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Abstract. We prove a relative version of Krieger’s Theorem constructing relative generating
partitions with cardinality estimated via the relative entropy. We introduce relative
asymptotically entropy expansive random transformations and construct for them relative
topological generators with cardinality estimated via the relative topological entropy,
which enables us to represent such systems by means of random symbolic subshifts.

0. Introduction

The Kolmogorov—Sinai Theorem says that the entropy of a measure-preserving
transformation is equal to its entropy with respect to any generating partition. Rohlin
showed in [Ro] that any ergodic transformation 7" of finite entropy has a countable
generating partition whose entropy is arbitrarily close to the entropy of 7. Krieger proved
(see [Kr] and [DGS]) that there exist finite generators with such properties and if the
entropy of T is less than log ¢, then there exists a generator of cardinality £.

In this paper we study generating partitions in the relative ergodic theory setup.
Here T is an invertible skew product transformation acting by 7' (w, x) = (Jw, T, x) where
¥ is an invertible ergodic map of a complete probability space (2, F,P) and 7,,, often
called a random transformation, maps a Polish space X into itself. The relative measure
entropy of T was first studied in [AR] under the name ‘mixed entropy of the fiber of a
skew product’ where it was obtained as a difference of entropies of 7' and ¥, which makes
sense when these entropies are finite; but in many interesting cases both these entropies
are infinite though the relative entropy is still finite. Later, a general setup was considered
and other notions of the relativized ergodic theory such as the relative topological entropy
and pressure were introduced and studied (see [LW, Kil, Bog, Ki2]). A recent account of
many other results on random transformations can be found in [Ar].

A relative version of the Kolmogorov—Sinai Theorem is not difficult to prove (see,
for instance, [Kil] and [Bog]), but the construction of relative generating partitions has
not appeared in the literature so far. Of course, if the usual entropy of T is finite then
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Rohlin’s countable and Krieger’s finite generators will serve as relativized generators as
well. However, the more precise analogs of Krieger’s result which we prove in this
paper, namely, that if T is ergodic then there is a relative generating partition with £
elements provided that the relative entropy is less than log £, cannot be obtained in this
way whenever the usual entropy of ¥ is larger than log 2. Moreover, if the usual entropy of
T is infinite although the relative entropy is finite the known results cannot be employed
at all. Actually, we prove a truly relative result which complements Krieger’s Theorem so
that both together yield the general theorem on skew products. We stress that our relative
results do not require extra assumptions on the probability space (€2, F, IP) which would
undermine the probabilistic philosophy behind random transformations. On the other hand,
Rohlin’s Countable and Krieger’s Finite Generators Theorems rely on separability and they
are valid only for Lebesgue spaces.

The finite generator of the Relative Krieger Theorem provides a coding of the system
for one ergodic invariant measure. In this paper we will also be interested in relative
topological generators Q, which are not only generating partitions for all T-invariant
measures with the marginal P on €2, but also that Q separate orbits of T, in the sense
that P-almost surely (a.s.) for any x,y € X, x # y there exists n € Z such that
T"(w, x) and T"(w, y) belong to different elements of Q. We introduce the notion of
asymptotically entropy expansive random transformations, which include as very particular
cases expansive random transformations and those which have zero relative topological
entropy. Assuming that ¢ is aperiodic, X is compact, T, are homeomorphisms and that
the relative topological entropy of T is less than log £ for an integer £ > 1, we construct for
asymptotically entropy expansive random transformations relative topological generators
Q with ¢ elements. Actually, we construct such partitions in a more general situation
when T is defined on a T-invariant set £ C Q x X with compact fibers &,, which
are mapped by T, homeomorphically. This result does not have a counterpart in the
usual deterministic theory without strong additional assumptions since, for instance, the
only generator for the identity transformation is the partition into points. The relative
generating partitions described above enable us to represent the system as a random
symbolic shift.

The structure of this paper is the following. In the next section we formulate
precisely our setup and state our main results. In §2 we derive a relative version of
Krieger’s Theorem. In §3 we study relative versions of entropy expansiveness, asymptotic
entropy expansiveness and conditional topological entropy, which were introduced in the
deterministic case in [Bow] and [Mi]. In §4 we construct relative topological generators as
described above.

1. Preliminaries and main results

Let (2, F,P) be a complete probability space together with a P-preserving ergodic
invertible transformation ¥ and (X, B) be a Polish space with the Borel o-algebra B.
Let £ be a measurable, with respect to the product o-algebra F x B, subset of Q x X
and T be a measurable invertible map of £ to itself acting by T'(w, x) = (Yo, Tpx).
The family {7, ® € 2} is called a random transformation and each 7,, maps the fiber
Co={xeX:(w,x)e}to&y.

https://doi.org/10.1017/50143385702000755 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000755

Generating partitions for random transformations 1815

Denote by Pp(2 x X) the space of probability measures on 2 x X having the marginal
P on Q and set Pp(€) = {u € Pp(2 x X) : u(€) = 1}. Any pu € Pp(€) on & factorizes
as du(w, x) = duy(x)dP(w) (see, for instance, [Du, §10.2]) where u, are regular
conditional probabilities with respect to the o-algebra F¢ formed by all sets (A x X) N E
with A € F. This means that i, is a probability measure on &, for P-a.a. @ and for
any measurable set R C &, P-a.s. uy(Ry) = u(R|Fg), where R, = {x : (w,x) € R},
and so w(R) = wa(Rw) dP(w). It is easy to see that u € Pp(€) is T-invariant if and
only if T,u, = e P-a.s. and the space of such measures will be denoted by Zp(E).
Observe that 7" (w, x) = (3w, T)'x), where T} = Tyn-1,0---0 Tyy o T, forn > 0,
T =id, and T =T, o---oT, % oT, ! forn<-—1.

