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Abstract. 'We investigate properties of a class of martingales formed by picking a
measurable set A in a compact group G, taking random rotates of A, and taking measures
of the resulting intersections, suitably normalized. Such martingales are shown to yield
measures on G that are singular with respect to product Haar measure, and their ergodic
decompositions with respect to the shift map are analyzed. Connections are made with
De Finetti theory.

1. Introduction

Let G be a compact group, with Haar measure m, normalized to have total mass 1.
Let Z = G, with product measure u. Fix A C G, measurable, with m(A) > O.
For x = (x1,x2,x3,...) € Z, let

m .
ING) = ———F— (1.1)
m

The numerator provides a measure of the extent to which the N-fold translates of A tend to
disperse. The denominator is a normalizing factor, uniquely chosen so that the following
important property holds.

PROPOSITION 1.1. The sequence (fn) is a martingale, satisfying fz fvdp =1

To be precise, let Ciy consist of all Borel functions on Z of the form g(x, ..., xy), and
let By be the o-algebra generated by C. We assert that E( fy+1|By) = fn, for each N,
or equivalently

/fN+1gdu=/ngdu, for all bounded g € Cy. (1.2)
Z Z
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The proof of (1.2) is a straightforward consequence of the identity
/ m(yAN B)dm(y) = m(A)m(B), (1.3)
G

for measurable subsets A and B of G, itself a simple consequence of Fubini’s Theorem
and the bi-invariance of Haar measure on a compact group. Indeed, to prove (1.2) for

g =g(x1,...,xy), write the left-hand side of (1.2) as
m(xN+1A N ﬂ,N=1 xiA)
/ (AN gx1, ..., xny)dm(xy) ...dm(xyy1).

If we integrate first with respect to xy4+; and use (1.3), we see that this is equal to the
right-hand side of (1.2).

Thus (fx) is a martingale, consisting of non-negative functions. Clearly f; = 1, so
/ z fv du = 1foreach N. Hence the martingale convergence theorem of Fatou guarantees
the existence of a pointwise limit f:

fy — f, p-ae.onZ. (1.4)

One of us (JR) defined this class of martingales, as an offshoot of work in [R1]
(cf. also [R2]), and noticed that f must be a constant ¢ € [0, 1], and also speculated
that in fact ¢ = 0 whenever m(A) < 1. One goal of this paper is to present a proof of this

result.
The following restatement of this result is useful. Given a martingale (fy) of non-
negative By-measurable functions satisfying [ fy du = 1, there may not be a final

element in L' (Z, d 1), but there will be a unique probability measure v on Z such that

/ ngdM=/ gdv, VgeClCy. (1.5)
z z
Furthermore, we have the Lebesgue—Radon—Nikodym decomposition

v=futv, feL'(Zdw, v Lnu, (1.6)

with f asin (1.4). This result is a refinement of Fatou’s martingale convergence theorem.
It was established in [AJ1, AJ2]; cf. also the discussion in [D, pp. 631-632]. In view of
this, the result that f = ¢ = 0 is equivalent to the result that v = vy, i.e. v L u.

In §2 we will prove that f = ¢, u-a.e., for some ¢ € [0, 1], and we give one proof
that ¢ = 0. In §3 we present a formula for the ergodic decomposition, under the shift
map, of the measure v, which is very useful for revealing the structure of this measure.
In particular, it leads to a second proof that v L p. Furthermore, in concert with results on
uniqueness of ergodic decompositions, it yields strong results on the extent to which the
martingale (1.1) determines the set A.

We consider various more general settings for the martingale construction (1.1).
To begin, we mention an apparently more general setting for this construction. Namely,
suppose X = G/K is a compact homogeneous space. Then X has a unique G-invariant
probability measure, which we also denote m, and for measurable A C X, with m(A) > 0,
we can define the sequence fy on Z = G* by (1.1). This can be reduced to the
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previous case, since we have the same sequence of functions on Z if A is replaced by
A" = n71(A) C G, where 7 : G — G/K is the standard projection. Thus this does
not actually give an extended theory, but it is of conceptual interest, for example when
G =S0®m)and X = S"~!, the unit sphere in R”.

