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Abstract. We show that for a locally free C°°-action of a connected and simply connected
nilpotent Lie group on a compact manifold, if every real-valued cocycle is cohomologous
to a constant cocycle, then the action is parameter rigid. The converse is true if the action
has a dense orbit. Using this, we construct parameter rigid actions of simply connected
nilpotent Lie groups whose Lie algebras admit rational structures with graduations. This
generalizes the results of dos Santos [Parameter rigid actions of the Heisenberg groups.
Ergod. Th. & Dynam. Sys. 27 (2007), 1719-1735] concerning the Heisenberg groups.

1. Introduction
Let G be a connected Lie group with Lie algebra g and M a C°-manifold without
boundary. Let p: M x G — M be a C* right action. We call p locally free if every
isotropy subgroup of p is discrete in G. Assume that p is locally free. Then we have the
orbit foliation F of p whose tangent bundle 7 F is naturally isomorphic to a trivial bundle
M x g.

The action p is parameter rigid if any action p’ of G on M with the same orbit foliation
F is C*°-conjugate to p; more precisely, there exist an automorphism & of G and a C*°-
diffeomorphism F of M which preserves each leaf of F and is homotopic to the identity
through C*°-maps preserving each leaf of F such that

F(p(x, 8) = p'(F(x), ®(g))

forallx e M and g € G.

Parameter rigidity of actions has been studied by several authors, for instance, Katok
and Spatzier [3], Matsumoto and Mitsumatsu [4], Mieczkowski [5], Ramirez [7] and dos
Santos [8]. Most of the known examples of parameter rigid actions are those of abelian
groups, and non-abelian actions have not been considered so much.

+ Research Fellow of the Japan Society for the Promotion of Science.

https://doi.org/10.1017/etds.2012.112 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2012.112

Parameter rigid actions of simply connected nilpotent Lie groups 1865

Parameter rigidity is closely related to cocycles over actions. Now suppose G is
contractible and M is compact. Let H be a Lie group. A C*®-map ¢: M x G — H is
called a H-valued cocycle over p if ¢ satisfies

c(x, gg) =c(x, g)clp(x, g). &)

forallx e M and g, g’ € G.

A cocycle c is constant if c(x, g) is independent of x. A constant cocycle is just a
homomorphism G — H.

H-valued cocycles c, ¢’ are cohomologous if there exists a C*°-map P : M — H such
that

c(x, §) = P(x)"'(x, ) P(p(x, g))

forallx e M and g € G.
The action p is H-valued cocycle rigid if every H-valued cocycle over p is
cohomologous to a constant cocycle.

PROPOSITION 1. [4] If p is G-valued cocycle rigid, then it is parameter rigid.

Remark. In [4] Matsumoto and Mitsumatsu assume that p has at least one trivial isotropy
subgroup, but this assumption is not necessary.

PROPOSITION 2. [4] When G = R", the following are equivalent:
(1)  pis R-valued cocycle rigid;

(2) pis R"-valued cocycle rigid;

(3)  p is parameter rigid.

Remark. The equivalence of the first two conditions is obvious.

In this paper we consider actions of simply connected nilpotent Lie groups. In [8],
dos Santos proved that, for actions of a Heisenberg group H,, R-valued cocycle rigidity
implies H,-valued cocycle rigidity, and, using this, he constructed parameter rigid actions
of Heisenberg groups. To the best of my knowledge these are the only known non-trivial
parameter rigid actions of non-abelian nilpotent Lie groups. We prove the following.

THEOREM 1. Let N be a connected and simply connected nilpotent Lie group, M a

compact manifold and p a locally free C*°-action of N on M. Then, the following are

equivalent:

(1)  pis R-valued cocycle rigid;

(2)  pis N-valued cocycle rigid;

(3)  p is parameter rigid and every orbitwise constant real-valued C*-function of p on
M is constant on M.

This theorem enables us to construct parameter rigid actions of nilpotent Lie groups.
The most interesting one is the following.