Let R = {R;} be a finite or countable partition of £ into measurable sets and R(w) =
{Ri(w)}, where R;j(w) = {x € &, : (w,x) € R;} is a partition of &,. The conditional
entropy of R given o-algebra F¢ is defined by

HuRIFe) =~ [ Y wRIFe) log u(R\F) P = [ Hu R dP@) (L1

where H,,, (A) denotes the usual entropy of a partition 4. The relative (also called fiber)
entropy h;f)(T) of T with respect to u € Zp(€) is defined by the formula

h(T) = suph')(T, Q) (1.2)
Q
where
( ) 1 n—1 »
h(T, Q) :ngrgO;Hu(_\/oT Q‘}"g) (1.3)
1=

is called the relative entropy of a partition Q and \/ denotes the join of partitions.
The supremum in (1.2) is taken over all finite or countable measurable partitions Q = {Q;}
of £ with finite conditional entropy

H, (Q|Fg) < o0, (1.4)

and the P-a.s. limit in (1.3) exists in view of subadditivity of the conditional entropy
(see [Ro, §5] or [Kil, §2.1]).

Observe that if Q = {Q;} is a partition of £, then Q") = 7;(} (T")~1Q is a partition
of £ consisting of sets {Q;n)} such that the corresponding partition Q" (w) = {QE.") (w)},
0" () = {x : (@.x) € Q") of &, has the form Q" (w) = \/{)(T})~' QW w),
where Q(w) = {Qj(w)}, Qj(w) = {x € &, : (w,x) € Q;} partitions &,. This together
with (1.1) yields

1 n—1 ) )
(r) . - iy—1 i
h(T.Q) = lim f Huw( \/()(Tw> QW w)) dP(w). (L5)
1=
This way of obtaining the fiber entropy is more in line with the spirit of random dynamical
systems. It is not difficult to see (see [Kil, §2.1] and [Bog]) that the resulting entropy
remains the same taking the supremum in (1.2) only over partitions Q of £ into sets Q;
of the form Q; = (2 x P;) N &, where P = {P;} is a partition of X into measurable
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sets, so that Q; (@) = P; N &,. The Abramov—Rohlin formula /2, (T) = h'}(T) + hp(9)
(see [AR]), where h,(T) and hp(¥) are usual entropies of the corresponding measure
preserving transformations, relates different entropies emerging in this setup, although in
many interesting cases only hfp (T) is finite among these three (see [Kil, Theorem II.1.2]).
It is easy to see that a,(w) = H,lw(\/fl:_ol(T(f))’1 Q¥ w)) is a subadditive process and
(1.5) together with the subadditive ergodic theorem (see, for instance, [Kil, §A.2]) yields
hg)(T, Q) = f lim,— o0 n~'a, dP. If, in addition, PP is ergodic then this formula remains
true [P-a.s. without integrating against IP.

Definition 1.1. A countable or finite measurable partition Q¢ of £ is called a relative
(or fiber) u-generator for u € Zp(€) if P-as. /2 (T)) ' Qe (9 w) generates the

i=—00
restriction of the o-algebra B to &, up to sets of wu,-measure zero. If Q¢ = {Q;} with
Oc(w) = {Q;} and —oco < m < n < oo, then a sequence (&;, Ent1, ..., &) Will be
called the (w, m, n, Q)-name of x € &, if T\ x € Qg (¥ w) foralli =m,m+1,...,n.

A (w, —00, 00, @)-name will just be called a (w, Q)-name.

In light of this definition, it is clear that Q is a relative u-generator if there exists
a measurable set £ C & with /L((‘j) = 1, such that any x,y € &, = {z € &, :
(w,2) €€ }, x # y have different (w, Q)-names. If Q is a relative u-generator satisfying
(1.4), then using general properties of the conditional entropy it is not difficult to derive
a corresponding version of the Kolmogorov—Sinai Theorem (cf. [Kil, Lemma II.1.5],
[Bog, Theorem 2.4]) saying that hff) (T) = hff) (T, Q). Asusual, we say that ¢ is aperiodic
(with respect to P) if P{w € Q : 3n 9"w = w} = 0. We will prove in the next section the
following relative version of Krieger’s Theorem [Kr] (see also [DGS]).

THEOREM 1.2. Suppose that u € Ip(E) is ergodic, ¥ is aperiodic and h,(f)(T) < log¢
for some integer £ > 1. Then there exists a relative ji-generator Q consisting of € sets.

The aperiodicity assumption on ¥ means that our random transformations are, indeed,
random, at least mildly. If (2, F, IP) is, in addition, a Lebesgue space (which is not a very
natural assumption from the probabilistic point of view), then we do not have to assume
aperiodicity of ¥ and in this case Theorem 1.2 is a generalization of Krieger’s Theorem.
Indeed, since ¥ is ergodic it is either aperiodic or purely periodic. In the former case we use
Theorem 1.2 and in the latter case hp() = 0, and so by [AR], b, (T) = h'/(T) < log¥.
Then Theorem 1.2 follows from Krieger’s original result, since, of course, any absolute
generating partition for 7 is also its relative generating partition. Under the Lebesgue
space assumption on the probability space (€2, F, P) there is another proof of Theorem 1.2
based on orbit equivalence considerations suggested by A. Danilenko following the talk by
the first author about this work at a conference in Toruni in September 2000. We discuss
these arguments at the end of the next section.

For each x € &, set po(x) = & = {&}icz € {1,2,..., 6}~ provided T/ (w, x) €
O¢; (W w) for all j € Z. This yields the map ¢, from &, to the sequence space
Y(w) = ¢,&, which is injective u,-almost everywhere P-a.s. Let o be the left shift
acting by (6&); = &4 then

o2(w) = 2Ww) and GyuTy = 00, (1.6)

https://doi.org/10.1017/50143385702000755 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000755

Generating partitions for random transformations 1817

which provides a p-a.s. random (or relative) symbolic representation of 7. Namely,
this yields an isomorphism between (£, T, i) and (X, ¢ x o, ) where ¥ = {(w, §) :
£ e T(w)}.

