Combinatorics, Probability and Computing (2021), 30, pp. 631-653 CAMBRIDGE
d0i:10.1017/S0963548320000619 UNIVERSITY PRESS

ARTICLE

Counting Hamilton cycles in Dirac hypergraphs

Stefan Glock', Stephen Gould?, Felix Joos**, Daniela Kithn* and Deryk Osthus?

'ETH Institute for Theoretical Studies, Clausiusstrasse 47, 8092 Ziirich, Switzerland; >School of Mathematics, University of
Birmingham, Edgbaston, Birmingham B15 2TT, UK; *Institut fiir Informatik, Heidelberg University, Germany

*Corresponding author. Email: joos@informatik.uni-heidelberg.de

(Received 20 November 2019; revised 30 October 2020; accepted 24 October 2020; first published online 17 December 2020)

Abstract

A tight Hamilton cycle in a k-uniform hypergraph (k-graph) G is a cyclic ordering of the vertices of G such
that every set of k consecutive vertices in the ordering forms an edge. Rodl, Rucinski and Szemerédi proved
that for k > 3, every k-graph on 7 vertices with minimum codegree at least 7n/2 + o(n) contains a tight
Hamilton cycle. We show that the number of tight Hamilton cycles in such k-graphs is exp (nInn — ®(n)).
As a corollary, we obtain a similar estimate on the number of Hamilton £-cycles in such k-graphs for all
£ €{0,...,k— 1}, which makes progress on a question of Ferber, Krivelevich and Sudakov.

2020 MSC Codes: 05C65, 05C81, 05C45

1. Introduction
1.1 Counting Hamilton cycles in graphs

The problem of determining sufficient conditions for the existence of Hamilton cycles in graphs
is one of the central topics in graph theory, and has given rise to extensive research. A classical
result of Dirac [10] states that graphs on n > 3 vertices with minimum degree at least n/2 (Dirac
graphs) contain a Hamilton cycle, and there are natural families of graphs which show that n/2 is
best possible.

Bollobas [3] and Bondy [4] asked for an asymptotic estimate for the number of distinct
Hamilton cycles in Dirac graphs. In 2003, Sarkézy, Selkow and Szemerédi [29] made substan-
tial progress on this question by showing that n-vertex Dirac graphs contain exp (n1nn — ©(n))
Hamilton cycles. They also posed the question of whether this is the right order of magnitude
for graphs satisfying other conditions known to ensure Hamiltonicity, like those of Ore, Pdsa
and Chvatal (see [4]). Further, they conjectured that the minimum number of Hamilton cycles in
n-vertex Dirac graphs is exp (nIlnn — n(1 4+ 1n 2) — o(n)).

Cuckler and Kahn [8] analysed a self-avoiding random walk on the vertices of Dirac graphs to
verify this conjecture as a consequence of a more precise result. Moreover, in a separate paper [7],
they used entropy considerations to provide an upper bound for the number of Hamilton cycles
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in Dirac graphs. More precisely, writing W(G) to denote the number of distinct Hamilton cycles
of a graph G, the main results of [7] and [8] together state that for any n-vertex Dirac graph G,
we have log, W(G) =2H(G) — nlog, e — o(n), where H(G) is the entropy of G. Combined with
the result [8, Theorem 1.3] that Dirac graphs G on n vertices satisfy H(G) > (n/2) log, §(G), this
confirms the conjecture of [29]. Moreover, the parameter H(G) is the maximum of a concave
function subject to linear constraints, and can thus be efficiently estimated. This yields an efficient
algorithm for estimating W (G) for Dirac graphs G, to within subexponential factors.

1.2 Hamilton cycles in hypergraphs

The study of Hamilton cycles in hypergraphs was initiated in a 1976 paper of Bermond,
Germa, Heydemann and Sotteau [2]. For k-uniform hypergraphs (k-graphs), we may sen-
sibly define a cycle in a number of ways (see e.g. [21], [24] and [30]). Let k>2 be an
integer and let £ €{0,...,k—1}. We say that a k-uniform hypergraph C is an £-cycle if
there exists a cyclic ordering xj,...,x; of the vertices of C such that (k —¢) divides ¢t and
{XG=1)(k=0)+1> - - - > X(i—1)(k—)+k }ie[t/(k—e)] is the edge set of C (with indices taken modulo ).
A Hamilton €-cycle of a k-graph G is a subgraph C C G, where C is a k-uniform ¢-cycle with
V(C) = V(G). Thus, if G contains a Hamilton £-cycle, then k — £ divides |V(G)|. Moreover, if
¢ =0 then a Hamilton ¢-cycle is just a perfect matching of G. We usually call a (k — 1)-cycle a
tight cycle, and we say that a Hamilton (k — 1)-cycle of a k-graph G is a tight Hamilton cycle of G.

We wish to generalize the study of Hamilton cycles in Dirac graphs to the setting of hyper-
graphs, and so we now need a natural hypergraph generalization of the notion of degree. Given a
k-graph G and a set S C V(G) of k — 1 vertices, we say that the codegree of S in G, denoted dg(S)
(or simply d(S) when G is clear from the context), is the number of edges of G containing S. For
a k-graph G, we write §(G) for the minimum codegree over all (k — 1)-sets S € V(G), and refer to
this quantity as the minimum codegree of G.

Katona and Kierstead [16] gave a sufficient condition on the minimum codegree for k-graphs
to have a tight Hamilton cycle. Further, they conjectured that for all integers k > 2, a minimum
codegree of at least n/2 suffices for n-vertex k-graphs. Rodl, Rucinski and Szemerédi proved an
asymptotic version [25] of the k = 3 case of this conjecture, and then an exact version for large n
[28]. The work of [25] was shortly afterwards generalized to all integers k > 3 by the same authors
[26]. Further results on tight Hamilton cycles can be found in [1] and [23], for example. For
(k — £) 1 k, Kithn, Mycroft and Osthus [18] asymptotically determined the threshold for the exis-
tence of a Hamilton €-cycle (this generalized previous results in [13], [17] and [19]). Subsequently
several exact results were proved in [9] and [14]. It turns out that the threshold is significantly
below n/2 if (k — £) t k. For all other cases it follows from the result of [26] that the threshold is
asymptotically /2.

1.3 Our main result

Ferber, Krivelevich and Sudakov [12] were the first to generalize the study of counting Hamilton
cycles to the hypergraph setting (and also considered perfect matchings). They proved for 1 < ¢ <
k/2 that if a k-graph G on n vertices with (k — £) | n satisfies §(G) > an for some o > 1/2, then G

contains
o n/(k—¢)
1—o())" 0! | —m
(1= o)) -n (z!(k—ze)!)

Hamilton £-cycles. As a natural question, they asked whether this can be generalized to all £.
We adapt some ideas from the random walk analysis of [8] to show that any large k-graph
whose minimum codegree is slightly above n/2 contains a large number of tight Hamilton cycles.
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Theorem 1.1. For a fixed integer k > 2 and a fixed constant y > 0, the number of tight Hamilton
cycles of a k-graph G on n vertices with §(G) = (1/2+ y)nis exp (n1lnn — O(n)).

Notice that we claim this number of tight Hamilton cycles holds with equality, up to the expo-
nential error bound exp (—®(n)). We discuss this error bound further in the concluding remarks.
It will suffice to show that the lower bound holds, since any k-graph on n vertices trivially has at
most (n — 1)!/2 distinct tight Hamilton cycles. Theorem 1.1 easily yields the following corollary
about the number of Hamilton £-cycles in a k-graph whose codegrees are slightly above n/2, for
eachfe{0,...,k—1}.

Corollary 1.1. For a fixed integer k > 2 and a fixed constant y > 0, the number of Hamilton £-cycles
of a k-graph G on n vertices with (k — £) | n and §(G) > (1/2+ y)n is

(i) exp (1 —1/k)nlnn—On)) if ¢ =0;
(ii) exp (nlnn — O(n)), if€ € [k — 1].

This addresses the above-mentioned question of Ferber, Krivelevich and Sudakov (though our
result is less precise than theirs for £ < k/2). We remark that the —%—term for the case of perfect
matchings is missing in [12, Theorem 1.1], but follows from their proof. Finally, recall that the
minimum codegree threshold for the existence of Hamilton £-cycles can be below 7/2 when ¢ <
k — 1. It would thus be a natural question to extend the counting results to this larger range. For

the rest of the paper, we focus on counting tight Hamilton cycles.