THEOREM 2. [7] Let N denote the group of all upper triangular real matrices with 1 on
the diagonal, T" a cocompact lattice of SL(n, R) and p the action of N on T'\SL(n, R) by
right multiplication. If n > 4, p is R-valued cocycle rigid.
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Remark. In [7], Ramirez proved more general theorems.
COROLLARY. The above action p is parameter rigid.

In §4 we construct parameter rigid actions of nilpotent groups using Theorem 1. It
is a generalization of dos Santos’ example. Let N be a connected and simply connected
nilpotent Lie group and I", A be lattices in N. Consider the action of A on I'\ N by right
multiplication and let p be its suspended action of N.

THEOREM 3. If A is Diophantine with respect to T, then the action p of N is parameter
rigid.

For the definition of Diophantine lattices, see §4.

2. Preliminaries
Let G be a contractible Lie group with Lie algebra g, M a compact manifold and p a
locally free action of G on M with orbit foliation 7. Let H be a Lie group with Lie
algebra . We denote by QP (F, h) the set of all C*°-sections of Hom(/A” TF, b). The
exterior derivative

dF : Q"(F, h) — Q"TH(F, h)

is defined since T F is integrable.
By differentiating, H-valued cocycles over p are in one-to-one correspondence with
h-valued leafwise one-forms w € Q' (F, h) such that

dro+ [w, ] =0.

PROPOSITION 3. Let c1, c2 be H-valued cocycles over p and let w1, wy be corresponding
differential forms. For a C*°-map P : M — H, the following are equivalent:

1 clx, 9= P(x) ea(x, 9 P(p(x, g) forallx e M and g € G;

(2) w; =Ad(P Yws + P*0 where § € Q' (H, h) is the left Maurer—Cartan form on H.

COROLLARY. [4] The following are equivalent:

(1)  pis G-valued cocycle rigid;

(2)  for each w € Q' (F, g) such that drw + [w, w] =0, there exist an endomorphism
® : g — g of the Lie algebra and a C*®°-map P : M — G such that

w=AdP~Ho + P*6.

Proposition 3 is obtained by examining the proof of [4, Corollary 2]. In this paper, we
will identify a cocycle with its corresponding differential form.

Let us consider real-valued cocycles. A real-valued cocycle over p is given by
w € QUF, R) satisfying drw = 0. Two real-valued cocycles w;, wy are cohomologous
if and only if w| = wy + dx P for some C*-function P : M — R. Leafwise cohomology
H*(F) of F is the cohomology of the cochain complex (*(F, R), dr). Thus H LW(F) is
the set of all equivalence classes of real-valued cocycles.

The identification TF >~ M x g induces a map H*(g) — H*(F) where H*(g) is the
cohomology of the Lie algebra g. By the compactness of M, this map is injective on H ' (g).
Hence we identify H'!(g) with its image. Note that H'!(g) is the set of all equivalence
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classes of constant real-valued cocycles. Thus real-valued cocycle rigidity is equivalent to
HY(F)=H'(g).

Notice that H O(f ) is the set of leafwise constant real-valued C°°-functions of 7 on M
and H 0(g) consists of constant functions on M. Therefore the equivalence of (1) and (3)
in Theorem 1 can be stated as follows: H'(F) = H'!(n) if and only if p is parameter rigid
and H(F) = H(n).

3.  Proof of Theorem 1
Let N be a simply connected nilpotent Lie group with Lie algebra n, M a compact manifold
and p a locally free action of N on M with orbit foliation F.

We first prove that N-valued cocycle rigidity implies real-valued cocycle rigidity. There
exist closed subgroups N’ and A of N such that N' <N, N=N’x A and A ~R. Let
¢ be any real-valued cocycle over p. We regard ¢ as an N-valued cocycle over p via
the inclusion R >~ A < N. By N-valued cocycle rigidity, there exist an endomorphism
® of N and a C®-map P : M — N such that ¢(x, g) = P(x) "' ®(g)P(p(x, g)) for all
x € M and g € N. Applying the natural projection 7 : N — A ~ R, we obtain c(x, g) =
(o P)(x) " 1(m o ®)(g)(m o P)(p(x, g)). Thus c is cohomologous to a constant cocycle
wod.