Next, assume that X is a compact metric space with a distance function d and all fibers
E» C X are compact as well. For any positive random variable ¢ = ¢(w), x,y € &, and
m,n € Z, m < n introduce a family of metrics on each &, by

A n(6, ) = max (d(Tyx, Tyy) @ o)™
and denote also dgfn = d;‘?o e _pn For F,E C v, we say that E
(w, &,n)-spans F if for any y € F thereis x € E so that d.’,(x,y) < 1. Denote by
rp(F, w, ¢) the minimum cardinality of a set which (w, &, n)-spans F. If K C &, is
compact then r,, (K, w, €) < oo.

w —_ w
e,tn — dg;

For any compact subset Y C X denote by Ny (r) the minimal number of closed balls of
diameter » which cover Y. Observe that Ny (r) is non-increasing and right continuous in r
and is lower semi-continuous in Y on the space KC(X) of compact subsets of X considered
with the Hausdorff topology. It follows that {(Y,r) € K(X) x (0,00) : Ny(r) < n}isa
closed set in the product topology of K(X) x (0, oo) for any n € N_ and, in particular,
Ny (r) is measurable in the pair (Y, r) with respect to the product Borel o -algebra. Since for
any positive random variable ¢ = e(w) the map ¢ : Q@ — K(X) x (0, 00) defined
by ¥(w) = (£, &(w)) is measurable then N o ¥ (w) = Ng, (e(w)) is measurable.
Following [Ki2] we say that a positive random variable ¢ belongs to the class N and write

e e Nif
/log Ng,(e(w)) dP(w) < oo. (1.7)

Since Nx(r) = Ng, (r) for all w this holds true if, in particular, flog Nx(g(w)) dP(w)
< o0o. The latter is satisfied if, for instance, the upper Minkowski (box) dimension

log N
r—0 —logr

of X is finite and —flogs(a)) dP(w) < oo. Note also that log Ny (min(ry, r)) =
max(log Ny (r1), log Ny (r2)) < log Ny(r1) + log Ny(r2), and so if ¢,6 € N then

min(g, §) € M. Thus N is a directed set and, clearly, it also contains all positive constants.
For each compact K C &, and any positive random variable ¢ = ¢(w) € N define

1
r(K,w, &) =limsup —logr, (K, w, ) (1.8)
n—oo N
and
h(K,w) = lim r(K,w,€) (1.9
sﬁ>0

where the limit is taken over the directed set A and it exists in view of monotonicity of
r(K,w,¢) in . Similarly to [Ki2] it follows that the limit remains the same if we take
it over only constant ¢ — 0. Let By (w, ¢, n), By(w, €, £n), and By (w, €; m, n) be the

closed ball in &, centered at x and having the radius 1 with respect to the metrics d¢’,,
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d?y, andd?, ., respectively. For d’| and By (w, ¢, 1) we write simply d;” and By (w, ¢€).
Set
Te(x, ) = (1) Bu(w, &, %n)
n>1
and
hy(w, ) = sué) hr(Te(x, w), w). (1.10)
xe&,

Observe, that
T Te(Tx, dw) = Te(x, w),

and so
rn(ré‘(-xv CL)), w, 5) Z 'n—1 (FE(Tu)xv 7-9&))7 w, 5)

for any positive random variable §. Hence
hr (Te(x, 0), ®) = hy (Te (Tyx, Vo), Yo)
and since T,,&,, = £y, We conclude that P-a.s.
hy(w, €) > hi (Yo, €)

and by ergodicity of ¥ it follows that 47 (w, &) = constant IP-a.s. and from now on it will
be denoted by h7 (¢). Observe, that 2% (¢) is the same for all & such that e(w) > diam &,
P-a.s. and it coincides then with the relative topological entropy ht(g]))(T) of T. In view of
monotonicity of 47 (&) in & the limit

Wy = lim B (e) (1.11)

e—>0

exists and h% < hg]))(T). Similarly to [Ki2] it follows that this limit remains the same if it

is taken only over constant & — 0.

Definition 1.3. T will be called relatively expansive with an expansivity characteristic
e € Nif P-as. I'e(x,w) = x for all x € &,. T will be called relatively h-expansive
if 1% (¢) = 0 for some ¢ € N and T will be called relatively asymptotically h-expansive if
h} =0.

In the deterministic case any C* diffeomorphism of a compact Riemannian manifold
is asymptotically h-expansive (see [Bu]). It seems that extending methods of [Bu] to the
relative situation in the spirit of [KY] and §3 below, it should be possible to show that
under some integrability assumption on C* norms any random C*° diffeomorphism of a
compact Riemannian manifold is relatively asymptotically z-expansive.

Definition 1.4. A finite or countable partition Q = {Q;} of £ into measurable sets Q; will
be called a relative topological generator provided P-a.s. whenever 7" (w, x) and 7" (w, y)
belong to the same element of Q for all n € Z, it follows that x = y. In other words, P-a.s.
any points x, y € &,, x # y have different (w, Q)-names.
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The emphasis here is that all points x # y on the same fiber £, must be separated.
This implies that Q is a generator for any invariant measure whose marginal on 2 is P
but, in fact, it is a much more stringent requirement which cannot be satisfied in many
non-relative situations.

THEOREM 1.5. Suppose that ¥ is aperiodic, h}. = 0 and hg;(T) < log ¢ for some integer

£ > 1 then there exists a relative topological generator consisting of € sets.

The ideology of the proofs of Theorems 1.2 and 1.5 are somewhat similar. They consist
of the first step which yields £-element partitions of &, for w belonging to a set of
P-measure close to one. This is done via coding using most but not all levels of Rohlin’s
towers constructed in 2. These partitions mostly do not change on further steps and we
do modifications mainly on the complement w-set. The partition constructed on the first
step carries already most of the entropy. After that we repeatedly employ the second step
which enables us to encode points more and more precisely, i.e. to increase the resolution
of partitions, and, on the other hand, (in the case of Theorem 1.5) to make smaller the
set of w for which &, has been partitioned into more than ¢ subsets. This is done
using the few levels of Rohlin’s towers whose number can be estimated in the measure
case via conditional entropies of refinements of partitions and in the topological case via
g-entropies h*(e).

2. Relativized Krieger’s Theorem

First, we state the following relative version of the Shannon—-McMillan—-Breiman Theorem
which in a bit less general setup can be found, for instance, in [Kil] and [Bog].
For any finite or countable measurable partition Q of £ with fiber partitions Q(w) of &,,
recall that the fibers of the partition Q" = \/7;(} (TH~'Q have the form 9™ (w) =
\/7;(} (T))"'Q(¥'w). For any x € &, denote by Q™ (w, x) the element of the partition
O™ (w) which contains x.

THEOREM 2.1. Suppose that u € Ip(E) with factorisations {1} is ergodic then for any
finite or countable measurable partition Q of € with H,,(Q|Fg) < 00, u-a.s.