The martingale (1.1) is generated by a single set A. One can use a sequence of
sets A; C G, each of positive measure. Then an argument parallel to the proof of
Proposition 1.1 shows that

N
fv () = m(Ap~! "‘m(AN)lm(mxiAi) (1.7)
i=1

is also a martingale. In §4 we study some examples of such martingales, which can have
interesting non-constant limits.

In §§5-6 we extend the setting of §§1-3 in another way, in which the invariance of
the probability measures of interest under the action of the group S of finite permutations
of ZT plays the central role. Contact is made with De Finetti’s theory of exchangeable
processes.

2. Hands-on proof that m(A) < 1 = f = 0 almost surely
The first part of our task in this section is to show the following proposition.

PROPOSITION 2.1. There exists ¢ € [0, 1] such that

f=c, p-ae 2.1

Proof. Let S be the group of automorphisms of Z = G* consisting of finite permutations
of the coordinates. More precisely, S = USy, where an element of Sy has the form

(x1,x2,...) = (Xg()s Xz @)s - - )s

where 7 permutes {1,..., N} and w(j) = j for j > N. Clearly each fy in (1.1) is
invariant under Sy, so f in (1.4) is invariant under S. Thus (2.1) is a consequence of the
following. a

PROPOSITION 2.2. The group S acts ergodically on (Z, ).

This result is well known; for example, it is a consequence of the Hewitt—Savage 0-1
law. A simple direct proof can be obtained by the following route. Say f € L'(Z,du) is
invariant under S. In particular, with

N
f (-x):f(-x27-x37"'1-xN7-x17-xN+17"')7

wehave f = fV a.e.foreach N. Itis then straightforward to show that f = f” a.e., where
fb(x) = f(x2,x3,...). In other words, f is invariant under the shift map ¥ : Z2 - Z,
given by X(x) = (x2, x3, ...). Thus Proposition 2.2 also follows from the well-known
result that the shift map X acts ergodically on (Z, ).

Our next goal is to show that c = 0 whenever m(A) < 1. We mention that it is relatively
easy to prove that if G \ A has non-empty interior, then ¢ = 0. In fact, in this case one
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easily verifies that there is a set X C Z = G* with (X)) = 1 such that for all x € X we
have fy(x) = O for all sufficiently large N. Since our main result encompasses this case,
we leave the details to the interested reader.

If G\ A has empty interior but positive measure, the situation is more difficult to analyze.
The following result helps.

PROPOSITION 2.3. We have
¢ = inf fyj(x). 2.2)
N,x

Proof. From (1.6) and (2.1) we have

SnulBy =viBy = culpy + vslBy- (2.3)

Hence, for all N,
fnN =c¢, wp-ae.onZ. 2.4

Note that, whenever m(A) > 0, fy in (1.1) is continuous. Thus (2.4) together with
fn — c gives (2.2). O

We can be more precise about (2.2). Suppose
ey =min fy(x) = fy(ai,....an). 2.5)

(Here the components a; may depend on N, but we suppress this.) Then from

cN
/ fn+i(a, ... an, yydm(y) =cn, fn+i1(ai,...,ay,a1) = ,
G m(A)
we deduce that (if m(A) < 1)
cN+l < myin fy+1(ar,...,an,y) <cn. (2.6)
Hence
CN \ C. 2.7)
We are now ready to prove our first main result.
THEOREM 2.4. Ifm(A) < 1, thenc = 0; hencev 1 .
Proof. 1t follows from (2.6) that ¢, < 1. We will show that
e b, (2.8)
which will suffice. To prove this, consider
B=yANA. 2.9)
Pick y € G such that
m(B) (2.10)
= (). .
m(AyR ~

Now consider

(mz{\lzl xiB)_

Biyy=" 2.11
fy(x) = L .11
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We have

B, M
@) = m(A)2N m(B)

(ﬂ:N:lxiA N m:N:lxiyA) |:m(A)2i|N

= N (XL, e XN XLV, e XNY) - G5 (2.12)

By the analysis above, with A replaced by B, we can pick x € Z (depending on N) such
that flg (x) < 1. For such a choice we have

