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A cointegration relation is often interpreted as a long-run equilibrium relation
whereas short-run deviations are allowed to a certain exteptactice howevey

real data often fail to confirm cointegration for a well understood economic rela-
tion. This paper proposes that in many cases failure of confirming cointegration is
due to nonstationary deviations in a relatively small portion of the data period
(“short-run”) whereas a cointegration relation prevails in the other peridfscall

such a situatiosegmented cointegratioWe study in this paper how to detect seg-
mented cointegration and how to identify the period of short-run deviations

1. INTRODUCTION

The concept of cointegration defined and introduced by Engle and Granger
(1987 has become a useful concept for analyzing linear dynamic systems in
economicsA cointegration relation is often interpreted as a long-run equilib-
rium in a system of variables whereas short-run deviations are allowed to a
certain extentTherefore the cointegration concept applies for statistical infer-
ence on many economic theories that are concerned with equilibrium relation-
ships In practice howevey real data often fail to confirm cointegration for a
well understood economic relation

Failure of rejection of the null of no cointegration could be explained by a
variety of reasond~or exampletest results are sensitive to various factors such
as the span of data s@tlendry 1995, the choice of lags in the testing equa-
tions (Banerjee Doladq Galbraith and Hendry1993, the possibility of struc-
tural breaks in the underlying relationsHi@gregory and Hanserl996 Hansen
and Johanser1993 Stock and Watsaqnl994), and threshold effects in a pos-
sible cointegration relatiofBalke and Fomhy1996. Siklos and Grange(1997)
consider the case when the given variables are cointegrated only during some
periods and not at otherahich is applied for interest rate parity of the United
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States and Canadilany of the preceding reasons would be related to the pres-
ence of temporary nonstationary deviations from a long-run relation

In this paper we propose that failure of rejection of the null of no cointegra-
tion in many cases is due to nonstationary deviations in a relatively small por-
tion of the data period“short-run”) whereas a cointegration relation prevails
in the other periodsWe call such a situatiosegmented cointegratioff his
situation is possible if some important events or changes in an economy inter-
rupt the underlying economic relation for a certain length of tidetrivial
reason for the failure of confirming cointegration in the presence of such “short-
run” nonstationary deviations is that an estimate of the cointegrating vector may
be biased or not consistent as a result of the short-run nonstatioresitye
show in this papermowever even when the cointegrating vector is known or
correctly estimatedthe chance of failure of confirming cointegration can be
high in the presence of short-run nonstationary deviatibngeneralthe chance
of the failure of confirming cointegration depends on various factors such as
duration and the level of the short-run nonstationary deviations and the root of
the stationary cointegration err@gx Monte Carlo study shows that a relatively
short duration of nonstationary deviations from cointegration may cause failure
of confirming cointegration

We study in this paper how to detect segmented cointegration and how to
identify the period of short-run deviation&n idea for detecting a segmented
cointegration is to use a test for testing the null of no cointegration for each of
the two regression®ne regression based on the sample without segmentation
and the other based on the sample with segmentafioa regression based on
segmentation is a special case of the weighted least squhreh is the only
way of getting a consistent estimator under the alternative of segmented cointe-
gration As the period of noncointegration is unknown in practiae search
over a set of all possible segmentatiolfishere exists a segmentation for which
the null is rejected whereas the null is not rejected for the sample without seg-
mentation we can conclude that the basic cointegration relation prevails in the
sample with the segmentatioifhe actual testing procedure is to determine
whether the smallest value of a statistic over a set of possible segmentations
falls in a critical region The reason for using the smallest value of a test sta-
tistic is that it constitutes evidence against the null hypothéssshown in
Section 3 the tests based on segmentation are consistent Mstite Carlo
simulation is performed for exploring performance of the procedures for de-
tecting segmented cointegratidfor identifying the period of noncointegration
we propose an extremum estimatdfe show that the estimator is a consistent
estimator withT-rate of convergencélternatively the noncointegration pe-
riod can be identified by the period that corresponds to the segmentation yield-
ing the minimum value of the test statistic for testing the existence of segmented
cointegration

The paper is organized as followSection 2 introduces definitions and as-
sumptions Also, Section 2 explains why real data often fail to confirm a co-
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integration relation in the presence of short-run deviati@ection 3 discusses
how to detect segmented cointegration and how to locate the period of non-
cointegrationA set of Monte Carlo results is provided in SectionSection 5
concludes the paper

2. PRELIMINARIES
2.1. Basic Concepts and Notations

Let x4; be a scalal (1) process and,, be an(n — 1) vectorl (1) processSup-
pose that these variables have one of the following relations

X1t = B %o T &, (2.1a)
X1t = a + B'Xy + &, (2.1b)
Xlt =a+ "yt + lezt + £t. (2.10)

Define the innovation vecton, = Ax; or u; = Ax; — 7 in the presence of
some trending variablg). Also, define its cumulative proces§ = >|_, u;
and its long-run varianc@ = lim; T 1ES; S;. We use the following regular-
ity conditions

Assumption 1

(a) {u} is mean-zero and strong mixing with mixing coefficient of sizex/(r — ),
andE|u|" < o for somer > «k > 3.

(b) The matrixQ) exists with finite elements and is positive definite

(c) Xqis a random vector witle|xq| < co.