1 ,
lim ~log o (Q™ (@, 1)) = ~h (T, Q). @1
n—-oon

Actually, we will need the following.

COROLLARY 2.2. Suppose that the conditions of Theorem 2.1 hold true. Let a finite

or countable measurable partition R of € with H,(R|Fg) < oo be a refinement of Q

(i.e. each element of Q is a union of some elements of R) and set n = hff)(T, 9), ¢ =

hff)(T, R). Given ¢ > 0 there is an N; and a measurable set E = E (&) C & with fibers

E, ={x: (w,x) € E} such that:

(i) PWE) >1—¢cand uy(Ey) > 1 — e Vo € nE where w : £ — Q denotes the
natural projection, i.e. TE = {w € Q : (w, x) € E for some x € E,};

() ifn > Ne and (w,x) € E then 27" < 4 (0™ (w,x)) < 2718 and
o—n(t+e) Mw(R(")(w,x)) <2 n—e).
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(ili) foranyn > N, and each w € wE the set E,, is covered by less than 2" ") elements
(28 elements) of Q" (w) (of R™ (w));

(iv) foranyn > N, and each (w, x) € E the set 0" (w, x) N E, is covered by less than
21E=n+E) elements of R™ (w).

Proof. Set
G = {(w,x) € £: 2750+ — 1 (0P (w, x)) < 27*1=O vk > p}

and Gl(f) ={x €&, : (w,x) € GM}. Then G™ 4 G and Gl(f) 1+ Gy as n 1 oo and by
Theorem 2.1 u(G) = 1. Hence, by Fubini’s Theorem u.,(G,) = 1 P-a.s. It follows that
there exists an N, such that ™ = {w : ;Lw(Gg’)) > 1 —g/2} satisfies P(I'™) > 1 —¢/2
forall n > N,. Define E = GV N (I'Ve) x X)) then

w(E) :/ 1o(GM)dP(w) > (1 —&/2)? > 1 —¢.
' (Ne)

This proves both (i) and (ii) (repeating the argument for the partition R). For n > N,
each element Q of Q" (w), which intersects E,, = GEUNS), satisfies 1, (Q) > 27(0+e),
Since these elements are disjoint, and so their total measure cannot exceed 1 we derive (iii)
(repeating the argument for R). The same argument for Q and R with /2 in place of
¢ enables us to choose N and to construct the set E so that it satisfies (i) and for any
elements Q € Q" (w) and R € R"™ (w) having non-empty intersections with E,,,

Lo(Q) < 277078/ and  pu(R) > 27 ¢He/2), (2.2)

Now for the first time we use that R is a refinement of Q, and so each Q" (w, x) is
a disjoint union of some elements R;n) of R™ (w). If (w, x) € E then Q = 0" (w, x)
satisfies the first part of (2.2) and if 0 = |, R;") then ONE,, C Ui{Rl.(") : Rl.(")ﬂEw # ().
All Ri(") in the last union are disjoint subsets of Q and they satisfy the second part of (2.2)
which yields (iv). O

Next, we prove Theorem 1.2. Let Ql < QZ < --- be a sequence of refining
finite measurable partitions of X such that \/;2, Q; generates the whole o -algebra B.
Set Q; = (22 x Q,-) N €. We can and do choose Qi so that

hOT) = (T, Q) < % 2.3)
where ¢ = log ¢ — h;f)(T) > 0.

Pick a small ¢ < /10 (which will be further specified below) and apply Corollary 2.2
to find for Q; and this &1 the set E = E(g1) and N; = N, as promised. By the strong
Rohlin Lemma (see [KW, Theorem 2]) there exists a measurable set By C wE such
that the sets ¥/ By, j =0, 1,..., N are pairwise disjoint and IP’(U?/:'O 9/B1) > 1 —2¢.
The collection {9/ B, }3] ! is called a Rohlin tower of height Nj with the base B; and the
jthlevel ¥/ By, j =0,1,..., Ni.

Let K; be the integral part of (1 — (9a/101log€))(N1 + 1) + 1 and set Ax, =
{1,2,..., )% Since we chose &1 < /10 then by Corollary 2.2(iii) each E,,, w € By is
covered by less than 21 (i (T+en) < oK1logl elements of QgN])(a)). Thus these elements
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can be encoded by words from Ag, so that, say, the word (¢, ¢, ..., £) is left unused.

We denote by Q, such an element encoded by @ € Ak, and we write also Q... ¢) to

denote the union of elements of QENI)(w) which do not intersect E,,. This encoding can
be done measurably in w. Indeed, each element of Qg") is determined by a word of length
n with letters 1,2, ..., card @;. When assigning anew words from Ag, to elements of
Q(IN' ) (w) which intersect E,,, we keep the same lexicographic order as before which yields
a well-defined measurable encoding. For each w € By, j = N; — K| +L....,N—1, N
and k = 1,2,..., ¢ define the sets P(?/w) = {x € &, : T2)"'x € Qu, a =
(ai,...,ak,), aj—n,+k, = k}. Now we obtain a partition Pi (o) = {P1 (&), ..., Pe(o')}
of the whole &, for each o € D def Uny—x,<j<m ®/B;. Forw € Q\ D; we
define P;(w) as the one-element partition of &,. In view of our choices we also have
that P(Q2 \ D7) > 4a/51og¥. '
Observe, that for any ' € ®/B; with ¥ /o' = w and each y € TJE, the
(', —j, N| — j, P1)-name of y determines its (o', —j, N| — j, Q1)-name. Hence, on
the set E; = U;V;o TI(E N (B) x X)) with w(E;) > (1 —e1)(1 —2¢1) > 1 — 3¢ the

partition Pl(fN"Nl) =M Ny TP refines Q. Taking into account that

i=—
—N{,N
WO (T, PNy = h O (T, Py

and

o — _
WOT) = 15 < hD(T. Q) < W (T. Py NI’N">+/HM(Q1|P5 NND)y 4P ()
(2.4)

(cf. [Kil] and [Bog]) we easily derive that if &1 has been chosen small enough (which we
assume!) then

