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PROBLEMS AND SOLUTIONS

PROBLEMS

014.1. An Alternative GLS-like Transformation in Regression Models with
AR(1) Errors proposed by Oliver Linton and.IXristensenA common way of
teaching GLS estimation is by making a transformation of the regression model
to one that obeys the classical assumptionsiaf. ierror terms so that the OLS
estimator in this transformed regression is known to be efficienpractice
one has to use an estimated transformatéond the argument is that the result-
ing estimator is the same to the required order as the infeasible estimator and is
thus efficient The following example shows that not all transformations have
this property This transformation is itself of interest in nonparametric estima-
tion, where it turns out to have advantageous propefses Linton Mammen
Lin, and Carrol] 2000.

Suppose that

Yi = BX; + Uy, (1)
where
U = pUq + & 2

for |p| < 1. Heree = (&), is a sequence ofiid. errors with mean zero and
varianceo 2, whereasxX = (X,); is assumed to be a mean zero covariance sta-
tionary mixing sequence of random variables with variangeand one-step
correlationpy = E(X, X,_1)/0Z with | px| < 1. We furthermore assume that

Uy _
EKUH) xt} = 0. )

Consider the following estimator
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and wherel, = Y, — X, is the residual
Derive the asymptotic properties Bfand show that it can improve on OLS
but is not as good as GLS

REFERENCE

Linton, O., E. Mammen X. Lin, & R. Carroll (2000 Accounting for Correlation in Marginal Lon-
gitudinal Nonparametric Regressiokvailable at http//econlseacuk/staff/olinton/.

01.4.2. Nonorthogonal Hilbert Projections in Trend Regressiproposed by
P.C.B. Phillips and Y Sun An observed continuous time procesé) is gen-
erated by the linear system

X(t) = B'Z(t) + W(t), t €[0,1], (1)

whereW(t) is an unobservable standard Brownian matidft) = (t,...,tP)’
is a time polynomial vectgandg is a parameter vector to be estimated
The following two estimators o are proposed

1 -1 1
B= <fo Z(t)Z(t)’dt) <f0 Z(t)X(t)dt>

and

whereZ® is the vector of the first derivatives &.

Part A

1. Show that both3’Z(t) and 8'Z(t) are Hilbert projections ir_,[0,1]. How do
these projections differ?

2. Find the distributions of andg and compare them in the case whpre 1. What
do you conclude?

Part B
Suppose the system generatiX() is
X(t)=p'Z(t) + (), tel01], (2)

whereJ.(t) = fé et=scdw(s) for some known constamt< 0 is a linear diffu-
sion or Orstein—Uhlenbeck process

1. Are B’Z(t) andB’Z(t) still Hilbert projections?

2. Calculate the distributions ¢ and 3 and compare them in the case where 1.
What do you conclude?

3. Takingc to be known can you suggest an unbiased linear estimatgs tifat has
smaller variance thaf and3? Does it correspond to another Hilbert projection?
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014.3. The Limit Distribution of Cointegration Rank Tests of “Wald” Type
proposed by FParuolo Consider am-dimensional VARK) processX; in error-
correction form

Zoy = aB'Zy + YZy + € t=1,...,T, (1)

whereZy := AX;, Z1; := X1, Zog := (AX{_1: ... : AX{_11), & are ii.d. with
mean 0 and covariance matix Here X;, e, aren X 1 vectors andj;, ) are
n X n matrices « andg are full rankn X r matricesr < n. Assume that the
system in(1) is 1(1), i.e, that it satisfies the assumptions of Theorer
Johanseri1996.

Dhrymes(1998 Ch. 6.2.2) has proposed the following “Wald” test statistics
for cointegration rankD4(j) := TE{LJHﬁi or Dy(j) = Tpj+1 Wherep; >
--- > p, are the solutions of

|PS:)0.1 - S)lsfllMllsfllS_LO‘ =0 2

and whereM;; := T 13,2 Z, S = Mij2 = My — MiuMa2 My, Spp =
S — Sk Sghlsm; this notation parallels the one in Johan$&896.

(a) For the special cade= 1, show thatp = A/(1 — A), whereA solves the canonical

correlation problemASyy — S S Siol = 0.
(b) For the casé = 1 the testd,(r) andD,(r) have the same limit distribution of

the LR trace and lambda max tests described in Joha1988.
(c) For the casé > 1, show that the results in patb) continue to hold

Observe that these distributions are different from the ones stated in Dhrymes
(1998 Proposition 5Ch. 6).

