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Abstract. We investigate properties of a class of martingales formed by picking a
measurable set A in a compact group G, taking random rotates of A, and taking measures
of the resulting intersections, suitably normalized. Such martingales are shown to yield
measures on G∞ that are singular with respect to product Haar measure, and their ergodic
decompositions with respect to the shift map are analyzed. Connections are made with
De Finetti theory.

1. Introduction
Let G be a compact group, with Haar measure m, normalized to have total mass 1.
Let Z = G∞, with product measure µ. Fix A ⊂ G, measurable, with m(A) > 0.
For x = (x1, x2, x3, . . . ) ∈ Z , let

fN (x) = m
(⋂N

i=1 xiA
)

m(A)N
. (1.1)

The numerator provides a measure of the extent to which the N-fold translates of A tend to
disperse. The denominator is a normalizing factor, uniquely chosen so that the following
important property holds.

PROPOSITION 1.1. The sequence (fN) is a martingale, satisfying
∫
Z fN dµ = 1.

To be precise, let CN consist of all Borel functions on Z of the form g(x1, . . . , xN), and
let BN be the σ -algebra generated by CN . We assert that E(fN+1|BN) = fN , for each N ,
or equivalently ∫

Z
fN+1g dµ =

∫
Z
fNg dµ, for all bounded g ∈ CN . (1.2)
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The proof of (1.2) is a straightforward consequence of the identity∫
G

m(yA ∩ B) dm(y) = m(A)m(B), (1.3)

for measurable subsets A and B of G, itself a simple consequence of Fubini’s Theorem
and the bi-invariance of Haar measure on a compact group. Indeed, to prove (1.2) for
g = g(x1, . . . , xN), write the left-hand side of (1.2) as∫

m
(
xN+1A ∩ ⋂N

i=1 xiA
)

m(A)N+1 g(x1, . . . , xN) dm(x1) . . . dm(xN+1).

If we integrate first with respect to xN+1 and use (1.3), we see that this is equal to the
right-hand side of (1.2).

Thus (fN ) is a martingale, consisting of non-negative functions. Clearly f1 ≡ 1, so∫
Z fN dµ = 1 for each N . Hence the martingale convergence theorem of Fatou guarantees

the existence of a pointwise limit f :

fN −→ f, µ-a.e. on Z. (1.4)

One of us (JR) defined this class of martingales, as an offshoot of work in [R1]
(cf. also [R2]), and noticed that f must be a constant c ∈ [0, 1], and also speculated
that in fact c = 0 whenever m(A) < 1. One goal of this paper is to present a proof of this
result.

The following restatement of this result is useful. Given a martingale (fN) of non-
negative BN -measurable functions satisfying

∫
fN dµ = 1, there may not be a final

element in L1(Z, dµ), but there will be a unique probability measure ν on Z such that∫
Z
gfN dµ =

∫
Z
g dν, ∀g ∈ CN . (1.5)

Furthermore, we have the Lebesgue–Radon–Nikodym decomposition

ν = fµ+ νs, f ∈ L1(Z, dµ), νs ⊥ µ, (1.6)

with f as in (1.4). This result is a refinement of Fatou’s martingale convergence theorem.
It was established in [AJ1, AJ2]; cf. also the discussion in [D, pp. 631–632]. In view of
this, the result that f = c = 0 is equivalent to the result that ν = νs , i.e. ν ⊥ µ.

In §2 we will prove that f = c, µ-a.e., for some c ∈ [0, 1], and we give one proof
that c = 0. In §3 we present a formula for the ergodic decomposition, under the shift
map, of the measure ν, which is very useful for revealing the structure of this measure.
In particular, it leads to a second proof that ν ⊥ µ. Furthermore, in concert with results on
uniqueness of ergodic decompositions, it yields strong results on the extent to which the
martingale (1.1) determines the set A.