2. Sketch of the proof of Theorem 1.1
In this section we provide a rough sketch of the proof of our main result.

2.1 Basic notation

We first need to introduce some notation that we use throughout the paper. For a set V and a
natural number £, we write (\e/) to denote the set of all unordered £-subsets of distinct elements
of V. We write (V); to denote the set of all ordered £-subsets of distinct elements of V, so that
[(V)el = ¢! (‘2) |. We generally use boldface capital letters to denote unordered subsets S € (‘2) of
the fixed size ¢, and we exclusively use boldface capital letters with arrows above to denote ordered

subsets —S) € (V)¢. When an ordered tuple —S> € (V) is first given, the arrow will exclusively
point to the right. We may subsequently drop the arrow to denote the unordered version of this
£-set, so that if —S> is the ordered sequence of £ distinct elements (x;, . . . , x¢), then S subsequently
used without the arrow denotes the unordered set {x1, ... ,_9)6@}. Moreczler, we write S to denote
the ordered £-tuple obtained by reversing the ordering of S, so that S = (xg, x¢—1,...,x1). Let
G = (V,E) be a hypergraph and let U C V(G). Then the sub(hyper)graph of G induced by U,
denoted G[U], is the hypergraph H = (V(H), E(H)), where V(H) = U, and E(H) is precisely the
set of all edges of G containing only vertices in U. We write G — U to denote the hypergraph
G’ C G obtained from G by deleting the vertices in U and all edges of G containing any vertex in
U. We say that a k-graph P is a k-uniform tight path (or simply tight path if k is clear from the

context) if P admits an ordering of its vertices V(P) = {v1, . . ., v} such that
EP)={{vi,.. ., Vigp—1}: 1 <i<m—(k— 1)}
The ends of P are the ordered (k — 1)-tuples (v1,...,vk_1) and (Vi ..., Viu_ka2). We also

say that P connects the ends of P. We say that a tight path P with m edges (and thus with
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m + (k — 1) vertices) is an m-path, and has length m. For a k-graph G and an integer t > k we
say that a sequence (v1, v2, . . . , 1) of (not necessarily distinct) vertices is a walk in G if every set of
k consecutive vertices in the sequence forms an edge. Let y > 0 be a constant. A k-graph G on n
vertices is called y-Dirac if 5(G) > (1/2 4 y)n. Finally, given a hypergraph G, we say a weighting
of the edges x: E(G) — R™ is a fractional matching if we have Y ey X(e) < 1 for every v e V(G),
and we say that x is perfect if ), x(e) = 1 for every v € V(G).

2.2 Outline of the argument

Let y > 0, and let G be an n-vertex k-graph satisfying §(G) > (1/2 + y)n, where k> 2 and n is
sufficiently large. The main step of our proof is to count tight paths of length n — o(n) in G. Using
the framework of Rodl, Rucinski and Szemerédi [26], which is based on the absorption technique,
we can complete each such long path into a tight Hamilton cycle of G. The key lemma (Lemma 5.1)
in the proof of Theorem 1.1 states that we can find many paths of length /7 in G, all starting at the

same ordered (k — 1)-tuple _S) € (V(G))k—1, such that for each such path the remainder of G still
has minimum codegree at least (1/2+y — n=23)(n — /n). The proof of this ‘iteration lemma’
is the sole focus of Section 5, and involves the analysis of a self-avoiding random walk X" on the
vertices of G. In order to prove the iteration lemma, we first need to show that G admits a perfect
fractional matching which is ‘normal} which means that each edge of G has weight @(n~*+1). We
construct such a normal perfect fractional matching x in Section 4 via a probabilistic argument
based on switchings (it is not clear how to generalize the entropy-based approach of [8] to the
hypergraph setting).

In Section 5 we use x to define the transition probabilities of the random walk X'. We construct
X such that an outcome of X corresponds to a tight path in G of length \/n which starts at some

given _S> € (V(G))k—1. We wish to count the number of outcomes of X which essentially leave
the y-Dirac property of the remaining graph intact. Such outcomes of X" are called good walks. It
will suffice to show that X" is good with probability at least 1/2. To do this, we will show that it
is likely that the vertices that X’ visits look roughly like a uniformly random subset of the vertices
of G, of appropriate size. We will show that the behaviour of X over a small number of steps can
be assumed to be very close to the behaviour of a modified version of X, in which the walk is
allowed to revisit vertices. We use the normality property of x to show that the modified walk
mixes rapidly, and we use the fact that x is a perfect fractional matching to show that, under the
stationary distribution, each vertex is essentially visited with the same probability. Thus, roughly
speaking, the distribution of the vertices for X’ to visit at any step is close to uniform on V(G). We
give a more thorough sketch of the proof of the iteration lemma in Section 5.2.

In Section 6 we focus on repeatedly applying the iteration lemma to obtain many long paths in
G. Let P be a 4/n-path in G obtained from the first iteration of the iteration lemma, let T be the
unordered set consisting of the final k — 1 vertices of P, and let Gp:= G — (V(P) \ T). The idea
is that since the y-Dirac property is essentially intact in Gp, we may find a new normal perfect
fractional matching xp: E(Gp) — R and can thus apply the iteration lemma to Gp. In this second
iteration we insist that all the walks X’ start at the final ordered (k — 1)-tuple of P. Then we may
attach any of the paths P’ from the second iteration onto P to obtain a longer tight path in G
which still leaves the y-Dirac property of the remaining graph essentially intact. We show that we
may iterate this process until fewer than n’/® vertices of G remain, and we multiplicatively use the
count of paths given by the iteration lemma to deduce that the number of resulting long paths of G
is essentially the number given in the statement of Theorem 1.1. (Observe that each combination
of paths yields a different concatenated path.) Finally, we complete the proof of Theorem 1.1 by
absorbing the vertices left over by each such long path into a tight Hamilton cycle of G.
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3. Preliminaries

In the following section we collect further notation, as well as some results that we will use
throughout the paper.

3.1 Notation

Let y > 0 be a constant. We say that a k-graph G is an (n, k, y)-graph if G has n vertices and G is
y-Dirac. When G is clear from the context, we often write V instead of V(G). For a k-graph G and

Se (kfl), we write
Ng(S) ={ve V:SU{v} € E(G)}.

We say that S is isolated if Ng(S) = ), and that S is non-isolated if S is not isolated. For a positive

integer ¢, we say thatawalk (vy, ..., vpyx_1) on the vertices of G is an £-walk. Let _S>, ? €(V)r_1.
- =
We say an £-walk (v1, ..., v¢qf—1) in Gis an €-walk from S to T if
— —
S=Wn....v1) and T =Weg1,.. 5 Verk_1)-

A matching M of a k-graph G is a collection of vertex-disjoint edges of G, and we say that M is
perfect if every vertex v € V(G) is included in some edge of M. Let M be a matching in a k-graph
G. Where it has no effect on the argument, we sometimes abuse notation and identify M with the
subgraph M’ C G satisfying E(M’) = M and V(M') = |, e. For finite sets U C V and a function
f: V=R, wedefine f(U) =}, f(u), and |[f[loo = max,ey f(v). We write 1y: V — {0, 1} to
be the indicator function for U, defined by 1y(x) =1 if x € U, and 1y(x) = 0 otherwise. For an
event £ in a probability space, we write £¢ to denote the complement of £. We write log x to
mean log, x, and we write In x to mean log, x. We also write a = (1 & b)c to mean (1 — b)c <
a < (1+ b)c. For a natural number n we write [n]:={1,...,n}. We write x < y to mean that
for any y € (0, 1] there exists an xp € (0, 1) such that for all 0 < x < x¢ the subsequent statement
holds. Hierarchies with more constants are defined similarly and should be read from right to
left. Constants in hierarchies will always be real numbers in (0, 1]. Moreover, if 1/x appears in a
hierarchy, this implicitly means that x is a natural number. More precisely, 1/x < y means that for
any y € (0, 1], there exists an xo € N such that for all x € N with x > xy the subsequent statement
holds. We assume large numbers to be integers if this does not affect the argument.