PN@L N XY, v y) < 6 (2.13)
which gives (2.8). O
3. Ergodic decomposition of v

We give a formula for v as an integral of simpler measures. To begin, given A C G with
m(A) > 0, define the following probability measures on G:

m) =m(A)~"1,,mim, (3.1)

where 14 denotes the indicator function of the set A (equal to 1 on A and O off A).
Then define the probability measures ;L;‘ on Z to be the associated product measures:

+
uy = mH=. (3.2)
PROPOSITION 3.1. If (fn) is given by (1.1), then the measure v on Z in (1.5) satisfies the
identity
v =/ ) dm(y). (3.3)
G
Proof. If g = g(x1,...,xN), then

/Z gd[,L;x = m(A)iN / glxg, ..., xN)lyA—' (xg)--- lyA—] (xny)dm(xy)---dm(xpy).
(3.4)
Using the fact that lyA—l (x) = 154(y), we then have

//ng,u,f‘dm(y)=m(A)7N/g(x1,...,xN)m(ﬂxjA)dm(x1)~'dm(xN)
G
=/8(X)fN(X)dM

_ / gdv, (3.5)

giving (3.3). O

Part of the significance of formula (3.3) arises from the fact that each measure u? is
invariant and ergodic under the shift ¥ : Z — Z. Furthermore, ;L;‘I 1 ;L;‘z unless

yiA™h = A7 e A = A(yz_lyl) (modulo sets of measure zero). This yields the
following.
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COROLLARY 3.2. Let Hy C G be the subgroup of y such that Ay = A, modulo sets of
measure zero, and set X o = G /Hy, a compact homogeneous space with invariant measure
which we also denote by m. Then

v= /X w3 dm(y) (3.6)

gives the ergodic decomposition of v with respect to the shift on Z.

It remains only to note that the various measures u;‘ in the decomposition (3.6) are
mutually disjoint. This is a consequence of the fact that

m(AAB) # 0= uf L pul. (3.7)

To see this, note that the measure /,L}A, is supported on Sy, = yA ' x yA"l x ... C Z.
Now m(AAB) # 0 = mf(y_lA) = aap < 1, and we have uf(SA,y) < a/{\{B for all
K € Z7, hence ;Lf (Sa,y) =0.

We can also establish the following uniqueness result, showing that the martingale ( fy),
or equivalently the measure v, uniquely determines the set A C G, up to a right translation
(and modulo null sets). At this point it is convenient to denote fx in (1.1) by f /3 , torecord
explicitly its dependence on A. Similarly we denote the measure v in (1.5), and in (3.3)
and (3.6), by v4.

PROPOSITION 3.3. If A, B C G and f{ = f]\? for all N, then there exists y € G such
that B = Ay, modulo null sets.

Proof. The identity £ = £ for all N is equivalent to v = v, We have the ergodic
decompositions

o= [ ubam). v = [ ltame). (3.8)
Xp Xa

Suppose for the moment that G is metrizable. Then so is Z, and we can appeal to the
uniqueness of ergodic decompositions of a probability measure on Z invariant under ¥
(cf. [Ph, pp. 82-83]) to say that if v4 = vB then there exist v1,¥2 € G such that
;Lfl = ;L;‘Z. In view of (3.7), this yields (modulo null sets) B = Ay, with y = y2_1y1. O

To remove the hypothesis that G is metrizable, we can use the following result, whose
proof can be found in [HR].

LEMMA 3.4. Given A, B C G measurable, of positive measure, there exists a compact
normal subgroup K C G such that G/K is metrizable, and Ay = A, By = B, modulo
null sets, such that K C Ay N By.

Given this, we work with A’ = A¢/K, B’ = By/K C G/K. Cleatly f{} = £ =
A/ _ ’
N =/

The following result complements Proposition 3.3 and also strengthens Theorem 2.4.