We consider various more general settings for the martingale construction (1.1).
To begin, we mention an apparently more general setting for this construction. Namely,
suppose X = G/K is a compact homogeneous space. Then X has a unique G-invariant
probability measure, which we also denote m, and for measurable A ⊂ X, with m(A) > 0,
we can define the sequence fN on Z = G∞ by (1.1). This can be reduced to the
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previous case, since we have the same sequence of functions on Z if A is replaced by
A′ = π−1(A) ⊂ G, where π : G → G/K is the standard projection. Thus this does
not actually give an extended theory, but it is of conceptual interest, for example when
G = SO(n) and X = Sn−1, the unit sphere in Rn.

The martingale (1.1) is generated by a single set A. One can use a sequence of
sets Aj ⊂ G, each of positive measure. Then an argument parallel to the proof of
Proposition 1.1 shows that

fN (x) = m(A1)
−1 · · ·m(AN)

−1m

( N⋂
i=1

xiAi

)
(1.7)

is also a martingale. In §4 we study some examples of such martingales, which can have
interesting non-constant limits.

In §§5–6 we extend the setting of §§1–3 in another way, in which the invariance of
the probability measures of interest under the action of the group S of finite permutations
of Z+ plays the central role. Contact is made with De Finetti’s theory of exchangeable
processes.

2. Hands-on proof that m(A) < 1 ⇒ f = 0 almost surely
The first part of our task in this section is to show the following proposition.

PROPOSITION 2.1. There exists c ∈ [0, 1] such that

f = c, µ-a.e. (2.1)

Proof. Let S be the group of automorphisms of Z = G∞ consisting of finite permutations
of the coordinates. More precisely, S = ∪SN , where an element of SN has the form

(x1, x2, . . . ) �→ (xπ(1), xπ(2), . . . ),

where π permutes {1, . . . , N} and π(j) = j for j > N . Clearly each fN in (1.1) is
invariant under SN , so f in (1.4) is invariant under S. Thus (2.1) is a consequence of the
following. ✷

PROPOSITION 2.2. The group S acts ergodically on (Z, µ).

This result is well known; for example, it is a consequence of the Hewitt–Savage 0–1
law. A simple direct proof can be obtained by the following route. Say f ∈ L1(Z, dµ) is
invariant under S. In particular, with

fN(x) = f (x2, x3, . . . , xN , x1, xN+1, . . . ),

we have f = fN a.e. for each N . It is then straightforward to show that f = f b a.e., where
f b(x) = f (x2, x3, . . . ). In other words, f is invariant under the shift map ! : Z → Z ,
given by !(x) = (x2, x3, . . . ). Thus Proposition 2.2 also follows from the well-known
result that the shift map ! acts ergodically on (Z, µ).

Our next goal is to show that c = 0 wheneverm(A) < 1. We mention that it is relatively
easy to prove that if G \ A has non-empty interior, then c = 0. In fact, in this case one
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easily verifies that there is a set X ⊂ Z = G∞ with µ(X ) = 1 such that for all x ∈ X we
have fN(x) = 0 for all sufficiently large N . Since our main result encompasses this case,
we leave the details to the interested reader.

If G\A has empty interior but positive measure, the situation is more difficult to analyze.
The following result helps.

PROPOSITION 2.3. We have
c = inf

N,x
fN (x). (2.2)

Proof. From (1.6) and (2.1) we have

fNµ|BN
= ν|BN

= cµ|BN
+ νs |BN

. (2.3)

Hence, for all N ,
fN ≥ c, µ-a.e. on Z. (2.4)

Note that, whenever m(A) > 0, fN in (1.1) is continuous. Thus (2.4) together with
fN → c gives (2.2). ✷

We can be more precise about (2.2). Suppose

cN = min
x

fN (x) = fN(a1, . . . , aN). (2.5)

(Here the components aj may depend on N , but we suppress this.) Then from∫
G

fN+1(a1, . . . , aN , y) dm(y) = cN, fN+1(a1, . . . , aN , a1) = cN

m(A)
,

we deduce that (if m(A) < 1)

cN+1 ≤ min
y

fN+1(a1, . . . , aN , y) < cN . (2.6)

Hence
cN ↘ c. (2.7)

We are now ready to prove our first main result.

THEOREM 2.4. If m(A) < 1, then c = 0; hence ν ⊥ µ.

