > 0,

and
P(V ∗

0 = k) = ρ−1
∑
m>k

pm for all k ≥ 0.

For all these results on stationary renewal sets, see [4, Chapter II].
Note that the reverse process −V∗ is also a stationary renewal sequence with the same

interarrival law as V∗.
Let us describe the interarrival distribution �p of the renewal set V∗ in terms of �q.

Proposition 1. Let n ∈ N and I ⊆ {1, . . . , n − 1}. Let |I | be the number of elements of I and
denote its elements by iI1 < · · · < iI|I |. Furthermore, set iI0 = 0 and iI|I |+1 = n. Then

pn = P(V0 = 1, Vk = 0, 0 < k < n | Vn = 1) = ρ
∑

I⊆{1,...,n−1}
(−1)|I |

( |I |∏
k=0

qiIk+1−iIk

)
,

where the sum includes the summand for I = ∅.

Proof. By (12) we obtain ρ−1 pn = P(V0 = 1, Vk = 0, 0 < k < n, Vn = 1). For
k = 0, . . . , n, define the event Ak = {Vk = 1}. Then

ρ−1 pn = P

(
A0 ∩

n−1⋂
k=1

Ac
k ∩ An

)

= P

(
A0 ∩

(n−1⋃
k=1

Ak

)c

∩ An

)

= P

(
A0 ∩ An

)
− P

(
A0 ∩

(n−1⋃
k=1

Ak

)
∩ An

)
.

Now using the inclusion–exclusion principle and (11) yields the assertion. �
3.2. Regenerative properties of the stationary zero cell process

As already mentioned in the introduction, denote by Ct the zero cell of the PHT Xt or the STIT
tessellation Yt , respectively. The process C = (Ct : t > 0) is well defined almost everywhere.
The process � = (�t := atCat : t ∈ R) is the zero cell process of Z and �d = (�n : n ∈ Z) is
the zero cell sequence of Zd . Both processes � and �d are stationary.
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Let us construct a regenerative sequence for the discrete stationary zero cell sequence. Let
K be a compact and convex set containing 0 in its interior, and consider the random sequence
VK = (V K

n : n ∈ Z) of 0–1-valued random variables with

V K
n = 1{�n⊃K}, n ∈ Z.

The random sequence VK = (V K
n : n ∈ Z) inherits stationarity from Zd ∧ K . From (1) we

have
P(V K

n = 1) = P(�n ⊃ K) = e−�([K]) for all n ∈ Z. (13)

Lemma 2. The 0–1 stationary sequence VK = (V K
n : n ∈ Z) satisfies the regenerative

property (10).

Proof. For i0 < i1 < · · · < in and two disjoint finite subsets I and J of N,

P(V K
in+k = 1, k ∈ I, V K

in+k = 0, k ∈ J | V K
in

= 1, V K
in−1

= 1, . . . , V K
i0

= 1)

= P(Zin+k ∧ K = {K}, k ∈ I, Zin+k ∧ K �= {K}, k ∈ J | Zin ∧ K ={K},
Zin−1 ∧ K = {K}, . . . ,Zi0 ∧ K = {K})

= P(Zin+k ∧ K = {K}, k ∈ I, Zin+k ∧ K �= {K}, k ∈ J | Zin ∧ K = {K})
= P(V K

in+k = 1, k ∈ I, V K
in+k = 0, k ∈ J | V K

in
= 1).

In the second equality we used the fact that Zd ∧ K is a Markov process; see Lemma 1. �
Note that the conditioning on {V K

in−j
= 1} = {Zin−1 ∧ K = {K}}, j = 0, . . . , in, is the

conditioning on a particular value of the process Zd ∧ K . On the other hand, conditioning on
{V K

in−j
= 0} = {Zin−1 ∧ K �= {K}} would be a conditioning on a set of values, and, therefore,

the Markov property of Zd ∧ K does not imply that of VK .
Let us compute the transition probability vector �q K = (qK

n : n ∈ N) of VK , which is given
by (9).

Lemma 3. For a compact and convex set K containing 0 in its interior, we have

qK
n = e−(1−a−n)�([K]) for all n ∈ N.

Proof. From (8) and from {�0 ⊃ K, �0 ⊃ a−nK} = {�0 ⊃ K}, we deduce that

P(V K
n = 1, V K

0 = 1) = P(�0 ⊃ K, C
′(j)
1 ⊃ (a − 1)a−jK, j = 1, . . . , n). (14)

The n + 1 random variables �0, {C
′(j)
1 : j = 1, . . . , n}, are mutually independent; hence,

P(V K
n = 1, V K

0 = 1)

= P(�0 ⊃ K | �0 ⊃ a−nK)P(�0 ⊃ a−nK, C
′(j)
1 ⊃ (a − 1)a−jK, j = 1, . . . , n).

Using the fact that the translation invariance of � implies that �([a−nK]) = a−n�([K]), we
obtain P(�0 ⊃ K | �0 ⊃ a−nK) = e−(1−a−n)�([K]). Since

P(�0 ⊃ a−nK, C
′(j)
1 ⊃ (a − 1)a−jK), j = 1, . . . , n) = P(�n ⊃ K) = P(V K

0 = 1),

this yields P(V K
n = 1 | V K

0 = 1) = e−(1−a−n)�([K]). �
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Since the process VK satisfies the regenerative property, we can associate to it the stationary
regenerative set VK∗. Let us study the conditional joint distribution P(Va K∗ | V K∗).

If K ⊂ K ′ are two compact convex sets then �i ⊃ K ′ implies that �i ⊃ K and, hence,
VK ′ ∗ ⊆ V K∗. In particular, for a > 1 and 0 ∈ K, we have Va K∗ ⊆ V K∗. Furthermore, from
(13) we have

P(0 ∈ Va K∗) = P(V a K
0 = 1) = e−a�([K]),

and from (12) for the mean recurrence time we have

ρa K = ea�([K]).

A straightforward calculation yields

P(V aK
n = 1 | V K

n = 1) = P(V aK
n = 1)

P(V K
n = 1)

= e−(a−1)�([K]) (15)

and
ρ−1

a K = e−(a−1)�([K])ρ−1
K .

Moreover, from (14) we obtain, for all n ∈ Z,

P(V K
n−1 = 1, V K

n = 1) = P(�n−1 ⊃ K, C
′(1)
1 ⊃ (a − 1)a−1K)

= P(�n−1 ⊃ K)e−(1−a−1)�([K]).

Also, it is easy to see that {V aK
n = 1} ⊂ {V K

n = 1, V K
n−1 = 1}, which implies that

P(V aK
n = 1 | V K

n = 1, V K
n−1 = 1) = e−(a+a−1−2)�([K]) (16)

and P(V aK
n = 1 | V K

n = 1, V K
n−1 = 0) = 0. Hence, the values of P(V aK

n = 1 | V K
n = 1,

V K
n−1 = 1) given in (16) are the key for the conditional joint distribution P(VaK∗ | V K∗).

For I ⊂ Z, the notation V K
I = 1 means that V K

n = 1 for all n ∈ I , and, similarly, V K
I = 0

expresses that V K
n = 0 for all n ∈ I .

Proposition 2. Let I 0 = [α, β] be a finite interval in Z containing a finite family of disjoint
intervals It = [αt , βt ], t = 1, . . . , l, in Z that satisfies

α < α1, βl < β, αt < βt < αt+1 − 1 for all t = 1, . . . , l − 1.

Let Ît = [αt + 1, βt ] and Jt ⊆ Ît for t = 1, . . . , l, and let I = ⋃l
t=1 It , Î = ⋃l

t=1 Ît , and
J = ⋃l

t=1 Jt . Then

P(V a K
J = 1, V a K

Î\J = 0 | V K
I = 1, V K

I 0\I = 0)

= e−(a+a−1−2)|J |�([K])(1 − e−(a+a−1−2)�([K]))|Î\J |.

Proof. For all i ∈ J, we obtain

P(V aK
i = 1, V aK

j = 1, j ∈ J, j < i, V aK
j = 0, j ∈ Î \ J, j < i | V K

I = 1, V K
I 0\I = 0)

= P(V aK
i = 1 | V aK

j = 1, j ∈ J, j < i, V aK
j = 0, j ∈ Î \ J, j < i, V K

I = 1, V K
I 0\I = 0)

× P(V aK
j = 1, j ∈ J, j < i, V aK

j = 0, j ∈ Î \ J, j < i | V K
I = 1, V K

I 0\I = 0).

(17)
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Let us consider the first factor in the expression above. Note that the condition V K
I = 1 implies

that V K
i = 1 and V K

i−1 = 1 for all i ∈ Î . An application of (8) yields

P(V aK
i = 1 | V a K

j = 1, j ∈ J, j < i, V aK
j = 0, j ∈ Î \ J, j < i, V K

I = 1, V K
I 0\I = 0)

= P

(
a�i−1 ∩ a

a − 1
C

′(1)
1 ⊃ a K | a�i−1 ∩ a

a − 1
C

′(1)
1 ⊃ K, �i−1 ⊃ K,

V aK
j = 1, j ∈ J, j < i, V aK

j = 0, j ∈ Î \ J, j < i, V K
I = 1, V K

I 0\I = 0

)

= P

(
�i−1 ⊃ K, C

′(1)
1 ⊃ (a − 1) K | �i−1 ⊃ K, C

′(1)
1 ⊃ a − 1

a
K,

V aK
j = 1, j ∈ J, j < i, V aK

j = 0, j ∈ Î \ J, j < i, V K
I = 1, V K

I 0\I = 0

)

= P

(
C

′(1)
1 ⊃ (a − 1)K | C

′(1)
1 ⊃ a − 1

a
K,

)
= e−(a+a−1−2)�([K]).

The third equality follows from the fact that C
′(1)
1 is independent from �i−1 as well as from

{V a K
j = 1, j ∈ J, j < i, V a K

j = 0, j ∈ Î \ J, j < i, V K
I = 1, V K

I 0\I = 0}. Now, a recursive
application of (17) yields the proposition. �
Remark 1. The results show that Va K∗ is not constructed by an independent thinning of V K∗,
where each 1 of V K∗ would be kept in VaK∗ with probability α ∈ (0, 1) given by (15) (or
deleted with a probability 1 −α) independent of all the other 1s in V ∗. For thinning in renewal
processes, see [3, Chapter 10, Problem 10.5.16].

Now we show that the zero cell process is a Bernoulli flow. Let Y = (Yt : t > 0) be the STIT
process, and let C = (Ct : t > 0) be the process of its zero cells. Denote by K ′ the family of all
nonempty compact convex sets in R

�. Then the mapping T → K ′, Yt �→ Ct , is a measurable
mapping with respect to the Borel σ -fields in T and K ′. The proof of the measurability is
completely similar to that of Theorem 10.3.2. of [13]. Moreover, the process C = (Ct : t > 0)

inherits from Y the property of having càdlàg trajectories, i.e. C takes values in DK ′(R+) and
the mapping DT(R+) → DK ′(R+), (Yt : t ∈ R) �→ (Ct : t ∈ R) is measurable.

The process � = (�s = asCas : s ∈ R) is the zero cell process of Z, it takes values in
DK ′(R), and its law μ� of � on DT(R) is stationary. The mapping

� : DT(R) → DK ′(R), (Zt : t ∈ R) �→ (�t : t ∈ R)

is a factor map, that is, μ� = μZ ◦ �−1. Let �d = (�n : n ∈ Z) be the zero cell sequence of
Zd , its law on K ′Z is denoted by μ�d

. The mapping

�d : T
Z → K ′Z, (Zn : t ∈ R) �→ (�n : n ∈ Z)

is also a factor map.

Proposition 3. The flow (DK ′(R), (�t : t ∈ R), μ�) is a Bernoulli flow of infinite entropy.

In [5] and [6] it was shown that Z is a Bernoulli flow, so, since � is a factor map sending Z
on �, the Bernoulli property of the zero cell process � follows; see [11, Theorem 6, p 54]. It
remains to show that it is of infinite entropy. From the regeneration property and the proof in
[6], we need only to show that the distribution of �1 has a nonatomic part. However, we go a
step further and show that this distribution is nonatomic.
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Lemma 4. The random variable �1 is nonatomic.

Proof. Let F denote the set of all closed subsets of R
�, and, for A ⊂ R

�, F A = {F ∈
F : A ∩ F = ∅} and FA = {F ∈ F : A ∩ F �= ∅}. Furthermore, B(x, n−1) denotes the ball
with center x and radius n−1. If P is a polytope and F0(P ) the set of its vertices then

{P } = K ′ ∩ F P c ∩
⋂
n∈N

⋂
x∈F0(P )

FB(x,n−1),

which implies that the singleton {P } ∈ B(K ′) (see [13, Section 2.1]). Hence, if we assume that
�1 is atomic then, because �1 ∼ �0 = C1, there exists a polytope P such that P(C1 = P) > 0.
Regarding the construction of STIT tessellations, this implies that, for all (� − 1)-dimensional
faces f of P and their ‘carrying’ hyperplanes h(f ) ∈ H with h(f ) ⊃ f, �({h(f )}) > 0. But
this contradicts the property that �({h}) = 0 for any hyperplane h ∈ H , which is a consequence
of the translation invariance of the measure �. �

Note that the ergodicity of Zd implies that we can apply the Birkhoff ergodic theorem, which
yields the following corollary.

Corollary 1. For all compact convex sets K ⊂ R
�, we have

lim
n→∞

1

n

n−1∑
l=0

1�l⊃K = e−�([K]) = lim
n→∞

1

n

n−1∑
l=0

1Cl⊃l−1K.
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