Q) Q) o
(1 (T Py) = h(T, QI < . 25)
Next, we describe the second step of our construction. We choose small &, < «/ 102
and by Corollary 2.2(iv), applied to R = Q> v P; and Q = P, we obtain N = N, and
E = E(e3) as promised. Actually, we take N, so large that the ergodic theorem enables us
to find a measurable set C C 2 with P(C) > 1 — &3 so that for any w € C,

4o

1 & :
— I O . 2.6
NZ; o\, (') > g (2.6)

Now we construct a Rohlin tower of height N, with a base B, C 7w E N C and such
that ]P’( U?jio v Bz) > 1 — 2¢5. By Corollary 2.2(iv) each 0™ (w, x) N E,, is covered
by less than 2@/YN2 elements of R™2)(w). We encode these elements by words from
A =A{1,..., £} withr = [@N,/4log €]+ 1 and we do so by partitioning E;,, into £ sets
on levels j belonging to aset J,, C {j : ®/w € Q\ D1} of cardinality . Namely, to each
such element RN (w, x), x € E, we assign (measurably in w) a word a € A, and denote
this element by R, reserving the notation Ry, for the union of elements of RN (@)
which do not intersect E,,. Now, as on the first step, for j € J,andk = 1,2, ..., ¢ we set
P w)={x €&j,: (T 'x € Rg,a=(a1,...,ar),a; =k}
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Next, we define a new partition P» (o) = {P1(«), ..., P¢(w')} of &, into £ subsets for
all’ € D def U{®/By:0 < j < N3 and either Y w e D or j € Jy} so that it coincides
with Py (") for o’ € Dy. For w € D1 \ Dy we put P2(w) = P1(w) and for w ¢ D1 U D,
we define P2 (w) as the one-element partition of &£, . Similarly to the first step the partition
Pé_NZ’NZ) = \/5V=2—N2 TP, refines Q, on a set Ez of u-measure greater than 1 — 3¢5, and
so we can and do choose &7 so small that

BT, P2) = h) (T, Q)] < 5.

Repeatedly applying this second step with &; < &;_1/10, we obtain a sequence of

integers Ny = N, a sequence of sets Ek with /,L(Ek) > 1 — 3¢ and a sequence of
partitions P; < P> < - - - into at most £ measurable subsets such that

2.7)

(T P = (T, Qo) < 1o
and P,Eka’Nk) = \/lNzt N TPy refines Oy on the set Ex. A simple computation shows that
our choices guarantee that on each step k we have still enough levels of the corresponding
Ny-tower with the one-element partition to proceed with our refining encoding. Finally, it
is clear that the partition P = \/{Z, P is the required relative j-generator, completing
the proof of Theorem 1.2. a

2.8)

As mentioned in the previous section, after hearing the ideas of the proof of Theorem 1.2
in a talk by the first author, A. Danilenko suggested an alternate proof which is based
on an orbit equivalence of ¥ to a P-preserving invertible ergodic transformation ¥ with
hp(®') = 0, which holds true assuming that (2, 7, P) is a Lebesgue space (see [Dy]).
If 9 (w) = 9% then defining

T (w,x) = (0 @w, TH@) x)
we obtain from [AR] together with [RW] that
hu(T') = h(T') = B (T).

Thus £, (T’) < log¢ and applying the original Krieger Theorem we obtain an absolute
generating partition P for T’ with ¢ elements. The proof concludes by the crucial
observation that while this partition may not be an absolute generator for 7 it is always
a relative generator for 7. This follows, since knowing @ and the P-name of (w, x)
with respect to T also gives us the P-name of (w, x) with respect to T’ (the orbit is
JF-measurable) and this, in turn, determines (w, x) uniquely.

Although brief, this proof relies on several highly non-trivial theorems including
Krieger’s Theorem itself. On the other hand, our proof of the relative theorem is simpler
than the proof of the absolute result since no care needs to be taken to encode the bases of
Rohlin towers. Another advantage of our approach is that essentially the same technique
works for the construction of topological generators in Theorem 1.5, where the orbit
equivalence considerations do not help. Finally, the above orbit equivalence arguments
require that (2, F, IP) be a Lebesgue space, whereas in our proof the random mechanism
is quite arbitrary and, in particular, this probability space can be non-separable, which is
natural from the probabilistic point of view.
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3. Relative topological entropy-like characteristics
We start this section with the following result, which will be crucial in the proof of
Theorem 1.5 and which is a relative version of Proposition 2.2 from [Bow].

PROPOSITION 3.1. Lete € N and a = h’.(¢). Then for any B > 0 and a random variable
S > 0 with %8 e N there exists a random variable C = C(w) such that

(B (w, &,1), w,8) < C(w)C(¥"w)e TP (3.1)
forall x € &,.
Proof. Since P-a.s.

h7(e) = hr (Te(y, ®), ®) > r(Te(y, ), @, y)

forany y € £, and y € N then P-a.s. for each y € &, we have that P-a.s.

1 1
m(y, ) = min {m a4+ B> —logry <F8(y,a)),a), 4_18)} +1 < o0.
m

Using the technique of measurable multifunctions (see [CV]) we can choose finite
sets E(y,w) similarly to [Ki2] depending measurably in @ and having cardinality
rm(Te(y, ), o, 18) which (, 38, m(y, @))-span Tc(y, ). Set

Uy.o)= |J int(B.(w, 38 m(@,y))
z€E(y,w)

where int denotes the interior. Now, U(y, w) is an open neighborhood of the compact
set I'c(y, ). Since By(w, &, £n) is a decreasing as n — oo chain of compact sets with
intersection I'¢ (y, w), we can define random variables

N(@y,w)=min{n > 1: By(w,e,+n) CU(y,w)} +1
Observe, that

() By(@, & + Kk, £N(y,»)) = By(w, &, £N (. y)) C U(y, »),

k>0

and so we can define a random variable ¥k < oo PP-a.s. by
k(w) =min{n > 1: By(w,e +1/n,£N(y,w)) CU(y, w)}.

Set V(y,w) = int By(w, 1/, =N (y, w)) then BT] (w,e) C BT] (w, & + 1/k) for any
ueV(y,w),and|j| < N(y, w), and so for each u € V(y, w),

By(w,e, £N(y,w)) C U(y, w).

