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This paper considers tests for structural change of the cointegrating vector and the
adjustment vector in the error correction model with an unknown change pbist

paper derives new tests for structural changeich are applicable to maximum
likelihood estimationOur tests for structural change of the cointegrating vector
have the same nonstandard asymptotic distributions that have been found by Hansen
(19923 Journal of Business and Economic Statisti@s321-335) In contrastthe

tests on the adjustment vector have the same asymptotic distributions that have been
found by Andrews and Ploberger (19®tonometricé2, 1383-1414) for models

with stationary variabledAsymptotic critical values are provided

1. INTRODUCTION

This paper considers tests for structural change of the cointegrating vector and
the adjustment vector in the error correction model (ECM) with an unknown
change pointThe purpose is to develop the appropriate test statistics and the
associated distribution theory in cointegrated systdirs of interest and use
because many economic studies have questioned the stability of long-run equi-
librium relationshipsParticularly there is vast literature on the stability of the
money demand equatipimcluding Lucas (1988) and Stock and Watson (1993)
The stability of long-run relationships can be statistically assessed by testing
structural change of the cointegrating vector between the varigidese tests of
this form have been proposed by Hansen (1992a) and Quintos and Phillips,(1993)
which use the fully modified estimator of the cointegrating vectbese tests are
not applicable to maximum likelihood estimation and thereby exclude most po-
tential applicationsThis paper fills this gap in the literature by deriving new tests
based on the maximum likelihood estimator (MLE) from the ECM
The distribution theory of the cointegrating vector in the Gaussian ECM has
been developed by Johansen (198891) We use the same moddut we as-
sume that the cointegrating vector can be identified with a normalization condi-
tion. We define Lagrange multiplier (LM) statistics for structural change in the
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cointegrating vector and the adjustment vector by using the efficient.d8ere
cause the LM statistics do not require sequential estimationtests are com-
putationally easy and fast

Conventional LM statistics are defined with respect to a known break ,point
but we relax this constraint by allowing an unknown break pdimthis case
classical optimality theory does not hold because a nuisance parameter exists
only under the alternative hypothesi® deal with this difficulty alternative
testing procedures have been suggested by Davies,(1987) King and Shively
(1993) Andrews (1993)and Andrews and Ploberger (199%e define average
(Ave-LM), exponential average (Exp-LM&nd supremum (Sup-LM) LM sta-
tistics based on the optimality arguments of Andrews (1993) and Andrews and
Ploberger (1994)

This paper finds that the tests for structural change of the cointegrating vector
have the same nonstandard asymptotic distributions that have been found by
Hansen (1992aplthough Hansen (1992a) used the fully modified estimator
contrast the tests on the adjustment vector have the same asymptotic distribu-
tions that have been found by Andrews and Ploberger (1994) for models with
stationary variables

This paper also extends the stability tests to models with deterministic trends
We consider three modeld) no drift (2) no trend in the data-generating process
(DGP), and (3) trend in the DGRAsymptotic critical values of Ave-LMEXp-

LM, and Sup-LM tests are provided for each model

There are other related papers by Hansen and Johansen,(@Q8@8ps (1993)
and Quintos (1997Hansen and Johansen (1993) and Quintos (1993) considered
the likelihood ratio method for detecting structural change by recursive estima-
tion of the cointegration spac@uintos (1997) developed the parameter stability
tests using the Wald criterioAll these authors use sequential estimation meth-
ods hencethey are complementary to the result of this paper

We denote-P as convergence in probability arelas weak convergence with
respect to the uniform mettithe expressioB(s) = BM(Q) represents a Brown-
ian motion with long-run varianc@. Also, [ -] is the integer operatotr A is the
trace of matrixA, and vec() is the column-stacking operator

The next section explains the model and defines the LM statistics for structural
change of the cointegrating vector and the adjustment vegéation 3 explores
the asymptotic distribution theory for these teMsdels with deterministic trends
are considered in Section8ection 5 deals with simulation results of the asymp-
totic critical valuesSmall sample Monte Carlo experiments are also done to find
the power and the size distortion of our tegte empirical application to the
money demand equation is made in Section 6

2. THE MODEL AND PRELIMINARY RESULTS

Consider gp-dimensional time serieg generated by the ECM that allows one-
time structural change in the cointegrating vector as foltows
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I, ' -1
Axt:a<,8+5{t2[m-]+1}>x‘1+i_leiAx” + U, Q)
wherea is ap X r full column rank matrixB ands are(p — r) X r matrices{ -}

is the indicator functiopandu; is independent and identically distributed.¢.)

with mean zero and covariance matBix

We assume that the cointegration rank is known and equalereforeif we
denote equation (1) d$(L)x; = u;, then the rank ofI(= —TII(1)) is.

Our model implicitly assumes a normalization condition of the cointegration
spaceAccording to our normalizatigrk; can be partitioned into-dimensional
Xy and(p — r)-dimensionalx,,. This normalization is a special case of repre-
senting the ECMFrom this representatiothe cointegrating vector can be iden-
tified. The same normalization was used by Phillips (1991) in his triangular
representatiarin principle any ordering oy, X, may be possible if the parti-
tioned matrix of cointegrating vectors correspondingstds nonsingular and,,
is not itself cointegratedn some cases we can specify the normalization accord-
ing to economic theoryFor examplein a money demand equatighwe setxu,
to be real balances amg; to be real income and the nominal interest ritten we
can interpret the cointegrating vec@as the long-run income elasticity and the
interest semielasticity of money demand

We define the cointegrating relationship (or the long-run relationship) as
W = Xy + (B + 6{t = [n7] + 1})'X5, 2)
which is stationary (of(0)).

Our definition of the cointegrating relationship is different from that of Engle
and Granger (1987) because we allow one-time structural change in the cointe-
grating vector at the break point This is new and unconventionaur model
can be reduced to the conventional model if the cointegrating vector is stable
therefore the conventional model is a special case of our model

The break point intersects two subsamplds= 1,2,...,[n7] andt = [nr] +
1,...,n. Hencethe corresponding cointegrating vectors r@ndg + &, respec-
tively. We treatr as fixed until we define optimal tests for unknown

The null and alternative hypotheses for the stability of the cointegrating vector
B are

HE:56=0 and HE:6#0.
Assumption 1

(@ r€r*andr* = [7,7] C (0,1).
(b) {u} ~i.i.d. (0,%).

We define the parameter vector
0 = vec(s,B,a,I,%) € 0,
where
r= (F:{,Fz’,..., ILl),'
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We also define ther-field % generated by,_; for i = 1,2,.... The log-
likelihood function with the auxiliary condition that, is normally distributegis

given by
[n7]
L,0,7) = Z 1(0,8,a,T,%) + Z (5, 8,a,T,2), )
t=[nr]+1
where

() = —3 log|=| — 3 tru(O)u ()7
andu, = u(6) in equation (1)
We denotd (7)(= 6,(7)) as the unrestricted MLE &ffor knowns € 7* That
is,
6(r) = argmax’,(6,). (4)
ISC)
If we denoted (= §,,) as the restricted MLE of, then
6 = argmax.ln(6,7). (5)
6€0,56=0

Our tests use the restricted MLElethods to compute the restricted MIE
have been suggested by Ahn and Reinsel (1988) and Box and Tiao (1977)
The first-order conditions of the unrestricted likelihood function are given by

AL (6, n .

M — 2 X2t—10t,2_1d — O, (6)
) t=[nr]+1

AL (0, .

M — E X2t710t’271& — O, (7)
B =1

Lybr) o
E; —t:Zl 1027 =0, (8)

and

9L (0, n . .

#=2Axt_iﬂ{2*1=0, fori=12...,1 — 1, 9)

i t=1

whered, = u(d) in equation (1) ana; = Xy + (8 + 8{t = [nr] + 1})'Xxy.
We denotdl, = u(f) in equation (L)andz, = (AX{,AX{_1,...,AX{_j42)"
Let

[n7]
/\ﬁ(T) = (alil ®nt t=21 Rlzt(T)u{>VeC(| ),

where

[n7] [n7] 1
Ri2t(7) = X1 — 2X2t 17 1<2 Zi 17 1) Zi—1.
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The restricted MLH satisfies the first-order conditions except equation (6)
We call A% (7) the Lagrange multiplier (or the scor@yhich is based on equation
(6) and an asymptotically negligible termihe score function uses the partial
sum for exampleEETf Z,_1Z{_,instead of the grand sum because the former can
be properly extended to the model with deterministic trends

We define the LM statistic for the null hypothegi& as follows

LMZ(r) = A2 (r)[Est Var(A2(r))] 1A% ().
If we use the asymptotic results in Sectigna& have the following

[n7]
Ma(r) = (a’El ®nt t=21 Rlzt(r)u{> vec(l)

- <01/2_1 ® Slln(T)Slln(l)_ln_lt}:lRIZt(l)ut,> vec(l) + op, (1),

whereS,,(r) = N~ 37 Rz (1) Ry (1)’ @nd supe, o, (1) = 0,(1).
Thus the estimated variance of the scafir) is given by
Est Var(As(r)) = @' S7'@ ® Vyun(7),
where Viin(r) = Nn7Sn(1) — n71S,(7)Sin(1) *Siun(r) and S =

n~i3L,6.0.
Let
~ [n7]
gnﬁ(a’T) = n_l tE]_ Rth (T)ﬁt/’ (10)

whered, = (@'S~ta) Y2 a'S'q,.

If we neglect asymptotically negligible tergthe LM statistic forH5 against
H?% is given by
LM£(7) = tr g (8,7)[Vasn(7)] 208, 7). (11)

The LM statistic is a simple function of the data and the restricted MLE
Because we can use existing estimation methibdscomputationally easy and
fast In contrast Wald statistics and likelihood ratio statistics for this model re-
quire sequential estimatipwhich is much more computationally burdensome

2.1. Stability of «

Consider the tests for structural change of the adjustment vedtmra known
break pointr in the equation

AX; = (o + e{t=[n7] + 1})</|3),Xt_1 + I_ZlFiAxt_i + U;. (22)
i=1

In this casethe null and the alternative hypotheses are
Hg:e =0 and Hf:e # 0.
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The parameter vectaris now defined a® = vec(e, B8,«,T,%), and the log-
likelihood function is given by

[n7]
£2(6,7) = 2 1,(0,8,a,T,3) + 2 l(e, B,a,T,3),

t=[n7]+1

where

l((0) = —3 log|=] — Ztru(O)u(0)27,

andu, = u(#) in equation (12)
Note that we have the same restricted MA_Es beforeThe first-order condi-
tions of the unrestricted likelihood function are given by equations (7)-a(8)

9L (0, n .
BT S ow gt t=o0 (13)

de’ t=(nr]+1

The restricted MLH satisfies equations (7)—(Qut it does not satisfy equa-
tion (13) We have the following Lagrange multiplievhich is based on equation
(13) and an asymptotically negligible term

[n7]

(7)) = (i‘l ®nY2y F?m(T)u{) vec(l),
t=1

where

[n7] [n7] 1
Rt (1) = W1 — 2 W12 1(2 Z 1% > zq1, and W, = Xy + B'Xy.

We define the LM statistic for the null hypothegi& as follows
LM&(7) = A& (7)[Est Var(A%(7))] ~2A%(7).

To estimate the variance of the scoffr), we use the following asymptotic
result
[n]
n-2 2 Rat (1) Of

[n7]

n
=n"? 2 Rot (M)W = Spon(7)So2n(1) 710772 ) Ry (D) 1y + 0,,(D),
t=1
WhereS,n(r) = N1 {2 Ry (1) Ryt (7).
The estimated variance of the scafgr) is given by
Est Var(A§(7)) = S ® Vaan(7),

WhereVaou(1) = Spon(7) — Soon(7) Son(1) ™ Span(7).
Let

[n7]

g¥(f,7) =n"1? 2 Rt (7) 0 S Y2, (14)
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The LM statistic of the tests fdk§ againstH{ is given by

LM(7) = tr g (6,7)[Vazn ()] 105 (6, 7). (15)

2.2. Joint Stability of 8, a

Now, we consider the tests of the one-time structural changgand « for a
known break point in the equation

1 ’

AX = (@ + e{t=[nr] + 1})<,3 +8{t=[nr] + 1}) X

I

+ ElEAXt—i + U. (16)
i=1

The null and the alternative hypotheses to test for structural chargjerada
jointly are

Ho:6=€e=0 and H7":8+ 0ore # 0.

In this casethe parameter vector is defin@dd= vec(s,e, 8,a,I',2) and the re-
stricted MLE#® can be defined as befare
We define the LM statistic for the null hypothe§i€§“ as follows

Aa(7)
By —
At (Aﬁ(r))'

To calculate the asymptotic variance of the scff&(r), we use the following
asymptotic resuit

[n7]
(/\ﬁ(’]’)) <a’zl®nlt=21R12t(T)ut’) VeC(l)
n [n7]
)\n(T) (21 ® n71/2 2 F~é2t(7—)ut’> VeC(|)

(a,zl ® Si1n(7)(Sin(1) " *n 7t 2:1 Rlzt(l)u{> vec(l)

(2_1 ® Spon(7) (Sp2n(1) "IN~ H2 2}1 ﬁm(l)u{) vec(l)

+ 0p,(1).

From the asymptotic results in Sectionr8 /2S,,,(7) —P 0 uniformly in

T € 7%, whereS,,,(1) = nleEZTl] R12t(7) Ryt (7)". This result implies that the
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variance of the scor&:“(7) is block-diagonal asymptoticallfhus the LM sta-
tistic of H5* againstH,* is asymptotically equivalent to the simple sum

LMP%(7) = LME(z) + LM2(7). (17)

2.3. Unknown Break Point

We have defined the LM statistics for fixed This is appropriate whemn is
known to the econometriciaMore typically in applied workit is natural that the
break pointr is thought to be unknowrin this casethe testing procedure is
nonstandard because a nuisance parametppears only under the alternative
hypothesisTests with specific optimality properties have been proposed by Davies
(1977, 1987) King and Shively (1993)Andrews (1993) and Andrews and
Ploberger (1994)Ve follow Andrews (1993) and Andrews and Ploberger (1994)
whose method is based on the weighted power criterion function with respect to
the randomized nuisance parameter

If we assume that lies in7* = [7,7], then the optimal tests are defined as

follows:
1 L
Ave-LMi, = tE LMy ([t/n]),
t=t
1 £ _
Exp-LM}, = <ﬁ2 Xp(LMh([t/n])/2)>,
1 t=t
and

Sup-LM, = Max LML([t/n]),
te[t,

wheret = [n7r], { = [n7], andi = B,«, Ba.

Andrews and Ploberger (1994) proposed the asymptotically optimal test sta-
tistic that is a function of the concentration parameteBecause the Ave-LM
statistic is defined with respect to— 0, the power is concentrated on the alter-
native that is near the null hypothesi$e Exp-LM statistic is defined with re-
spect tac — oo, and so the power is concentrated on the alternative that is very far
from the null hypothesisThe power of the Sup-LM statistic is also concentrated
on the distant alternative hypothesis

3. MAIN RESULTS

We use the following representation theorem (for pyeet Engle and Granger
1987 Johansen1991)

THEOREM 1 (Granger—Johansen representatidtgsume that the null Ry
potheses arealid, so that there is no structural chang@/e assume that, xs
integrated of order one under the null hypothes®@sppose the cointegration
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relation holds that is IT = ay’, wherey = (I,8’)’, anda andy are p X r full
column rank matricedf @, andy, are p X (p — r) full column rank matrices
such thatai « = Oandvy’|y = 0, then the ECM can be represented by

(1)
Ax; = C(L)u,

with C(1) = y, (| ¥(1)y,) ta/, where¥(1) is the dervative of [I(L) for L = 1,
2

X = C(1) i u + ®(L)uy,
=

where®(L) = (C(L) — C(1))/(1 — L), and
()

W =7y'% = y'®(L)u.

Under the null hypothesgethe representation theorem implies tkatan be
decomposed into stochastic trends and a stationary compdimetointegration
matrix y eliminates the stochastic trendencethe cointegrating relationship is
stationary

Typically, we define= as weak convergence on the sp&®,1] with re-
spect to the uniform metridHere we need to define weak convergence of the
projected sequencBx (1) = Xp-1 — 2£271] X2t—lzt,—l(z’ETl] z17{_1) 'z 1.
Hence we need= to denote weak convergence @)0,1] Q) 7* with respect
to the uniform metricp (-,-), where

p(gh) = sup |g(s7)—h(s7)],

se[0,1],7re7
and|-| is a matrix normThat is |A] = (tr AA)Y2
Assumption 2

(c) E|ug|? < oo.
(d) SpZ1k?|Cy| < o0, whereC(L) = 3o Ci LK
(e) supeelf] < co.

We denoteC,(1) as a partitioned matrix dE (1) that corresponds t,; hence
its dimensionigp —r) X p.

LEMMA 1. Under the null hypotheses and Assumptitrasd 2,

[ns]

N2> u = W(s), (18)
t=1
[ns]

N2y w =y’ ®()W(s), (19)
t=1
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and
N~ Y2Ry g (1) = Co(H)W(S) = Wh(s), (20)
where Ws) = BM(3).

To show the main theoregmve use a weak convergence theorem of Hansen

(1992b)
LEMMA 2. Under the null hypotheses of no structural change and Assump
tions1l and2,
[n7] T
113 R = | Wats) awWGs) 1)
t=1 0
[n7] T
n-2 21 Ri2t(T)Riz(7) = W, (s)W;(s) ds (22)
t= 0
and
[n7]
n* Zl Rat(T)Rar(7) »P 7Q (23)
t=

uniformly in7 € 7*, where

[n7] [n7] -1
Rot(7) = Wy — Z Wt—12{—1<2 zt—lzt/—l> Zi 1,
=1 =1
and

Q = E(Wowp) — E(Wyzp)(E(2925)) *E(ZoWp).

To simplify the main theoremwe define the following standard Brownian
motions

By (s) ('3 ) Y% a3 W(s) l, O
= , = BM .

B2(S))  \(C5(1)3Cy(1) V2 Co(1)W(s) 0 lor
The tests for structural change of the cointegrating vegtbave the following
property

THEOREM 2 Undeng and Assumption$ and2,
LMZ(r) = tr F(n)®' [V(r) — V(r)V(1) V()] 1F(r)P = LML (1), (24)
where

F(1)° = F(r) = V(NV()T*F(),

F(r) = fo "B,(s) dBi(9),
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and

V(r) = jo B,(s)B(s) ds
Hence

1
Ave-LM? = P f LM% (7) dr,
L Jrer

1
Exp-LM? = Iog(.— f exp(LM% (7)/2) dr),
TTT TeT*
and

Sup-LM; = Max LM% (7).

TET

Even though ve& (7) is distributed as mixed normal with covariance matrix
I ® V(7), F(7)? is not a Brownian bridgeas defined in the stationary case
although it is still tied downHence our asymptotic distributions are different
from those found by Andrews (1993) and Andrews and Ploberger (1994)

Because the distribution of Lf/lis chi-squared for a known, our tests for
structural change of the cointegrating vector are standard only if we know the
change pointOur distribution is the same as that found by Hansen (1992a)
although Hansen (1992a) used the fully modified estimamestimate efficient
scoreshias correction is needed because the least-squares estimator of the co-
integrating vector is not median-unbiasétbwever this bias does not exist in
our mode] which makes nonparametric estimation avoidable

The distribution of our tests depends only on the number of parameters and the
admissible range of the break pailfihe empirical distribution and the associated
asymptotic critical values can be generated by simulaiibese results are pre-
sented in Section.5

Onthe other hanaur tests for structural change of the adjustment vector have
the same asymptotic distribution as in the stationary ,cas&e now show\Ne
defineJ(s) as apr-dimensional standard Brownian motiavhich is independent
of B;1(s) andB,(s).

THEOREM 3 UnderH§ and Assumption$ and 2,

LM&(1) =
;

1 b’ b
WJ(T) J(7)° = LM“*(7), (25)

where J7)° = J(r) — 7J(D).
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Alsq,

1
Ave-LM¢ = ——— J LM<(7) dr,
T—T TeT™

1
Exp-LMg = Iog(:f ‘ exp(LM“(7)/2) dr),

€T

and

Sup-LM2 = Max LM “(r).

TET"

HereJ(r)® is a standard Brownian bridgeence the distributions of tests for
structural change of the adjustment veatoare the same as those for stability
tests in stationary regressioii$ie distribution of the Sup-LM test has been found
by Andrews (1993)and those of the Ave-LM and the Exp-LM tests have been
found by Andrews and Ploberger (1994 us tests for structural change of the
adjustment vector can be based on the empirical critical values provided in those
papers

The joint test for structural change gfand« has the following asymptotic
distribution

COROLLARY 1. UnderHg® and Assumptions and 2,
LM2%(7) = LM?(z) + LM %(7) = LM?“(7). (26)

Hence

1
AVG-LM§HZ> :f LMfa(T) dr,
- rer”

1
EXp-LMf“ = |Og<: f exp(LM f“(T)/Z) d’T>,
= rer®
and
Sup-LME* = Max LM {“(7).
rer”

The proof comes from Theorems 2 and 3

4. MODELS WITH DETERMINISTIC TRENDS

When a model has deterministic trente distribution theory changes depend-
ing on the detrending methotf we use demeaned or detrended dat@n we
should use the corresponding distribution the®hys section considers two mod-
els (1) no trend in the DGP and (2) trend in the D@Rhough these two models
use the same ECM with drifiThis section considers only tests for structural
change of the cointegrating vectdhe distribution theory for structural change
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of the adjustment vector is invariant to the detrending method in the sense that the
detrending method only removes the deterministic trehd€ontrast the de-
trending method affects the stochastic trends of the integrated varidliles
distribution theory for joint stability is straightforward

4.1. No Trend in the DGP

Suppose we have the following model that allows one-time structural change of
the cointegrating vector for a known break point

| ! -1
AXy = u + 4+ LAX i + U. 27
X = a<,8+8{t2[m-]+1}>xtl ;1' X T 7

We assume in this subsection thdtu = 0, which means that there is no trend
in the DGRIf we denotez; = (1, z), then we have the following property

LEMMA 3.
1 T
N~ Y2R; 50 (7) = Wa(s) — - J W;(s) ds= Wy (s, 7), (28)
0

where Ry (7) = X1 — EETE X2tflzt*l1(2£m—£ Zi1z) 7.

This paper uses the score function based on the partighshith works prop-
erly in the model with deterministic trenddSn the other handhe score function
based on the grand sum entails a nuisance,tenth the variance estimator of the
score function does not correspond to that derived from the Hessian matrix in the
model with deterministic trends

Whereas demeaned Brownian motions are typically defined with respect to the
grand mearfy Ws(s) ds we use the partial mean process 15 Ws(s) ds Thus
W5 (s,7) is an array with argumers, 7), with s=< 7. For notational economyve
denoteW,'(1) = W5'(s,7). The following lemma can be verified analogously to
that of Lemma 2 if we use the weak convergence theorem by Hansen (1992b)

LEMMA 4. Undeng, o' u = 0, and Assumption$ and 2,

[n7] T
Nt Rix(n)ui = f WS (7) dW'(s),
t=1 0

and

[n7]
E Ria(T)Rin(1) = W2 (T)W5"(7) ds

Under the null hypothe3|s of no structural chantfee model can be esti-
mated by existing methodsuppose(,u,a B,T,3) is estimated by those meth-
ods We denotet, = u(ji,a&,B,T) for u, in equation (27) We also denote
Sin(r) = n—12[nr] 12(T)Rix(7) and Viin(r) = n71Si(r) — n7iSf,(7)
Si1n(1) " S{1n(7).
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The LM statistic of the tests for structural change of the cointegrating vector in
this model can be defined

LM{"(r) = tr g™ (8,7 [Vim(r)] *gn"(6,7), (29)

[n7]

wheregf*(4,7) = n~1 3" Rix(7)5{ andd, = (@'S'a) V?a@'S'a,.
LEMMAS5. UnderH5, ai = 0, and Assumption$ and 2,

LM (1) = tr F*(n) [V (1) — V*(0)V*(1) V()] F*(1)? = LME(7),
(30)
where

F*(r)° = F*(r) = V@V () R (),

F(r) = fo "Bi(s7) dBy(s),

Vo) = jo "Bi(s7)B¥(s7)ds

and

1 T
B3(s,7) = By(s) — ;f B,(s) ds
0
Hence

B 1 B
Ave-LM, = P LM3(7) d7,
= rer”

1
Exp-LM5" = Iog<_—f exp(LM5(7)/2) dT),
TTT rer*
and
Sup-LMZ* = MaxLM5 (7).
rer®
The proof is analogous to that of Theoremit® distribution is based on the

array of demeaned Brownian motions with respect to the partial mean process

4.2. Trend in the DGP

If a| wis nonzero in equation (27the DGP contains a linear trerBlecause the

linear trend cannot be removed by demeaning,ahly linear trend remains and
dominates stochastic trenddence its distribution is different from that of no
trend in the DGP
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LEMMAG. Supposép—r) X (p—r — 1) matrixr, and(p — r)-dimensional
vector v satisfyr v = 0, wherer = C,(1) u. The sample moments d&the
following asymptotic properties

N~ Sin(r)v, = vi Cy(1) ITW*(T)W*’(T) ds G(Dv,,
0

n~¥2y| Sin(t)v = v, Cy(1) f W*(7)(s— 7/2) dsv'v,
0
and
nN~2v'Sin(r)v = V'Vf (s—7/2)%dsv'v.
0
We define
1 T
BC(S) - _f BC(S) ds
7 Jo

s—1/2

whereB,(s) is the(p — r — 1)-dimensional standard Brownian motion

Bax(s,7) =

’

THEOREM 4 Undeng and Assumption$ and2,
LME(7) = tr F(n)® [V(7) — V(r)V(1) V()] *F(r)® = LM5(7), (31)
where
F(r)° =F(r) = V(n)V()'F(1),

F(r) = fo "By(s7) dBy(s),
and

Vir) = fo 'Bu(s7)By(s ) ds
Hence

1
Ave-LM?* = :f LM5(7) dr,
1L Jrer*

1
EXp-LMﬁ* = |Og<: f exp(LMg(T)/Z) dT),
1L Jrer®
and

Sup-LMZ* = MaxLM5 (7).
rer”
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If a linear trend exists in the DG®ne stochastic trend is replaced with a
deterministic trendWhenp — r = 1, B,(s,7) is based only on the deterministic
trends — 7/2. The asymptotic distribution theory is different from that of no
trend in the DGP although the same model is appliedget the exact distribu-
tion, itis important to know the DGP correctlyf we know that the DGP contains
a linear trendthen we use the asymptotic critical values of the model of trend in
the DGPThe hypothesia’ © = 0 can be tested with the likelihood ratio method
by Johansen (1991) because the model of no trend in the DGP is a nested case of
the present one

5. SIMULATION RESULTS

We have shown that our new tests for structural change have nonstandard distri-
butions These distributions depend on the admissible range of change point and
the number of parametershe empirical distribution tables are generated by a
sample size of D00 and 1MO00 replicationsThe stochastic functional of multi-
variate Brownian motions and its optimal test statistics are constructed by the
Gauss random number generator on an IBM RISC-6000

The admissible range of change point is symmetrically set &5]Q.95],
[0.15,0.85], and [025,0.75]. As we know the range more precisgliye test has
more power because it is closer to the classical Wien we have no informa-
tion on the structural changa wider range test captures any possible structural
changesBecause our model generally contains many parameberadmissible
range is limited even with a parsimonious specificatidence the choice de-
pends relatively on the availability of prior information and the number of usable
observations

In Table 1 the asymptotic critical values of the Ave-LM test for structural change
of the cointegrating vector and joint stability are provideléreP andr denote
the number of variables and cointegration rank respectividig admissible
change points are given symmetricalpr exampler = 0.15 indicates that €
[0,15,0.85]. As7 increasesasymptotic critical values of the Ave-LM testincrease
When the model of trend in the DGP is us#k critical value of LM with p = 2
andr = 1 changes from.28 to 273 asr moves from 015 to Q25.

Asymptotic critical values of the Exp-LM test are given in TabJ@d those
of the Sup-LM test are in Table Bsymptotic critical values of these tests gen-
erally decrease as the admissible range of the change point becomes fiagow
asymptotic critical values do not vary much among different modéie model
of trend in the DGP has generally smaller Ave-LM and Exp-LM critical values
However critical values of Sup-LM tests are higher in this madel

The number of coefficients af is larger than that o8 because of normaliza-
tion. Thereforethe critical values of the tests for joint stability largely depend on
those of the stability ofe.
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TaBLE 1. Asymptotic critical values for Ave-LM, Ave-LM#A*

T 10% 5% 1% 10% 5% 1%  10% 5% 1%
p=2r=1
Ave-LM% Ave-LM5 Ave-LM5
25 220 296 475 223 298 474 210 273 428
A5 207 271 432 209 271 433 195 248 385
05 192 247 385 195 245 386 180 225 337
Ave-LM5“ Ave-LM5* Ave-LM5®
25 534 646 895 533 640 885 529 633 882
A5 509 602 834 507 608 822 500 597 802
05 486 569 764 481 570 756 478 559 740
p=3r=1
Ave-LM# Ave-LM% Ave-LM%
25 392 488 722 382 478 726 373 465 691
15 369 459 657 364 448 646 351 432 626
05 347 425 587 345 416 579 331 401 578
Ave-LM#* Ave-LM5* Ave-LM5*
25 812 947 1252 805 935 1241 797 933 1207
A5 779 889 1146 771 883 1144 768 874 1130
05 742 840 1055 738 830 1061 737 827 1038
p=3r=2
Ave-LM% Ave-LM5 Ave-LM5
25 382 478 712 376 472 697 365 450 654
A5 359 448 646 357 436 619 342 415 581
05 341 414 578 337 403 570 323 380 519
Ave-LM5“ Ave-LM5* Ave-LM5”
25 1197 1363 1692 1190 1352 1662 1185 1337 1687
A5 1154 1301 1598 1150 1293 1573 1140 1277 1577
05 1113 1236 1489 1108 1232 1474 1098 1222 1464
p=4r=1
Ave-LM% Ave-LM% Ave-LM%
25 538 646 916 532 647 883 522 624 853
15 510 605 843 509 602 805 498 589 795
05 484 565 778 485 563 735 475 548 723
Ave-LM%* Ave-LM5® Ave-LM5®
25 1059 1217 1548 1066 1209 1537 1052 1202 1551
A5 1021 1166 1443 1022 1156 1441 1016 1144 1433
05 988 1102 1342 979 1094 1331 972 1091 1330
(continued
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TaBLE 1. (continued
p=4r=2
Ave-LM# Ave-LM% Ave-LM%
25 663 790 1053 671 786 1054 652 771 1040
A5 635 745 992 637 737 976 624 717 943
05 605 696 912 609 693 912 592 672 868
Ave-LM5“ Ave-LM5* Ave-LM5”
25 1676 1864 2246 1670 1845 2245 1671 1847 2202
A5 1623 1790 2132 1618 1775 2111 1619 1768 2072
05 1569 1715 2003 1559 1705 1981 1570 1690 1972
p=4r=3
Ave-LM% Ave-LM% Ave-LM%
25 525 @27 868 528 G638 863 502 600 791
A5 499 589 804 497 600 793 474 555 715
05 473 552 726 474 559 724 447 517 651
Ave-LM5“ Ave-LM5* Ave-LM5”
25 2043 2216 2634 2035 2212 2625 2023 2209 2593
A5 1977 2142 2494 1967 2141 2491 1958 2125 2474
05 1915 2062 2360 1904 2058 2368 1902 2047 2358
p=5r=1
Ave-LM% Ave-LM% Ave-LM%
25 670 800 1064 671 798 1054 670 791 1068
15 649 752 988 @42 750 971 @39 747 998
05 @16 708 911 G13 703 900 607 701 912
Ave-LM#* Ave-LM5* Ave-LM5*
25 1323 1496 1850 1324 1496 1826 1326 1487 1829
A5 1273 1431 1742 1277 1422 1722 1273 1427 1718
05 1226 1355 1636 1228 1352 1618 1222 1360 1604
p=5r=2
Ave-LM% Ave-LM5 Ave-LM5
25 930 1079 1355 928 1074 1369 930 1076 1393
A5 899 1025 1276 888 1020 1277 891 1018 1282
05 861 970 1187 850 959 1197 856 961 1189
Ave-LM%{* Ave-LM5® Ave-LM5®
25 2151 2352 2767 2151 2356 2769 2154 2344 2748
A5 2086 2274 2639 2084 2272 2634 2085 2257 2623
05 2022 2181 2507 2022 2182 2497 2026 2167 2491
(continued
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TaBLE 1. (continued

p=5r=3

Ave-LM# Ave-LM% Ave-LM%
25 934 1066 1353 933 1064 1329 926 1052 1340
A5 898 1016 1260 895 1016 1252 885 998 1260
05 860 967 1180 854 958 1170 847 945 1178
Ave-LM#* Ave-LM5* Ave-LM5®
25 2731 2946 3413 2727 2949 3391 2723 2956 3417
A5 2664 2860 3277 2664 2861 3260 2660 2864 3261
05 2597 2766 3127 2591 2765 3131 2589 2770 3103

p=5r=4

Ave-LM# Ave-LM% Ave-LM%
25 656 766 1034 669 784 1045 639 741 962
A5 622 723 944 637 734 952 605 690 881
05 597 687 881 607 693 885 576 651 815
Ave-LM%{* Ave-LM5* Ave-LM5®
25 3057 3282 3728 3055 3293 3759 3043 3282 3733
15 2987 3196 3592 2992 3207 3619 2975 3180 3597
05 2915 3095 3461 2921 3100 3464 2905 3084 3452

5.1. Power
Suppose we have the following local alternative hypothesis
HE: 8, =d/n,

whered, = 6 in equation (1)
The asymptotic power function is driven by the Lagrange multiplier under the
local alternative hypothesi$his can be defined alternatively as follows

n
9l@,7)=n"1 3 Rux(1-1)5

t=[nr]+1
n
:nl< > Xoravf
t=[nr]+1
n n -1 n
- > thlxét1<2 X2tlx2tl> EX2t1U{> + 0p(1)
t=[nr]+1 t=1 t=1
uniformly in 7 € 7% where Rix(1-7) = Xp-1 — S-m]+1Xat-1Zi-1

n -1
(St=(nr+1Z-1Z-1) " Z1.
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TaBLE 2. Asymptotic critical values for Exp-LNM, Exp-LMA*
T 10% 5% 1% 10% 5% 1% 10% 5% 1%
p=2r=1
Exp-LM% Exp-LM5 Exp-LM5
25 148 201 335 150 202 332 149 199 327
A5 149 202 333 150 202 333 150 201 328
05 151 200 322 152 205 332 153 202 322
Exp-LM{* Exp-LM5* Exp-LM5*
25 345 419 579 343 418 580 347 421 587
15 354 426 587 351 425 585 355 426 588
05 360 432 603 360 434 596 364 431 601
p=3r=1
Exp-LM{ Exp-LM5 Exp-LM5
25 254 326 471 254 317 477 252 319 471
15 259 330 474 260 325 479 256 324 481
05 263 329 470 264 332 472 261 328 479
Exp-LM{* Exp-LM5* Exp-LM5*
25 513 @02 816 506 599 803 510 603 7.89
15 526 @15 819 521 613 811 525 613 7.98
05 541 @27 834 541 630 821 542 627 816
p=3r=2
Exp-LM% Exp-LM5 Exp-LM5
25 254 320 476 250 319 476 257 328 473
15 259 321 488 255 319 478 263 331 475
05 264 326 487 260 324 476 268 332 467
Exp-LM{* Exp-LM5* Exp-LM5*
25 748 851 1066 745 849 1054 747 853 1062
A5 767 864 1097 766 863 1081 767 873 1079
05 784 884 1115 783 878 1106 789 886 1106
p=4r=1
Exp-LM{ Exp-LM5 Exp-LM5
25 347 417 602 343 417 574 339 411 570
15 353 421 599 352 418 579 348 420 574
05 360 432 598 362 428 592 358 425 579
Exp-LM&* Exp-LM5® Exp-LM5*
25 668 771 981 665 7.70 966 660 758 979
15 684 779 1004 685 781 968 681  7.87 988
05 702 798 1006 704  7.99 983 699 791 297
(continued
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p=4r=2
Exp-LM# Exp-LM5 Exp-LM5
25 430 514 707 432 514 689 435 515 705
A5 439 523 693 440 525 685 446 515 699
05 452 529 699 449 530 696 454 523 696
Exp-LM5* Exp-LM5* Exp-LM5*
25 1029 1149 1416 1031 1141 1404 1034 1143 1389
A5 1055 1168 1420 1055 1159 1411 1056 1162 1412
05 1084 1192 1442 1075 1183 1426 1077 1181 1428
p=4r=3
Exp-LM% Exp-LM5 Exp-LM%
25 347 423 582 346 427 590 354 426 585
A5 357 426 595 358 428 581 361 433 586
05 364 436 601 366 433 586 371 442 590
Exp-LM{* Exp-LM5* Exp-LM5*
25 1237 1361 1634 1235 1351 1643 1236 1361 1649
A5 1264 1393 1630 1262 1373 1663 1268 1392 1661
05 1302 1425 1665 1296 1417 1691 1301 1427 1691
p=5r=1
Exp-LM% Exp-LM5 Exp-LM5
25 427 508 684 426 510 689 428 512 695
15 438 514 694 438 518 690 437 520 708
05 449 524 698 447 526 682 449 532 711
Exp-LM{® Exp-LM5” Exp-LM5”
25 819 928 1152 @21 926 1148 820 928 1165
15 838 948 1151 843 944 1159 841 948 1170
05 858 959 1170 857 956 1174 861 963 1182
p=5r=2
Exp-LM% Exp-LM5 Exp-LM5
25 590 G682 880 594 682 895 595 693 898
15 603 696 894 607 693 903 609 702 905
05 619 705 890 618 701 911 626 715 901
Exp-LM&* Exp-LM&* Exp-LM5*
25 1302 1436 1726 1311 1438 1723 1312 1447 1699
A5 1338 1462 1742 1339 1462 1750 1345 1471 1722
05 1369 1491 1772 1368 1490 1765 1376 1501 1752
(continued
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TABLE 2. (continued

p=5r=3

Exp-LM# Exp-LM5 Exp-LM5
25 597 688 873 594 681 878 595 679 897
15 613 705 894 607 696 872 609 701 900
05 G626 717 902 618 705 885 625 716  9l1
Exp-LM&* Exp-LM&* Exp-LM&*
25 1653 1781 2082 1646 1787 2072 1655 1790 2074
A5 1686 1817 2109 1679 1820 2094 1687 1820 2107
05 1721 1857 2143 1717 1852 2135 1726 1857 2126

p=5r=4

Exp-LM# Exp-LM5 Exp-LM5
25 429 514 692 434 519 709 446 521 686
A5 444 523 686 446 527 707 458 529 709
05 454 532 704 457 535 715 464 537 714
Exp-LM{* Exp-LM5* Exp-LM5*
25 1832 1992 2259 1828 1984 2271 1842 1990 2274
A5 1876 2025 2300 1878 2025 2308 1884 2027 2300
05 1930 2070 2355 1925 2071 2383 1936 2071 2363

The following lemma can be verified analogously to LemmW@&/2 denotery as
the true break point

LEMMA 7. UnderH? and Assumptions and2,

n

1 1
n_l E X2t,1Ut’ = J Wdei + (f W2W2’ dS) d(a'E_la)l/z.

t=[nr]+1 max(r, 7g)
(32)
The power of the test mainly comes from the decision edrdf 7 is known
it removes uncertainty his case generates the power envelope for the tests that
treatr as unknown

Figure 1 depicts the asymptotic local power function of the tests for structural
change of the cointegrating vector from the following bivariate model

AXqe -1 1 " Xy-1 €t
<AX2t> B < 0 ><_1 +d/n{t=[nr] + 1}> <X2tl> " <e2t>’

where{e;;, e}’ are ii.d. and standard normal with covariange
Monte Carlo experiments are based on a sample size of 250,a8d &pli-
cations for eacld = 0,2,...,30, andp = 0.2. The break point is assumed to be
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T 10% 5% 1%  10% 5% 1%  10% 5% 1%
p=2r=1
Sup-LM¢ Sup-LM5 Sup-LM;
25 692 838 1180 688 834 1169 863 1223
A5 764 910 1251 762 909 1258 946 1293
05 861 995 1328 854 1004 1356 1052 1392
Sup-LM“ Sup-LM5* Sup-LM5®
25 1152 1335 1699 1144 1326 1709 1346 1735
A5 1242 1419 1807 1246 1423 1829 1437 1837
05 1357 1523 1947 1358 1522 1967 1555 1965
p=3r=1
Sup-LM{ Sup-LM; Sup-LM§
25 975 1160 1527 971 1146 1524 1167 1499
A5 1072 1250 1609 1Q71 1252 1624 1255 1649
05 1175 1330 1691 1171 1345 1717 1354 1756
Sup-LM® Sup-LMZ* Sup-LM§*
25 1543 1761 2238 1534 1740 2193 1763 2160
A5 1665 1860 2333 1652 1865 2329 1871 2282
05 1786 1998 2447 1782 1994 2430 2002 2401
p=3r=2
Sup-LM¢ Sup-LM5 Sup-LM;
25 968 1141 1523 954 1122 1511 1180 1533
A5 1057 1218 1624 1044 1203 1590 1278 1606
05 1158 1329 1742 1150 1327 1707 1367 1711
Sup-LM“ Sup-LM5® Sup-LM5*
25 2056 2280 2741 2047 2271 2728 2286 2756
A5 2178 2396 2909 2165 2387 2864 2422 2872
05 2315 2535 3070 2302 2530 3028 2536 3032
p=4r=1
Sup-LM{ Sup-LM; Sup-LM§
25 1209 1393 1801 1202 1375 1762 1377 1742
A5 1298 1493 1877 1302 1478 1864 1494 1824
05 1423 1608 2006 1420 1584 1970 1604 1943
Sup-LMZ® Sup-LM5® Sup-LM§*
25 1900 2126 2614 1899 2113 2591 2113 2601
A5 2024 2245 2738 2016 2246 2712 2245 2706
05 2157 2377 2842 2152 2373 2783 2366 2823
(continued
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TaBLE 3. (continued
p=4r=2
Sup-LM; Sup-LM5 Sup-LM§
25 1402 1582 2026 1393 1591 1997 1626 2042
A5 1504 1708 2090 1494 1692 2107 1719 2153
05 1618 1820 2171 1616 1799 2214 1830 2222
Sup-LM® Sup-LM5* Sup-LM5*
25 2664 2920 3531 2666 2917 3471 2936 3465
15 2803 3058 3610 2805 3036 3552 3047 3587
05 2960 3216 3712 2944 3185 3714 3193 3737
p=4r=3
Sup-LMY Sup-LM5 Sup-LM§
25 1199 1373 1754 1202 1388 1762 1409 1783
A5 1296 1479 1850 1298 1473 1844 1518 1872
05 1411 1583 1974 1419 1583 1936 1647 2020
Sup-LM;* Sup-LM5® Sup-LM5*
25 3101 3359 3923 3085 3343 3951 3374 3989
A5 3231 3502 4031 3229 3479  4Q92 3517 4065
05 3420 3694 4191 3411 3673 4218 3692 4266
p=5r=1
Sup-LM{ Sup-LM; Sup-LM§
25 1408 1606 2032 1402 1606 1984 1605 2043
A5 1510 1721 2140 1505 1697 2113 1713 2145
05 1628 1820 2213 1622 1802 2198 1841 2211
Sup-LM{* Sup-LM5* Sup-LM5*
25 2235 2474 2937 2228 2474 2951 2477 3001
A5 2359 2596 3038 2353 2591 3068 2611 3107
05 2493 2723 3173 2498 2700 3160 2729 3213
p=5r=2
Sup-LM{ Sup-LM; Sup-LM§
25 1765 1968 2425 1772 1969 2476 2006 2489
A5 1885 2093 2537 1880 2083 2563 2119 2576
05 2005 2212 2633 2005 2204 2654 2244 2669
Sup-LMZ® Sup-LM5* Sup-LM5*
25 3263 3539 4140 3266 3550 4183 3568 4124
A5 3412 3687 4279 3414 3680 4306 3716 4257
05 3577 3842 4418 3572 3835 4408 3851 4409
(continued
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p=5r=3
Sup-LM; Sup-LM5 Sup-LM§
25 1776 1991 2430 1756 1965 2409 1782 1992 2469
A5 1897 2114 2553 1877 2Q78 2490 1896 2113 2594
.05 2018 2229 2647 1999 2208 2616 2043 2253 2671
Sup-LM® Sup-LM5* Sup-LM5*
.25 3975 4268 4895 3966 4262 4891 3988 4272 4868
15 4133 4420 5020 4122 4420 4994 4140 4419 5Q23
.05 4297 4591 5191 4303 4572 5149 4312 4587 5152
p=5r=4
Sup-LM¢ Sup-LM5 Sup-LM§
.25 1382 1573 1994 1391 1586 1997 1452 1631 2023
15 1493 1681 2074 1500 1692 2111 1558 1737 2130
.05 1617 1804 2210 1621 1818 2188 1662 1862 2272
Sup-LMZ® Sup-LM5® Sup-LM5®
.25 4341 4670 5245 4348 4658 5269 4356 4682 5270
.15 4513 4814 5430 4519 4817 5452 4544 4848 5424
.05 4716 5014 5633 4704 5033 5696 4759 5040 5641

40 50 60 70 80 90 100
T T T T T T

Rejection Frequency (%)

20
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Il A Il 1

14 18
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FiGcure 1. Power functionN = 250, 5% size)
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uniformly distributed over.[L5,.85]. The chi-square testvhich is based on the
true break pointrejects 880% of the null hypothesis at the 5% size when the
local alternativelis 20. Ave-LM, Exp-LM, and Sup-LM tests reject 83%, 83.1%,
and 826%, respectively

5.2. Size Distortion
Suppose we have the following local alternative hypothesis
Hﬁ: EI’] = é/\/ﬁ’

wheree,, = € in equation (12)
Figure 2 shows the size distortion of the tests for structural change of the
cointegrating vector from the following bivariate model

AXyy B —1+e/\n{t=[nr]+ 1\ / 1V [Xy-1 ey
o) = )G+ ()

Monte Carlo experiments are based on the same parameters as in Sekction 5
excepte = 0,1,2,...,10. Also, 7 is uniformly distributed over.[L5,.85]. The
chi-square test at the 5% size rejeci8% of the null hypothesis @& = 5. Ave-

LM, Exp-LM, and Sup-LM tests reject&%, 6.1%, and 62%, respectivelyHence

20

15
T
1

10
T

Rejection Frequency (%)

I L 1 1 L ) ! Il

o 1 2 3 4 5 6 7 8 9 10

Local Alternative: e

FIGURE 2. Size distortion(N = 250, 5% size)
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small sample experiments show that the Exp-LM test has more power than other
optimal tests whereas the Ave-LM test has smaller size distortion

6. EMPIRICAL APPLICATION

In this sectionour stability tests are applied to theSJmoney demand equation
for the period 1900-198%pecifically we test structural change of the income
elasticity and the interest semielasticity of money demdtnis question was
posed by Lucas (1988Although the instability of the postwar.8. money de-
mand equation has been raised by many authoisas was interested in a stable
equilibrium relationship over a century

We use the data set that was constructed by Lucas (1888M1, p the price
index y real incomeandr the short-run interest ratéll variables are in loga-
rithms except the short-run interest ratde assume that the change point is
known to lie in [Q15,0.85]. All empirical work is done in Gaussnd it is repli-
cable with any software that is capable of matrix operations

Because the real money balances and real income contain growth teems
model of trend in the DGP is usedhe short-run interest rate is regarded as
integrated because the augmented Dickey—Fuller test cannot reject the unit root
hypothesisJohansen’s cointegration test rejects the null hypothesis of no cointe-
gration at each VAR lag length from 1 tq @hich suggests a long-run cointe-
grating relationship of the money demand equation

Johansen’s test is also applied to real income and the interesbuatae null
hypothesis of no cointegration is maintained at each VAR lag lefigtis result
supports the normalization condition that is made with respect to the real money
balancesWhen the lag length picked is 3 by Akaike information criteritime
long-run relationship and adjustment coefficients are estimated as follows

A(m — p) —.240g) 1 "M =P
Ay =| —.076 || —0.99 3 Yi-1 + ..
Ary —3.8L17 10y M1

LR(Hy: rank(IT) = 0) = 32.65,

LR(Hy: rank(IT) = 1) = 4.58,

LR(Hq: rank(IT) = 2) = 1.28,

Ave-LM? = 159, Exp-LMF = 1.20, Sup-LM? = 6.87,
Ave-LM¢ = 6.16°,  Exp-LM? = 516,  Sup-LM¢ = 13.06,
Ave-LM%?* = 7.76,  Exp-LM?* =550,  Sup-LM:* = 13.82,

where standard errors are in parentheses aehotes 5% significant
Our tests cannot reject the stability of the cointegrating vegtrthe 5% size
In Figure 3a LM statistics show some spikes in the 193t they are not
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significant Hence the U.S. money demand equation has a stable long-run rela-
tionship for the period 1900-198bhis result corresponds to the conclusions of
Lucas (1988) and Stock and Watson( 1993)

On the other handive-LM and Exp-LM tests reject the stability of the adjust-
ment vectorsy at the 5% size whereas the Sup-LM test doeskigure 3b shows
that LM statistics are close to the 5% critical value of the Sup-LM test after the
1950’s Lucas (1988) indicates that the real money balances do not grow at the
same rate as real income after the 195@/kich may affect the stability od
because the change in the growth rate lowers the speed of adjustment to the
equilibrium

7. CONCLUDING REMARKS

This paper has proposed new tests for structural change of the cointegrating vec-
tor and the adjustment vector in the ECM with an unknown change.pi@sts
for structural change of the cointegrating vector have nonstandard asymptotic
distributions that are different from those found by Andrews and Ploberger (1994)
In contrast tests for structural change of the adjustment vector have the same
distributions that have been found for models with stationary variabledave
also shown that detrending methods change the distribution theory of the tests for
structural change of the cointegrating vector

The crucial condition made in this paper is the normalization of the cointegra-
tion spaceWithout this conditionthe cointegrating vector cannot be identified
even though the cointegration space can be identifteéslimportant to identify
the cointegrating vector if we wish to test its stabilitye normalization condi-
tion is often useful in empirical studies and has been used by many authors

NOTE

1. A Gauss program can be requested from the author

REFERENCES

Ahn, SK. & G.C. Reinsel (1988) Nested reduced-rank autoregressive models for multiple time se-
ries Journal of the American Statistical Associati88 849-856

Andrews D.W.K. (1988) Laws of large numbers for dependent non-identically distributed random
variables Econometric Theory, 458—467

Andrews D.W.K. (1992) Generic uniform convergendeconometric Theor$, 241-257

Andrews D.W.K. (1993) Tests for parameter instability and structural change with unknown change
point Econometrice61, 821-856

Andrews D.W.K. & W. Ploberger (1994) Optimal tests when a nuisance parameter is present only
under the alternativieconometrice62, 1383-1414

Baba Y., D. Hendry & R. Starr (1992) The demand for M1 in the®JA., 1960-1988Review of
Economic StudieS9, 25-61

BanerjeeA., R. Lumsdaine& J. Stock (1992) Recursive and sequential tests of the unit root and trend

https://doi.org/10.1017/50266466698142044 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466698142044

STRUCTURAL CHANGE IN COINTEGRATED SYSTEMS 251

break hypothesis theory and international evidedoerrnal of Business and Economic Statistics
10, 271-287

Billingsley, P. (1968)Convergence of Probability Measurdsew York: Wiley.

Box, G.E.P. & G.C. Tiao (1977) Acanonical analysis of multiple time seri@®metrikab4, 355-365

Davies R.B. (1977) Hypothesis testing when a nuisance parameter is present only under the alter-
native Biometrika64, 247-254

Davies R.B. (1987) Hypothesis testing when a nuisance parameter is present only under the alter-
native Biometrika74, 33—43

Engle R.F. & C.W.J Granger (1987) Cointegration and error correction represeniasimation
and testingEconometriceb5, 251-276

Gregory A.W. & B.E. Hansen (1996) Residual-based tests for cointegration in models with regime
shifts Journal of Econometricg0, 99-126

Hall, P. & C. Heyde (1980Martingale Limit Theory and Its ApplicatioiNew York: Academic Press

HansenB.E. (1992a) Tests for parameter instability in regression with 1(1) procedsesnal of
Business and Economic Statistig 321-335

HansenB.E. (1992b) Convergence to stochastic integrals for dependent heterogeneous processes
Econometric Theorg, 489-500

Hansen B.E. (1992c) Efficient estimation and testing of cointegrating vectors in the presence of
deterministic trendslournal of Econometric§3, 87-121

HansenB.E. (1996) Inference when a nuisance parameter is not identified under the null hypothesis
Econometrice64, 413—-430

HansenH. & S. Johansen (1993) Recursive Estimation in Cointegrated VAR-Motiedtitute of
Mathematical Statistics Working paperUniversity of CopenhagerCopenhagerDenmark

Hoffman D., R. Rasche& M. Tieslau (1995) The stability of long-run money demand in five indus-
trial countries Journal of Monetary Economic5s, 317-339

JohanseysS. (1988) Statistical analysis of cointegrating vectdeurnal of Economic Dynamics and
Control 12, 231-254

JohansenS. (1991) Estimation and hypothesis testing of cointegration vectors in Gaussian vector
autoregressive modelEconometriceb9, 1551-1580

King, M.L. & T. Shively (1993) Locally optimal testing when a nuisance parameter is present only
under the alternativReview of Economics and Statistits 1-7.

Lucas R.E. (1988) Money demand in the United Statagjuantitative reviewCarnegie-Rochester
Conference Series on Public Poli2®, 137-168

Magnus JR. & H. Neudecker (1988Yatrix Differential Calculus with Applications in Statistics and
EconometricsNew York: Wiley.

NabeyaS. & K. Tanaka (1988) Asymptotic theory of a test for the constancy of regression coeffi-
cients against the random walk alternatid@nals of Statisticd6, 218-235

Nyblom, J (1989) Testing for the constancy of parameters over tifnarnal of the American Sta-
tistical Associatior84, 223—-230

Phillips, RC.B. (1991) Optimal inference in cointegrated systétnonometriceb9, 283-306

Phillips, PC.B. & S.N. Durlauf (1986) Multiple time series with integrated variabl&gview of
Economic StudieS§3, 473-495

Phillips, PC.B. & V. Solo (1992) Asymptotics for linear processAanals of StatisticR0, 971-1001

Quintos C.E. (1993) Rank Constancy Tests in Cointegrating Regressidvosking paper Cowles
Foundation for Research in Economi¥ale University

Quintos C.E. (1997) Stability tests in error correction modelsurnal of Econometric82, 289-315

Quintos C.E. & P.C.B. Phillips (1993) Parameter constancy in cointegrating regresstonpirical
Economicsl8, 675-706

Stock J & M. Watson (1988) Testing for common trendsurnal of the American Statistical Asso-
ciation 83, 1097-1107

Stock J & M. Watson (1993) A simple estimator of cointegrating vectors in higher order integrated
systemsEconometricé61, 783—-820

https://doi.org/10.1017/50266466698142044 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466698142044

252 BYEONGSEON SEO

APPENDIX A: MATHEMATICAL PROOFS

Inthe Appendixwe denotd A = (E|A?)) ¥4, |A] = (tr AA)Y2 sup.e,+0p, (1) = 0p(1), and
sup.e,+Op, (1) = Op(1). We also denoté = (W, z{)’, wherez, = (AX{,...,AX{_j+2)". We
use the following lemmagFor the proof of Lemma,&ee Hall and Heyd&98Q p. 143 for
the proof of Lemma 9see Andrewsl988 p. 460 and Andrews1993 pp. 846-847)

LEMMA 8. (Hall and Heyde 1980. If {z} is uniformly square integrableéhen
supn~Y2|z| —»Po0.
t=n

LEMMAO9. (Andrews1988 1993. If {v:} is a uniformly integrable E-mixingale then
S

> vt

—0, and supn~?! —PO0.

s=n

n lth

t=1

E sup

s=n

Proof of Lemma 1. By the invariance principle of Phillips and Durlauf (1986)

[ns]
n~Y2> u, = W(s) = BM(3).
t=1

N~Y2X10g = C(LHW(s). (A1)

We need to show

[ns]
P( sup n"Y2|xpg — C(1) X U
t=1

s€[0,1]

> e> = P( sup n~Y2[@(L)upng| > e> — 0.
s€[0,1]
If {®(L)u,} is uniformly square integrableve can apply Lemma.8
P (L)l = E | [[lull2 = E kZ |Cillluell2 = Z K| Cil(E|up|*)? < co.
=0k=j+1

In the same waywe can show|Ax |, < co and [wy], < oo if Jy=1k|Cy| < oo,
SUReo|0| < oo, andE|Ug|? < co. Thus sup=pn~Y?|%| —P 0.

[ns]
nY2> w =y & (L)W(s). (A.2)

)

= P( sup n~Y2]y'd; (L) upng| > e> -0,
se[0,1]

We need to show

[ns] [ns]

Ew—vwnim

t= t=1

( sup n~Y¥?

s€[0,1]

where®,(L) = (&(L) — ®(1))/(1 — L). HereZ;Z1 k?|Cy| < o0, supeo|f| < oo, and
E|ug|? < oo imply
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2]

g E (k=] = DCuy

k=j+

ly'®1(L)wefl. = supyl = suply| > k?|Cylluolz < co.
Y 2 Y k=1

N~Y2Ry5 (1) = Co(D)W(s) = Wa(s). (A.3)

vz Z[nl Xt Zt(EtnTl] zz1)” 1Z[ns]| —P0.

If we can show that, = {z,z{ — E(zozo)} is a uniformly integrablé.1-mixingale we
can apply Lemma 9 to show sup-n “13ivly | —P 0. We denotevy, = {AXAX] —
E(AXoAX0)}, var = {wewy — E(WoWp)}, andvae = {Axwi — E(AXowWp)}.

|[E@u|Fmls= || 2 Cujuij —2)C + 3 2 Cjue—j U ka
j=m

k#j j,k=m

= > [GP(luol3 + 2 + 2 E IGilICxlluoli3
e

#j J,k=m

<)

2
S2”%”%(2 \Ck\> -0 asm—
k=m

becaus€&,|Cy| < co. Thus vy is anL*-mixingale

We can also show thatE(vs|Fi-m)|1 — 0 and ||E(va|Fi-m)ls = 0 asm — oo if
1 k|Cy| < oo and supee|6| < co. Becausd Z [, < oo, (v},v5:,v4)" is uniformly inte-
grable From Lemma 9we have sup-,- nfﬂEEZ’f(Zt 2 — E(292p))| =P 0.

[n7]
supn~* Etht Op(2). (A.4)
TET"

[n7] [n7]

NI xw = n 1Y (X1 + Ax)w = J C(HWAW'D(1)'y + TA4,
t=1 t=1 0

whereA; = E(AXqWp) + E(nowi), andn, = ® (L) .
[n7] [n7]
NI X AX =N D (X1 + AXej + -0+ AX)AX{

t=1 t=1
:J CWAWC(L)' + A,
0

whereAy = E(AXgAX§ + «++ + AxAX4) + E(noAxy) fori =0,1,...,1 — 2.
Because sugo.11n " "?|zng| —P O, we have

sup —PO. |

ST

[n7] [n7] -1
NIy xz(n Y zz)] nYz4
t=1 t=1

Proof of Lemma 2. Because we have ¥?R;ns)(7) = Wa(s), and{u} is a martingale
difference sequencwe can apply the weak convergence theorem by Hansen (1992b) for
the proof of (21) (22) holds by the continuous mapping theorem (CMT)
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By Lemma 9

[n7] [n7] [n7]

N Ry (MR(T) =N~ > W gWig — n71 D> WeqZi 4
t=1 t=1 t=1
[n7] -1 [n7]

NtY ze gz Nt zeaw g
t=1 t=1

—P TE(Wowp) — TE(Woz0) E(2020) *E(ZoWp) = 7Q
uniformly inr € 7. u

LEMMA 10. (Johansen1988.
5 1 -1 1
n(g—pB) = <f WzWé> f Wo dW ('S 1)
0 0

vaved@ — a) = Y2 ® Q HK(1),
where

[ns]
nY24'371 Yy
t=1

ns] Wi (s)
n"2C,(1) > u, = [ Wi(s)

t=1
n] K(s)

N2 (372 u ® Ry(D)
t=1
a'S la 0 0
= BM 0 Cy(1)2Cs(2) 0 s
0 0 I®Q

where Ry(1) = w1 — SiWe121(St12-12-1) 121

Proof of Lemma 10. The distribution theory of has been found by Johansen (1988)
in the ECM with a general normalization conditidfence Lemma 10 is a special case of
Johansen (1988)

Because the restricted MLE satisfies equations (7)—(9)

(&’i*l ®n?t é Rth(l)[]{> ved(l) =0,
and
<i*l ® n*l/zté F?Zt(l)u(> ved(l) = 0.
From the Taylor series expansion

(a’E’l ®n?t i Rth(l)u{> vec(l)
t=1

)

( nvec( — B)

VRveda — a)’) = (FHa )

(2‘1 ®n~1? En: th(l)u{> ved(l)
t=1
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whered* € [6,6],
'3 e ®nT1S50(1) —Hy2,(0)
_Hn(e) = , 1 ’
7H12n(0) E ® SZZn(l)

and—Hiz(0) =n "2(a’'S ' ® Siz0(1) — n (I @ N Y231 Ry (DS ™) A whereA
is a rotation of the identity matrix satisfyiny = d vec(a)/d vec(a’).
We will showS,5,(1) = Op(1) in (A.5). Becaus&™ —P 6 andH1n(0) —P O,

( nveo B — B) )
ynveda — a)’

(@3 ta @n7iS,(1) 7t <a'2*l ®n7t i Rlzt(l)ut’) ved(l) + 05(1)
t=1

C® St (Yl ®n-? i th(l)ut’> vec(l) + 0,(1)
=1

1 -1 1
<(a'271a)71a'271®<f0W2W2/> fowzdw'>veo(|) |
E"2@QHK(®)

We will shown™Y2 3I"(3 22"y, ® Ry (1)) = K(s) for the general case in (&).
Next, we show thaE(W;(s)K(s)') = 0.

=

n n
lim E(n’la’E’l Su > (W 2@ R'Zt(l))>
t=1 t=1

n—oco

— iim E(n-la'z-l S EWUA)E V2 @ Rétﬂ)))
t=1

n—co

=a'S7H Y2 ® E(Ry(1)) =0,

whereE(Rx(1)) = E(Wp) — E(Woz0)E(2020) 'E(20).
In the same waywe can shovE(Wx(s)K(s)’) = 0.

Proof of Theorem 2. If we denoteRy(7) = Ax, — S Ax Z (St 2 17/ 4) 2
z;_1, then the model can be written

Rot (1) = ay'Ry(7) + u(7),

whereu (r) = U — St wzi (S 21 Z1) 7.

[n7] T T 1 -1 r1
n71 2 Rth(T)ﬁ{ = f Wz dB:/l_ - f WzWé(f W2W2,> f W2 dBi (A5)
t=1 0 0 0 0
The estimated residual satisfies

_ [n7] [n7] -1
0 =t — (@ — @)¥Ry(r) — a(f — B)Rix(1) — > UtZt'—1< > Zt—ﬂt'—l) Zi 3.
=1 =1
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Because

[n7] [n7] [n7] -1
Sizn(7) = N7 D XpgWeeg — N X2t—lzt,—1<n71 > Zt—lz{—1>
=1 t=1 t=1

[n7]
N>z W1 + n 1S (m)n(B — B),
t=1
we can shows; o, (1) = O, (1) by using (A6) and Lemma 9
[n7] [n7] -
N1 Rin(M0 =N > Rin(r)U — n1S,(1)n(B — Ba’
t=1

t=1
N V28(7)VN(@ ~ @)

[n7]
=171 3 Rtk = n72Sn(mN(B ~ Blar + 05, (1

T T 1 -1
0 0 0

1
f Wo dW'S e (a’'S ta) ta,
0

[n7] [n7]
N~ Rin(nd =n"1 > Rix(r) G S @' (@' S ta) 2
t=1

=1
T T 1 -1 1
0 0 0 0

because@ — a = 0,(1) andS — = = op(1).
Becausen 1S;1,(7) = [ WoW5 by Lemma 2

T T 1 -1 T
Vin(r) = f WoW, — J W2W2’<f W2W2’> f WoWG. (A.6)
0 0 0 0

Because C,(1)3C4(1))¥2 is nonsingularLM 2(7) = LM% (7) by the CMT u
Proof of Theorem 3. Lete(r) = 3 Y2ty ® Ry (7).
[n7]
n~Y2% g(r) = K(r) = BM(I ® 7Q). (A.7)
t=1
Let ey = Eil/zrul ® Wi—1 andeZ = Eil/z,ut ® Zi 1.
Becausde, |/} and{e,|F} are martingale difference sequencasdE|Zy|? < oo,

[n7]
n-v2 E ey
t=1

[n7]

n71/2 E e

t=1

(Kl(T)> = BM(I E(ZyZ;
= K, (7) = (I ® TE(Z92p)).
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Because(r) = ey — [| ® S{"I W1z 1 (377 z12-1) e,
[n7]
n~Y23 e(r) = Ki(r) — [1 ® E(Woz)E(20z5) *1Ka(7) = K(7)
t=1
= BM(I ® 7Q).
[n7] _ [n7]
n~Y2 > Ry(m)uf = n"Y2 Y Ry (1)u{ + 0, (D). (A.8)
t=1 t=1
BecausaW; = W; + (3 — B)'Xot,
[n7] [n7] B [nr]
NY2Y Weou=n"Y2 Y W +n V2B = BNt Y Xl
t=1 t=1 t=1
[n7]
= n71/2 E Wt*lut’ + Op‘r(l)5
t=1
[n7] [n7] B [n7]
NI W1z =nt>X Wz 1 —nnB BN Y X171
=1 t=1 t=1
[n7]
=n"t > w1z + 0, (D).
t=1
[n7]
Soon(7) = N1 D) Roy(1)Roy(7) + 0, (D). (A.9)
t=1

Rot(7) = Roe(7) + n(B — B)'N X1 — (B — B)'n~t
[n7] [n7] -1
> X aZi(nTt Yz a7y nTlzog
t=1 t=1

[n7]
N2 3 (57470 @ Ra(r) = Kir) = 7K. (A10)

[n7] [n7]
N~Y2 3 Ru(n) i = n"Y2 > Ry(1)Uf — Spon(r)vR(@ — @)’
t=1 t=1

- NS (mn(B — B)a’
[n]
=n"Y2 3 Ry (1)U — Spon(r)VA(@ — @)’ + 0,,(D),
=1

SO

[n7] [n7]
nTY2Y ETVP0 @ Rau(r) =n 2 Y (7Y u @ Ryy(7))
t=1 t=1

[n7]
- (2_1/2, ®nt tZl Roi(7) R’21(7)>\/ﬁvec(& —a)

+ 0p, (1)
=K(r) - E Y7 ®rQEY2®Q HK(1)
= K(7) — 7K(2).
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Becausd/oon(t) = Spon(T) — Soan(7) Soon(1) " 'Seon(7) =P 7(1 — 7)Quniformly inT €
T

]
(I ® Vaan (7)) 20~ V2 El E?0 ® Ror-a(n) = (r(1 = 1) V2[I(r) = 7I(D)].

Thus LM2(1) = 1/7(1 — 7) (J(7) — 7I(1))’'(I(7) — 7I(1)). n
Proof of Lemma 3. The representation theorem in the model with deterministic
trends is

A = C(L)(u + W),
t
X =pmo+ CL D u+dL)u ifalu=0,
i=1
and

t
X =mo+ C(Dut+ C(D) D u + d(L)u, if afu#0.

i=1

Using Lemmas 8 and,9

[n7] [n7] -1
~1/2p _ 172 —-1/2 "
N~ Y2Ry(r) =n Y2, —n"Y E X121 Z Z |

=1 =1

[n7] [n7]

-1
=n Y%, -nY2Y Xt—lzt*—’lan< > 5nzf<—1zf<—’15n> onzi
t=1 t=1

-1/2 -1/2 _— 1"
n Xi—1 — N [n ] 2 Xi—1 + op'r(l)

1 [n7]
=nYxe, - n V2 — [nr] 2 2 X1 + 0p (1),

wheres,; ! = diag(1,yA,yA,...), andx? = C(1)S{_; u;.
Thus N~ Y2R} g (1) = Co(HW — 1/7C5(1) fg W. [

Proof of Lemma 6. Since demeaning cannot remove a linear trend in the,DiGP
projected series contains the linear trelidve use Lemmas 8 and ¢hen

1 [n7]
N“VERG(r) = VAR — VR B X+ N = 7/2) + 0 (D).

Thus
N~Y20) Rigng (1) = v Co(DW*(s,7), and n~w'Rigng (1) = v'v(s — 7/2). |

Proof of Theorem 4. If we denoteRy:(7) = Ax; — Z[”T]Axtz 1(2t 1zt 1z )7t
z{ 1, then the model can be written

Rou(m) = ay'Ri(r) + u(r),
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whereu (1) = u — S uz 1 (S"V 2t 1277 1)1z ;. The estimated residual satisfies

O = U — (@ — o)¥'Rii(r) — a(ﬁ — B)'Rix(7)
[n7] [n7] -1
- 2 Utzt*—'1<2 Z?—ﬂ?—'l) 7.
t=1 t=1
[n] LA .
Nt Y Rix(m)0 =n"1 Y Rig(n)u — n~SRp(nn(B — B’
t=1 t=1
— n Y2800(1)VR(@ — @)’
L 5
=n"Y2 Y Rix(n)u — n~I1S(1)n(B — B)a’ + 0p.(1)
t=1
becaus&ss,(1) = Op, (1), andyn(d — a)’ = Oy(1).
[n7] [n7] B
N~ > Rin(n)d{ =n1 Y Rin(r)v{ — n1Si(r)n(B — B) ('S ra)Y2 + 0,,(1)
t=1 t=1

[n7] n

nt Zl Riz(m)vo{ = N7 1Si4,(7) (N 1Sf1(1) 't Zl Riz(Dvf

+ 0p, (D).
We defineA = (v,,n %Y%) and D = diag((v} C,(1)3C4(1)v,)¥%v'v). By using
Lemma 6 we have the following results
[n7] T
AN S Ria(i = D [ Bals ) dBi()
t=1 0
and
[n7] T _
N S, Rin(Ria(A= D’ [ BalsmBiis ) dsD
t=1 0

Because is nonsingularLM?*(7) = LM5(7) by the CMT [
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