Proof. It follows from (2.6) that c2 < 1. We will show that

c2N ≤ cN2 , (2.8)

which will suffice. To prove this, consider

B = yA ∩ A. (2.9)

Pick y ∈ G such that
m(B)

m(A)2
= c2. (2.10)

Now consider

f B
N (x) = m

(⋂N
i=1 xiB

)
m(B)N

. (2.11)

https://doi.org/10.1017/S0143385702000925 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385702000925


Group actions and singular martingales 297

We have

f B
N (x) = m

(⋂N
i=1 xiA ∩ ⋂N

i=1 xiyA
)

m(A)2N

[
m(A)2

m(B)

]N

= f2N(x1, . . . , xN, x1y, . . . , xNy) · c−N
2 . (2.12)

By the analysis above, with A replaced by B, we can pick x ∈ Z (depending on N) such
that f B

N (x) ≤ 1. For such a choice we have

f2N(x1, . . . , xN , x1y, . . . , xNy) ≤ cN2 , (2.13)

which gives (2.8). ✷

3. Ergodic decomposition of ν
We give a formula for ν as an integral of simpler measures. To begin, given A ⊂ G with
m(A) > 0, define the following probability measures on G:

mA
y = m(A)−11yA−1m, (3.1)

where 1A denotes the indicator function of the set A (equal to 1 on A and 0 off A).
Then define the probability measures µA

y on Z to be the associated product measures:

µA
y = (mA

y )
Z
+
. (3.2)

PROPOSITION 3.1. If (fN) is given by (1.1), then the measure ν on Z in (1.5) satisfies the
identity

ν =
∫
G

µA
y dm(y). (3.3)

Proof. If g = g(x1, . . . , xN), then∫
Z
g dµA

y = m(A)−N

∫
g(x1, . . . , xN)1yA−1(x1) · · · 1yA−1(xN) dm(x1) · · · dm(xN).

(3.4)
Using the fact that 1yA−1(x) = 1xA(y), we then have∫

G

∫
Z
g dµA

y dm(y) = m(A)−N

∫
g(x1, . . . , xN)m(∩xjA) dm(x1) · · · dm(xN)

=
∫

g(x)fN (x) dµ

=
∫

g dν, (3.5)

giving (3.3). ✷

Part of the significance of formula (3.3) arises from the fact that each measure µA
y is

invariant and ergodic under the shift ! : Z → Z . Furthermore, µA
y1

⊥ µA
y2

unless

y1A
−1 = y2A

−1, i.e. A = A(y−1
2 y1) (modulo sets of measure zero). This yields the

following.
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COROLLARY 3.2. Let HA ⊂ G be the subgroup of y such that Ay = A, modulo sets of
measure zero, and set XA = G/HA, a compact homogeneous space with invariant measure
which we also denote by m. Then

ν =
∫
XA

µA
y dm(y) (3.6)

gives the ergodic decomposition of ν with respect to the shift on Z .

It remains only to note that the various measures µA
y in the decomposition (3.6) are

mutually disjoint. This is a consequence of the fact that

m(A�B) �= 0 �⇒ µA
y ⊥ µB

y . (3.7)

To see this, note that the measure µA
y is supported on SA,y = yA−1 × yA−1 × · · · ⊂ Z .

Now m(A�B) �= 0 ⇒ mB
y (y

−1A) = αAB < 1, and we have µB
y (SA,y) ≤ αK

AB for all
K ∈ Z+, hence µB

y (SA,y) = 0.
We can also establish the following uniqueness result, showing that the martingale (fN ),

or equivalently the measure ν, uniquely determines the set A ⊂ G, up to a right translation
(and modulo null sets). At this point it is convenient to denote fN in (1.1) by fA

N , to record
explicitly its dependence on A. Similarly we denote the measure ν in (1.5), and in (3.3)
and (3.6), by νA.

PROPOSITION 3.3. If A,B ⊂ G and f A
N ≡ f B

N for all N , then there exists y ∈ G such
that B = Ay, modulo null sets.