The conditions in Assumption 1 allow a broad class of weakly dependent
time series and have been used by Phillip887), Phillips and Perrori1988,
Phillips and Ouliarig1990, and Gregory and Hansé€h996, among othersto
study limiting behavior of some stochastic processes

Now, consider the possibility that the error teemis a unit root process in a
subset of the data perip@hereas it may follow a stationary process for the
rest of the data periodVe reserve notation for these two different types of
periods N7 andCr, respectivelyWe assume thal/; consists of a single inter-
val of periods More specifically

NT = {k0+ 1,...,kl}
for two time periodsk, andk,, kg < Kj.

Assumption 2 Let #(Cr) be the number of elements {it. We assume that
#(Cr) = n.

Assumption 2 rules out the case of a “trivial” segmented cointegration with
#(Cy) = (n — 1): for example for n = 2 if #(Cy) = (n — 1) = 1 then any
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process forms a segmented cointegration by defifing X,,/X,, ande, = 0
foreachh=1,...,T.

When N7 consists of more than one interval of peripdse need to deter-
mine the number of segmentations in practieermal analysis of the problem
of multiple segmentations is beyond the scope of this p&imrever we briefly
discuss this problem in Section 3

Testing for cointegration fo2.1) is often based on testing for the null of no
cointegration Thus writing the disturbance process as an AR

& = pe—1 t (2.2)

the hypotheses are for the valuemfthe null ofp = 1 vs |p| < 1. There are
several different tests for testing such hypothe#iest is Dickey—Fuller(1979
tests Phillips (1987) tests Phillips and Perrori1988 tests Phillips and Ouli-
aris (1990 tests and augmented Dickey—Fuller tests

In the case of possible segmented cointegration we can consider the follow-
ing hypotheses

He:p=1 forte{t=1..T} (2.3)
’ 1 fort € N7,
VP T v, with|ry <1 fortecy,

whereNT C {1,...,T} andCr ={1,..., TA\N5.

As an example of the situation implied Hy; we can consider an economy
that runs in two different regime&or examplewhen the monetary authority
changes the policy regime from targeting the interest rate to targeting money
volume the interest rate may be stationary only in the first regime

A situation similar to that irH, is found in the following model of threshold
cointegration studied in Balke and Fomt}996, among others

— o (t
&t = P( )Stfl +

) 1 If |8t*1‘ = 0’ 24
P, with|pl <1 if|e_4l > 6. (2.4)

When the “threshold? is a sufficiently small constanthen the preceding pro-
cessg, is effectively a stationary process as is the case in Balke and Fomby
(1996. However if the threshold) is not a small number or is a random vari-
able which sometimes has high valydke procesg, may effectively be non-
stationaryOn the other handhere is an important difference between segmented
cointegration and threshold cointegratimegmented cointegration assumes a
deterministic interval of cointegration whereas threshold cointegration depends
on the conditional variables
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2.2. Failure to Confirm a Cointegration Relation

In this subsection we briefly examine why usual tests fail to confirm cointegra-
tion in the presence of short-run nonstationary deviatidnssee this consider
an example of the systef2.1a) underH; whereg, is such that

eo=pVe 1+, (2.5)

p, Wwith|p| <1 forte Cq,
pY = { (2.6)

1 fort € N7,

whereNT = {ko + 1,...,k;} for two time periodsky andks, ko < k;.

A trivial reason for the failure of confirming cointegration in the presence of
short-run deviations is that the cointegrating vector may not be consistently
estimated This is because the short-run nonstationary deviations dominate in
the estimate of the cointegrating vectahich very likely makes the regression
spurious If the cointegrating vector is not correctly estimattte residual con-
tains nonstationary regressois (2.1a) if ,é # B, then the residuat, becomes

€ = Xyt — E/th =g+ (8- BA),XZt'

In the presence of short-run nonstationary deviatidresvevey even when
the cointegrating vector is known or is correctly estimatbe chance of fail-
ure of confirming cointegration of usual tests can be very higtus suppose
thatB is known in(2.1a). Then the simple Dickey—Fullet-statistic for testing
the nullHg (2.3) is

T
-1
T 2 Et—1Vt
t=1

t= T 1/2
oo e
t=1

-1 -1
T 2 g+ T 2 -1Vt
teCr tENT

= > , (2.7)
{T_z 2 8t271+T_2 2 Stzl} {S%}l/z

tecy tENT

wheres? = ST, (e, — pe1)?/(T — 1). But, since Zc., 21 = Oy(T) and
Siec, e-1vr = Op(TY?), the preceding-statistic becomes

0p(1) + Tt E &1Vt
tENT
t= (2.8)

{Op(l) +T% > 831}1/2{S$}1/2’

teENT
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where Ty, the number of elements W5, replacesT in the t-statistic There-
fore, the behavior of the-statistic in(2.8) underH, for the model(2.5) and
(2.6) is arbitrarily close to that undet, (2.3). In fact, under the condition that
Eley,| < co asymptotic behavior of thestatistic(2.8) is thesameas that under
Ho. But, for t = ko in a stationary regime the conditidf| e, | < oo is not re-
strictive As a consequenche statistio2.7) would very often fail to rejecH
underH;.