THEOREM 3.5. If A, B C G have positive measure, then

pA * B — 1A 1 1B, 3.9
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Proof. As above, we can assume without loss of generality that G is metrizable.
Suppose we have two probability measures v! and v? on Z, each invariant under ¥, with
ergodic decompositions
v = / il dmj(y). (3.10)
j
Take the Lebesgue—Radon—Nikodym decomposition

vzzhvl—i—vsz, vSZJ_vl. (3.11)

Then A and vf are invariant under X; cf. [Ph, p. 78]. Take also the ergodic decomposition
of V3 = vs2 as in (3.10). Then

v? = / hiy dmi (y) + / w3 dm3(y) (3.12)
X X3

is an ergodic decomposition of v%, and we have & = h(y) for mi-a.e. y € X|. Suppose we
know that

y L3, Yy e Xy eXa, (3.13)

Then by uniqueness of the ergodic decomposition of v> and comparison of (3.12) with the

j = 2 case of (3.10), we have & = 0, and hence v?> = v? Interchanging the roles of

v! and v2, we see that when (3.13) holds we must have v! L 2, By (3.7) this argument

applies to v! = v4 and v2 = vB when v4 # VB, so Theorem 3.5 is proven. O

Note how Theorem 3.5 contains Theorem 2.4. If m(A) < 1, then pA * vl so
vA L vG, but vG = Wu.

Remark 3.6. While we have emphasized that (3.6) is an ergodic decomposition with
respect to the shift map, it is also an ergodic decomposition with respect to the action
of the group S, defined at the beginning of §1. In §5 we will consider an extension of our
set-up, in which the group S plays the major role.

Remark 3.7. In a follow-up paper we will examine the question of to what extent does the
knowledge of f{}, not for all N, but for a finite number of Ns, determine A.

4. Martingales arising from varying sequences of sets

This section is devoted to a class of martingales that differ from those of the form (1.1) in
that we consider Nx; A;, with different sets A;. We look at some examples with interesting
non-constant limits.

We take G = T = R/Z, which we represent as [0, 1] with 0 and 1 identified.
We consider the following closed sets E; C T, each of measure 1/2. To form Ej, take
the standard partition of [0, 1] into dyadic intervals of length 27/, and let E ; be the union
of the odd-numbered (closed) dyadic intervals in the collection. One verifies (e.g., by
induction on N) that, for each x; € T,

mx1EyN---NxyEx) =27V, 4.1)
Now, given x = (x1, X2, ...) € Z = T, form the following sequence of measures on T:

ANA) =2V m(x 1 Ey NN xyEx N A). (4.2)
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Note that )\)16\/ (T) =1, so each )\)16\/ is a probability measure on T. Given ¢ € C(T), set
e = fT 0(y) day ()
oV /T 1, G - 1y Gy )0 () dm (), (43)

An argument similar to one in §1 shows that, for each ¢ € C(T), the sequence (f, ]‘6) is a
martingale. Note that, for each x and N, the map ¢ — f 15 (x) is linear. We have

fr@) =1, (4.4)

Lf5 O < l1@llsups (4.5)

/ fﬁdu:/(pdm. (4.6)
Z T

Hence we can apply Fatou’s martingale convergence theorem to deduce the existence
of a pointwise limit:
fyx) — f?(x), VxeZ\R, “4.7)

where w(R) = 0. A priori, R could depend on ¢. In fact we claim R can be taken
independent of ¢. We can see this as follows. Let V C C(T) be a countable dense set.
Assume 1 € V and V is a linear space over the field Q of rational numbers. We can pick
R C Z such that «(R) = 0 and (4.7) holds for all ¢ € V. Then we claim that (4.7) holds
for all ¢ € C(T). This follows readily from (4.5) and the linearity of ¢ f;s (x).

One way to interpret the preceding is to say that, for each x € Z \ R, the sequence
{)»fcv } converges weakly (i.e. when tested against continuous functions) to a probability
measure A,. That is, we can write

f(x) = / @diy forallx € Z\Randg € C(T),
T
where )»)I(V —> A, weakly. (4.8)

Moreover, by the Lebesgue Dominated Convergence Theorem, we see, from (4.6), that

/ /(p(y)dkx(y)d,u(x)zf f“’du:/(pdm forall ¢ € C(T). 4.9)
ZJT Z T
Notice that, for each x € Z \ R,
supp iy C & =[x E;, (4.10)
j=1

and that, for p-almost every x, &, is a rather intriguing, Cantor-like subset of T having
Lebesgue measure zero. It would be interesting to know whether supp(i,) = &, for
x e Z\R.