Proof. The identity f B
N ≡ f A

N for all N is equivalent to νB = νA. We have the ergodic
decompositions

νB =
∫
XB

µB
y dm(y), νA =

∫
XA

µA
y dm(y). (3.8)

Suppose for the moment that G is metrizable. Then so is Z , and we can appeal to the
uniqueness of ergodic decompositions of a probability measure on Z invariant under !
(cf. [Ph, pp. 82–83]) to say that if νA = νB then there exist y1, y2 ∈ G such that
µB
y1

= µA
y2

. In view of (3.7), this yields (modulo null sets) B = Ay, with y = y−1
2 y1. ✷

To remove the hypothesis that G is metrizable, we can use the following result, whose
proof can be found in [HR].

LEMMA 3.4. Given A,B ⊂ G measurable, of positive measure, there exists a compact
normal subgroup K ⊂ G such that G/K is metrizable, and A0 = A, B0 = B, modulo
null sets, such that K ⊂ A0 ∩ B0.

Given this, we work with A′ = A0/K, B ′ = B0/K ⊂ G/K . Clearly f A
N ≡ f B

N ⇒
fA′
N ≡ f B ′

N .
The following result complements Proposition 3.3 and also strengthens Theorem 2.4.

THEOREM 3.5. If A,B ⊂ G have positive measure, then

νA �= νB �⇒ νA ⊥ νB. (3.9)
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Proof. As above, we can assume without loss of generality that G is metrizable.
Suppose we have two probability measures ν1 and ν2 on Z , each invariant under !, with
ergodic decompositions

νj =
∫
Xj

µ
j
y dmj (y). (3.10)

Take the Lebesgue–Radon–Nikodym decomposition

ν2 = hν1 + ν2
s , ν2

s ⊥ ν1. (3.11)

Then h and ν2
s are invariant under !; cf. [Ph, p. 78]. Take also the ergodic decomposition

of ν3 = ν2
s , as in (3.10). Then

ν2 =
∫
X1

hµ1
y dm1(y)+

∫
X3

µ3
y dm3(y) (3.12)

is an ergodic decomposition of ν2, and we have h = h(y) for m1-a.e. y ∈ X1. Suppose we
know that

µ1
y1

⊥ µ2
y2
, ∀y1 ∈ X1, y2 ∈ X2. (3.13)

Then by uniqueness of the ergodic decomposition of ν2 and comparison of (3.12) with the
j = 2 case of (3.10), we have h ≡ 0, and hence ν2 = ν2

s . Interchanging the roles of
ν1 and ν2, we see that when (3.13) holds we must have ν1 ⊥ ν2. By (3.7) this argument
applies to ν1 = νA and ν2 = νB when νA �= νB , so Theorem 3.5 is proven. ✷

Note how Theorem 3.5 contains Theorem 2.4. If m(A) < 1, then νA �= νG, so
νA ⊥ νG, but νG = µ.

Remark 3.6. While we have emphasized that (3.6) is an ergodic decomposition with
respect to the shift map, it is also an ergodic decomposition with respect to the action
of the group S, defined at the beginning of §1. In §5 we will consider an extension of our
set-up, in which the group S plays the major role.

Remark 3.7. In a follow-up paper we will examine the question of to what extent does the
knowledge of fA

N , not for all N , but for a finite number of Ns, determine A.

4. Martingales arising from varying sequences of sets
This section is devoted to a class of martingales that differ from those of the form (1.1) in
that we consider ∩xiAi , with different sets Ai . We look at some examples with interesting
non-constant limits.

We take G = T = R/Z, which we represent as [0, 1] with 0 and 1 identified.
We consider the following closed sets Ej ⊂ T, each of measure 1/2. To form Ej , take
the standard partition of [0, 1] into dyadic intervals of length 2−j , and let Ej be the union
of the odd-numbered (closed) dyadic intervals in the collection. One verifies (e.g., by
induction on N) that, for each xj ∈ T,

m(x1E1 ∩ · · · ∩ xNEN) = 2−N. (4.1)

Now, given x = (x1, x2, . . . ) ∈ Z = T∞, form the following sequence of measures on T:

λNx (A) = 2Nm(x1E1 ∩ · · · ∩ xNEN ∩ A). (4.2)
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Note that λNx (T) = 1, so each λNx is a probability measure on T. Given ϕ ∈ C(T), set

f
ϕ
N (x) =

∫
T

ϕ(y) dλNx (y)