3. INFERENCE ON SEGMENTED COINTEGRATION

First we study how to detect segmented cointegration defined in the previous
section Then we discuss how to locate the period of noncointegration

3.1. Detection of Segmented Cointegration

When the error term in a linear regression model suci24s$ is heterogeneous
across different periodgconometric theory suggests estimating the model by
a weighted least square rather than by the ordinary least square

.
argmin, Q(B,w) = Elwt(xu — B'%a1)3 (3.1)
t=

wherew, is a weight given to the-period residual angv = (ws,...,wr). For
the model(2.1) with &, having the property i, the weight serie$w,} should
be such that

{1 fort € Cq,
W, =

0 forte Ng, (3.2)

wherew, = 1 fort € C; can be replaced by, = constanf We use the notation

Cy for atrial period for segmented cointegration and also forttiie period of

segmented cointegratipnegarding which the reader should not be confused

Under Hy the regression2.1) is spurious for any choice dfw;} or Cr. Also,

under H; the regression yields a consistent estimator of the parameter for a

proper choice ofw;} or Ct. For this reason a test for segmented cointegration

based on the estimatid8.1) with {w;} (3.2) would have desirable properties
Notice that the weighting proce$®;} depends on the selection &f. Thus

we denote it byw, = w(C7). Also, denote byﬁ(CT) ande(Cr), respectively

the estimator of8 and the residual froni3.1) based on the weigHtv, (C1)} for

a segmentatioi@’r. Let p(Cy) be the least square estimator of the first-order

serial correlation coefficieng of g in e = pe_, + v, for e = (Cr) andt(Cy)

be thet-test ofp = 1. That is p(Cy) is obtained from regressing;(C+)e on

W;_1(Ct)e_1. Also, let &ﬁz(CT) be the least square variancepands?(Cy) be

the least square estimate of the variance of the second stage residual
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2(Cr) = (T =D D w(Cr) (e — pe_1)?

-1

G2(Cr) = s2(Cr) (S w(Cr)e?y)

whereT, is the number of elements 6%. Define
I 1 2 ~2 2 12 g
Z,(Cr)=Te(p—1) = > (Te65(Cr)/s*(Cr)) (A% = Fo), (3.3)

N 1. .
Z,(Cr) = (§o/A%)Y2-t(Cy) — {5 (A% — 'f’o)/)\} X {Ted;(Cr)/s(Cr)}, (3.4)

where A2 and 9o, respectively are estimators ofA2 = lim -, X
T 'E[(Ziee, v)?] andy, = lim To ' Ziee, E(WD).

Consistent nonparametric estimatorsiadindy, underH, are obtained as in
the following expressions

1 .
¥ = - Ewt(CT)ﬁtﬁtfj forj=0,1,...,q,
Te—1%

A=+ <1— Lq)f/j for an integem.

The approach given above is based on ar{3Ror the residual process.
Alternatively we can consider the following variant of an augmented Dickey—
Fuller expression fog:

Ae = Ae LA o+ - H A tW(Cr)(p— Ve T e,
(3.5)

where{e;} is an independent and identically distributed.d.) sequence with
mean zerpfinite variances 2, and finite fourth momentNotice that in(3.5)
the error correction termip — 1)g._; is multiplied by the “weight”w,. Let g
andty, respectivelybe the least square estimatormin (3.5) and thet-test of
p — 1= 0.3 Now, define

ADF,(Cy) = Te(A/6)(p — 1), (3.6)
ADF,(Cy) = f;, (3.7)

whereA/a. is consistently estimated by
Meo=Q=8— =)

where/; is the least square estimator &fin (3.5).
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Let 7., be a fixed subset 0f0,1] such that[7,T] = Cy where[7;T] =
{[7T]:7 € 7.} where[ -] is the integer part of. Likewiseg, [7,T ] = N5. Since
N7 consists of a single interval of periadge may write it as

Nt =([7oT]+1,...,[7,TD

for somer; € 7;, i = 0,1 where7, C [0,1) and7; = (sup7y,1].
Now, for a givenZc, the statisticZ,,(Cy), Z(Cr), ADF,(Cr), andADF(Cr)
converge to some limits given in the following theorem

THEOREM 1 Assume the conditions in Assumption 1. UndgritHs true

that
ZP(CT), ADFP(CT) = Zp(TC), (3.8)
Z,(Cy), ADR(Cy) = Z,(T¢), (3.9

where Z,(7¢) and Z(7c) are such that

f W(r) dW(r)
Z,(1c) = T°—, (3.10)

[W(r)]?dr

Tc

f W(r)dWI(r)

Tc

Z(1c) = T2 (3.11)
([ wreal
Tc
where
-1
W(r) = Wy(r) — . Wlwé,m[ TWz,sz’,m] Wo (1), (3.12)

where W(-) is a standard Wiener process and }\-) depends on the model. If
the residuals are from ordinary least squares (OLS) estimation of the model
(2.1a), then

W2,m(r) = W,(r),

where W(-) is the (n—1)-dimensional standard Wiener process. If the residuals
are from OLS estimation of the model (2.1b), then

W, (1) = [LWa(r)']"
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If the residuals are from OLS estimation of the model (2.1c), then
WZ,m(r) = [1ar’W2(r),]/'

In practice the periodZ; or 7, is not known In this case we adopt the fol-
lowing approachwe get values of the statisti€(Cr) for all the possible can-
didates ofC; and take the smallest value of the statisfibe smallest value
constitutes evidence against the null hypothesis