Remark. It should be clear that we can use the prescription in (4.3) to associate a martin-
gale f 5 equally well with any bounded measurable ¢ on T and that exactly the same line
of reasoning leads to the p-almost convergence of { f; ](f; } to a limit . On the other hand,
because the convergence of )\)16\/ to A, is weak, it would be naive to think that (4.8) continues
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to hold in general. Indeed, choose any p € Z \ 'R, and take ¢, = 1¢,. Because &y has
m-measure 0, f;” = 0. On the other hand, A,(£,) = 1. Hence, (4.8) fails in this case.
Be that as it may, standard facts about weak convergence of probability measures guarantee
that (4.8) holds for all x € Z \ R with the property that ¢ is continuous A,-almost
everywhere. In particular, if ¢ is a bounded, Borel measurable function on T which is
continuous m-almost everywhere, then there will exist a t-null set R, 2 R such that

£ (x) =/<pdxx forall x € Z\ R,. (4.11)

In view of the preceding, this comes down to showing that ¢ is continuous X,-almost
everywhere for p-almost every x € Z \ R. To see this, note that because [ ¢ dm =
[ e()Ax(dy)pu(dx) for all ¢ € C(T), the equality remains true for all bounded
measurable ¢. In particular, this proves that m(I') = 0 if and only if A,(I") = 0 for
u-almost every x € Z \ 'R.

5. More general setting: exchangeable measures
In this section we will give a substantial extension of the setting of §§1-3, to a setting that
removes all group theoretic and topological considerations.

We set some notation. Let (E, B) be a measurable space, and set & = E* and
F = B*®. Foreach N € Z*, define

©=(Xl,. . XN,...) €EQr— Myw=(x1,...,xy) € EV, (5.1)

and take Fy = 1'[;,1 (BY). Next, let S = USy be the group acting on © by permuting
finitely many of the coordinates x;, as in §2. Finally, let M;(£2) denote the space of all
probability measures on €2, and let 1?41 (2) and F denote those elements of M;(2) and F,
respectively, that are S-invariant. These probability measures were studied by De Finetti,
in his theory of exchangeable processes. The following result is a modern version, due
to [HS].

THEOREM 5.1. The set Ml(Q) is convex, and its extreme elements are preczsely those
P ¢ Ml(Q) for which P(F) € {0, 1} whenever ' € F. Alternatively, P € Ml(Q) is
extreme if and only if P = u " where w = (ITy)« P

The first statement here is a special case of the fact that ergodic probability measures
for a group action generally form the extreme elements of the set of invariant probability
measures. The second statement follows by De Finetti’s classification of probability
measures that are invariant and ergodic under the action of S. Using Theorem 5.1, we
establish the following result.

THEOREM 5.2. Let P be an extreme element of Ml(Q) and Q a second element of
Mi(Q). IfQ | Fy < P | Fy foreach N € 77, then either P L. Q or P & Q.
Infact, if P Y Q, then there exists a G € F such that Q(G) > 0and P = Q(-|G).
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Proof. We can choose {Xy : N € ZT} c LY (Q, P) so that, for each N € Z%, the
following properties hold:

(a) Xy is Fy-measurable and [0, co)-valued;

(b) Xy =Xpyoo forallo € Sy;

(c) Xn is a Radon—Nikodym derivative of Q [ Fy with respectto P | Fy.

Set X = liminfy_oo Xn. If Q, is the absolutely continuous part in the Lebesque—
Radon-Nikodym decomposition of Q relative to P, then X is the Radon—Nikodym
derivative of Q, with respect to P. At the same time, because X is j-:—measurable,
P(X = c) = 1forsome c € [0, 00). Hence, Q, = ¢ P, from which the dichotomy P L Q
or P « Q isimmediate. Finally, if ¢ > 0 and therefore P < Q, then Q [ Fy is equivalent
to P | Fy foreach N € Z™; and therefore cP(I') = Q.(I') = Q(I' N G), " € F, where
G = {X € (0, 00)}. But clearly this means that 0 < ¢ = Q(G) and so P = Q(:|G). O