3.2 Probabilistic tools

In this subsection we collect some probabilistic definitions and results that we will need through-
out the paper.
The total variation distance between two probability measures 1 and v on a finite set S is

dry(p, v) = sup{|u(T) — v(T)|: T < S}.
It is well known that the total variation distance satisfies
1
dry(i,v) =5 3 1n(s) = v(9)| = inf{P[X # Y]}, (3.1)
seS

where the infimum is taken over coupled random variables X and Y having laws p and v respec-
tively (see [11, page 119] for more details). We write dry (X, Y) for the total variation distance
between the laws of the random variables X and Y.

Next, we need an inequality of [8], which follows easily from Azuma’s inequality.
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Lemma 3.1 ([8, Lemma 5.3]). Let Xo, X1, . . . be random variables taking values in a set V, and let
g: V— R Then, for any t > 0 and any p, q € N, we have

|

We will need the following Chernoff-type bound (see e.g. [5] and [15]).

P
Z(g(xw — Elg(Xisq)1 X0, - - - ,Xkl)

k=0

> t||g||m@:| < qu_tz/z.

Lemma 3.2. Let X be a random variable with a binomial or hypergeometric distribution. Suppose
E[X] > 0 and let t > 0. Then P[X < E[X] — t] < e™/@EXD,

We conclude this section with a result which shows that most small sets in an (#, k, y )-graph
inherit the Dirac condition. We omit the proof; for details, see the appendix of the arXiv version
of the paper.

Proposition 3.3. Let 1/n <K 1/m <KL y,1/k,1/t,1/¢, where £ | n, and let G be an (n, k, y)-graph.
Let P be a partition of V into £-sets and let Py € P be of size | Po| = t. Pick P' € P\ Py of size m
uniformly at random. Then

]P[G[U (Po U 73/)] is y/Z—DimC] >1-— €_ﬂ.

3.3 Tight Hamilton-connectedness

Let G be an (n, k, y)-graph and let P be a tight path in G. We say that P is a tight Hamilton path
- =

of G if V(P) = V. We say that G is tight Hamilton-connected if, for any disjoint S, T € (V)i_1,

there is a tight Hamilton path of G which connects 'S and T. We will deduce from the results
in [26] that large (n, k, y)-graphs are tight Hamilton-connected for k > 3. This will be important
in the absorption step of our main argument, and also in the mixing part of our random walk
analysis. We begin by stating the main theorem of [26].

Theorem 3.1 ([26, Theorem 1.1]). Let 1/n < v, 1/k, where k > 3, and let G be an (n, k, y)-graph.
Then G contains a tight Hamilton cycle.

The next lemma ensures the existence of an ‘absorbing path’ A, which can absorb small sets of
vertices into its interior.

Lemma 3.4 ([26, Lemma 2.1]). Let 1/n <y, 1/k, where k > 3, suppose that y < 1/(32k), set =
2k=4y 2%y, and let G be an (n,k, y)-graph. Then there exists a tight path A in G with |V (A)| <
16ky*1n such that for every subset U C V' \ V(A) of size |U| < B, there is a tight path Ay in G
with V(Ay) = V(A) U U and such that Ay has the same ends as A.

The next lemma will enable us to find constant-length tight paths between any disjoint pair of
ordered (k — 1)-sets of vertices.

Lemma 3.5 ([26, Lemma 2.4]). Let 1/n < y, 1/k, where k > 3, and let G be an (n, k, y)-graph.
- =

Then, for every S, T € (V)i_y with SN'T =1, there is an {-path P in G with £ < 2k/y? that

connects _S> and T)

We are now ready to prove that large (n, k, y )-graphs are tight Hamilton-connected.
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Lemma 3.6. Let 1/n < y,1/k, where k>2, and let G be an (n, k, y)-graph. Then G is tight
Hamilton-connected.

Proof. First note that this result follows easily from Dirac’s theorem for the case k =2. Now
suppose k > 3 and suppose without loss of generality that y > 0 is sufficiently small in compar-

—- = —
ison to k. Let S, T € (V),_; be disjoint, and write S =(s1,...,st_1). Set y":=3y/4, so that
G :=G—(SUT) is y’-Dirac, and set n' :==n — 2(k — 1). We apply Lemma 3.4 to G’ to obtain a
tight path A in G’ with |V(A)| < 16k(y")~1#/, with the properties as stated in Lemma 3.4. Choose
aset WC V\(SUTUV(A)) of size (y’)3kn/ uniformly at random among all sets of that size.
Then a simple application of Lemma 3.2 shows that with high probability, for all M € (k:) we
have
INc(M) N W| = (1/2+y/2)|W],
and thus in particular, G[W] is y /2-Dirac. We fix such a choice of W. Set
G'=G-—(SUTUVA)UW),

and notice that G” is y /2-Dirac.

We apply Theorem 3.1 to G” to obtain a Hamilton cycle C of G”. Delete k — 1 consecutive

— —
edges of C to obtain a Hamilton path P of G” with ends X and Y. We use the property that
all (k — 1)-tuples in G have high codegree in W to find, for each i € [k — 1] in turn, a vertex v; €
_)
W\ {v1,...,vi—1} such that {s;,. .., s_ 1,1/1, o ,vl} is an edge Let S :=(Vi_1,...,v1), so that
we have found a (k — 1)- path Pg w1th ends S and S/ Let A 1 and A 5 be the ends of A. We sim-
ilarly find mutually disjoint X’ Y’ A/l, A/z, T’ € (W) and (k — 1)-paths Px, Py, Pa,, Pa,, Pr
with the corresponding pairs of ends. Since G[W] is y /2- Dlrac, we can apply Lemma 3.5 to obtain
a path Pgx of length at most 8k/y? in G{W] which connects S/ and X/ Since Pgx contains so few
vertices, we can repeat the process to find disjoint paths Pys, and P4, in G[W] with ends Y and
<« <« <«
A}, and A} and T, respectively. Let
W= W\ (V(Psx) U V(Pya,) U V(Pa, ).
We apply the absorbing property of A to obtain a tight path Ay in G with V(Ay) = V(A)U W/,
— =

such that Ay has ends A and A,.

Then Ps U Psx U Px UP U Py UPyy, UPy, UAwr UPy, UPy,7U Pr is a tight Hamilton path
in G which connects _S) and T) O

4. Normal perfect fractional matchings

Let k > 2 and let G be a k-graph on n vertices. We say that an edge weighting x: E(G) — R™ is
C-normal if

C

% <x(e) < 1
In this section we adapt some ideas of [6] to show that an (u, k, y)-graph G admits a normal
perfect fractional matching (see Lemma 4.2). This will be an essential tool in our random walk
analysis for showing that the random walk is roughly equally likely to visit any vertex. The idea
is to construct a perfect fractional matching of G in which the weight of any edge e is set to be
the probability that e is included in a uniformly random perfect matching of G. (A sufficiently
large (n, k, y)-graph with k | n has at least one perfect matching [20, 27].) A crucial feature of this
approach is that any edge e is roughly equally likely to be included in a uniformly random perfect

for each e € E(G). (4.1)
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matching of G. We show this using the so-called ‘switching method’ in a similar way as in [6]. Let
k> 2,let G be a k-graph, let e € E(G), and let M, be a perfect matching of G containing precisely ¢
edges intersecting e. Supposing 0 < £ < k — 1, we define an (e, My)-upswitching to be a matching
Y of G satisfying

(i) ec V(Y),
(ii) Y contains precisely £ 4 1 edges intersecting e,
(iii) for all ¢’ € My, we have either ¢ € V(Y) ore N V(Y) =¢.

Supposing instead that £ € [k], we define an (e, My)-downswitching to be a matching Y of G
satisfying

(i) ec V(Y),
(ii) Y contains precisely £ — 1 edges intersecting e,
(iii) for all ¢’ € My, we have either ¢’ C V(Y) or & N V(Y) =@.

Note that if Y is an (e, My)-upswitching, then we can obtain a new perfect matching M’ from M,
by replacing M;[V(Y)] with Y. Then M’ contains exactly £ + 1 edges intersecting e. Similarly, if Y
is an (e, My)-downswitching, then M’ has exactly ¢ — 1 edges intersecting e.