THEOREM 2 Denote by Z(Cy) = inf._Z1(Cr), etc. Assume the conditions
in Assumptiorl. Then under H, it is true that

Z:(Cy), ADF:(Cr) = inf Z,(Te), (3.13)
Z:(Cr), ADF¥(Cy) = inf Z,(T¢). (3.14)

Asymptotic critical values of these statistics can be obtained by simulating
test statistics for a large sample size for a large number of replicatidms
cause computation in the simulation for the present example for large samples
is very time consuming we adopt a procedure due to Mackin@éal): using
10,000 replications for each of the sample siZes 50, 70, 100, 120 150, 170,

200, 220, 250 270, and 300 we obtain critical valuesrt(T, p,n), wherep is
the percentileWe then estimate by OLS for eaphandn the response surface

Crt(T,p,n) = o+ ¢y T 1+ 4, T2 + error.

Various polynomials were trie@involving T3 T4, etc), but the one given
above appeared to be the best fit ovet&F’s were generally over.98). The
asymptotic critical value is taken to be the OLS estimiageAlthough the above
specification seemed to be the best overdtimates ofl, changed on occa-
sion by a factor of 2 under alternative specificatioflso, we get the critical
values of infZ(7Z¢) for some given upper limit of the length @f,, denoted by
€(Ty).* That is

infZ (72)z = inf Z (75), 3.15
o Te)i) TeelTe (T =Ty} o(Tc) (3.15)

where €(7)) is the length of the intervally. In Tables 1 and 2 asymptotic
critical values of the minimum statistics 13.13) and(3.14) are provided for
€(T,) = 0.3. In Tables 1 and 2Case | is for the mod€P.1a), Case |l is for the
model(2.1b), and Case lll is for the modé&R.1c).

In practice critical values depend on the value &f7,,) chosen for simula-
tion. We can show that the critical value for a given size of the test is a decreas-
ing function of £(7,).
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TasLE 1. Asymptotic critical values oZ;,(C) andADF,(C)

n 0.01 0025 Q05 Q010 015 095 0975 Q99

Case |
1 -13 -1016 —-818 —-568 —457 129 164 212
2 =372 -323 -279 —237 2082 -24 —-1.29 -—0.56
3 —4663 —4105 -3641 -—-3161 —-2874 —-754 581 -—4.11
4 5589 —4897 —-4459 -3943 -3636 —1273 -1085 —9.22
5 —-6394 -584 5279 -4778 —-4459 -1792 -1586 -—1375
6 —7039 —-643 —-5983 —5422 -5102 -—-2247 -206 —1842

Case ll
1 -2015 -1673 —-1396 -11.37 —-959 -0.13 05 121
2 -87.37 —-643 5075 -—-3958 -—-3402 -777 —-6.19 —-479
3 —-10548 —8412 -6553 —-5153 —4482 -1357 -—-1125 —9.21
4 —12291 —-96.68 —-7866 —6195 -—5424 -1865 -—-1637 —1377
5 -13086 —-10623 —-87.07 —-6928 -6056 —2379 -—-2133 -1894
6 —13472 -10984 -—-8989 -—-7365 -—-6698 -—2872 —-2586 —225

Case lll
1 —2917 —-249 —-2155 -1822 -1603 —26 —-1.67 —-0.75
2 -10765 —-8024 —-6254 -—-4659 -—-3844 —-826 —642 —4.39
3 -—13166 —101L33 —-7934 -5896 —4943 -1413 -1205 -981
4 —13559 -—-10994 -—-8787 —-6831 -—-5907 -1965 -17.64 —152
5 —14029 -11559 -9657 -—-7432 -6516 -—2478 —-2225 -1961
6 —14409 -11883 —9831 -7846 -—7002 -—-2898 -—2627 -—-2371

Note: n= the number of variables in a cointegration regressidre case oh = 1 is for a univariate process

LEMMA 1. Let £,(7y) < €(Zy). Denote by Z(Cr), ; the lower a-
size critical value of Z(Cy) obtained based o#(7,,). Then, it is true that
Z*(CT)a,(-z < Z*(CT)a,él'

Therefore the test(3.13) or (3.14) based on critical values i#(7¢),, ¢, for
a given?, is a conservative test when the actual test statiticy) is com-
puted foré, such thatf, < €,.°

As was explained in Section %ve consider in this paper the case wh¥n
consists of a single interval of periads practice a researcher would have
situations where the number of such intervals is possibly more tharroties
case the researcher would have to determine the number of such int€als
mal analysis of the problem of multiple segmentations including determination
of the number of such intervals is beyond the scope of this p&fmvever in
this case we could suggest adopting the idea of detecting one by one as in Bai
(1997). To describe it brieflythe approach is to divide the sample into several
successive subsamples and detect the existence of segmented cointegration in
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TaBLE 2. Asymptotic critical values oZ;(C) and ADF*(C)

n 0.01 0025 Q05 010 015 095 0975 Q99

Case |
1 —-2.51 -2.2 -196 -161 —143 129 17 217
2 —-4.23 -395 -365 —-334 -315 -088 —-054 -0.23
3 —4.88 —-449 —-423 -392 -373 -—-174 —-146 —-1.15
4 —5.26 -489 —-468 —-438 —-419 -232 -21 —1.84
5 —5.59 -533 —-5.09 -486 47 -284 —-262 —233
6 —5.89 -568 —-545 -516 -5 -324 —-305 -—-281