= 2N
∫
T

1E1(x
−1
1 y) · · · 1EN (x

−1
N y)ϕ(y) dm(y). (4.3)

An argument similar to one in §1 shows that, for each ϕ ∈ C(T), the sequence (f
ϕ
N) is a

martingale. Note that, for each x and N , the map ϕ �→ f
ϕ
N(x) is linear. We have

f 1
N(x) = 1, (4.4)

|f ϕ
N(x)| ≤ ‖ϕ‖sup, (4.5)∫

Z
f
ϕ
N dµ =

∫
T

ϕ dm. (4.6)

Hence we can apply Fatou’s martingale convergence theorem to deduce the existence
of a pointwise limit:

f
ϕ
N(x) −→ f ϕ(x), ∀x ∈ Z \R, (4.7)

where µ(R) = 0. A priori, R could depend on ϕ. In fact we claim R can be taken
independent of ϕ. We can see this as follows. Let V ⊂ C(T) be a countable dense set.
Assume 1 ∈ V and V is a linear space over the field Q of rational numbers. We can pick
R ⊂ Z such that µ(R) = 0 and (4.7) holds for all ϕ ∈ V . Then we claim that (4.7) holds
for all ϕ ∈ C(T). This follows readily from (4.5) and the linearity of ϕ �→ f

ϕ
N(x).

One way to interpret the preceding is to say that, for each x ∈ Z \ R, the sequence
{λNx } converges weakly (i.e. when tested against continuous functions) to a probability
measure λx . That is, we can write

f ϕ(x) =
∫
T

ϕ dλx for all x ∈ Z \R and ϕ ∈ C(T),

where λNx −→ λx weakly. (4.8)

Moreover, by the Lebesgue Dominated Convergence Theorem, we see, from (4.6), that∫
Z

∫
T

ϕ(y) dλx(y) dµ(x) =
∫
Z
f ϕ dµ =

∫
T

ϕ dm for all ϕ ∈ C(T). (4.9)

Notice that, for each x ∈ Z \R,

suppλx ⊂ Ex =
⋂
j≥1

xjEj , (4.10)

and that, for µ-almost every x, Ex is a rather intriguing, Cantor-like subset of T having
Lebesgue measure zero. It would be interesting to know whether supp(λx) = Ex for
x ∈ Z \R.

Remark. It should be clear that we can use the prescription in (4.3) to associate a martin-
gale f

ϕ
N equally well with any bounded measurable ϕ on T and that exactly the same line

of reasoning leads to the µ-almost convergence of {f ϕ
N } to a limit f ϕ . On the other hand,

because the convergence of λNx to λx is weak, it would be naive to think that (4.8) continues
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to hold in general. Indeed, choose any p ∈ Z \ R, and take ϕp = 1Ep . Because Ep has

m-measure 0, f
ϕp
N ≡ 0. On the other hand, λp(Ep) = 1. Hence, (4.8) fails in this case.

Be that as it may, standard facts about weak convergence of probability measures guarantee
that (4.8) holds for all x ∈ Z \ R with the property that ϕ is continuous λx-almost
everywhere. In particular, if ϕ is a bounded, Borel measurable function on T which is
continuous m-almost everywhere, then there will exist a µ-null set Rϕ ⊇ R such that

f ϕ(x) =
∫

ϕ dλx for all x ∈ Z \Rϕ. (4.11)

In view of the preceding, this comes down to showing that ϕ is continuous λx-almost
everywhere for µ-almost every x ∈ Z \ R. To see this, note that because

∫
ϕ dm =∫∫

ϕ(y)λx(dy)µ(dx) for all ϕ ∈ C(T), the equality remains true for all bounded
measurable ϕ. In particular, this proves that m(,) = 0 if and only if λx(,) = 0 for
µ-almost every x ∈ Z \R.

5. More general setting: exchangeable measures

In this section we will give a substantial extension of the setting of §§1–3, to a setting that
removes all group theoretic and topological considerations.