REFERENCES

Dhrymes P. (1998 Time Series, Unit Roots, and Cointegratik:tondon Academic Press

JohansenS. (1988 Statistical analysis of cointegration vectod®urnal of Economics Dynamics
and Control12, 231-254

JohansenS. (1996 Likelihood-Based Inference in Cointegrated Vector Auto-Regressive Models.
Oxford: Oxford University Press

SOLUTIONS

00.4.1 Simple Applications of the Cox—Tsiatis Result on Unidentifiability of
Dependent Competing Risks Models with Regressors—Saqlptioposed by

K. Sapra
(i) For T = min(Ty,T,), the overall survivor function for the dependent risks model
1) is
Sr(t) =P(Ty >, T, >t) = S(t, 1) = exp(—(Ay + A5)“te). (3)
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The crude hazard rat@n the presence of both risksorresponding to the joint
survivor function in eq(2) is

hi(t) = —aIn S(ty, t,)/0t |;,—,—t = Aja(Ay + Ag) e i=12 (4)

The corresponding survival functions are

S@) = exp(— fot h; (u) du) =exp(—A; (AL + Ap)e 1), i=12. (5)

If T, andT, are independent random variables with survivor functions
S'(t) = exp(—A; (A + 2)* ), =12, (6)
then the overall survivor function for the independent risks model is
Si+(t) = P(TF >, T, > 1)

=P(Ty > t)P(T,) > 1)
= SIS (1) = exp(— (A + A5)*t*) = Sp(t), ()

the overall survivor function for the dependent risks model in(8qg Furthermore

Qi(t) = P(T>tﬁ5=i)=jwhi(u)3r(u)du=Q?‘(t)

t

- [wwsewan =12

t
becauses;(u) = S;«(u) from eq (7) andh;(u) = h{*(u), where from eq(6),
h*(u) = —dIn S (u)/du= A;a (A, + A,) tue, i=12 (8)
Hence the two models are equivalent
(i) ForT = min(Ty,T,), the overall survivor function for the dependent risks model
(2)is
Sr(t) = P(T1>t7T2>t) :[B/(()\1+)‘2)t+3)]a+1- 9)

Following the steps in parti), an equivalent independent competing risks
model is constructed using crude hazard rdteshe presence of both risks

hi(t) = (a+ DA /(AL + 1)t +B), 1=12, (10)
which leads to the survival functions
S () = [B/(Ay+ Aty + B)] (@t DM/ akda) =12 (11)

for T andT;'".
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00.4.2. A Necessary and Sufficient Condition for the Convergence of a Sum
of Weighting Random Variables to a Normal DistributieSolution® proposed
by Norbert Christopeit and Hans Joachim Werner

Proof of sufficiency. Without loss of generalityassumer? = 1. Introduce
Eni = ani Xi, an i= MaX—i=n |an|. Then for eache > 0,

n

-_21 El€i szl = 2 @ZE[XPLx|=c/an)]

i=1;a,#0
= E[XPL{x|=c/an]
-0

if a, — 0. Hence the Lindeberg condition is satisfied &d= S, a,,; Xi —>
N(0,1) by the classic central limit theorefCLT) for triangular arrays

Proof of necessity. If the conditiona, — 0 is violated so is the classic con-
dition of negligibility in the limit Hence for the necessary pamve must resort
to nonclassic CLTsTheorem 1 is from Rotaf1975.

THEOREM 1 For each n= 1, let &y,...,&, be nondegenerate inde-
pendent zero mean random variables with varianegs > 0 satisfying

ik;l(r,ﬁ =1l Let§:=¢&n+ - + &, Fni be the distribution function of
and®,;(x) = ®(x/o,i), whered(.) indicates the distribution function of a stan-
dardized normal random variable. Then a necessary and sufficient condition
for S, 2> N(0,1) to hold is that

kh
2 ‘X||Fni(x)_q)ni(x)|dxn_>—oo>o (l)
i=1 Y |x[>e

is satisfied for every > 0.

Back to our situationnote first that by renumeration we can assume that
a, #0fori =1,... k, wherek, = nis the number of all nonzero coefficients
ani. ThenF,(x) = F(x/|an|), whereF is the common distribution function of
X;. Therefore (1) becomes

kn
Re=Sat [ lIF@- @l 50 @
i=1 |z|>€/|ay;]

Supposed now that, — 0 does not holdThen there is & > 0 and a sub-
sequenceén’) together with numbers % i, = k, such that

O = |an’inr‘ =6>0
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for all n’. But then

Ry=02 | IzlIF@ - 0oz ®
|z|>€/8
UnlessF = @, the right-hand side of3) is > 0 for e small enoughso that(2)
cannot hold This completes the proof

Remarks. If S, = N(0,1) does not holdthen it must be true that
k,—> o0, as n— oo. (4)

Otherwise there would be a subsequen@®) C (n) and a natural numbex
such thatk, = N < oo for all n’. ThenS, =5 N(0,1) would imply that the
finite SUMSS, = @y Xy + -+ + &y, Xi, —> N(0,1). Write

Sy =Cyi Xy + -+ Cyn Xy

with ¢,; = a,; for 1 =i =k, andc,; = 0 fork, + 1 =i = N. Because the
vectorsc, = (Cyq --- Cyn) take values in théN-dimensional unit cubhewe
may extract a further subsequen@®’) C (n’) such thatc,» — ¢ := (¢; ---
cy); hence becauses,, 2> N(0,1),

S:= Clxl + .o+ Cn XN = !!m Sﬂ” -~ N(O,l)
n"—oo

By the well-known characterization of the normal distribution by Lévy and
Cramér this would imply that theX;, 1 =i = N, for which ¢; does not vanish
are themselves normally distributeshich was excluded by assumptidrhere-
fore, (4) must be true

NOTE

1. Alternative solutions have been proposed independently.RyHRansen C. Kleiber, J Hill,
X. Ming, and H Liang, the poser of the problem
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