Case ll
1 —-3.49 -312 -288 —-258 —-237 —0.06 031 066
2 —-8.84 -743 —-636 —-531 —-471 -—-191 -162 -1.28
3 —1005 -868 —-738 —-622 -547 —-253 -—-228 201
4 —1104 -951 -825 —-686 —-6.05 —-303 —-278 -251
5 —-1133 -1003 -87 -721 —-635 —-343 -—-32 —2.93
6 —-11.78 -1014 -876 —-733 -656 —-378 —-358 —3.37

Case lll
1 —-3.92 —-366 —34 -312 -294 -09 -062 -03
2 —1042 -878 —-774 —-632 —-552 -—-196 -—-167 —1.27
3 —1168 -998 -862 -—-723 -6.2 —-261 —-227 -191
4 -119 -1037 -9.13 -757 -6.62 -31 —-287 —261
5 —-1232 -108 -952 -783 -68 —-351 -—-33 -3.05
6 —1245 -1098 -953 -779 -691 -384 —-362 —338

Note: n= the number of variables in a cointegration regressidre case oh = 1 is for a univariate process

each subsample based on the approach discussed in this s&bi®approach
would save us a lot of computation time for detecting multiple intervals of non-
cointegration periods when the number of such intervals is unknown

The tests for segmented cointegratioi(Cy) and ADF*(Cy) are consistent
tests which is shown by the following lemma

LEMMA 2. Let{x}, X = (Xq, X3;)", be an n-vector (1) process where x,
an (n — 1) vector (1) process, has a positive definite long-run variance-
covariance matrixl, = limy, T 2E[(Si1 AXo) (S -1 AXS,)]. Suppose that
& = X1t — B'%y IS 1(0) in a subset of dat&; whereg, has a continuous spec-
tral density f, with f,.(0) > 0in C;. Then,

Z;(Cr) = Oy(T),

Z{(Cr) = Oy(TY?),

ADF*(Cr) = Oy(TY2).
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A Monte Carlo result in Section 4 shows that empirical power values of the
tests(3.13) and(3.14) are quite high for a 5% test and far= 200

Remark A model related to the one in our alternative hypothggid) has
been considered by LeybournglcCabe and Tremayn€1996 and McCabe
and Tremayn&1995:

& = pr&—1 T 1y,

wherep, is assumed to be an independent proddeabe and Tremayn@ 995

study how to determine whether or not the null of nonstationapity= 1, is
rejected against the alternative of the root being independently charagidg
Leybourne McCabeg and Tremayn€1996 provide some applications of McCabe
and Tremayné1999. In our approach the model for alternative hypothesis is a
special case of that in McCabe and Tremaydewever the model for our al-
ternative hypothesis allows richer statistical inference than that of McCabe and
Tremayne First, our alternative allows us to analyze a cointegration relation as
well as observable individual series whereas the alternative of McCabe and Tre-
mayne is adequate only for analyzing the lattepaim McCabe and Tremayne
has to be an independent proceSecond our approach allows us to identify
the two distinct periodsthe period of noncointegratiofhonstationarity and

the period of cointegratiofstationarity, whereas the approach in McCabe and
Tremayne by its nature is not appropriate for identifying or estimating the
varying root

3.2. Identifying the Period of Noncointegration

When a segmented cointegration is detected by the procedure discussed previ-

ously we are interested in the location of the period of noncointegrakiothis

section we study how to identify the location of the period of noncointegration
As in Section 31 (before Theorem )1 let N7 = ([7oT] + 4,...,[7,T]) for

somer; € 7;, i = 0,1 where7, C [0,1), 7; = (supZy,1], and[ -] is the integer

part Notice that we allow the possibility that the nonintegration period lies at

the beginning or at the end of the sampi®w, let 3(Cr) be the estimator o8

from (3.1) based oRw,(Cr)} in (3.2) for Cr = {4,..., T \N+. Construct a re-

sidual proces$e,(Cr)} from the estimatgs(Cy) for allt = 1,...,T. For a given

T = (19, 71), let At(7) be such that

(11— 79)T]172 > &(Cr)?

Ar(r) = — (3.16)
Tt Y elCr)?
tecy
Also, let 7 = (79,71) be such that
7 = argmaxcsA1(7), (3.17)

where7 = Ty X T;.
We assume the following condition
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Assumption 3 UnderH, let s, 4,€5,5,...,65.4 for s € {0,...,T — 1} and
g = T — sbe a sequence of residuals(@fl) in the stationary regiméy. As-
sume thag 1 >:*d ;62 — E[e?] for E[e?] < .

Assumption 3 describes a law of large numbers for a sequence of stationary
e's, which usually holds for least square residuals suckegsin the previous
section

THEOREM 3 Suppose that there exists such thate, ~ 1(0) fort € Cy
wherease; ~ | (1) fort € {1,2,..., T \Cy. Assume that the condition of Assump-
tion 3 is satisfied. Then, it is true that for= 0,1

(@) (Fi — 7)) = 0p(1),
(b) T(7i — 7i) = Op(1).

Another approach to identifying/5 is to find the setV/; for which thep-value
of the test statistiZ(Cr) or ADF(Cr) is the smallestdenotingT = {1,2,...,T},

Nt = argmin,, ProlfZ < Z(T\N7)].