We set some notation. Let (E,B) be a measurable space, and set - = E∞ and
F = B∞. For each N ∈ Z+, define

ω = (x1, . . . , xN , . . . ) ∈ - �−→ /Nω ≡ (x1, . . . , xN) ∈ EN, (5.1)

and take FN = /−1
N (BN). Next, let S = ∪SN be the group acting on - by permuting

finitely many of the coordinates xj , as in §2. Finally, let M1(-) denote the space of all
probability measures on -, and let M̂1(-) and F̂ denote those elements of M1(-) and F ,
respectively, that are S-invariant. These probability measures were studied by De Finetti,
in his theory of exchangeable processes. The following result is a modern version, due
to [HS].

THEOREM 5.1. The set M̂1(-) is convex, and its extreme elements are precisely those
P ∈ M̂1(-) for which P(,) ∈ {0, 1} whenever , ∈ F̂ . Alternatively, P ∈ M̂1(-) is
extreme if and only if P = µZ

+
where µ = (/1)∗P .

The first statement here is a special case of the fact that ergodic probability measures
for a group action generally form the extreme elements of the set of invariant probability
measures. The second statement follows by De Finetti’s classification of probability
measures that are invariant and ergodic under the action of S. Using Theorem 5.1, we
establish the following result.

THEOREM 5.2. Let P be an extreme element of M̂1(-) and Q a second element of
M̂1(-). If Q � FN # P � FN for each N ∈ Z+, then either P ⊥ Q or P # Q.
In fact, if P �⊥ Q, then there exists a G ∈ F̂ such that Q(G) > 0 and P = Q(·|G).
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Proof. We can choose {XN : N ∈ Z+} ⊂ L1(-, P ) so that, for each N ∈ Z+, the
following properties hold:
(a) XN is FN -measurable and [0,∞)-valued;
(b) XN = XN ◦ σ for all σ ∈ SN ;
(c) XN is a Radon–Nikodym derivative of Q � FN with respect to P � FN .

Set X = lim infN→∞ XN . If Qa is the absolutely continuous part in the Lebesque–
Radon–Nikodym decomposition of Q relative to P , then X is the Radon–Nikodym
derivative of Qa with respect to P . At the same time, because X is F̂ -measurable,
P(X = c) = 1 for some c ∈ [0,∞). Hence, Qa = cP , from which the dichotomy P ⊥ Q

or P # Q is immediate. Finally, if c > 0 and thereforeP # Q, then Q � FN is equivalent
to P � FN for each N ∈ Z+; and therefore cP (,) = Qa(,) = Q(, ∩G),, ∈ F , where
G ≡ {X ∈ (0,∞)}. But clearly this means that 0 < c = Q(G) and so P = Q(·|G). ✷

We can use Theorem 5.2 to extend the scope of the study in §§1–3 as follows. Let µ be
a probability measure on (E,B), (F, C, ν) a second probability space, and 3 : E×F −→
[0,∞) a B × C-measurable function with the properties that∫

E

3(x, y) dµ(x) = 1 for every y ∈ F

and
µ({x : 3(x, y) = 1}) < 1 for ν-almost every y ∈ F. (5.2)

Also, for each y ∈ F , let µ3
y be the probability measure on (E,B) given by µ3

y =
3(x, y)µ. Finally, set

P = µZ
+
, Q3

y = (µ3
y )
Z
+

and Q =
∫
F

Q3
y dν(y). (5.3)

COROLLARY 5.3. Assume that B is countably generated, and refer to the preceding
paragraph. Then Q ⊥ P . Equivalently, if

f 3
N (ω) =

∫
F

3(x1, y) · · ·3(xN, y) dν(y) when ω = (x1, . . . , xN , . . . ) ∈ -, (5.4)

then f 3
N (ω) −→ 0 as N → ∞ for P -almost every ω ∈ -.

Proof. In that f3
N is a Radon–Nikodym derivative of Q � FN with respect to P � FN , it

suffices to prove that Q ⊥ P . To this end, assume the contrary and apply Theorem 5.2 to
find a G ∈ F̂ such that Q(G) > 0 and P = Q(·|G). Because Q3

y (G) ∈ {0, 1} for each
y ∈ F ,

ν(S) = Q(G) and P = 1

ν(S)

∫
S

Q3
y dν(y), (5.5)

where
S = {y ∈ F : Q3

y (G) = 1}. (5.6)

Hence, for any C-measurable C ⊂ S of strictly positive ν-measure, the fact that P is
extreme in M̂1(-) leads to the conclusion that

P = 1

ν(C)

∫
C

Q3
y dν(y). (5.7)
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Equivalently, for any , ∈ F , P(,) = Q3
y (,) for ν-almost every y ∈ S. Since B and

therefore F are countably generated, this means that P = Q3
y for ν-almost every y ∈ S.