Lemma 4.1. Let 1/n K 1/C <K y,1/k, where k > 2 and k| n. Let G be an (n, k, y)-graph, and let
M be a uniformly random perfect matching of G. Then, for each e € E(G), we have

—— < PleeM] <

<= (4.2)

Proof. Choose new integers m and B satistying 1/n < 1/C <K 1/B<K1/m <K y,1/k, and fix e €
E(G). For each integer € € [k], let M, be the set of perfect matchings of G containing precisely ¢
edges intersecting e. Note that

Plee M] = |Mul/(IMa| =+ - - - + [Mi)

and recall that there is at least one perfect matching of G since G is y-Dirac (so the denomina-
tor here is non-zero). We first bound | M|/|My41| from above and below for each ¢ € [k — 1],

and (4.2) will follow quickly. Let £ € [k — 1]. We define an auxiliary bipartite multigraph GeT,e
with vertex bipartition (M, M41). For each My € M, and each (e, My)-upswitching Y of size

m (containing precisely m edges), we add an edge in Gig from M, to the matching M4y € M4
obtained by replacing M,[V(Y)] with Y. Write 8;’2( to denote the minimum degree in GZ) , over
all My € My, and write Ai{jml to denote the maximum degree in GZ,Z over all My € Mg41. By

double-counting |E(G2£)|, we obtain
IMel/IMeal <AL /855

To bound Aj{juﬂ, we fix Myy; € My and bound the number of pairs (My, Y), where My € M,
and Y is an (e, My)-upswitching of size m that produces M, . Note that any such Y must contain
all vertices in the £ + 1 edges of My intersecting e, and there are at most n~¢~! choices for
the other m — ¢ — 1 edges of M, whose vertices are to be included in V(Y). Once V(Y) is fixed,
there are at most (mk)! choices for My[V(Y)] (and hence for My). Thus we have

e’T ] m—L—1
AM(+1 < (mk)'n .
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To bound Sj(ju, we fix My € M, and bound the number of (e, My)-upswitchings of size m from
below. Let

UMy):={e e My:ene #0).

Note that any (e, M;)-upswitching Y of size m must include all the vertices in U(M;), and there
are ("/ k= Z) choices for the remaining m — £ edges of M, whose vertices are to be included in V(Y).

We apply Proposition 3.3 (with P = My, Py = U(M;), and with m — ¢, k, £ playing the roles of m,
¢, t, respectively) to deduce that there are at least

k—1¢
(1 _ e«/m€)<n/ ) > (mk)fmnmfﬁ
m—{

choices of X C My \ U(My) of size m — £ such that G[V(XU U(My))] is y/2-Dirac. Note
that for each such X, we may first choose a matching U’ of size £+ 1 in G[V(XU U(My))]
such that e C V(U’) and e intersects every edge in U’, and then choose a perfect match-
ing Y of G[V(XUUWMy))\ V(U)]. Then Y:=Y UU’ is an (e, M¢)-upswitching of size
m, unique to this choice of X. We deduce that 8;’4 (mk)™™n™=¢, and conclude that
|Mel/IMes1] < (mk)!(mk)™ /n < B/n.

We now bound the terms | M |/| M 1] from below analogously. Let £ € [k — 1]. We define an
auxiliary bipartite multigraph Gj ¢4 With vertex bipartition (Mg, M e+1 ). For each My11 € Mgy
and each (e, My41)-downswitching Y of size m, we add an edge in G b1 from My to the match-
ing M, € M, obtained by replacing M,41[V(Y)] with Y. Let Sj\/ilm denote the minimum degree
in Ge o

all My € M,. It is easy to see that A < (mk)!n™ ¢, Now fix My4, € Mgy and let

, among all Myy1 € Mgy, and let Aj{fl denote the maximum degree in Gie 41 among

U(Mg_H) ={e €My 1:ene #0).

We apply Lemma 3.3 again (with P = My, Po = U(M¢41), and withm — £ — 1, k, £ + 1 playing
the roles of m, ¢, t, respectively) to deduce that

aj{fll (mk) m,m— —— 1,
and thus
|Mel/IMeg1] = 1/((mk)!(mk)™n) > 1/(Bn).
Finally, note that

k—1
Plec M] = M| |M1| |M1|.|M2|”'|Mk—1|<3 < C ,
Myl + -+ |Mk| (Mgl Mol M| | Ml nk—1 = pk=1
and similarly
Ple € M] > |Myl/(kIMl) > 1/(kB*'n*1) > 1/(Cn*1). O

Finally, we use Lemma 4.1 to show that an (#, k, y)-graph admits a normal perfect fractional
matching.

Lemma 4.2. Let 1/n < 1/C <KL y,1/k, where k> 2, and let G be an (n, k, y)-graph. Then there
exists a C-normal perfect fractional matching of G.

Proof. Let i be the unique integer in {0, 1, . .., k — 1} satisfying n = i mod k. For each S € ( ), let
Gs = G — S. We define an edge weighting xs: E(GS) — R by setting xg(e) := P[e € Mg] for each
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e € E(Gs), where Ms is a uniformly random perfect matching in Gs. We define an edge weighting
x: E(G) — R™ by setting

n—1\""
x(e) = ( ; ) > xs(e)
se(})
for each e € E(G), where we set xg(e) to be 0 for each S such that e ¢ E(Gs). Then, by Lemma 4.1,
x is the desired C-normal perfect fractional matching of G. O

5. Counting short paths

The aim of this section is to prove the following lemma, which guarantees many short tight paths
in a y-Dirac k-graph G, such that the y-Dirac property of the graph G’ obtained from deleting
any such path is still essentially intact.

Lemma 5.1 (Iteration Lemma). Let 1/n < ¢ KLy, 1/k where k > 2, let G be an (n, k, y)-graph,
ﬁ
andlet S € (V)i_1. There exists a set P of \/n-paths in G such that:

@) [P > (cm)V™,

(ii) S isanendofeachPeP,
— —
(iii) if PeP and T is the non-S end of P, then G :==G— (V(P)\T) satisfies §(G') >
(1/24y —n=?3)(n— /n).

We now provide some important definitions and sketch the proof of Lemma 5.1. We then
collect together a number of technical lemmas, and finally use these results to prove Lemma 5.1.

5.1 Random walk notation

We first define some random walks which will be of central importance to the proof of Lemma 5.1.
Let k > 2 be an integer, let G be a k-graph, and let x: E(G) — R™ be a positive edge weighting
function. Each of our random walks Z =(Z_(x—2), Z_(k—3),... ) on V will begin with an
ordered (k — 1)-tuple (Z_(x_2),...,Zp) chosen according to some probability distribution
w: (V)g_1 — RT. We say that p is the initial distribution of Z. Random vertices will then be
added one by one to each Z according to the transition probabilities of Z. Suppose we are given a

random walk Z = (Z_(x_y), ..., Zj—1) on V, up to time j — 1. Then we say that semiviable vertices
for step j are those vertices v € V satisfying {Z;_(x—1),...,Zj-1} U {v} € E(G). We say that viable
vertices for step j are those vertices v € V which are semiviable and satisty v ¢ {Z_(x_2), . . ., Zj-1}.

Let Qj and R; denote the sets of semiviable and viable vertices for step j, given the random walk
up to time j — 1, respectively.