Next we assume H'(F) = H'(n) and prove N-valued cocycle rigidity. We need the
following two lemmata.

LEMMA 1. Let V be a finite dimensional real vector space. Assume that w € Q' (F, V)
satisfies the equation drw = ¢, where ¢ € Hom( /\2 n, V) is a constant leafwise two-form.
Then there exists a constant leafwise one-form v € Hom(n, V) with ¢ =dr.

Proof. Since N is amenable, there exists an N-invariant Borel probability measure @ on
M. Define v € Hom(n, V) by

v (X) =/ 0 (X) dy.,
M

where X € n. Since (X, Y) = Xw(Y) — Yw(X) — o([X, Y]) forall X, Y € n, we obtain

p(X.¥) = — /M o((X. Y1) dp.
Thus
dry (X, Y)=—-¢ (X, YD) = — /M o(X,YDdp=9(X,Y),
and hence dryy = ¢. O

Set n' =n, n’ =[n, n'~']. Then n* #0, n*+! =0 for some s. For each 1 <i <s,
choose a subspace V; with n =V; @nitl sothatn= @le Vi.

LEMMA 2. Let w € QY (F, n) be such that drw + [w, ] = 0. Decompose w as
=&+ wp + w41,

where £ € Q(F, @f:ll Vi), wi € QUF, Vi) and wiyq € QU(F, k1Y If € is constant,
then there exists ' € QY (F, n) with drw' + [0, '] = 0 which iscohomologous to  and
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such that
W =€ + 0.
where &' € Q(F, @le Vi) is constant and wy_ | € Q(F, nkthy,
Proof. By the cocycle equation,
0=dr& +drwy + drwr+1 + [§, £] + an element of QX (F. nk+l).

Comparing this with the V; component, we see that d rwy is constant. Hence, by Lemma 1,
drwy = dry for some ¥ € Hom(n, V;). Since we are assuming that H!(F) = H!(n),
there exists ¥ € Hom(n, Vi) and a C*®°-map h : M — Vj such that

wr =Y +1///+d_7:h.

Put P=¢":M —- N. Let xe M and X € T,F. Choose a path x(r) such that X =
(d/dt)x(t)|;=0. Let 6 € Q! (N, n) be the left Maurer—Cartan form on N. Then

d d
PHO(X) = —P(x)" ' P(x(t _ 4 ) hx()
(X) R ()" P(x(@) Y 7 e

t=0

d k+1
= exp(—h(x) + h(x(t)) + an element of n* ™)

= drh(X) + an element of n
Thus P*0 = drh + an element of Q! (F, n**1). Note that Ad(P~!) = exp ad(—h) is the

identity on @le V; and preserves n**!. Hence
w— P*0 =& + ¢ + ¢’ + an element of Q' (F, n* 1)
= Ad(P™Y) (€ + ¢ + ¥ + an element of Q' (F, n**1)). ]

t=0
k+1

Let @ be any N-valued cocycle. Using Lemma 2, we can exchange w for a
cohomologous cocycle whose Vi-component is constant. Applying Lemma 2 repeatedly,
we eventually get a constant cocycle cohomologous to w. This proves N-valued cocycle
rigidity.

Next we assume that p is parameter rigid and H 0(F)= H°n). Let n' and V; be as
above. Note that n* is central in n. Fix a non-zero Z € n®.

Let [w] € HL(F). Let wg be the N-valued cocycle over p corresponding to the constant
cocycle id: N — N. We call wg the canonical one-form of p. Fix an € > 0 and put
n:=wo+ ewZ. Then n is an N-valued cocycle over p, since

drn +[n, nl =drwy + e(dFw)Z + [wp, wp] = 0.

Since M is compact, we can assume 7, : T, F — n is bijective for all x € M by choosing
€ > 0 small. There exists a unique action p’ of N on M whose orbit foliation is F and
canonical one-form is 1. See [1]. By parameter rigidity, p’ is conjugate to p. Thus there
exista C*°-map P : M — N and an automorphism & of N satisfying

wo + €wZ = Ad(P~H®,w9 + P*6. 1)

Note that log: N — n is defined since N is simply connected and nilpotent. