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Abstract

Recent advances in learning dynamical systems from data have shown significant promise. However, many existing
methods assume access to the full state of the system—an assumption that is rarely satisfied in practice, where systems
are typically monitored through a limited number of sensors, leading to partial observability. To address this
challenge, we draw inspiration from the Mori—Zwanzig formalism, which provides a theoretical connection between
hidden variables and memory terms. Motivated by this perspective, we introduce a constant-lag neural delay
differential equations (NDDEs) framework, providing a continuous-time approach for learning non-Markovian
dynamics directly from data. These memory effects are captured using a finite set of time delays, which are identified
via the adjoint method. We validate the proposed approach on a range of datasets, including synthetic systems, chaotic
dynamics, and experimental measurements, such as the Kuramoto—Sivashinsky equation and cavity-flow experi-
ments. Results demonstrate that NDDEs compare favorably with existing approaches for partially observed systems,
including long short-term memory (LSTM) networks and augmented neural ordinary differential equations
(ANODE:s). Overall, NDDE:s offer a principled and data-efficient framework for modeling non-Markovian dynamics
under partial observability. An open-source implementation accompanies this article.

Impact statement

This work grounds neural delay differential equations (NDDESs), drawing inspiration from the Mori—-Zwanzig
formalism to provide a principled framework for learning non-Markovian dynamics in partially observed
systems. NDDEs provide a data-efficient and physically interpretable alternative to traditional recurrent and
latent-state neural models for complex dynamical systems. An open-source implementation, torchdde, is
released alongside this work.

1. Introduction

Describing the dynamics of a system is instrumental in many domains, such as biology (Epstein, 1990;
Roussel, 1996), climate research (Ghil et al., 2008; Keane et al., 2019), or finance (Achdou et al., 2012).
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Indeed, an accurate description of the evolution of a system not only improves knowledge and under-
standing but also allows forecasting, a critical requirement in many situations where decisions must be
taken based on predictions, or when devising a suitable sequence of actions to achieve some goal requires
a good knowledge of the effect of these actions on the system under consideration. The system is typically
supposed to be governed by a model of the form

d‘;(t’) —f(u(®)), u(to)=uo, (1.1

with u(z): R — R™ the time-dependent solution vector representing the state of the system, approximated
in a suitable finite-dimensional representation basis, and f: R x R” — R™ the vector field. A reliable
model may, however, not be available, and one then has to infer it from monitoring the system, here in the
form of L distinct trajectories. This model-free approach solely relies on the history of observational data
to learn a model for predicting their dynamics. One can use the dataset to fit the ODE dynamics model
Eq. (1.1), and many previous efforts have been reported toward this aim. For instance, neural ordinary
differential equations (NODEs), introduced in Chen et al. (2018), follow this exact formulation. NODEs
gave rise to the class of continuous-depth models and can be viewed as a continuous extension of residual
networks (He et al., 2016). An immediate extension of NODEs, referred to as Augmented NODEs
(Dupont et al., 2019), explores the existence of certain functions that NODEs are unable to represent. It
tackles the expressivity limitation of NODEs, where expressivity is here informally accepted as the
richness of the class of functional representations, by expanding the dimension of the solution space
through the incorporation of additional variables to learn more complex functions using simpler flows.

However, the state u is not necessarily available and, in most situations of practical interest, the sole
source of information about a system is via a small set of sensors providing a few observations. In
addition, the system may not be Markovian and may adopt a behavior that depends not only on its current
state but also on its history.

Relying on the past to compensate for the lack of information from the current state is a common
approach in partially observed systems where the available observations are not sufficient statistics to
predict the future evolution deterministically. One then reverts to predicting an uncertain future, in the
form of a probability distribution, as is done with Kalman filters, or to accounting for past measurements
to narrow down the possible futures consistent with the observations to a unique one. The problem thus
formulates as time-series prediction. State-of-the-art methods for time-series prediction involve autore-
gressive models like ARMAX (Guidorzi, 2003) and related algorithms; recurrent neural networks such as
LSTM, whose distinctive feature is their ability to incorporate a “memory” as a latent variable (Jordan,
1986; Rumelhart et al., 1986; Hochreiter and Schmidhuber, 1997); and echo state networks and reservoir
computing (Maass et al., 2002; Jaeger and Haas, 2004), often regarded as an alternative to RNNs for their
efficient training and strong performance in capturing long-term statistics when full state dynamics are
accessible (Vlachas et al., 2020). Other techniques encompass Latent ODE, which combines NODEs and
RNNSs together (Rubanova et al., 2019)—a variational autoencoder model using an ODE-RNN encoder
and ODE decoder architecture to construct a continuous-time model with a latent state defined at all times
—the already mentioned Augmented Neural ODEs (Dupont et al., 2019), or the recently introduced
Transformers (Vaswani et al., 2017). While often effective, these techniques lack expressivity (ARMAX,
limited in its ability to account for the complex dynamics) or interpretability (recurrent networks,
Transformers), in the sense that their resulting architecture cannot be clearly justified by, or related to,
specific considerations on the system, in contrast with time delays, which can be linked with physical
feed-back mechanisms and time constants, for instance. Further, the discrete nature of some of these
approaches conflicts with the continuous formulation of the problem considered in this work, where the
focus is on learning a model for a dynamical system from observations, possibly complementing an
already available imperfect or coarse model, then formulating it as a closure problem.

A classical framework that formalizes these ideas is the Mori-Zwanzig (MZ) projection formalism,
originally developed in statistical physics to derive macroscopic equations for systems with many degrees
of freedom. The MZ formalism decomposes the full dynamics into three terms: a Markovian contribution
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from the directly resolved variables, a memory term that encodes the cumulative influence of the
unresolved modes, and a fluctuating noise term. The resulting Generalized Langevin Equation (GLE)
provides a mathematically exact description of the reduced system, where the effect of missing physics
appears as a convolution integral over the past. In practice, however, this integro-differential form is rarely
tractable, motivating the search for parsimonious representations of the memory kernel. Within fluid
mechanics, the MZ formalism has increasingly been considered as a theoretical foundation for closure
modeling and reduced-order modeling. In Parish and Duraisamy (2017a, b, c), it is shown that finite-
memory approximations of the MZ kernel can yield dynamic subgrid-scale models, connecting the MZ
projection to large-eddy simulation (LES) closures. These studies also extended to variational multiscale
formulations, emphasizing that MZ closures naturally align with hierarchical scale separation and energy
transfer mechanisms. Lin et al. (2021) developed algorithms to estimate the Markov, memory, and noise
terms directly from simulation data, demonstrating that such operator learning can capture long-term
correlations absent in purely Markovian models. In the context of neural models, a recent work by Gupta
etal. (2025) explored MZ-based closures in latent spaces obtained from nonlinear autoencoders, showing
that embedding MZ dynamics into reduced coordinates can enhance stability and interpretability. The
interested reader can refer to the recent overview by Sanderse et al. (2025).

Another approach is to explicitly incorporate non-Markovianity into the formulation by including the
historical past state in Equation (1.1). This leads to the domain of neural delay differential equations
(NDDEs), which constitutes another subset of models falling under the umbrella of continuous-depth
models, alongside NODEs. A generic delay differential equation (DDE) is described by:

du
5 Tu@,u(a(0),....u(e(0)), u(<0)=w(), (12)

ai(t)y=t—v(tu()), i€{1,2,...n},

where w(#): R~ — R” is the history function, 7;: R x R” — R* is a delay function, and f is the vector field.
The history function y serves as the initial condition for DDEs, analogous to ug in ODEs. The modeling
capabilities of NDDEs vary based on the chosen type of delay. Inherently, NDDEs incorporate and
leverage information from preceding time points, effectively converting the delay term into a dynamic
memory mechanism. Initially proposed by Zhu et al. (2021) to learn NDDEs with a single constant delay,
subsequent work by Zhu et al. (2023) and Schlaginhaufen et al. (202 1) explored constant delays piecewise
and developed a stabilizing loss for NDDE:s, respectively. Additionally, Oprea et al. (2023) focused on
learning a single delay within a small network (fewer than 10 parameters). In Monsel et al. (2024), we
revisit the Neural DDE by introducing neural state-dependent DDE (SDDDE), a general and flexible
framework that can model multiple and state- and time-dependent delays.

Coming back to the MZ formalism, Gupta and Lermusiaux (2021) demonstrated that neural delay
differential equations (NDDEs) could represent non-Markovian effects in a tractable way, motivating the
idea of combining neural networks with delay-based memory embeddings within the MZ framework. In a
similar spirit, Menier et al. (2023) introduced an exponentially decaying memory, allowing for data-efficient
training and interpretability of the decay rate in terms of the time scales of the underlying system. In this
work, we extend our previous contributions (Monsel et al., 2024) by embedding NDDEs in the general
framework of the MZ and Takens formalisms along similar lines as Gupta and Lermusiaux (202 1). Specific
to the present work is that the multiple delays are here learned rather than being fixed a priori. To this aim, an
adjoint formulation is derived and allows efficient learning. The impact of relevant delays on the information
extracted from the past is illustrated in Section 3.2. We explore the possibility of learning the values of the
delays by deriving a practical training procedure with learnable delays using adjoint differentiation. The
adjoint procedure makes NDDEs computationally efficient for large datasets; we illustrate the approach on
both synthetic and experimental systems, including chaotic dynamics, partially observed fluid flows, and
reduced-order closure models, highlighting how the learned delays may correspond to physical time scales.

The remainder of the article is organized as follows. Section 2 revisits the MZ formalism and discusses
how time delays can be used for representing the memory kernel. Section 3 details the proposed NDDE
formulation, presents the adjoint training method with learnable delays, and outlines its implementation.
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We report numerical and experimental validations in Section 4.2. In Section 4.3, NDDEs are used as
closure models within a reduced-order framework. Section 5 summarizes the findings, discusses
limitations, and outlines future research directions.

2. Modeling partially observed dynamical systems

Let us consider the nonlinear system stated in Eq. (1.1):

du(s) _ _
i =f(u(?)), u(ty)=nuy, 2.1

with u(¢) evolving on a smooth manifold S C R”. We assume the system is only observed through a small

set of sensor functions belonging to a Hilbert subspace of L?(S,R) providing measurements {y;}/_,,

y;(u(?)):S—Randlety(u(z)) = (yl, s yp) . The dynamics of these observables can be derived from the

model of the system:

dy(u(z))
ot

where L is linear and termed a Liouville operator. Defining the Liouville operator at 7=t yields
Ly=Vy,y(uo) f(ug) and the observables are then expressed as y(u(z)) = e y(up).

Because the measurements are limited in number, the span G = span({y,-}i :S— R) is finite, low-
dimensional, and not invariant under the time-evolution operator governing the dynamics of y(u(¢>¢)).
The dynamics of'y is then not closed in G, reflecting the fact that some information leaks in an orthogonal
subspace G*. To recover the missing information, it is necessary to describe how to express the dynamics
of'y not just as a function of itself, but also accounting for its history. The rationale is that the past values of
y are influenced by unobserved quantities, or unresolved observables, of the system, not contained in G.
Carefully processing the history of these observables then allows us to account for the impact of the
unresolved observables on the observables y. A visual representation is presented in Figure 1.

=Vuy f(u(?) = Ly(u(), 22)

2.1. The Mori-Zwanzig formalism

Different approaches leverage this past information. The Mori-Zwanzig (MZ) formalism, rooted in
statistical physics, provides a framework to derive an evolution equation for a set of variables, such as
macroscopic observables, associated with a high-dimensional dynamical system (Mori, 1965; Zwanzig,
1966; Zwanzig et al., 1972). This framework is instrumental, for instance, in situations where the full state

u(?) Full observed system (1) y(@) p

Partially observed system (3)

N

@) y@® =yu(@®)
—

du(t dy(t
% = fu(®) % =hy(t.y(t—1)..... ¥t 7,)

P> Sensors

Figure 1. Measuring the fully observed state of a system (left [1]) is often impossible due to its high
dimensionality. Ultimately, the user only has, at their disposal, sparse observations of the full state that
can be seen as a low-dimensional observable vectory (middle [2]). The MZ equation DDE approximation

(Proposition 2.1) can then be used to model partially observed systems (right [3]).
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u(?) is unavailable, and where one can only access low-dimensional observations. Similarly, the MZ
formalism is also relevant for addressing dimension reduction problems (Zhu, 2019) where the reduced
state is a set of variables whose dynamics are affected by the projected-out and nonobserved variables or
state components.

In the Mori—Zwanzig framework, the span of G of the measurements is considered as resulting from a
projection through a projector P of the space of L*(S, R) functions. Similarly, the unobserved functions span a
subspace resulting from a projection Q, with Q=7 — P. The dynamics of y can then be expressed as

0 0
S Y((0)= e Ey(ug) = TE(P Q) Ly(w). (23)
The influence of past unresolved dynamics on the current observations can be explicitly expressed using
the Dyson identity, which states:

t—t
eli=0)£ = / L p £ QL g 4 (0L (2.4)
0
so that one can write the dynamics of the current observables y(u(?)) as:
0 o ,
Ey(u(t)) =PLy(u(t)) +/ PLALQLY(u(t—5))ds + " LQLY(uy). (2.5)
0

Rewriting Eq. (2.5) in a more compact form, and denoting y(u(¢)) =y(¢), the dynamics of the vector of
observables y=(y,,...,y,) are shown to follow an integro-differential equation (IDE):

9y(t) o
AE-My )+ [ K(y(e=9).5)5+ F(tw) 2.6)
with M a Markovian operator and K an operator applied to past observables and integrated over the whole
time span since the initial condition. The so-called “noise” term F accounts for the impact of the
unobserved variables at the initial condition. It can be eliminated from the equations predicting future
observations by applying the projector  and restricting their dynamics to the linear span of Py. Learning
the dynamics of partially observed or known systems hence boils down to estimating each term of the
differential equation above, sometimes referred to as the generalized Langevin equation (GLE).
Accounting for the past essentially allows us to isolate the dynamics of the observables. The Mori—
Zwanzig framework is general and applies widely, allowing to describe the dynamics of the observables
with a non-Markovian model. It similarly provides a principled closure for coarse models, hence missing
information, which can be effectively complemented with a history-based term.

2.2. Approximations of integro-differential equations (IDE)

The statement in Eq. (2.6) outlines the structure of the dynamics. However, the operators involved in this
dynamical equation are usually poorly known, if any, in particular the integral term. We now discuss
several approaches from the literature to estimate these terms.

An approach to approximate the integral consists of studying particular asymptotic regimes. Among
the many different models proposed in the literature (Stinis, 2004; Chorin and Stinis, 2007; Stinis, 2007),
one of the most popular consists in approximating the integral under assumptions of very short memory or
very long memory regimes. For example, the #-model (Chorin et al., 2002), also commonly called slowly
decaying memory approximation, leads to Markovian equations with time-dependent coefficients, which
can subsequently be modeled using a NODE. However, these remain asymptotic approximations and
cannot be extended to intermediate-range memory, in general. Another approach consists of performing
Monte Carlo integration (Robert and Casella, 1999). This approach has been extended to a neural
network-based formulation (Neural IDE) (Zappala et al., 2023), where the memory integrand is decom-
posed as a product K (¢,5) K2 (y(s)). However, the number of function evaluations required to accurately
integrate Equation (2.6) can be large, making the process computationally intensive (cf. Appendix A).Ina
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similar spirit, under the assumption of short memory, one can restrict the integral to a short past and
discretize it in time, leading to an equation of the form (Gallage, 2017):

()

) by (0) 43Ky, @)
i=1

using » delays {z;}, uniformly spaced over a past horizon instead of sampling them randomly. Such
approximations can be improved using high-order discretization schemes, yet, as for Neural IDE, they
require an unaffordable number of delays if the integrand varies quickly or if the time interval is too large.

2.3. Exact representation with neural DDE

While Equation (2.7) only provides an approximation of the true dynamics and requires many delays, we
show that using a more complex function of a small number of delays, it is actually possible to represent
the dynamics exactly. For this, let us consider diffeomorphic dynamical systems, that is, ODEs whose
flow is invertible (in the full state space) and smooth in both time directions.

Proposition 2.1 (Exact representation with delays). For any smooth dynamical system (C? is enough),
and differentiable observables y, there exists almost surely an operator M of the current observables, a
finite number # of delays 7y,...,7,>0 and a function h such that the observables exactly follow the
dynamics:

— = =M(y(0)) +h(ty(0).y(t —71),y (1 =72), ...y (t = 7)) (2.8)

The derivation of the above, deferred to Appendix C, is based on the application of Takens’ theorem
(hence the diffeomorphism requirement), which also provides a bound on the required number of delays: at
least twice the intrinsic dimension of the manifold S in which the full state u lives. Note that this evolution
equation is exact: approximations may arise from the optimization or the expressivity of the neural networks
estimating M and h, but not from the number of delays, provided they reach the Takens’ lower bound. This is
in contrast with the discretization of the IDE integral as in Equation (2.7), which becomes asymptotically
precise only when the number of delays is large compared to the complexity of the integrand.

3. Neural delay differential equations with learnable delays

The proposition 2.1 above motivates our approach. We consider learning the dynamics of the observables
by accounting for their past in the form of a set of time-continuous coupled delayed differential equations
(DDEs) involving a number of past observations {y(¢—1;),...,y(¢ —7,)}. The vector field is approxi-
mated by a neural network and the resulting model is solved by NDDE, a neural differential equation
solver dedicated to delayed equations (Monsel et al., 2024). The Mori—Zwanzig framework provides a
rigorous rationale, grounded in statistical physics, on how the dynamics of the observables are related to
their past, involving a continuous integral over a past horizon. In contrast, the Takens’ theorem provides a
geometrical view of the dynamics of a set of observables as a function of a sufficiently large number of
delayed versions of themselves. These two frameworks motivate our approach of modeling the dynamics
of the observables from a finite set of past observations via a learnable function. In addition, while the
Takens’ theorem is not constructive when it comes to the value of the time lag, we here learn every
individual delay {z;}, 1 <i < n. The minimum number of delays » is determined from the D, dimension of
the underlying system, estimated from the dataset of observations.

3.1. Learning the delays
A constant lag NDDE is part of the larger family of continuous depth models that emerged with NODE
(Chen et al., 2018). It is defined by:
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ayT(tt): ho(y(0),y(t =71),...¥(1=14)),  ¥(E<0)=y(0), 3.1

with y: R — R” the history function, z; €R" a delay constant and hy: [0,7] xR" x ... x R" - R" a
neural network.

There are two possible ways of training continuous-depth models: discretize-then-optimize or
optimize-then-discretize (Kidger, 2021). In the former, the numerical simulation library’s inherent auto-
differentiation capabilities are leveraged. In the latter, the adjoint dynamics are employed to compute the
gradient’s loss. The following proposition 3.1 provides the adjoint method for constant lag NDDEs.

Proposition 3.1. Let us consider the Neural DDE model below, where 7 is a learnable vector param-
eterized by some components of 6:

MO y(ay0.(-), V<O (), 0<I<T, G2

and the following loss function:

uw=£1wme

The gradient of the loss with respect to the parameters is given by:

L T h - ohy(t,y(2),y (¢ _

0 0 e 0
wherey(,)(t) = y(¢ —7) is the third set of variables hy (t, y, y(,)) depends on. The adjoint dynamics A(¢) are

given by another DDE:
ohy(t,y(1),y (2 ohy(t+7,y(t+7),y(t+7
d’l(t):al(y(’))—z(t) o(£Y(1),¥ () ( ))—l(tﬂ) o(t+7.y(t+7),¥0)( )),
dr ay ay 9 (r) (3.4)
AMt>T)=0.

The derivation of Proposition 3.1 is in Appendix B. Algorithm 1 below outlines the training procedure
for a Neural DDE with multiple learnable constant delays, defined for convenience as y (. (¢) =y(¢ — ;).

The developments are packaged in a user-friendly API, developing a numerically robust DDE solver,
and implementing the adjoint method in the torchdde package. These advancements allow a seamless
integration of DDEs for future users, enhancing reproducibility. Computational details and benchmarks
are reported in Appendix A.2.

Algorithm 1 Training a Neural DDE with learnable delays with the adjoint method.

Require: Dataset of one trajectory D= {(%0,y,),.... (t7.¥7) }-
Require: Initialized model hy.
Require: Initialized positive delays i, ...,7,, handled as additional entries in the parameters vector 6.
L: for Nepochs do
2: Set Tax = max{zy,...,7,}
3 Create history function interpolation w with data from D such that ¢ < ¢y + Tyax-
4.  Solve DDE dynamics:
dy(#)

T*ho(f,Y(f)’Y(m(f)’ ¥ (0)

y(t <t+ Tmax) = l//(t)

()]
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6:  Compute lossL(y)= [".  I(y(z))dt

" Jtot+tmax
7:  Solve Adjoint dynamigs:
. ol(v(t Ohg(£,y (1), Yoy (8)s sy (¢
i(0= (y( ))—1(0 o(Y(1):¥ () ()3 ¥ (2 (1))
ay ay
8: n oh, t+1;, l‘+T,‘, T t+7i),..., T Z‘—f—‘[[
S A4 o( y( )Y(l)( ) Y(n)( )
= ()
At>tr)=0.
9: Compute%:
10:
oL _ —/Ti(t) aha(f’Y(f)’Y(zl)(f)’---’Y(f,,>(f))_iaho(h}’(f),)’(r,)(f)’--w)’(z,,)(f))
My 90 = % (@)
oy(t—1)
dt
00
11:  Update
12: end for

3.2. On the importance of relevant delays

Learning the delays 7; within NDDEs is crucial for accurately modeling partially observed dynamics, and
therefore, delays need to be adapted during training. To illustrate the impact of the relevant delays, we
evaluate the information that past observations share with the current dynamics of the observable, and
how this varies with the delay. To this end, let us consider a dynamical system evolving on a compact
smooth manifold S ¢ R” described by a simple 2-delay dynamical system, assumed to be an attractor, and
let us consider a C* observable functiony: S — R

y(t+At)=cos(y(t —11)) sin(y(t — 72)) — asinc(3y(t — 1)) + acos(y(t — 12)),
y(t<0)=w(1),

with a=0.2, 7; =p]At, 1, =p} At, p} =250, p5 =400 and sinc(x) := sin(x)/x for x#0, sinc(0):= 1.

The Takens’ theorem (Takens, 1981) rigorously discusses the conditions under which a delayed vector of
real-valued observables (y(u(?)),y(u(t—1)),...,y(u(t —nz))), n €N, defines an embedding, a smooth
diffeomorphism onto its image. It guarantees a topological equivalence between the original dynamical
system and the one constructed from the memory of the observable. The dynamics of the system can then be
reformulated on the set (y(u(¢)),y(u(¢ — 1)), ...,y(u(t —nr))). However, Takens’ theorem, later extended
by Sauer et al. (1991), provides a sufficient condition for reconstruction, but does not specify how to choose
the time delay z. From a mathematical viewpoint, the delay could be arbitrary, besides some specific values
excluded by the theorem. In practice, its value can strongly condition a successful embedding. If too small,
entries of the delay vector data are too similar; if too large, the entries tend to be completely uncorrelated and
cannot be numerically linked to a consistent dynamical system (Kantz and Schreiber, 2003).

We here illustrate the impact of suitable delays on the relevance of the information available to inform
the future evolution of the observable. The relevance of the delays {z1,7,} for informing y(z + Atf) is
assessed in terms of the mutual information between (y(¢f —71),y(t —72)) and y(¢), as suggested in Frase
and Swinney (1986). The mutual information /(X,Y) between two random variables X and Y quantifies
the amount of information observing a variable brings about the other one. By considering the problem in
Equation (3.5), we estimate the information shared between the current observations y(¢) and their past

3.5)
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Figure 2. {t; =p, At, 72 =p, At}-map of delayed mutual information, I((y(t —71),y(t — 12)),»(¢)). The
maximum is exhibited at (p;,p,) = (250, 400) and (400, 250), in agreement with p} =250, p; =400.

values y(t—11), y(t—1,) and is shown in Figure 2 as a 2-D map in terms of p; and p,. The map is
symmetric, as expected since I((y(z —11),y(t —72)),»(¢)) =1((y(t — 72),y(t —71) ), (¢)). It can be seen
that the amount of information shared between the current observation and a delay vector of the
observable significantly varies with the delays and indeed reaches a maximum for 7 =p} At, 7o =p3 At.
The ability of the present Neural DDE method to learn the delays, in addition to the model hy, is thus key to
its performance and wide applicability.

4. Experiments

We now demonstrate the present approach and its capability to jointly learn the delays in addition to a
model of the dynamics. Several experiments are considered, ranging from synthetic low-dimensional
dynamical systems to time-series predictions in an experimental configuration. In addition to accurately
learning the dynamics, the relevance of being able to learn suitable delays is also demonstrated.

4.1. Dynamical systems

In the following, the dynamical systems considered in this article are presented. All datasets are divided
into training, validation, and test sets with proportions of 70%, 10%, and 20%, respectively, and the
Dormand-Prince (Dopri5) solver was used for data generation and training (Dormand and Prince, 1980).
Table 1 outlines the number of delays employed in NDDE for each experiment.

4.1.1. Population dynamics model
As a first example, we consider the dynamics of a scalar-valued system used to model population dynamics
in biology (Arino et al., 2009; Banks et al., 2017). Such a system is formulated through the following DDE:

du(?)

S w1 —ult—1)),  ulr<0)=u(o), @1
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Table 1. Number of delays used in NDDE for each experiment

KS Cavity Brusselator

NDDE 5 1 2

where we integrate from ¢€[0,10], t=1, w(f)=up, uo is sampled from the uniform distribution
U(2.0,3.0) and 256 trajectories were generated.

4.1.2. Brusselator

A second experiment showcases how NDDEs can effectively model partially observed systems with past
state values. We consider the 2-species Belousov—Zhabotinsky kinetic equation (Belousov, 1959;
Zhabotinskii, 1964) that can be modeled by the so-called Brusselator system:

du (¢
u(;( >:A—Bu1 —up —|—u%u2,
! 4.2)
_dug(t) =Bu;, —utu
dl’ 1 142,

with u;(¢) and u,(¢) the two species concentrations at a given time. We integrate in the time domain
¢ €[0,25]. The initial condition u; is sampled from the uniform distribution 2£(0,2.0) while u, =0.0 and
1024 trajectories were generated. We set ourselves in the partially observable case, where we only have
access to the dynamics of uy, that is, y(¢) = u (¢), and wish to reconstruct the whole dynamics.

4.1.3. Kuramoto-Sivashinsky (KS) system
This model was originally derived to describe the complex dynamics of flames in a combustion. The
Kuramoto—Sivashinsky system is described as:

ou o*u du 1o’

0t+6x2+0x4+2 ox
The system is integrated over the time domain ¢ € [0,30] and its spatial domain D, =[0,22] is discretized
into 128 points. A total of 2048 trajectories were generated from the initial condition samples. To put
ourselves in the partially observed setting, we choose to observe the solution in time at p locations
uniformly spread across the spatial domain (we retain p=15).

(4.3)

4.1.4. Incompressible open cavity flow

As an experimental demonstrator, we consider the modeling based on time-series derived from wind
tunnel experiments of an open cavity flow sketched in Figure 3. The facility and the details of the
experimental setup are described in Tuerke et al. (2020). Open cavity flows have attracted numerous
research efforts in the last few decades due to the interesting dynamics at work. The flow is characterized
by an impinging shear layer activating a centrifugal instability in a cavity. This interplay, reminiscent of
the feedback acoustic mechanisms described in Rossiter (1964)), leads to a self-sustained oscillation. A
broad range of dynamics is observed, ranging from limit cycles to toroidal and chaotic dynamics. The
system is observed through a sensor in P measuring the local pressure fluctuations, hence y(¢) = P(#;Xp).
The data are obtained for a Reynolds number Re=9190 based on the length L of the cavity.

4.2. Results

We now assess the performance of the models with their ability to predict future measurements of a
partially observed system. In this study, LSTM, NODE, ANODE, Latent ODE, and NDDE were selected
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Figure 3. Sketch of open cavity flow taken from (Tuerke et al., 2020). A data-acquiring sensor is placed in
P. The cavity has a length L and depth H. The incoming laminar boundary layer flow is characterized by
the freestream velocity U , and the momentum thickness .

Table 2. Model performance (MSE) over the test set in each experiment averaged over five runs

LSTM NODE ANODE Latent ODE NDDE
Brusselator  0.0051+0.0031 0.77+0.00080 0.0050+0.0050 0.014+0.0076 0.016+0.0076
KS 0.77+0.041 0.71+0.10 0.55+0.027 0.43+0.07 0.28+0.024
Cavity 0.75+0.46 0.96+0.0011 0.65+0.0090 0.25+0.14 0.13+0.012

for comparison. Table 2 displays the test MSE loss over each experiment. Appendix D goes into more
detail about each model’s architecture and the training and testing procedure. Every model incorporates a
form of “memory” into its architecture, with the exception of NODE. While LSTM and Latent ODE
utilize hidden units and ANODE employs its augmented state a(¢), NDDE leverages past observations
such as y(¢ — 7). In all subsequent figures, the y-axis y(#) represents our observables (introduced for each
system in Section 4.1), defined as y(¢) =y(u(?)).

4.2.1. Population dynamics model

Figures 4 and 5, respectively, depict the model’s robust convergence to accurate dynamics and the
evolution of the delay 7 during training over many seeds, showcasing a consequence of Takens’ theorem
(Takens, 1981). Using a delay-coordinate map, one can indeed construct a diffeomorphic shadow
manifold M’ from univariate observations of the original system in the generic sense. We here observe
the whole state, so that y(¢) = u(¢), and the delay coordinate map is then in terms of (y(¢),y(¢ — 7)), with
7>0. The result of Figure 5 shows that the learned delay can lie between about 0.8 and 1.4. In classical
approaches (see Tan et al. (2023), the selected delay with Takens’ theorem for State Space Reconstruction
is typically chosen close to the minimum delayed mutual information of the time series.

4.2.2. Brusselator

In the case of this stiff and periodic dynamics, all models demonstrate satisfactory performance except
NODE, which essentially predicts a mean trajectory thus highlighting the importance of incorporating
memory terms for an accurate prediction. Remarkably, both LSTM and ANODE perform equally well,
with NDDE and Latent ODE slightly trailing by a narrow margin as shown in Figure 6. In addition to
evaluating the MSE loss performance, Figure 7 demonstrates the stability of each trained model on the
Brusselator system over an extended period. After training within a specific time interval, we lengthened
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Figure 4. The prediction of the DDE model is seen to accurately match the true evolution.
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Figure 5. Toy dataset delay evolution during training for several initial conditions.

the integration period to five times the original training duration to assess the models’ performance. It is
observed that NDDE, along with LSTM, NODE, and Latent ODE, are the only models that remain stable
throughout this duration, with NDDE exhibiting the best performance over the extended horizon.

4.2.3. KS system

This numerical experiment deals with a partially observed system in a chaotic regime, observed through
the solution at p locations uniformly spread across the spatial domain. Figure 8 showcases random test
samples from two different initial conditions, highlighting how NDDEs outperform other models
struggling with the dynamics of the selected features. In a chaotic setting, the statistics of the dynamics
are often more informative than the trajectory itself. We hence focus on the probability distribution of the
prediction across a large time horizon for the different p components of the observables {y,}\_,, cf.
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Figure 6. Examples of prediction of the Brusselator dynamics in terms of y(t) = uy(t), for initial
conditions sampled at random.
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Figure 7. Phase-portrait of (y(t),3(t)). Long-term behavior of each trained model for the Brusselator

system.

Figure 9. It is seen that NDDE again outperforms the other approaches, with predictions that are
statistically closer to the ground truth. This is further supported by the evolution of the maximum
Lyapunov exponent (MLE) of the resulting models. Table 3 displays the MLE estimates for each model,
showing that the Neural DDE with learnable delays closely aligns with the ground truth compared to other

models.

4.2.4. Cavity

In this experimental fluid flow configuration, the NDDE formulation again outperforms other models, as
illustrated in Figure 10 where the predictions are plotted for two test samples. The benefit of a time-delay
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Figure 9. Probability density functions of the predictions y;(t) over the time horizon and across several
initial conditions for different models. KS system.

Table 3. Estimation of the maximum Lyapunov exponent Ay for the KS system based on the generated
trajectories from the test set for each model

Ground truth NDDE NODE ANODE Latent ODE

Amax 0.129 0.128 0.097 0.120 0.035

https://doi.org/10.1017/dce.2026.10053 Published online by Cambridge University Press


https://doi.org/10.1017/dce.2026.10053

Data-Centric Engineering e22-15

-2.0 ™ - ,,/f

0 10 20 30 0 10 20 30
t t

= Truth = = NODE ~ = ANODE = = NDDE = = NDDE_FIXED = = LSTM/GRU

Figure 10. Prediction of the cavity observables from different models for two test samples.

model here comes from the fact that this experimental setup involves a large vortex within the cavity,
effectively acting like a feedback loop and hence suitably described by governing equations involving
delayed contributions. Latent ODE yields acceptable results compared to NODE, which only generates
the system’s average trajectory, while LSTM and ANODE capture oscillations, albeit occasionally in
conflicting phases. These experiments demonstrate that NDDE can effectively model trajectories even in
the presence of noise in the data, such as in this experimental dataset.

Since the noise in the measurements results from phenomena not related to the physical system at hand,
such as, for instance, the electronic noise of the sensors, it is statistically independent from the true
observables’ time history. Learning to relate these past data with current measurements then quickly
averages out these spurious additional dimensions introduced by the noise as the amount of observations
increases. More formally, the noise & being assumed additive, low amplitude, and zero-mean, the
expectation of the map hy writes

Elhg(,y(t) +&(2),y(t—11) +&(t — 1), ¥ (t = 70) +E( = 70))]
~EBlho(1,y(1),y(t —11),....¥y(t = 7)) | + E[Vho(t,y (1), y(t —71),....¥(t — 7)) - €],
=Elhy(t,y(1),y(t—11),....¥(t = 7)) + B[Vho(t,y(1).y(t = 71),....¥(t — 74))] - E[&],
=Elhy(t,y(1).y(t—71),....¥(t —14))],

so that the noise is effectively averaged out, provided the empirical mean approximates the expectation
well enough.

To illustrate the benefit of learning the delays, instead of a priori setting them, the performance of
NDDE:s is here illustrated in both situations. A set of delays is considered, ranging from 0.2 to 1, and the
mean squared error (MSE) associated with each resulting model is monitored, with and without learning
the delays (see Figure 11). The results show that learned delays consistently outperform fixed delays in
leading to models associated with a significantly lower MSE.

4.3. Closure modeling with the ROMs

We now revisit the Kuramoto—Sivashinsky configuration from a closure modeling viewpoint. Concep-
tually, one assumes an accurate model of the system to be known, but the approximate time-dependent
solution to be evaluated with a reduced-order model (ROM) Galerkin approach. Specifically, the solution
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Figure 11. Evolution of the MSE train loss of the NDDE model with constant (solid lines) and learnable
delays (dashed lines) for different delay initialization values ranging from 0.2 to 1.0.

Ntemls
u(¢) is approximated as u(?) & > ¢,(x)a;(z), with {g,(x) = q)i}ﬁ"i"“ =: @ spanning a spatial basis, so
i=1
that describing the solution boils down to deriving an evolution equation for the coefficients
a(t)=(a\(¢),...,an,,,.(¢)). Because the approximation basis ® does not span the whole state space
whenever Niems < card(u), the ®-projected model describing the dynamics of the coefficients {a;(¢)};,
resulting from a Galerkin formulation, is not ®-invariant. To compensate for the loss of information
leaking from the subspace spanned by ®, one can complement the reduced-order model with an
additional, data-based, closure term in the governing equations. Our experiment employs a Galerkin-
projected ROM approach, with modes {g,}, derived from a proper orthogonal decomposition (POD),
with Nierms =4, 8, and 10 POD modes (low, medium, and high data regimes), respectively accounting for
58%, 87%, and 94% of the system’s energy (i.e., variance). In practice, the more modes selected in our
POD Galerkin ROM, the smaller the correction required by the closure term needs to be.
We now consider different models for representing the closure term and compare their performance in
terms of the test MSE loss in Table 4. It is seen that the DDE closure term with learnable delays
consistently outperforms the ODE closure term across all data regimes (low, medium, and high). This

Table 4. Summary of model performance metrics, that is, the test MSE loss. CD-ROM, ODE, and DDE
closure models are compared across the 4, 8, and 10 POD mode settings

Model 4 modes 8 modes 10 modes

CD-ROM 7.94+0.53 0.43+0.24 0.099+0.019
ODE-ROM 13.61+0.34 0.44+0.044 0.084+0.0028
DDE-ROM 3.39+0.034 0.18+0.07 0.067+0.0078
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Figure 12. Examples of predictions of POD Galerkin ROM (4 modes).

performance difference becomes especially pronounced in the low data regime of the four-mode POD
Galerkin ROM, indicating that the Neural ODE closures are not well-suited for such scenarios. Figure 12,
along with their respective representations in the original state space in Figure 13, showcase the prediction
from two samples of initial conditions from the test dataset for the four-mode POD Galerkin ROM. As the
number of modes increases, the discrepancy between ODE and DDE closures decreases quantitatively, as
seen in Table 4. This trend is expected since the ROM then captures most of the system’s information. By
studying these specific ROMs, we can identify where ODE closure terms fall short and how incorporating
past states with the DDE closure term can address ODE’s deficiencies in low data scenarios. Our approach
is compared with the closure model CD-ROM (Menier et al., 2023), which considers a continuous
embedding of past information in the form of an exponentially decaying dynamics auxiliary term z(¢)
mimicking a memory:

t
z(t)= / eIy (1) de (4.4)

with A a diagonal matrix whose elements are associated with the relevant time scales of the system under
consideration; see (Menier et al., 2023) for details. Interestingly, compared to a memoryless Markovian
model such as NODE, it only improves the quality of the prediction in the low-data regime, and
considering a higher-dimensional memory variable z(¢) does not improve the learning process in high-
data regimes.

Several numbers of learnable delays were considered for the NDDE approach, ranging from 1 to 3. For
this system, the results were essentially unaffected by the number of delays, showing that a single delay is
enough to recover most of the necessary information for a good prediction.
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Figure 13. Examples of predictions of POD Galerkin ROM (4 modes) with different models from KS
testset reconstructed in terms of the full solution field u(x,t) (first three columns). The two rightmost
columns show the absolute value of the reconstruction error associated with each model.

5. Conclusion

We introduced neural delay differential equations (NDDEs) as a principled and data-efficient framework
for modeling partially observed dynamical systems. This approach is motivated on one hand by the Mori—
Zwanzig framework first developed in the statistical physics community for accounting for the effect of
unobservable quantities on observed ones; and on the other hand by the Takens’ theorem. Relying on
these frameworks, we leverage the link between unresolved dynamics and explicit time-delay represen-
tations via NDDEs, which allow for a continuous-time, physically interpretable representation of non-
Markovian dynamics. In particular, we show that the memory term can be approximated with a finite
number of learnable delays without loss of generality under smooth dynamics, providing a compact yet
expressive formulation for modeling systems with memory.

Methodologically, we proposed an adjoint-based training procedure for NDDEs with learnable delays,
enabling efficient end-to-end optimization over both model parameters and delay variables. The accom-
panying open-source implementation, torchdde, provides an accessible and reproducible platform for
future research and applications.

Numerical and experimental validations are discussed to assess the efficacy of NDDEs across different
settings, including synthetic, chaotic, and real-world noisy data, such as the Kuramoto—Sivashinsky
equation, and experimental data from cavity-flow configurations. The performed experiments revealed
two key insights: first, the pivotal role of a form of memory in accurately capturing dynamics; second, it
was demonstrated that LSTMs’ and Latent ODEs’ hidden latent states or ANODEs’ latent variables
sometimes fall short in achieving optimal performance, emphasizing the efficacy of delayed terms as an
efficient dynamics memory mechanism. In fact, across all scenarios, NDDEs consistently outperformed
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or matched state-of-the-art continuous-depth and recurrent models while maintaining a smaller parameter
footprint and improved interpretability. Finally, we revisited the Kuramoto—Sivashinsky configuration
using NDDE:s as a closure model of a reduced-order model based on proper orthogonal decomposition
modes. With respect to current state-of-the-art closure models, the present approach again exhibits
superior performance.

In conclusion, neural delay differential equations provide a theoretically grounded and computation-
ally efficient alternative to traditional recurrent and latent-state neural models for complex non-
Markovian dynamical systems. Future research will aim at further generalizing the framework; while
overestimating the number of delays does not affect the final performance, rigorously determining the
optimal number of delays to consider in NDDE is a challenge. A potentially useful step toward a more
principled and meaningful estimation might be achieved by promoting the delayed mutual information
between past data and the prediction of future observations (Fraser and Swinney, 1986).

Data availability statement. The codes associated with the examples discussed in the article can be found at the following Zenodo-
GitHub repository: https://doi.org/10.528 1/zenodo.20113438 (Monsel et al., 2026). The torchdde library for learning the delays
jointly and the DDE’s dynamics in these models is made open-source at https://doi.org/10.5281/zenodo.20113429 (Monsel et al.,
2026).
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A. Neural IDE and Neural DDE Benchmark

First, let us compare both Neural IDE and Neural DDE analytically, where any function f, here denotes a parameterized network:

D Maly(0) + [ Kalyla-9). a5, (A1)
%:hgl (¥(1)) +hg, (1,y(2), y(t=11),....¥(t = 7). (a2)

The second term on the right-hand side of Equation (A.1) is much more computationally involved than the second term on the
right-hand side (RHS) of Equation (A.2). Indeed, Equation (A.2) only needs two function evaluations to evaluate its right-hand side,
while, on the other hand, the number of function evaluations required to integrate Equation (A.1) increases as ¢ grows to get a correct
estimate of the integral term. For a more theoretical examination of computational complexity, one can refer to Appendix A.6 of
Monsel et al. (2024).

A.1. Computation time

Figure A1 compares the computation time of a forward pass between a Neural IDE and Neural DDE, as considered above, of similar
size (roughly 500 parameters), with the following setup:

* Runge—Kutta 4 (RK4) solver with a timestep of dr=0.1,

* Batch size of 128,

* Neural DDE uses 5 delays,

« Different numbers of observations are considered: {5,10,50,100},

» The upper integration bound is varied from =0.2 to 1=2.0.

This benchmark clearly shows how expensive Neural IDE is compared to NDDE. NDDEs integration is at least an order of
magnitude faster. Note that in Figure A1, the notation “#i” refers to the number of observables y;(u,?).

A.2. torchdde’s memory and time benchmark

In this subsection, we provide time and memory benchmarks on some of torchdde’s solvers. In order to compare both training
methods of optimize-then-discretize (i.e., the adjoint method) and discretize-then-optimize (i.e., regular backpropagation), we
present the Brusselator’s experiment time duration and memory usage for various solvers during training (with a batch size of 1024)
in Tables Al and A2, respectively. The adjoint method is slower (by a small factor) and requires less memory than the regular
backpropagation. These results are consistent with NODE’s examination of the adjoint method and conventional backpropagation
tradeoffs (Chen et al., 2018).
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Integration execution up to time t
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Figure Al. Computation time of the forward pass (averaged over 5 runs) as a function of the size of the
horizon for different numbers of observations (5, 10, 50, 100).

Table Al. Clock time (s) per batch

Adjoint Backpropagation
RK4 4.8+0.23 1.89+0.09
RK2 2.4+0.005 0.90+0.005
Euler 1.5+0.01 0.47+0.003

Table A2. GPU consumption (Gb + Mb) per batch

Adjoint Backpropagation
RK4 22+18 2.87+4
RK2 2.15+20 24843
Euler 2.09+15 2.264+9

Figures A2 and A3 compares time and memory consumption for a forward of a Neural DDE with a varying number of delays,
respectively, each having ~28,000 parameters. We use the following setup:

* Use an RK4 solver with a timestep of d¢=0.1,

» Use a batch size of 128,

* Neural DDE uses {1,3,5,10,20} delays,

* The number of observations is p =100,

* The upper integration bound is varied from =0.2 to t=5.0,

* The notation “#i” in the figure refers to the number of delays used in the Neural DDE.
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Integration execution up to time t
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Figure A2. Time duration of forward pass averaged over 5 runs.
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Figure A3. Memory consumption of the forward pass averaged over 5 runs.

B. Derivation of Proposition 3.1

We want to solve the constrained optimization problem introduced in Section 3.1. The delays are part of the learning and are hence a
subset of the parameter vector @ to be optimized. The derivation is first presented for a single delay before being extended to the
multiple delay situation below. For convenience, we denote y ) (¢) the third set of variables that hy(¢,y(¢), y(t — 7)) depend on, and
with a dot, the time derivative z(¢) of any quantity z(¢). To recall, we consider the following minimization problem:
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min L(y),

s.t. L(y) :/to I(y(1))dt, (B.1)

B by(13(0).3(0-7) =,

y(t<to) =w(t).

We consider the following Lagrangian .%:

NC 0]
Z=1v)+ [ a0 (ZE - holey(0.30 () )ar. ®.2)
to
Weusey(t — ) () (#) wherever convenient. At optimality, the state equation is satisfied (y is a solution to the associated DDE),

implying that %2 = —é

Integration by parts of the expression of the Lagrangian (Eq. (B.2)) yields:
T
2= [ i oyl - [ (H0v0+ 2015000 0 ®3)
)
Stationarity of the Lagrangian at optimality yields % =0 and expressed as:

_ [T (oy(@) o) . Fet:¥D).y)(1) 9 g(1,¥(0)¥ (1)) dy(t—1) IONOI
0 /, ( (6) r sy TS = >dz+ - (B.4)

ay ot

With the change of variable t — ¢ — 7, the fourth term of the integrand rewrites as:

—/t.r/l( )Bfe(t y(@), Y@ ( )) ay(,_f)dt _ _/rrfz 0fg(t+r,Y(t—k—T)’Y(T)(t-i-t)) ay(t)

AMt+t dr,
0¥ () oy -z ) 0y () oy
(B.5)
T ofy(t D)y i+ 0)
= —/ Alt+1) dr
o 9y ()

where we have set () =0 whenever ¢ > T and recognized that y(t<to) =w(r) with (""( )=,
The boundary terms w in Eq. (B.4) then vanish, and the equation is satisfi ed whenever the integrand is identically zero.

Hence, the following adjoint equation, to be integrated backwards in time:

da(e) al(y(r)) %y (l,Y(f),ym(f)) o (’“’Y(’”)’y@(t“))
oy M0 9y D N ’ ®0

Mt=T)=0.

Now, taking the derivative of the Lagrangian with respect to & expresses:

0L _ [Taly(1)) 9y (1) 9y(T) 9y(to)
00 /, dy o0 a0 ~*0) 090

dt+A(T)

. /r 0204 /()M

% % a0 7
o ay 90
T Iy (t»Y(t)’Y(z) (’)) dy(t—1)
+ / —A(2) de.
to 0Y(r) 90
Since & = 0 and owing to the adjoint dynamics in Equation (B.6), it finally comes
6 g ) yn q y
on 7 [ Wa(6¥0500) S a(8¥0¥0 ) ay(—o)
SR A 10) + dr. (B.8)
00 fo 00 9y () a0
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B.1. Case for multiple constant delays

In the case of multiple delays z;, i€ 1,...,n, the equations in Theorem 3.1 are extended as follows. For each i, we define
Yo () =y(t—1).

The second term A(¢) Lo (l’yg)’y(” ©)

Yy

in the adjoint dynamics (Eq. (B.6)) is replaced by:
9 o (0. (0¥, (1))
(1)

B.9
pY (B.9)
and the last term A(¢+17) Ww by the following:
. o o (14503 (140, ¥ (4 7)Y (14 7))
> A+ : (B.10)
i=1 )
The first term w in the gradient’s Equation (B.8) becomes
9 o (13030 (1) 23 (1)) .
00 4D
and % 0(”’(';;();yv>(’)) 5y(dfa—L) is now:
n S o\ LYY (0¥ (D)) ay(r -7,
( (z1) () ) y( ‘L',). (B.12)

i=1 ay(rr) a0

C. Derivation of Proposition 2.1
Let us start by stating Takens’ theorem as expressed by Takens (1981)), Noakes (1991)):

Theorem C.1 (Takens’ embedding theorem). Let Mbe a compact space. There is an open dense subset
D of Diff(M) x C2(M,R), with Diff (M) the diffeomorphism group of M, with the property that the Takens
map

y: M_>R2m+l
given by n(u) = (y(u),y(g(u)),y(¢ ¢(u)),..‘,y(¢2m(u))) is an embedding of C? manifolds, where (4,y) € D.

Here, ¢ stands for the operator that advances the dynamical system by a time step 7, i.e., that sends u(#) to u(¢+7), and y is
the observable operator that sends a full state u(#) to actual observables y(u(z))=:y(¢). Variants of this Theorem, for example, Sauer
et al. (Sauer et al., 1991), include the consideration of any set of different delays z; instead of uniformly spaced ones. The
representation  y(u(?))=(y(u(¢)),y(u(t—17)),y(u(t —27)),...y(u(t —2mz)) then becomes n(u(r))=(y(u(?)),y(u(t—r11)),
y(u(t—12)),...y(u(f —721)). In the proof of Takens’ theorem, m is the intrinsic dimension of the dynamical system, that is, the
dimension of the manifold M.

Now, given the full state u that follows the dynamics:

du
a:f(u), u(0)=uy, C.n
we use the chain rule on the observable y:
d
=Y o)), €2

By applying the inverse of the delay coordinate map y~! from Theorem C.1, which is invertible from its image as it is an

embedding, we show that the dynamics of y possess a DDE structure:
d
T D) e (Y0¥ =)= 7). €3)

The proof is completed by choosing h=(y’ xf) o y~! — M where M is obtained by the Mori—-Zwanzig formalism (Eq. (2.6)).

Note that to be able to apply Takens’ theorem, we needed the step-forward operator ¢ to be a diffeomorphism, that is, the flow of
the dynamical system to be smooth and smoothly invertible. Also, we used the differentiability of the observables y to express y'.

D. Training hyperparameters

Our training approach incorporates a progressive strategy considered to be a curriculum learning strategy (Soviany et al., 2022). We
begin by feeding the models shorter trajectory segments and gradually increase their length when the so-called patience
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Table A3. How long are the trajectory chunks given at first, and the patience used for each experiment

KS Cavity Brusselator
Length start 15% 50% 25%
Patience 40 50 20

Table A4. Number of parameters for each experiment

LSTM NODE ANODE Latent ODE NDDE
Brusselator 1764 3265 3395 3666 3331
KS 18130 9029 11609 8118 19343
Cavity 2234 2209 2274 3642 2242

hyperparameter is exceeded. This process continues until we reach the desired trajectory length. Each time the trajectory length is
increased, we reset the patience hyperparameter to 0. This patience is then incremented by 1 if the validation loss fails to decrease,
and reset to 0 if the validation loss improves. This method aligns with the principles of curriculum learning, a technique that involves
training machine learning models in a structured order, typically progressing from simpler to more complex examples. In our case,
this translates into moving from shorter to longer trajectories. This approach aims to improve the learning process and the resulting
model performance. Table A3 displays the patience parameter and the length of the trajectory considered initially. Table A4 refers to
the number of training parameters of each model. The loss function used across all experiments is the MSE loss, and we employ the
Adam optimizer with a weight decay of 1077, Table A5 provides the initial and final learning rates (1, 1y) for each experiment,

which are associated with the scheduler. The scheduler is a StepLR scheduler with a gamma factor (y= exp <w> , with N the

trajectory’s length). The scheduler adjusts the learning rate as the trajectory length increases, allowing training to start with the initial
learning rate #; and gradually decrease to the final learning rate ;. All continuous-time models (NODE, ANODE, Latent ODE, and
NDDE) used Runge—Kutta for numerical integration. Table A6 shows the width and depth of the multi-layer perceptrons (MLPs) for

Table A5. Initial and final learning rates for each experiment

Experiment i My
Brusselator 0.001 0.0001
Cavity 0.005 0.00005
KS 0.01 0.0001
Shallow water 0.001 0.00001

Table A6. MLP width and depth for each experiment

NODE/ANODE/NDDE
Width Depth
Brusselator 32 4
KS 64 3
Cavity 32 3
Shallow Water 32 3
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Table A7. Hidden size and number of layers for each experiment for the LSTM model

Experiment Hidden size Number of layers
Brusselator 5 10
KS 25 5
Shallow water 6 10
Cavity 7 7

Table A8. Configuration parameters for each experiment for Latent ODE

Experiment Width size Depth Hidden size Latent size
Brusselator 16 3 16 16
KS 32 3 16 16
Cavity 16 3 8 8
Shallow water 32 3 8 8

NODE, ANODE, and NDDE across all experiments. Additionally, we provide the hidden size and number of layers for the LSTM
model in Table A7. Finally, Table A8 summarizes the Latent ODE hyperparameters, where the vector field f, (defined in the
Introduction) is an MLP with the width and depth specified in the second and third columns, respectively, the size of the latent
variable zj in the last column, and the RNN’s hidden size in the fourth column. If some models have fewer parameters compared to
others, it is because we found that they provided better results with fewer. ANODE’s augmented state dimension matches that of the
number of delays used by NDDE displayed in Table 1.

Cite this article: Monsel T, Semeraro O, Charpiat G and Mathelin L (2026). Neural delay differential equations: learning non-
Markovian closures for partially known dynamical systems. Data-Centric Engineering, 7, €22. doi:10.1017/dce.2026.10053
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