Next, we can choose points y(®), . .., Ys) (@) € &, in a measurable in @ way so that
U Voo =&,
1<i<s(w)
Set

N(w) = max{N(y1 (), ®), ..., N(Ysw) (@), w),
m(y1(w), w), ..., m(Ys@w) (), w)} + 1.
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Take an arbitrary x € &,,. Forany t,n € Z,
T, By (0, 8,n) = Bri (0 0, &5 —t,n —1)
andift € [N(®' w),n — N3 w)] then
BTLf)x w,e;—t,n—1) C BTJ,X (M w, 8; EN@ w) C U(y; (¥ w), 9 w)

if T!x € V(yi(?'w),»w). Now E(y;(?'w), ¥ w) (o, 18, m(y; (¥ w), ¥' w))-spans
U(yi (' w), ¥'w) and also T By (w, €, n).

Let yy = {w : N(w) < M}. If #'w € Ty and t € [M,n — M], then we obtain
that E (y; (%' o), ' w) (' w, 18, m(yi(9'w), 9 w))-spans T! By (w, &, n). Now define 0 =
fo(w) < ti(w) < -+ < ty(w(w) = n in the following way. Set s1(w) = min{/ >
M : 9w € Ty). If si(w) > n then we put r(w) = 1. If s;(w) < n, then we put
11(w) = s1(w) and we pick V (y; (#1 w), 9" w) containing T/ x. Suppose we have chosen
s1(w), ..., sk (@), (W), ..., k(w) and y;, (Hw), ..., yi, (F*w) with () < n. Set

Skt1 (@) = min{l > (@) +m (i (0% w), (P*w)) : 9 € Ty}

If spp1(@) >n— M wesetr(w) =k + 1 and t,(w) = n. If sgy1(w) < n — M then set
tr+1(w) = sp+1(w) and choose V (y; (#%+ ), 9+ w) containing T+ x. Eventually this
process stops. Set g(w) = min{l > M : v lw e Ty},
. t(w)—1 )
Rwy= ] Ne, G500,
i=—q(w)+1
and
On@)= [ Ne, (3500).
i wg¢ly
It is easy to see from the construction that
ra(By(@,8,1), ,8) < R(@)R®"0) Qn ()
< [ expl@+ 38mGi, @9 w), 9@ w))
O<j<r(w)—1
< R@)R@" ) Qn(w)e /20", (3.2)

Since %8 e N then P-a.s.

1
lim — log O, (w) :/
n—-oon

log Ne, (la(w)> dP(w) (3.3)
Q\T'y 2

and the latter integral tends to zero as M — oo. Thus, (3.1) follows from (3.2) and (3.3)
choosing M large enough. O

Next we will deal with relative versions of notions and results from [Mi]. Let P(X)
denote the set of all covers of the space X containing a finite subcover and let /(X) be the
set of all open finite covers of X. For A € P(X) we write A (w) = \/Z;é(Talf)_lA(ﬁkw)
where A(w) = ANE, is the induced cover of &, by elements a N &, a € A. For any non-
empty set Y C X and acover A € P write N(Y, A) = min{card(C) :CCcAYCU C}
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and N(@, A) = 1. For A, B € P(X) we also set N(A(w)|B(w)) = maxpep N(bNE,, A).
As usual, for A, B € P(X) we also write A = B if A is a refinement of B, i.e. elements
of B are unions of some elements of A. Similarly to (1.2)—(1.10) in [Mi] we have that for
any A, B, C, D € P(X),

N(A(w)|B(w)) = N(C(w)|D(w)) (34

provided C > A and B > D,

N(Tule(ﬂa))|Tale(z9w)) < N(A@Ww)|B(Pw)), 3.5)
N(A(w) V B(w)|C(®)) < N(A(0)|C(w))N(B(w)|A(w) V C(w)), (3.6)

and
N(A(w) V B(w)|C(w) vV D(@)) < N(A(0)|C(w))N(B(w)|D(w)). 3.7

By (3.5) and (3.7) it is easy to see that the sequence a,(w) = log N(A% (w)|B}(w)) is
subadditive, and so the subadditive ergodic theorem (see, for instance, [Kil]) implies that
P-a.s. the limit

1
hr(A|B) = lim —-log N (AT (0)| By (@) (3-8)

exists and is not random. The number h7(A|B) will be called the relative conditional
entropy of T on a cover A with respect to a cover B. If B is the trivial cover and A is
an open cover of X then A7 (A|B) is the relative topological entropy ht(gl)J(T, A) of T with
respect to the cover A, and so by (3.4),

h{(T, A) > h (A|B) (3.9)

0

for any B € P(X).
Observe, that by (3.4),

ht(A|B) < hr(C|D) ifC > Aand B > D. (3.10)
Thus there exists a limit (which may be finite or infinite) over the directed set U (X),

hr(B)= lim hr(A|B) = sup hr(A|B) (3.11)
AcUX) AcUX)

which will be called the relative conditional entropy of T with respect to a cover B.
By (3.10),
hr(A) < hr(B) for A > B, (3.12)

and so we can take the limit once more

hr = lim hp(B)= inf hyp(B) (3.13)
BelU(X) BelU(X)

which is called the relative conditional entropy of 7. In view of (3.9),

" > hy. (3.14)

top —

The following result connects h7% (¢) studied in the first part of this section with relative
conditional entropies it (A).
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PROPOSITION 3.2. Let ¢ € N and A, E € U(X) satisfy diam A(w) < g(w) < %L(a))
where L = L(w) is a random variable such that L(w) is a Lebesgue number (see, for
instance, [Kil ]) of the cover E(w). Then

hr(A) < hy(e) < hr(E). (3.15)
It follows that T is asymptotically relative h-expansive if and only if ht = 0.