On the other hand, for ν-almost every y ∈ F , (/1)∗P = µ �= µ3
y = (/1)∗Q3

y , and so it
cannot be that ν(S) > 0. Equivalently, it must be that Q ⊥ P . ✷

Remark 5.4. Corollary 5.3 contains Theorem 2.4 as a special case. Indeed, all that one has
to do is take E = G = F , µ = m = ν, and 3(x, y) = 1A(y−1x). In fact, one can easily
make considerable extensions of the setting described in §§1–3. For example, let (E,B) be
a separable (i.e. B is countably generated) measurable space on which a measurable space
(F, C) acts measurably. That is, there is a measurable map (x, y) ∈ E × F �−→ yx ∈ E.
Furthermore, assume that E admits a probability measure µ with the property that µ #
y∗µ for each y ∈ F . Then, because (E,B) is separable, we can find a B × C-measurable
(x, y) ∈ E × F �−→ Ry(x) ∈ [0,∞) such that, for each y ∈ F , Ry is a Radon–Nikodym
derivative of µ with respect to y∗µ. Finally, let ϕ : E −→ [0,∞) be a B-measurable
function with µ-integral 1, and let ν be a probability measure on (F, C) with the property
that ∫

F

(ϕ(yx)Ry(x))
N dν(y) < ∞ for all N ∈ Z+ and x ∈ E. (5.8)

We can then take 3(x, y) = ϕ(yx)Ry(x) in Corollary 5.3.

6. Ergodic decomposition of exchangeable measures
In this section we continue in the setting described in §5, only now we will be assuming
that E is a compact metric space, F is a Polish space (i.e. a separable topological space
that admits a complete metric), and that B and C are the Borel fields over E and F ,
respectively. Define - = E∞, F , F̂ , etc., as in §6. Clearly, - is again a compact
metric space. Moreover, when we consider it under what probabilists call the weak
topology and analysts call the weak∗ topology (i.e. the topology in which convergence
corresponds to convergence of integrals against continuous functions), M1(-) is itself a
compact metric space. Hence, since the maps σ ∈ S are continuous, M̂1(-) is also
compact. Furthermore, if EM̂1(-) denotes the set of extreme elements of M̂1(-), then
EM̂1(-) too is compact. To see this, use the facts (cf. Theorem 5.1) that EM̂1(-) can be
identified with {µZ+ : µ ∈ M1(E)}, M1(E) is compact, and µ �→ µZ

+
is continuous.

THEOREM 6.1. Let ρ and ρ′ be a pair of probability measures on EM̂1(-). Then

ρ = ρ′ ⇐⇒
∫

P dρ(P ) =
∫

P dρ′(P ),

ρ ⊥ ρ′ ⇐⇒
∫

P dρ(P ) ⊥
∫

P dρ′(P ).

(6.1)

Proof. The proof of the non-trivial part of the first line of (6.1) is an immediate
consequence of the uniqueness assertion in the highly non-trivial Choquet Representation
Theorem (cf. [Cho, Theorem 31.3] or [Ph, p. 83]), since M̂1(-) is a simplex.