We say that a random walk X' = (X_(t_2), X_(x—3),. .. ) on the vertices of G, with any initial
distribution p, is a self-avoiding x-walk to mean that the transition probabilities of X’ for j > 1 are
defined for all v € V by

X({Xj—(k-1)> - - -» Xj—1} U {v)H 1, (v)
ZweRj X({Xj—(k—1)> - - -» Xj1} U {w})’

whenever R;j is non-empty, otherwise we terminate the walk. Here and throughout, we define
x(S) :=0for any S ¢ E(G). Note that X' = (X_(,_2), X_(k—3), . . . ) is equivalent to the random walk

xk=1) = (7()0, Yl, ... ), where each i),- is the ordered (k — 1)-tuple i)i = (Xi—(k=2)> - - - » Xi)-

]P[Xl =v[X_(k—2)- .- an—l] =
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We thus refer to both X and X*~1 as the self-avoiding x-walk on G with initial distribution u,
since they are reformulations of each other.
Suppose now that G has no isolated (k — 1)-tuples (this will always be true for us). We say

that a random walk Y = (Y_(4_5), Y_(x_3), ... ) on the vertices of G (or Y= — (?0, ?1, e
ﬁ
on (V)r_1, where Y ;:=(Y;_—2),- .., Y;)), with any initial distribution u, is a simple x-walk to
mean that the transition probabilities of ) for j > 1 are defined by
x({Yi—(k—1)> - - -» Yj—1} U {v})1q(v)
PIYj=v|Y_ (2. .., i1l = ! ! /
Zwer X({Yj—(k—l)> B Yj—l} U {W})

(5.1)

for all v € V. Note that Y*~1) is a Markov chain on (V)_; because the transition probabilities at

any time depend only on the current state. When the stationary distribution of Y*~1 exists and

. . . . k=1 _ (W W

is unique, we denote it by 7, and we say that a simple x-walk W =(Wy, W1,...) on the

ordered (k — 1)-tuples of V is the stationary x-walk on G if the initial distribution is . Again we

—

have that Wk=1 = (Wo, Wi, ... ) is equivalent to the walk W = (W_(x_2), W_(x_3),... ) on

the vertices of G, where each W)i is the ordered (k — 1)-tuple Wi =(Wi_k—2)> - - - » Wj). We also

call W the stationary x-walk, and use the vertex (or tuple) version whenever it is more convenient.

— —

Finally, whenever the initial distribution  of X' (or V) satisfies u( S ) =1 for some S € (V)i_1,
—

we say that X' (or ) has starting tuple S .

5.2 Further notation and sketch of the proof of Lemma 5.1

We now describe our approach to proving Lemma 5.1. Introduce a new constant C satisfying

1/n <K cK1/CKLy,1/k and let G be an (u, k, y)-graph. By Lemma 4.2, there exists a C-normal

perfect fractional matching x of G. We fix such a C-normal x throughout this proof sketch. We

will analyse a self-avoiding x-walk X’ on G with starting tuple S e (V)k—1. We stop the walk after

time k := /n, so that we may write X = (X_(_2),...,Xc). Note that each outcome of X' will
—

correspond to a tight x-path in G, with S as one end.
We define

Vi=VA\AX k2> - > Xjme—1)}

to be the set of all vertices of G except for all vertices X*~1) has visited strictly before X i We
say that Vj is the residual vertex set of G at time j. We also define G; := G[V;] and say that G; is
the residual graph at time j. We also write X'(j) to denote the walk X’ up to time j, specifically
X(j) = (X_(k—2)> - - -» X))

We will show that it is likely that the y-Dirac property of the residual graph G, is still
essentially intact, by showing that it is likely that the vertices that X visits look roughly like a
uniformly random subset of V' (see Lemma 5.7). For this, we will use the following ‘tracking
functions’ to monitor the progress of X', with respect to how the codegree of each (k — 1)-tuple in
the residual graph deteriorates over time.

For each unordered (k —1)-tuple S e (kfl), we define a function gg: V — RT by setting
8s(v) :=ling(s)(v) for each v € V, so that, in particular, if S C V; then gs(V;) = de(S). We call the

set F:={gs: S € (k‘_ll)} the set of tracking functions of G. We say that X' = (X_(x_2),...,X) is
good if

K

> gs(X)= Zes(V) £ 110 forall gs e F. (5.2)
n
i=—(k—2)
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Thus, to say that X" is good is to say that the set of k + k — 1 vertices that X’ visits look roughly like
a uniformly random subset of V, with respect to the codegrees of all (k — 1)-tuples. In particular,

for all (k — 1)-tuples S € (k‘jl), the proportion of vertices of Ng(S) visited by X is approximately
Kk /n, and this is the property that will allow us to deduce condition (iii) of Lemma 5.1.

Let (?()a, ..., X ;) be a suitable interval of X*~1 and let Y*-1 = (?0 = 7(),1, ?1, ... ) be
the simple x-walk on G, with starting tuple ?a. To show that the walk X’ is likely to be good, the
following will be the main steps.

(i) First we show that the behaviour of (? a> - - - ) follows closely that of yk=1) by exhibiting
a coupling of the two walks such that the probability of X*~1 and Y*~1 being different is
acceptably small, provided b — a is small.

(ii) Next we see that Y*~1 mixes (converges to its stationary distribution ) rapidly.
(iii) We also show that the stationary x-walk W = (Wy, Wy,... ) satisfies P[W; =v] ~ 1/|V,]
foreachve V,.

Putting the above together, we see that even for small g, the distribution of each Xj, given the walk
to time i — g, is typically close to the uniform distribution on V;_,, and thus, for each tracking
function g € F, we have

Blg00) ~ ———g(Vi ) ~ —g(V).

(i—q)
Lastly, then:

(iv) We show that the actual values of the quantities > a<i<b g(X;) are very likely to be close to
their expectations, by using Lemma 3.1.

This completes the sketch of the proof that X is likely to be good. It only remains to count the
number of good walks (outcomes of) X'. The count will be obtained by simply dividing a lower
bound for the probability that X" is good, by an upper bound for the probability of obtaining any
specific outcome of X'. This completes the sketch of the proof of Lemma 5.1.

5.3 Random walk analysis

In this subsection we collect some of the tools that we will use to prove Lemma 5.1. We first
define some convenient terminology for edge weightings. Let x: E(G) — R be a positive edge

weighting of a k-graph G. We say that x is a;-lower-balanced if, for all non-isolated S € (kfl) and
all v € Ng(S), we have that

x(SU {v})/(Z x(SU {v’}>) > ay.
VeV
That is, all possible x-walk transition probabilities are bounded below by a;. Similarly, we say that
X is ay-upper-balanced if, for all non-isolated S € (kZI) and all v € Ng(S), we have

x(S U {v})/(Z x(SU {v’})) <ar.
vev
We say that x is (a1, az)-balanced if x is a;-lower-balanced and a,-upper-balanced. We now give
a simple result which shows that we may couple the self-avoiding x-walk and the simple x-walk
to behave very similarly over small distances.
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Lemma 5.2. Let k> 2, let G be a k-graph, let K/I) € (V)k_1, and let x: E(G) — R™ be a positive
r-upper-balanced edge weighting. Let X = (X_(x_2),... ) and Y = (Y_(x_y), ... ) be, respectively,
the self-avoiding x-walk and the simple x-walk on G, each with starting tuple M. Then, for any
positive integer g < 8(G), we have

dTV(Xq’ Yq) < qu-

Proof. If 1 <i<d(G), and X and ) agree up to time i—1, say Xj=Y;=v;€V for each
jef{—k+2,...,i— 1}, then we couple at the next step so that X; coincides with Y; whenever the
choice of Y; is a viable choice for Xj, which is to say that Y; is not a vertex already seen. So with
this coupling, for any positive integer i < §(G) we have

PIX; # Y; | X;j=Yiforallje {—k+2,...,i— ] =P[Yi€ (v_g_a) ..., vi i} <ir.
Thus, for any positive integer g < (G), we obtain

q
PXy # Y] <Y PXi# Vi | Xj=Yjforallje {—k+2,...,i— 1}] < gr.
i=1
The desired result now follows from (3.1). O
We now aim to show that Y~ mixes rapidly. The key part of the proof will be the following

argument that J*~1 has many different choices for how to arrive at a specified target ordered

—
tuple T € (V)k_; in a fixed number of steps.

Lemma 5.3. Let 1/n K¢ K1/ Ly, 1/k, where k > 2, and let G be an (n, k, y)-graph. For any

— = - =

S, T €(V)i_y, there are at least {n'=%*=V ¢-walks from S to T in G. Further, if SNT =0,
— <«

then there are at least £ n~ =V ¢-paths in G which connect S and T.