Proof. Let§ > 0 be a number and D € U(X) be a cover of X with a Lebesgue number
greater than 28. Since diamA(w) < &(w) then every element of A’ (w) is contained in
some By (w, €, n), and so

N (D7 (w)|A%(w)) < sup N(By(w, €, n), D"). (3.16)
xe&,
We claim that
N(Bx(a)a g, n)aDn) S Vn(BX((,U,E, }’l),(,(), 8) (317)

Indeed, let E be a (w,d,n)-spanning set of By(w,e,n) of minimal cardinality.
Then UyeE By(w,8,n) D By(w, &,n). Since 25 is the Lebesgue number of D then each
B;(w, 8) is contained in some element of D(w), and so each By(w, §, n) is contained in
some element of D" (w); in particular, this is true for y’s from E. Thus, for each y € E we
can choose d(y) € D"(w) so that d(y) D By(w, §,n), and so UyeEd(y) D By(w, e, n)
(although not all d(y)’s may be different). Hence, (3.17) follows. Now, (3.16) and (3.17)
together with Proposition 3.1 yield

N(D ()| A% (@) < C(w)C " w)e"r©+Am, (3.18)

Next, taking log, dividing by n and passing to the limit along n; = n;(w) of successive
k such that ¥*@w € T, = {w : C(w) < L}, we conclude by (3.18) that P-a.s.
hr(D|A) < h%(e) + B and as B is arbitrary hr(D|A) < h}(e). Since § is arbitrary
and D is an arbitrary cover with the Lebesgue number greater than 2§ we conclude that the
left-hand side of (3.15) holds true.

In order to derive the second part of (3.15) observe that any By (w, €, n) is contained
in some member of E;(a)) since &€ < %L. Let A be a minimal (w, §, n)-spanning set of
B, (w, e,n). Then UZEA B;(w,8,n) D Bx(w, e, n). Let C be a finite open cover of X
with diam C(w) < 8(w). Then every element of C? (w) is contained in some B;(w, §, n),
and so

N(C7(®)|ET (@) = N(By(w, &,n),C")

2 Vn(Bx((,(), g, n)a , 5) 2 rn(rs(x’ (,()), w, 8)
Taking log, dividing by n and letting n — oo we obtain
hT(E) 2 hT(CIE) Z r(re(xs 0)), , 8)

Letting § — 0 along the directed set N we obtain h7 (E) > hy (e (x, w), w). Taking sup
over x € &, we arrive at the right-hand side of (3.15). O
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4. Relative topological generators
In this section we will prove Theorem 1.5. Set o = log £ — h(rp(T) and pick small constants
&1 > 0and n; > 0 so that

1
I (2e1) < 1“—0 and 7Ny (Z“) <2 4.1

10
where, recall, Nx(¢) is the minimal number of closed balls of diameter ¢ needed to
cover X. By the definition of the relative topological entropy (see, for instance, [Kil, Ki2])
we can find L1 € N and a measurable set A| C Q with P(A1) > 1 — n1/10 such that

(r)
1y Ews @, tep) < 20 MF/IOL Ty, € 4y 4.2)

By the ergodic theorem there exists an M| > max(107f1 Ly, 60! log¢) and aset B] C €2
with P(B1) > 1 — 11/10 such that

| Mzl 0
— Z Iy, (0 w) > 1— 19 YeeB (4.3)

where [4 (w) = 1 if w € A and 0 otherwise.

Using the Strong Rohlin Lemma from [KW], we construct a tower of height M| — 1
with a base C1 C B and the disjoint level sets 8y, j=0,1,..., M1 — 1 such that
IP’(UM‘ ! $/Cy) > 1 —n1/10. For each w € C; the column {¢'w,i = 0,..., M| — 1}
based on w can be divided into disjoint blocks (Vw,i = ijij+1,...,ij+L — 1},
j =1,...,kof size L with starting points ?win Ay, so that these blocks cover all but
(n1/5)th of the column, i.e. kL1 > M1(1 —n1/5). By (4.2) for each starting point ¥ w of
the jth Li-block we can find a covering of £i; by less than 2(}'531)3””"‘/10”l balls of type
By (9w, ge1, L) withx € £,; . For those 9 w which are not in one of these L;-blocks,
we cover the corresponding Eﬂ, by Neg,, ( 7€1) balls of type B, o 48 1). Observe, that
if for two pomts v,w e &y, w € Cy, thelr iterates T v, T w belong to the same balls
By, (¥ w, 481, Ly), j = 1,..., k on the starting levels of the L1-blocks above and Tu’) s
TH’;w belong to the same balls By, (M w, %81) on the levels outside of these L|-blocks, then
w € By(w, %81, My). This, together with (4.2) and the second inequality in (4.1), yields
that an (o, éel, My)-spanning set E(w) of minimal cardinality r(w) = ruy, (Ew, @, %81)

contains less than Z(hLOP(THa/ DM points. We can define E(w) for each w € C1 and using

the technique of [CV], similarly to [Ki2], the set E(w) = {vi(®), ..., vr(y)} can be chosen
so that the points v; (w) depend measurably on w € C;. Set U;(w) = By, (w, %81, My),
vi € E(w),i =1,...,r(w) then U(w) = {Ui(w), . .., Uy (w)} form a cover of &, and
the sets U; = {(w, x) : w € C1,r(w) > i,x € U;(w)} are measurable. Next, we transform
U(w) into a partition Pw) = {P(w), ..., ~r(w) (a))} of &y in the standard way setting
Pi(®) = Uy (w) and recursively P (w) = Ux(w)\ UZ] Bi ().

Let K be the integral part of (1 — «/2log€)M; + | and set Ag, = {1,2,..., Z}Kl.
Leta(l),a(?), ..., a¢X1) be the lexicographic ordering of £-words from Ay, . Since

(r)
K1 = Uiy (D+a/M1
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we can assign to each 13,- (w), i < r(w) the word a(i). Now, for each o € Ci,
M—Ki <j<Mjandk =1,2,..., ¢, define (9 w) = {x € £y, : (T5) 'x € Pi(w)
anda(i) = (a\”,...,a}") w1tha = k}. Clearly, Py(&) = {P1(&)), . .., Pe(@)} forms
a partition of &, /Wthh is defined for all ' € D( = UM] K <j<M, 19 C1

For each wot
/ (2) det j
oeD?= | wic
M| —K;>j>0

we define P (') as the one-element partition Py (w’) = {£,}. Let

o eDPEa\ | v

M;>j>0
Cover, first, X by k = Nx(e1) closed balls By, Ba, ..., B, of diameter £; and transform
this cover into a partition Q = (Q1, ..., Q) of X by taking Q; = Bj and recursively

Q; = Bj\ U1§i<j Q;. For each o' € D§3) we define the partition Pj(o’) =
{P1(e), ..., Pc(o)} setting Pi(w') = Q; N Ey. The whole construction has been
done measurably in w so that P = {P;}, P, = {(w,x) : x € P;(w)} is a measurable
partition of £ whose restriction Pl(c) = {Py,..., Py} with P| = {(w,x) : ® € ¥/C,
and x € Pi(w) it M1 — K1 < j < My —1lorx € &j,if0 < j < M — K1},
Pi={(w,x):wed'Ci x e Pi(w)forsomei = M; — Ky, M{ — Ki+1,..., M —1},
i > 1 consists of, at most, £ elements.