Turning to the second line of (6.1), set Q = ∫
P dρ(P ) and Q′ = ∫

P dρ′(P ).
If Q ⊥ Q′, then there is a B ∈ F such that Q(B) = 0 = Q′(B�). In fact, by
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replacing B by
⋃

σ∈S σB if necessary, we may and will assume that B ∈ F̂ . But,
because P(B) ∈ {0, 1} for each P ∈ EM̂1(-), this means that ρ(,) = 0 = ρ′(,�)
when , = {P ∈ EM̂1(-) : P(B) = 1}. To go in the other direction, assume that Q �⊥ Q′,
and let Qa denote the absolutely continuous part of Q with respect to Q′. Then we can
find a G ∈ F such that Qa(,) = Q(, ∩ G) for all , ∈ F . Moreover, we again may
and will assume that G ∈ F̂ . Similarly, we may and will take a version of the Radon–
Nikodym derivative h = dQa/dQ

′ to be non-negative and F̂ -measurable. Hence, if
S = {P ∈ EM̂1(-) : P(G) = 1} and H(P) = EP [h] for P ∈ EM̂1(-), then, for
all , ∈ F ,∫

1S(P )P (,) dρ(P ) =
∫

P(, ∩G) dρ(P ) = Qa(,)

=
∫
,

h(ω) dQ′(ω) =
∫

EP [1,h] dρ′(P ) =
∫

P(,)H(P) dρ′(P ). (6.2)

Hence, by the first line of (6.1), 1S dρ = H dρ′, which, because ρ(S) = Q(G) =
Qa(-) > 0, means that ρ �⊥ ρ′. ✷

From Theorem 6.1 we will obtain a result that extends Proposition 3.3 and Theorem 3.5.
In the following application, µ is a probability measure on (E,B), 3 and 3′ are non-
negative, B × C-measurable maps on E × F with the properties that∫

3(x, y) dµ(x) = 1 =
∫

3′(x, y) dµ(x) for all y ∈ F, (6.3)

and (cf. the paragraph preceding Corollary 5.3) y �→ µ3
y and y �→ µ3′

y are continuous
maps from F into M1(E). Furthermore, ν is a probability measure on (F, C), and
Q = ∫

P3
y dν(y) and Q′ = ∫

P3′
y dν(y) where P3

y = (µ3
y )
Z
+

and P3′
y = (µ3′

y )Z
+

.

COROLLARY 6.2. Q ⊥ Q′ if and only if there is a S ∈ C of full ν-measure such that

{µ3 : y ∈ S} ∩ {µ3′ : y ∈ S} = ∅. (6.4)

Also, Q = Q′ if and only if there exists an S ∈ C of full ν-measure such that

{µ3
y : y ∈ S} ⊂ {µ3′

y : y ∈ F } and {µ3′
y : y ∈ S} ⊂ {µ3

y : y ∈ F }. (6.5)

In fact, if Q = Q′ and the support supp(ν) of ν is compact in F , then

{µ3
y : y ∈ supp(ν)} = {µ3′

y : y ∈ supp(ν)}. (6.6)

Proof. In both cases, the sufficiency is clear. To prove the necessity, let ρ and ρ′ be the
distributions under ν of y ∈ F �−→ P3

y ∈ EM̂1(-) and y ∈ F �−→ P3′
y ∈ EM̂1(-),

respectively.
First, suppose that Q ⊥ Q′. Then, by the second line of (6.1), ρ ⊥ ρ′. Choose a Borel

set B ⊆ EM̂1(-) so that ρ(B) = 0 = ρ′(B�), and set S = {y ∈ F : P3
y /∈ B & P3′

y ∈ B}.
Then S ∈ C, ν(S) = 1, and {P3

y : y ∈ S} ∩ {P3′
y : y ∈ S} = ∅.

Now assume that Q = Q′. Then, by the first line of (6.1), ρ = ρ′.
Next, using Ulam’s Lemma, choose a σ -compact subset F̃ of F with ν(F̃ ) = 1.
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Then, A ≡ {P3
y : y ∈ F̃ } ∩ {P3′

y : y ∈ F̃ } is a Borel set, which, because ρ = ρ′, has ρ

measure 1. Hence, S ≡ {y ∈ F̃ : P3
y ∈ A} is a Borel set with ν-measure 1, and clearly S

has the required property.
Finally, suppose that Q = Q′ and that supp(ν) is compact. Without loss of generality,

we may and will assume F = supp(ν). Notice that both {µ3
y : y ∈ F } and {µ3′

y : y ∈ F }
are compact in M1(E). Hence, if S is chosen as in the preceding paragraph, then its closure
S will have all the required properties. In particular, because ν(S) = 1 and supp(ν) = F ,
it follows that S = F . ✷
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