Proof. Let S, T € (V)i_y, seta= € — (k— 1), let
V\NSUT
o0 ( \( )))
a
let Go == G[SU QU T] for each Q € Q, and define
9 :={Qe Q: Gqis (y/2)-Dirac}.
We apply Proposition 3.3 (with P ={{v}: ve V}, Po={{v}: ve SUT}, and with g, 1, [SUT]|
playing the roles of m, ¢, t, respectively) to deduce that |Q'| > |Q|/2. Fix Q€ Q' and write
—
T =(t,...,t_1). Since G[QU T] is y /4-Dirac, for each i € [k — 1] in turn we may find a vertex
—
vi€ Q\ {v1,...,vio1}suchthat{vi,..., v} U{t;,..., f_;} isanedge. Write T' :== (vk_y,...,v1).
—
Thus we obtain a (k — 1)-path P2Q in Gq which connects T’ and ('f Since G[S U Q] is y /4-Dirac,
we may apply Lemma 3.6 (with y /4 playing the role of y) to find an a-path Pb in G[S U Q] which

e ~ - . 1 2 <in T
connects S and T’, and the obvious concatenation of PQ and PQ isan £-walk Wq from S to T

in Gq. It is clear that these ¢-walks W, are distinct for different choices of Q € Q'. It thus suffices
to observe that

1 (e
IQ/I2£|QI>U/ k=D,

If S N T = ¢, then the walks W do not revisit vertices and thus correspond to £-paths in G which

— <«
connect S and T. O
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Lemma 5.3 shows that in an (n, k, y)-graph G, the Markov chain y<’<—1> is irreducible, and thus

there is a unique stationary distribution 7 of Y*~1. We will use this fact without stating it from
now on. We note that it also follows from Lemma 5.3 that y<k—1> is aperiodic, which implies that
the distribution of _Y>t converges to 7 as t — 0o. However, we need something stronger, namely
that this convergence occurs quickly. This is achieved by the following lemma, which shows that
VED mixes rapidly.

Lemma 5.4 (Mixing Lemma). Let 1/n < 1/A K y,t,1/k, where k> 2, let G be an (n,k,y)-
graph, let p: (V)x_; — R be a probability distribution, and let x: E(G) — R be a positive
(t/n)-lower-balanced edge weighting. Let ¥ = (Y_(x_3),... ) be the simple x-walk on G with
initial distribution ., and let W = (W_(x_y), . . . ) be the stationary x-walk on G. For any n > 0, if
q = XlIn(1/n), then dry(Yy, Wg) <.

Proof. Choose new constants ¢ and ¢ satisfying 1/n < 1/A K¢ < 1/ Ly, 7,1/k. We proceed
by using Lemma 5.3 to show that for two simple x-walks Z(*~1 and 2"®=1 on G given any initial
distributions, we can find a coupling such that Z&=1 and Z’* =1 are relatively likely to meet
after £ steps. Using this, we then exhibit a coupling of y<k—1> and W*=D that will allow us to use
(3.1) to upper-bound dry (Yg, Wy).

Let Z5~D be a simple x-walk on G with any initial distribution ¢, and fix any T e (V)k—1. By
Lemma 5.3, G has at least £n‘~*~1 ¢-walks from _S) to T), for each _S) € (V)k_1, and thus

P[Z=T]= Y ¢(SP[Z,=T|Zo=75]

_
S (Vi1
—
> > ¢(S)enE D m)
_S>E(V)k—1
:Uz/nk—y

Thus we may construct a coupling of any pair of simple x-walks Z*~ and 2"k=1 such that
P[Z,=Z,="T]>¢t'/nk! forall T e (V)_,.

Under this coupling, we have

l
P[Ze=7 ]2 2 (Ve > M(

n—(k—2)
e s

n

k—1
) >t (5.3)

We now construct a coupling of Y*~1 and W*=1 as follows. We partition the time steps into

consecutive intervals of length £. In the first interval, we couple V&= and W=D as in (5.3), so
that

P[?g = W’[] > §"L’€/2.

If ?g = Wg, then we couple Y =1 and W=D such that 7t = V_>Vt for all t > €. Otherwise we
again couple Y*=1 and W*=D in the second time interval, as in (5.3), so that

- — = —
P[Y2e=Wy | Y¢#We|>¢7)2
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One can easily check that repeating this process yields a valid coupling of Y*~1 and W*=1,
Note that with this coupling and for any g which is sufficiently large compared to ¢, we have

q/¢
- = — —
Yq# W] < HP[YM # Wi
k=1

P[

N (Yie# Wje}] <(1- ¢l

j<k=1
We use this coupling and apply (3.1) to obtain
drv(Yy, Wy) < P[Yq # Wq] < P[?q # Wq] <(1—c¢tf)2)7f < exp (— ;z"q/ze) <,

provided g > A In (1/n). O

It will be useful to have an explicit formula for the stationary distribution 7 of Y*~1, and
so we obtain this now. (Observe that the simple x-walk V&1 on (V)i is in general not a
symmetric Markov chain.)

Proposition 5.5. Let 1/n<Ky <K 1/k where k>2, and let G be an (n,k,y)-graph. Let
x: E(G) — R be a positive edge weighting of G, and for each M e (V) define

ZVGV x(MU {v})

n(ﬁ) —
T e, Lev XBUD'

(5.4)

Then 7 is the unique stationary distribution of the simple x-walk Y*= on (V),_,.

Proof. By standard results on the stationary distribution of a Markov chain (see e.g. [22,
Proposition 1.20]), it suffices to prove that : (V);_; — R as defined in (5.4) is a probability
distribution on (V);_1, and that

N — —
Y w(S)P(S, T)=n(T) forall T (V)_y, (5.5)
_S)G(V)k—l
- = o . (k-1) — —
where P(S, T) denotes the (one-step) transition probability of Y from § to T. It

follows quickly from (5.4) that 7 is a probability distribution on (V),_1, and (5.5) follows from
applying (5.1) and (5.4). O

Next we show that, provided the edge weighting x: E(G) — R is an ‘almost-perfect’ fractional
matching, the stationary x-walk on G is such that each vertex of G is roughly equally likely to be
the current vertex at any time. Let ¢ € (0, 1) and k > 2. For a k-graph G, we say that a fractional
matching x: E(G) — R is e-almost-perfect if Y, x(e) > 1 — ¢ forallve V.

esv

Lemma 5.6. Let 1/n<<y,1/k, where k>2, and let G be an (n,k,y)-graph. Suppose that
x: E(G) — R* is an n=2/>-almost-perfect fractional matching of G and let

W= (W—(k—Z)J W—(k—:’:)a cee )

be the stationary x-walk on G. Then, for each i € N and each v € V, we have

PW;=v]=(1+n"13). % (5.6)

https://doi.org/10.1017/50963548320000619 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548320000619

646 S. Glock et al.

- — —
Proof. We reformulate W as W = (Wy, Wy, ... ), where W;:=(W;__2),..., W;). Let ve V
and i € N. By the law of total probability, (5.1) and Proposition 5.5, we obtain

P[W,’:V] = Z P[V}V,'_l =_S)]IP[W,=V| Wi—l =_S>]
_S)E(V)k—l

3 2yevXSU LY ~ x(SU{w)
EF ey, Lvev XBUWD E, ey xSUHY

S e(Vies
ZSE(kyl) x(SU {v})
de(kzl) 2 vey X(BU{Y)
Zse(kzl) x(SU {v})
2vev Lpe(r,) XBUWY

D Y0
Zv’ev Zeav’ X(e).

Applying
1—n2° <Zx(e) <1 foralveV,

esv

we obtain (5.6). O

We now show the crucial fact that, for any large set U C V, the probability that the self-
avoiding x-walk X is in U after a small number of steps is roughly |U|/n. We will apply this fact
to neighbourhoods of (k — 1)-tuples in the proof that A’ is likely to be good. This in turn will be
used to show that X will, in expectation, behave roughly uniformly with respect to the codegrees
of all (k — 1)-tuples.