Thus, outside of the set D(3) having probability of at most n1/10, the partitions P (w)
contain at most £ elements. Observe thatif x, y € &yi,, 0 < i < M) and x, y have the
same (', P1)-names, then d (T, x, Twy) < g1 for all j € Z which we will express by
saying that P has a resolution of at least 1. In the further steps of our construction, we
will not change the partition on &, if w € D%l) and will transform single-element partitions
of some of £,,’s with w € D§2) into £-element partitions in order to both encode points from
some of &,’s with w € D§3) (which will decrease the set of fibers partitioned into more
than ¢ sets) and improve the resolution of the partition P;.

Next, we describe the second step of our construction. Choose small constants g €
(0, 2e1) and 2 € (0, 31y) such that

o
12"
In view of the first part of (4.1), Proposition 3.1 enables us to choose an arbitrarily large
Ly > Mj and a measurable set Ay C Q2 with P(A2) > 1 —12/10 so that

« o 1
hr(2e7) < 102 and nylog Ny <282) < “4.4)

rL,(By (@, 261, La), w, £2) < 29N2/10, (4.5)

By the ergodic theorem there exists an M > 10n, lL2 and a measurable set B, C Q with
P(B2) > 1 — (172/10) such that for any w € B3,

My—1
— Z Ta, (' w) > 1 — E (4.6)
1 My—1

Z ]ID<2)(19 '0) > gz’ 4.7
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and
LSS ey < ™ 438
MZ;DE”( ) < <. (4.8)
Again using the Strong Rohlin Lemma we construct a tower of height M, — 1 with
a measurable base C; C B such that TCp, 0 < i < M, are disjoint and
P(U " 97Ca) > 1= mp/10.

By (4.8) for any w € C there are, at most, [éMzm] levels i between 0 and M, — 1
for which ¥'w € D?) and by the second part of (4.1) we need less than 2M2¢/10 names
in order to encode for all such i points Tj)x, according to elements of partitions P (¥ w)
constructed on the first step. For these names we will use words from A, = {1,2, ..., £}9,
where g = [ M>/101log £]. We encode such points partitioning £, into £ sets on g levels
j out of [ M, /3 log £] levels for which #/ w € D§2). After that we also change partitions
P1(# w) on levels i with ¥’ € D§3), by just taking there the one-element partitions.

We denote by Pi(w') the resulting new partition constructed for all o’ € U?/I:zo_l B Cy.

Observe, that each element of the partition P(w) = \/fwzz(;1 (ch))_lﬁl W'w), w € Cyis
contained in some ball By (w, €1, M>). Similarly to the first step of our construction, divide
M>-columns based on w € C into disjoint Ly-blocks with starting points ¥ w e Ay and
cover Eyi,, When # w is outside of these blocks by Ng,;iw (%82) balls of type By P w, %82).
Then using (4.5), (4.6) and the second part of (4.4), it is not difficult to see that for all
weCrandx € &,,

i, (B (@, 281, My), o, £2) < 20M2/5, (4.9)

It follows that we can partition (measurably in w) each element of the partition P(w) into
at most 2%M2/5 gubsets, so that each element of the new partition will be contained in some
By (w, 2, M2). Namely, similarly to [Ki2] choose measurably in @ a minimal (, &2, M>)-
spanning set E(w). By (4.9), E(w) contains at most 2*M2/> points vy, ..., vy in each
element P of 75(0)). Subpartition P in the canonical way taking P; = P N By, (w, &2, M>)
and recursively Py = PN By, (, &2, Mz)\ Uk>i>1 P;. We can encode these new elements
by words from A, = {1, ...,¢} withr = [onz/_S log €] 4+ 1 and we do so by partitioning
Eyi, 1nto £ sets on r levels j for which Yo e D§2) which were not used above. This
yields a new partition P, (') for all o’ € D;l) U D;z) = UM2>1'>0 91 Cy, so that D;l)
consists of ' for which P;(w’) has cardinality £ and Déz) consists of o’ for which P, (')
is the one-element partition. It is easy to see that P(Dgz)) > a/4log ¥, which suffices to
use Déz) on the next step of our construction.
For
o' eDP L\ | v
M>>j>0

we define partitions P, (') in the same way as for o’ € D§3) on the first step, but with &7
in place of 1. Observe that IP’(D;B)) < 12/10. By the construction, if x, y have the same
(w, P») names, then d(Tu")x, T)y) < &, 1.e. P has aresolution of at least &, < %81.

Repeatedly applying the second step of our construction with &; 41 < %ei, Nit1 < %n,-,
h%(2e;) < a/10', n; log NX(%si) < /10" fori = 2,3, ..., we will obtain (measurably
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in w) a sequence of partitions P (w), P2(w), ... and sequences of sets D%l), Dél), ol
sz), Df), ... and DiB), D§3), ... such that the resolution of P;(w) is at least ¢;, it has
cardinality £ for w € Dl.(l) and cardinality 1 for w € sz) and ]P’(Dl.(3)) < n;/5. Since
ni < 27Dy, then employing the Borel-Cantelli Lemma we conclude that P-a.s. either
weN =1 Ui j Dfl) and &, has been partitioned on some step i into £ measurable subsets
and Pj(w) = Pi(w) for all j > i, or there exists i so that P;(w) is the one-element
partition for all j > i. This means that the sequence P; (w) does not change starting from
some i depending on w and the limiting partition P(w) (which depends measurably on
w by construction) satisfies our conditions, except that there may exist a measurable set
D C 2 such that P(w) is of cardinality 1 for @ € D. By partitioning such P(w) into £
measurable sets in an arbitrary but measurable in w way, we complete our construction.
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