This approach is well approximated by
Ny = argminy, Z(T\N7) (3.18)

when the value of th&-statistic does not heavily depend on the sizeTaf
N7(= Cy). The termZ; or ADF, is relatively less dependent on the sample
size thanZ,, or ADF,. In an empirical example in Kini2001), we find that the
two approache$3.17) and(3.18) yield similar results but with the tendency of
7o > 79 andf; < 7 where7 is the estimate of from (3.18).

Kim (2000 considers change in persistence of linear time sgcessiders
change from stationarity to nonstationarity and vice veesa studies how
to detect the existence of such change and how to identify the period of
such changeChong (2001 considers structural change in AR models
including change from stationarity to a unit root and vice versa and studies
how to locate the period of such changehe subjects of these papers are
related to the work in this papeHowever there is difference in some im-
portant aspectsfirst, whereas this paper studies change in persistence of
the (unobservableerror of a cointegration relatigrthe two previous works
study similar change in an observable serfetistical treatment in practice
for the former case is fundamentally different from that for the latter .case
Second whereas the main interest of this paper is the existence of a stable
relation in the majority of the data periddegmented cointegratipnthe two
previous works are interested in a one-time break in the associated property
of a series

https://doi.org/10.1017/50266466603194078 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466603194078

INFERENCE ON SEGMENTED COINTEGRATION 633

Another related work found in the literature is BAumsdaine and Stock
(1998. Bai et al study how to test for the existence of and date a structural break
in a cointegration relatiarheir analysis includes a vector error correction model
as well as a single-equation cointegration relatibne subject of Bai et als
related to that of this paper in that both are discussing inference on a cointegra-
tion relation with possible turbulencelowever the subjects of the two papers
are different in an important aspeegthereas Bai et altudy the problem of a
structural breakparameter chang@ssuming that cointegration relatighhold
in both periods before and after the bre#kis paper considers the case when
there exists amterval of periods in which dstable cointegration relation does
not exist Statistical inference on the two systenssting for the existence of
such systems and dating the peligdof break(s), as well as economic impli-
cations of the two systems are quite differeflhe main reason for the differ-
ence in inference is that the disturbance of the system considered in this paper
undergoes change from stationarity to nonstationgityd vice versa later
whereas there does not exist such change in the system considered in Bai et al

4. MONTE CARLO STUDY

In this section we perform a Monte Carlo study to examine properties of the
procedures discussed in the previous sectiirst, we investigate the behavior

of the test statistics under the nid}. More specificallywe get the actual sizes

of the testsZ*(Cy) andADF*(Cy) for testingH,. For this purposewe consider
three cases af = 1,2,3 and also three different cases for the underlying model

Case | The estimated model i.1a), no drift in the variables
Case Il The estimated model i®.1b), no drift in the variables
Case llIl The estimated model i&.1¢), drift in some variablés).

Each variable follows a random walk with am.d. normal error with vari-
ance Q0L The drift in Case lll is set to be.D. The simulation is based on sam-
ples of size 200 with P00 replicationsThe values of test statistics are obtained
underH, from the segmentatiaNT = (0.4T,0.6T). Table 3 shows empirical sizes
of the testsZ*(Cy) and ADF*(Ct)* at the 5% theoretical sizéverall the
Phillips—Perron—Ouliarig-tests show better size property than ADF teStace
the values of test statistics are obtained from the segmentatiéCej = 0.2,

N7 = (0.4T,0.6T), whereas we use corresponding critical valuesffat;) =
0.3, we expect that the tests would be conservative tésiging smaller actual
sizes than the true size of 5%his is evident for most cases nf= 2,3 for Z*.

Next, we investigate the behavior of the tests under the alternative hypoth-
esisH,, power properties of the tesfEhis is to evaluate the results of Lemma 2
by simulation The simulation is based on samples of size 200 witt0@
replications We consider the following cointegration regression with an(BR
error.
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TaBLE 3. Empirical sizes of four tests of segmented cointegrattare size=

0.05)
ZZ(C) ZH(C) ADF;(C) ADF(C)
n=1 Case | 048 Q0652 0148 03882
Case I 00542 00642 01652 03728
Case Il 00556 00892 00094 01168
n=2 Case | 0298 00528 01292 0292
Case Il 00132 00204 00064 Q0146
Case Il 00056 00068 00024 00064
n=3 Case | 0286 0054 Q0968 02426
Case Il 0008 Q0118 00012 00088
Case Il 00044 00068 0001 Q0042

Xyp = a + BXy T &,
Xop = Xor—1 1 Vg,

o= {pstl +v, t€C, @.1)
g_1+v, tEN,
whereNT = (0.4T,0.6T), 8 =1, a« = 0, andy, ~ i.i.d.N(0,c?) for o2 = 0.1.
We consider three different values of p = 0.85, 0.9, 0.95.
Tables 4 and 5 show power values of the testéC+) and ADF*(Cy) for
testingH,y againstH, under three different values @f in H, for the 5% test
Also, in Tables 4 and 5 we have power values of ordina(y ) and ADF(T)

TABLE 4. Power of P-P-O type tests of segmented cointegraare = 0.05)

p =0.85 p=0.9 p = 0.95

Z;(C) Z,(T) Z;(C) Z,(T) Z;(C) Z,(T)
n=2 0.523 Q005 0265 0 Q071 Q002
n=3 0.144 0 0052 0 0011 0
n=4 0.631 0 0288 0 0133 0

Z:(C) Z(T) Z:(C) Zy(T) Z:(C) Zy(T)
n=2 0.266 0 0086 0 0039 0
n=3 0.95 0 Q744 0 045 0
n=4 0.768 0 0476 0 0242 0
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TABLE 5. Power of ADF tests of segmented cointegratisize= 0.05)

p =0.85 p =09 p =0.95

ADF;(C) ADF,(T) ADF;(C) ADF,(T) ADF;(C) ADF,(T)

n=2 0.475 0 0341 0 0195 0
n=3 0.045 0 0028 0 002 0
n=4 0.136 0 Q087 0 Q04 0
ADF*(C) ADR(T) ADR'(C) ADKR(T) ADFK(C) ADFR(T)
n=2 0.007 0 Q008 0 0 0
n=3 0.027 Q008 Qoo7 Q01 0012 Q002
n=4 0.001 0 0 0 0 0

statistics wher&Z(T) and ADF(T), respectivelyare theZ- and ADF-statistics
obtained from the nonsegmented OLS based on the sample generated from the
model(4.1). Power values oZ(T) andADF(T) are very low for all the cases
under studyThis implies that the test obtained from the nonsegmented OLS
tends to lead to the conclusion of noncointegration even if a cointegration re-
lation prevails in 80% of the sample perid®,1]\[0.4,0.6], an implication of
Section 2. On the other handpower values ofZ*(Cy) and ADF*(Cy) are

quite high for all the cases under stu@dyresult supporting the conclusion of
Lemma 2

5. CONCLUSION

Many empirical works find that real data often fail to confirm cointegration for
some well understood economic relatioAtso, if a cointegration is confirmed

by real datathe evidence is quite weak in many caséf hope that this paper
provides a probe to examine whether there indeed exists a cointegration rela-
tion except for some exceptional periods in the dataKim (2001 the Fisher
relation is studied based on the procedure proposed in this.gaged.S. post-

war quarterly dataKim (2002 finds that short-run nonstationary deviations in
the data cause failure of the Fisher relation and that there exists a stable Fisher
relation in the postwar era except for a period of several yddrs Fisher re-
lation is currently under study by the author of this paper much more in depth
in the context of segmented cointegration and related inference methods

NOTES

1. In this sensgthe concept of segmented cointegration has much to do with structural change
that occurs over several periods of tinfderefore the approach of this paper contrasts with most
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of the existing works in the literature of structural chajgaich are about structuréreak(s)that
all occur at single perio@) of time. (See Hansen and Johans&A93 and references therejmA
segmented cointegratiphowevey can result from situations other than structural change

2. The specification3.2) for w; is justified by the following reasondirst, the data in\7 are
not informative at all for estimating the coefficieitbecause inVt there does not exist A that
yields stationary;. Secondin the case of variance heterogeneity the weighis the reciprocal of
the “variance” ofe;. The reciprocal of the “variance” is arbitrarily small fore A because the
sample “variance” ok; in N7 is of Op(T), 'I'/\?lEtENT(xl‘ - /§’xz()2 = Oy(T) as the relation is a
spurious regression W7, which is by virtue of Phillips(1986.

3. The initial conditione,_; for j = 1,..., p for the starting periodo in C can be taken either
from the lastp observations of the previous noncointegration regime or from thegdictiserva-
tions of Cr depending on which of the two hypotheskls or Hy, is favored To be in favor ofHg it
can be taken from the laptobservations of the previous noncointegration regiee; = Xy,—; —
B(Cy)'%pqp— forj =1,...,p. To be in favor ofH; we can take the firgd observations ofr for the
initial condition

4. This is again to reduce the computational requirementpractice the length of the non-
cointegration period(7Zy) is variable and we need critical values for eaéhZy), which are al-
most impossible to obtaifFortunately howevey for a conservative test we can get an upper limit
£(T,) to get the critical value$Lemma 1 in Sect3).

5. In generalas the assumed length of the noncointegration period is smaller the distribution of
the test statistic is more concentratechich makes the test more conservatiVéis is true with
respect to the absolute length of the noncointegration period as well as the relative length of the
noncointegration period(7y). Thus for a small sample analysis the test based on asymptotic
critical values would lead to conservative inference
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APPENDIX: MATHEMATICAL PROOFS

Proof of Theorem 1. Except for the fact that we have segmentation wfhand 7.
the asymptotics i1t3.8) and(3.9) are similar to the corresponding results of Phillips and
Quliaris (1990.