Lemma 5.7 (Uniformity Lemma). Let 1/n < 1/C<Ky,1/k, where k=2, and let G be an
(n,k, y)-graph. Let x: E(G) — R be a C-normal, n=%/°-almost-perfect fractional matching, let

S € (V)k_1, and let

X = (X (k-2 X_(k=3)>- - - )
be the self-avoiding x-walk on G with starting tuple S, Then, for any q € [(Inn)?, n'/°] and any
U C V of size |U| > n®/%, we have
vl

—

P[X, € Ul=(1£n /1) (5.7)

Proof. We first argue that x is (1/C?n, 2C?/n)-balanced. Indeed, since x is C-normal and G is
y-Dirac, we have

maX.cg(G) X(e) - C Cnk1 - 2C?
minSE(kyl) Y ey X(SU{v}) Skl 124y o

The lower bound follows similarly. Now let U € V be of size |U| > n3/4, and fix g€ [(Inn)? n'/3].
Let

Y=_k—2 Y_(k—3)>- .- )
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be the simple x-walk on G with starting tuple 'S and let
W= (W—(k—Z)J W—(k—3): cee )

be the stationary x-walk on G. We will show that X, is distributed similarly to Y, since g is not
too large, and that Y, is distributed similarly to W since g is large enough, and finally we will use
Lemma 5.6 to show that P[W, € U] is roughly |U|/n.

Setting

a = |P[Xy € U] - P[Yy € U]|

and applying Lemma 5.2 (with 2C2 /n playing the role of r), we obtain

=Y (PIXy=v] —P[Y,=v])

velU

<D IPIXy =v] — Py, =v]|

veV

31

2 2drv (X, Yy)
C@/n

< - By,

W | =

Consider the term
¢ = |P[Y, € Ul = P[W, € U]|.

We apply Lemma 5.4 (with 1/C?, 1/n? playing the roles of 7, n respectively, and using
g > (Inn)*> =((Inn)/2) -In (1/n)) to obtain

—_

3.1 1
o <Y [BLYy = v] — PIW, = v]| "= 2dry (Y, W) <2072 < 2o/,
veV

w

We now apply Lemma 5.6 to the term
3= [P[Wye U] —|Ul/n|

to obtain

3 =

pea- D)5

velU velU

1
P[W,=v] — —‘ <n~*3U).
n

Finally, by the triangle inequality we have
IP[X, € Ul — |U|/nl < c1+ e+ <n 10Uy,
which is equivalent to (5.7). O

5.4 The walk is likely to be good

The aim of this section is to prove the following lemma, which states that under our assumptions,
a self-avoiding x-walk of length /7 is good with high probability.

Lemma 5.8. Let 1/n<K1/CKLy,1/k, where k>2, and let G be an (n,k,y)-graph. Let
—_—
x: E(G) > R™ be a C-normal perfect fractional matching, let S € (V)i_1, let k:=./n,
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and let X =(X_(k—2),...,X,) be a self-avoiding x-walk on G with starting tuple 'S Then
P[X is good] > 1 —1/n.

To prove Lemma 5.8, we will need some results on the behaviour of the residual graphs G; as the
walk A’ progresses, so that we can apply Lemma 5.7 to each G;j. We define x|g; to be the restriction

of x to E(Gj), so that x|g;: E(Gj) — R™ is a (not necessarily perfect) fractional matching of G;.

Proposition 5.9. Suppose the assumptions of Lemma 5.8 hold. Let F be the set of tracking functions
of G. Then, for any g € F and any j € {0, .. ., k}, the following conditions hold deterministically:

(i) g(V)) =1 £n V4 ((n—j)/m)g(V),
(ii) Gjisy/2-Dirac,
(iii) x|g; is 2C-normal,
(iv) x|g; is n—2/>-almost-perfect.
Proof. It suffices to prove that conditions (i)-(iv) hold for any j € {0, ..., «} and any outcome
x(f) = (x_(k—=2)> - - - » xj) of X(j). Throughout the proof, we let j € {0, . .., «} be fixed, and we let
x(j) be a fixed outcome of X'(j), thus determining V; and G;.

(i) Fix g € F. It is clear that g(V) — « < g(V;) < g(V). Relaxing the upper bound and recalling
that g(V) > n/2, we obtain g(V;) = (1 & 2« /n)g(V). Note that

2c/n=2n""2 < V41 —k/n) —k/n<n V41 —j/n) —j/n,

which implies (1)
(i) Let M e ( ) By (i), we have

dg;(M) = gm(V))

> (1 - gy
n

> (11— nl“)e + )’)(” )

Iy
>(=+Z ) 1vil. 5.8
( 5 + 5 ) [Vil (5.8)
Since (5.8) holds for all M € ( ) we conclude that G; is y /2-Dirac.
The calculations for (iii) and (1V) are straightforward. O
Foranyje€ {0,...,«} and any fixed outcome x(j) = (x_(k_2), - - . , ;) of X(j), we write Py for

the probability measure in the conditional probability space where we have fixed X'(j) = x(j), so
that Py[ - 1 =P[- [ X(j) = x(j)]. We are now ready to prove Lemma 5.8.

Proof of Lemma 5.8. We need to prove that with probability at least 1 — 1/n,

< Z {0 )—%g(V)‘<n3/1° (5.9)

j=—(k=2)

Errorg(X) :==

holds simultaneously for every g€ F. It will suffice to prove that (5.9) holds for any fixed
g € F with probability at least 1 — 1/n¥, say, since |F| < #n*~1. Fix g € F and set ¢ := (In n)?. By
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breaking up Errorg(X’) and repeatedly applying the triangle inequality, we obtain

0 g-1
.
Brrorg(¥)=| 3. g(XjHZ( x)— ¢ )+Z< x) _Q)‘
j——-2) =1
K—q
W)
<29+ J;(g(Xﬁq) " >'
Kk—q
<29+ Y @Xjq) ~ Elg(Xi1y) | X(j)])’
j=0
- gV)| eV g(v)
+ Y |Elg0g g 21 - £20 14 SO EE 01
JZO Ak —j ]Zo n—j n

We now prove an upper bound for each of the three sums in the final expression above. To
this end, fix j € {0, ...,k — g}, fix an outcome x(j) = (x_(k—2), . . ., Xj) of X'(j), and let T € (kYI)
be such that g = gr. We apply Proposition 5.9 to deduce that Gj is y/2-Dirac, and that x|g; is

—2/5

2C-normal and n~“/>-almost-perfect. We can now apply Lemma 5.7 to G; to deduce that

v rom)
i

‘E[g(Xj-‘rq) | X() = x(j)] Px(j) [Xj1q € NG, (T)] —

< (n =)~/ ING,(T)
<nig(v).
We deduce that
IE[g(Xj1q) | X()] — g(V))/(n—j)| <n~>/*g(V) foreachje{0,...,kx —qg}.
Next, we apply Proposition 5.9(i) to obtain that, for eachj € {0, ...,k — g}, we have
18(V))/(n = j) = g(V)/n| < =g (V).

Finally, applying Lemma 3.1 with log n playing the role of ¢, and using ||g|loc =1 (there are no
isolated (k — 1)-tuples), we see that with probability at least 1 — 2q exp ( — (log 1)?/2), we have

Xjrq) — E[g(Xj1q) | X()))| < log ny/q(c — q),

so that altogether, with probability at least 1 — 1/n*, we have

Errorg(X) < 2g + log ny/qlc —q) +2(k — q+ 1)n~>g(v) < n*/10,
completing the proof of the lemma. O
We now have all the tools we need to prove Lemma 5.1.
Proof of Lemma 5.1. Choose a new constant C satisfying 1/n < ¢ < 1/C<K y,1/k, and let

x: E(G) = R™ be a C-normal perfect fractional matching (such an x exists by Lemma 4.2). Write

k= +/n,and let X = (X_(k=2)> - - - » Xic) be the self-avoiding x-walk on G with starting tuple —S>
It is clear from the definition of a self-avoiding x-walk that any outcome of X" corresponds to a

—
k-pathin G with S asone end (note that the walk does not stop before time «, since all codegrees
are large enough). We argue now that good outcomes of X’ also satisty condition (iii), where we say
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an outcome X = (X_(x_2), . . ., Xic) of X' is a good outcome if X satisfies (5.2). Let P be a tight path

in G corresponding to a good outcome X of X, let T be the non- S end of P, and let G, denote
the residual graph of G at time k of X. Thus G, =G — (V(P)\ T)and |V, |=n —«k.LetM € (k‘ﬁ(l)
and let gm € F be the tracking function of G corresponding to M. Since X is good, we obtain

dg, (M) = gm(Vi)