We can use Theorem 5.2 to extend the scope of the study in §§1-3 as follows. Let u be
a probability measure on (E, B), (F, C, v) a second probability space,and ® : E x F —>
[0, 00) a B x C-measurable function with the properties that

/ O(x,y)du(x)=1 foreveryy e F
E
and

w({x: d(x,y)=1}) <1 forv-almosteveryy € F. 5.2)
Also, for each y € F, let ;LS’ be the probability measure on (E, B) given by ;LS’ =
@ (x, y)u. Finally, set

P=u", 0f=@H and 0= /F 0F dv(y). (53)

COROLLARY 5.3. Assume that B is countably generated, and refer to the preceding
paragraph. Then Q 1 P. Equivalently, if

fﬁ(w):/CD(xl,y)ouCD(xN,y)dv(y) when w = (x1,...,xy,...) €2, (B4
F

then fﬁ (w) —> 0as N — oo for P-almost every w € Q.

Proof. In that fﬁ is a Radon—-Nikodym derivative of Q | Fy with respectto P | Fuy, it
suffices to prove that Q L P. To this end, assume the contrary and apply Theorem 5.2 to
finda G € F such that Q(G) > 0 and P = Q(-|G). Because Q?(G) € {0, 1} for each
yeF,

_ _ L [ e
v(S) = Q(G) and P = ) /SQy dv(y), (5.5)

where
S={yeF:07(G) =1} (5.6)

Hence, for any C-measurable C C S of strictly positive v-measure, the fact that P is
extreme in M (£2) leads to the conclusion that

: ®q 5.7
U(C)fCQy v(y). (5.7)

P=
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Equivalently, for any I' € F, P(I') = Q;I? (T") for v-almost every y € S. Since B and
therefore F are countably generated, this means that P = Q;I? for v-almost every y € S.
On the other hand, for v-almost every y € F, (IT{)«P = u # uf,’ = (Hl)*Q;I,), and so it
cannot be that v(S) > 0. Equivalently, it must be that Q 1 P. O

Remark 5.4. Corollary 5.3 contains Theorem 2.4 as a special case. Indeed, all that one has
todoistake E =G = F, u =m = v, and ®(x, y) = 14(y~'x). In fact, one can easily
make considerable extensions of the setting described in §§1-3. For example, let (E, B) be
a separable (i.e. B is countably generated) measurable space on which a measurable space
(F, C) acts measurably. That is, there is a measurable map (x,y) € E X F —> yx € E.
Furthermore, assume that £ admits a probability measure u with the property that u <
v« for each y € F. Then, because (E, B) is separable, we can find a B x C-measurable
(x,y) € E x F+—— Ry(x) € [0, 00) such that, for each y € F, R, is a Radon-Nikodym
derivative of u with respect to y,u. Finally, let ¢ : E —> [0, 00) be a 5-measurable
function with u-integral 1, and let v be a probability measure on (F, C) with the property
that

/(go(yx)Ry(x))Ndv(y) <oo forall N eZ  andx € E. (5.8)
F

We can then take @ (x, y) = ¢(yx)Ry(x) in Corollary 5.3.

6. Ergodic decomposition of exchangeable measures
In this section we continue in the setting described in §5, only now we will be assuming
that E is a compact metric space, F is a Polish space (i.e. a separable topological space
that admits a complete metric), and that B and C are the Borel fields over E and F,
respectively. Define Q = E*°, F, j-z etc., as in §6. Clearly, Q2 is again a compact
metric space. Moreover, when we consider it under what probabilists call the weak
topology and analysts call the weak™ topology (i.e. the topology in which convergence
corresponds to convergence of integrals against continuous functions), Ml(Q) is itself a
compact metric space. Hence since the maps ¢ € S are continuous, Ml(Q) is also
ompact Furthermore, if EM] (2) denotes the set of extreme elements of M1 (R2), then
EM] (£2) too is compact. To see this, use the facts (cf. Theorem 5.1) that EM] (2) can be
identified with {MW € Mi(E)}, M| (E) is compact, and u > ,uZ+ is continuous.

THEOREM 6.1. Let p and p’ be a pair of probability measures on ElVI] (). Then

p=p /Pdp(P)=dep’(P),
(6.1)
pLp — /Pdp(P)J_/Pdp’(P).