Proof of Theorem 2. The result is an immediate consequence of the continuous map-
ping theorem of Chan and WéL989 applied to the statistic&(Cy) andADF(Cy). W

Proof of Lemma 1. Let ¢(7)y) be the volume of the sét.e,, the Lebesque measure
Tyn. Then it is true that{T: €(7Ty) = €1} C {Ty: €(Ty) = €,} for £, < £,. Therefore

min({Zy: €(Ty) = €o}) < min({Ty: €(Ty) =< €,))

for every sample realizatiohen the conclusion of Lemma 1 follows

Proof of Lemma 2. Except that they are obtained based on a regression for samples
with segmentation the statisti@s, (Cr), Z(Cr), and ADF(Cr) underH; have the same
properties as the corresponding statistics in Phillil97), Phillips and Perrori1988,
and Phillips and Ouliari$1990 underH; of &, t = 1,..., T, beingl (0). This is partic-
ularly so for the magnitude of the statistid&hen under the given conditions the con-
clusion of Lemma 3 immediately follows from Theoreni Sf Phillips and Ouliaris
(1990. [

Proof of Theorem 3. (a) Since the same analysis is applicable for(alla—(2.1c),
we consider the regressid@.1a). Let U(7°) be an open neighborhood of, the true
value ofr, andi/ be a local base af® containing all such neighborhoadi prove that
(7 — 1°) = 0p(1) it is sufficient to show that for eacti (r°) € U
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IiminszmP[ sup AT(T)—AT(T°)<1,]:1 (A.1)

TET\U(7%)

for anyn > 0. Notice thatP[A+(7°) > 0] = 1 andA+(7°) = Op(1) since the numerator
and the denominator af(7°) are of Oy(1) with the probability limit of each being
nonzero

Let 5 > 0 be an arbitrary numbefo prove(A.1) it is sufficient to show that for; =
P+eorri=7"—¢i=01for0<e<é

liminf ., P[A7(1) — Ax(7°) < 7] =1 (A.2)

uniformly in e. Since the analysis is the same for 0 and fori = 1, we consider only
the case of = 0. For simplicity, fix 7, = 70. Consider first the case af, = 7§ + €. In
this case(A.2) follows because the numerator &% (7) is of O,(1) whereas the denom-
inator is of Op(«T) for a real numbek, 0 < k < lim(T¢/T), which is the result of the
following: data in a portion of the noncointegration peti¢d?, 7o), are used for esti-
mating3. Therefore the estimatop is not consisteniand thus the residual procegss
nonstationary for the whole data period in this case

Now, consider the case, = 70 — € for € € (0,5). Notice that in this casé is con-
sistently estimatedHence it follows that

‘rgT T{)T
((TE—TO)T)‘Z{E a(r)?+ X q(r)z}

ToT §T+1

Ag(r) =
™ Tt EC: e(r)?

_ (2 = 70) T)"HO,((7§ — 70)T) + O (77 — 7)) T)?)}
Op(D)

(A.3)

uniformly in e whereEjglﬂet(r)z = O,(((r? — 78)T)?) under the assumption that the

noncointegration period i&rdT + 1,...,79T}. Also notice that the dominant term in

(A3)is
(7P = 79)T) 72 Z &(r)? = (70 — 1) T) 20, (70 — 78) T)?).

But this dominant term is less than the numeratongfr°):

T T
(P=1)T) 2 X a(n?< (P —m)T)? X e(n)? (A-4)
oT+1 oT+1

sincery = 70 — e for e > 0. Then it follows that At(7) < A1(7°) for 7o = 70 — €

uniformly in e € (0,5). Notice that under Assumption 2 the denominatofAf3) and
that of At (7g) are asymptotically equivalenthis completes the proof n
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(b) DefineUr (7% C) = {r:|T(r — 79| < C} for C > 0. It is sufficient to show that
for all T > T, for a sufficiently largeT, there exists & such thatC > 0 and

P[ sup  A¢(7) — A{(79) = 0] <n foreachn>0. (A5)
T\U7(7%C)

To prove(A.5) it is sufficient to show that there exists a finite real numker 0
such tha,tfor T = (’To,’Tl) with TiT = TiOT + Mi or TiT = ’TiOT - Mi for Mi > C for
i =01,

P[A+(7) = Aq(7o) = 0] <7 (A.6)

uniformly in M = (Mg, M) for all T > Ty and for eachy > 0. Since the analysis is the
same fori = 0 and fori = 1, we consider only the case of= 0. For simplicity, fix
71 = 70, Consider first the case o T = 79T + M. In this case(A.6) follows because
for a suitable choice o€ the numerator of\(7) is of Oy(1) whereas the denominator
is of Op(«T) for a real numbek, 0 < k < lim(T¢/T), which results from the follow-
ing: data in a portion of the noncointegration peti6ef T, 7, T), are used for estimating
B. Therefore for a suitable choice of the estimatof3 cannot be consistenand thus
the residual process is nonstationary for the whole data period in this case

Now, consider the casey,T = 7T — M for My > C. Notice that in this casé is
consistently estimatedhen it follows that

((rf—ro)T)Z{E a(n?+ 3 et(r)z}

A () ToT T+1
7) =
! TS eln)?
tecr
(7P = 70)T) {0, (76 — 70) T) + Op (17 — 76) T)?)}
= (A.7)

0,(1)

uniformly in Mg where}‘,:g)lﬂe[(r)2 = Op(((rf — 7§)T)?) under the assumption that

the noncointegration period {sJT + 1,...,72T}. Also notice that the dominant term

in (A7) is

7{’T
(=) T)? X &ln)?=((r)— 1) T)20,(((r{ — 7)T)?).
§T+1

But this dominant term is less than the numeratongfr°):

T T
(P=1)T)2 X an?< (P -m)T)? X e(n)? (A-8)
oT+1 oT+1

sinceroT = 79T — Mg for Mg > C. Then it follows that At(7) < A+(7°) for 70T =
79T — Mg uniformly in My > C. This completes the proof
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