=gu(V)— Y e+ Y gu(X)
j=—(k=2) j=k—(k—2)
62y n—«
> ——gu(V) -~ n*/10
1
> (5+y—n‘2/3>|vkl. (5.10)

Since (5.10) holds for all M € (k‘ﬁ(l), we conclude that

8(Ge) = (12 4y —n 23|Vl

Lastly, it suffices to count the number of good outcomes of X'. We begin by finding an upper
bound for the probability that X’ yields any particular fixed tight path. For any j€{0,...,«},
we have by Proposition 5.9(ii)-(iii) that G; is y/2-Dirac and x|G]. is 2C-normal. It follows that

x|g; is 8C?/(n — j)-upper-balanced. In particular, setting p := 16C?/n, we have that all transition
probabilities of X" are bounded from above by p. Let Q = (g_(x—2), - - - » g« ) be a fixed k-path in G

with _S> =(q—(k—2)>- - - »qo) as one end. Then
K j—1
P[XZQ]ZHP[Xquj ﬂ {Xiz%'}i| <pt.
j=1 i=—(k=2)

By Lemma 5.8, we have that P[X is good] > 1/2, so we conclude that the number of good
outcomes of X' (and thus the number of tight «-paths in G satisfying (ii) and (iii)) is at least
(1/2)/p"* = (cn)*, which completes the proof of the lemma. O

6. Counting and absorbing long paths

In this section we show how to iterate Lemma 5.1 to construct tight paths in G which use almost
all of the vertices of G, and we count the number of choices that can be made in this process
to obtain a lower bound for the number of these long paths. Finally, we prove Theorem 1.1 by
showing how these paths can be completed into tight Hamilton cycles of G.

Lemma 6.1. Let y >0, let k>2, and let G be an (n, k,y)-graph. There are at least
exp (nlnn — O(n)) tight paths in G of length at least n — n’/8.

Proof. We describe an algorithm on G. Let _S)o € (V)k—1 be arbitrary, set G := G, set np:=mn,
and set ¥ := y. For each i > 0, set nj1 '=n; — \/n;, and set yi11 =y; — (n;)~2/3. Set L to be the
smallest index such that n; < n”/8. Suppose we have already performed i steps of the algorithm,
and obtained a k-graph G; on n; vertices satisfying §(G;) > (1/2 + y;)n;, and we have obtained

—

Sie (V(G))k—1. If yi<y/2 or i=L, then we terminate the algorithm. Otherwise, we apply
—

Lemma 5.1 to G; to obtain a set P;;; of \/n;-paths, each with chosen starting tuple S;. Choose
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— — — <«

Pit1 € Piy arbitrarily, let T,y be the non- S; end of Pi1 1, and put S;y;:= T ;1. Set
Git1:=Gi— (V(Piy1) \ Sit1).

Observe that by Lemma 5.1(iii), we have

8(Giy1) = (1/2 + yYir)nit1.
Let

i—1
= 3 ),
j=0

Note that, provided y;—; > y /2, we have y; =y —r;i. We claim that the algorithm does not
terminate in the first L steps. To see this, note that it suffices to show that r; = o(1). Write
k; = /n; and observe that

L—2
nL_1=n—ZK] n—(L—1)kp_1.
=0

n/8

Rearranging, we obtain that L < 2n/ky_1. Using np—; > , we obtain that

L 2n

< <2n7 V48 =o(1),
(n—1)?3 = (np)7/6 = W
so the algorithm does not terminate in the first L steps, as claimed. When the algorithm termi-
nates, we have obtained tight paths Py, . . ., Pr. By construction, we may concatenate these paths,
in order, to obtain a path Q:= ;< Pi of length n —n; >n — n’/8, Let N be the number of tight
paths of length n — ny in G. By Lemma 5.1(i), there is a positive constant ¢ < 1 such that the

r, <

number of choices for P;y is at least (¢n;)"/, for each i € {0, ..., L — 1}. Thus we obtain
N>l_[ (cny)<i = " 1_[ o _ M— o > s =exp (nlnn — O(n)). 0
fiy! (n7/8)'

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. The upper bound holds trivially. To prove the lower bound, we choose a
set W C V of size n%/10 uniformly at random. A simple application of Lemma 3.2 shows that there
is a choice of W such that [N(S) N W| > (1/2+ 3y /4)|W| for all S € (kfl). Fix such a choice of
W,set G:=G—W,and putn' :=n— 1?19 Then G is y /2-Dirac, and we apply Lemma 6.1 to
G’ (with y /2 playing the role of ) to find a set P of tight paths of length at least n’ — (#')”/% in
G/, such that

|P| = exp (n Inn' — O(n)) =exp (nlnn — O(n)).

Fix PeP, let _S>p and T)p be the ends of P, and let Up:=V(G)\ V(P), so that
|Up| < (n')7/® < n”/8. Notice that GIW U UpUSpUTp] is y/2-Dirac. Thus, by Lemma 3.6,

there is a tight Hamilton path Qp of G[W U Up U Sp U Tp] with ends <S_p and Tp. Then
Cp =P U Qp is a tight Hamilton cycle of G.

Define C := {Cp: P € P} and note that for each C € C, the number of P € P with C=Cp is at
most 1%, since P must be a subpath of C. We conclude that C is a set of at least

n2 exp (nlnn — O(n)) =exp (nlnn — O(n))
tight Hamilton cycles in G. O
Finally, we prove Corollary 1.1.
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Proof of Corollary 1.1. Let y >0 be fixed, let k>2, £€{0,...,k—1}, (k—¢)|n, and let G
be a k-graph on n vertices satisfying §(G) > (1/2 + y)n. First, suppose £ =0, and recall that
the number of Hamilton 0-cycles of G is precisely the number of perfect matchings of G. By
considering the number of perfect matchings in the complete k-graph on n vertices, it is easy to
see that the upper bound of (i) holds. We now use Theorem 1.1 to show that the lower bound
holds. Let M be the set of perfect matchings of G, and let C be the set of tight Hamilton cycles of G.
Notice that, for any M € M, there are at most (n/k)!(k!)"/k choices of C € C such that M C E(C),
because we may construct all vertex orderings corresponding to possible such C by reordering
the edges of M and the vertices within them. By applying Theorem 1.1, we conclude that

IC] !
M| > W =exp<<1 - E)nlnn—@(n)).

For the case ¢ € [k — 1], first notice that
k—2¢

(n—1!=exp (nlnn— 6O(n))

is a trivial upper bound for the number of Hamilton £-cycles of G. Finally, it suffices to apply
Theorem 1.1 to G and observe that every tight Hamilton cycle of G contains k — ¢ Hamilton
£-cycles (since (k — ¢) | n), and each Hamilton £-cycle of G is contained in at most (k!yn/ k=)
tight Hamilton cycles. O

7. Concluding remarks

Although Theorem 1.1 holds in y-Dirac k-graphs with equality, we believe that the error bound
can be made more precise. More specifically, we believe the following hypergraph version of [8,
Theorem 1.1] holds, giving a more accurate lower bound for the number of tight Hamilton cycles
in such hypergraphs.

Conjecture 7.1. For a fixed integer k > 2 and a fixed constant y > 0, the number of tight Hamilton
cycles of a k-graph G on n vertices with §(G) > (1/2 + y)n is at least (1/2 — o(1))"n!.

It would of course be desirable to obtain a formula for the number of tight Hamilton cycles in
y-Dirac k-graphs G which takes properties of G like the degrees and codegrees into account. We
recall that such a formula has already been obtained [8, Theorem 1.3, Theorem 1.5] in terms of
the ‘entropy of G’ in the k = 2 case, and it would be interesting to see if this (or a similar) notion
can be extended to k > 3.

Finally, we note that the results of [8] show that graphs with minimum degree precisely at the
threshold for Hamiltonicity in fact have many Hamilton cycles. The exact minimum codegree
threshold for existence of a tight Hamilton cycle in k-graphs on # vertices is not yet known for k >
4, but is known to be | n/2] in the case k =3 [28, Theorem 1.2], and it is of course a natural ques-
tion to ask if the conclusions of Theorem 1.1 or indeed Conjecture 7.1 hold in this exact setting.
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