Proof. The proof of the non-trivial part of the first line of (6.1) is an immediate
consequence of the uniqueness assertion in the highly non-trivial Choquet Representation
Theorem (cf. [Cho, Theorem 31.3] or [Ph, p. 83]), since 1\711 (2) is a simplex.

Turning to the second line of (6.1), set 0 = [ Pdp(P) and Q' = [ Pdp/(P).
If Q L Q, then there is a B € F such that Q(B) = 0 = Q'(B[). In fact, by
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replacing B by J,.s0 B if necessary, we may and will assume that B € . But,
because P(B) € {0 1} for each P € EMl(Q) this means that p(I') = 0 = p’(I'0)
when " = {P € EMl(Q) P(B) = 1}. To go in the other direction, assume that Q Y Q’,
and let Q, denote the absolutely continuous part of Q with respect to Q’. Then we can
find a G € F such that Q,(I") = Q(I' N G) for all ' € F. Moreover, we again may
and will assume that G € F. Similarly, we may and will take a version of the Radon—
leodym derlvatlve h = dQ,/dQ’ to be non-negative and F- measurable Hence, if

= {P € EMl(Q) P(G) = 1} and H(P) = EP[h] for P € EM](Q) then, for
all relkf,

/ls(P)P(F) dp(P) = / P('NG)dp(P) = Qa(l')
=/rh(w)dQ/(w)=/EP[1rh]dp’(P)=/P(F)H(P)dp/(1’)~ (6.2)
Hence, by the first line of (6.1), 1sdp = H dp’, which, because p(S) = Q(G) =

0.(22) > 0, means that p £ p'. o

From Theorem 6.1 we will obtain a result that extends Proposition 3.3 and Theorem 3.5.
In the following application, u is a probability measure on (E, /5), ® and @’ are non-
negative, B x C-measurable maps on E x F with the properties that

/Cb(x, Vdukx)=1= / &' (x,y)du(x) forally e F, (6.3)

and (cf. the paragraph preceding Corollary 5.3) y ;L;I,) and y — uf,’/ are continuous
maps from F into Mj(E). Furthermore, v is a probability measure on (F,C), and
=[PP dv(y)and Q' = fP‘I> dv(y) where P = (u§ 2" and PP = (u 4>’)Z+

COROLLARY 6.2. Q L Q' ifand only ifthereis a S € C of full v-measure such that
n®:yesinu® :yesy=0. (6.4)
Also, Q = Q' if and only if there exists an S € C of full v-measure such that
wdiyeSycud yeFy and (¥ :yesicul:yeF) (6.5
Infact, if Q = Q' and the support supp(v) of v is compact in F, then

(15 y € supp)} = (uy : y € supp(v)}. (6.6)

Proof. In both cases, the sufficiency is clear. To prove the necessity, let p and o’ be the
distributions under v of y € F — Py(l> ceEM;(Q)andy € F —> Py‘b/ € EM;(Q),
respectively.

First, suppose that O | Q’. Then, by the second line of (6.1), p L p’. Choose a Borel
set B C EM, () sothat p(B) = 0= p/(BC),andset S = {y € F : P? ¢ B & P} € B}.
Then S € C, v(S) = 1,and{P;,I> 1y € S}ﬁ{P;,I> yeS=40.

Now assume that Q = Q’. Then, by the first line of (6.1), p = p'.
Next, using Ulam’s Lemma, choose a o-compact subset F of F with U(F) =1.
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Then, A = {P;,I> 1y € 17} N {Iff/ 1y € 17} is a Borel set, which, because p = p’, has p
measure 1. Hence, S = {y € F : P;,D € A} is a Borel set with v-measure 1, and clearly S
has the required property.

Finally, suppose that Q = Q' and that supp(v) is compact. Without loss of generality,
we may and will assume F = supp(v). Notice that both {uf? :y € F}and {/,L;I,)/ :y e F}
are compactin Mj (E). Hence, if S is chosen as in the preceding paragraph, then its closure
S will have all the required properties. In particular, because v(S) = 1 and supp(v) = F,
it follows that S = F. ]
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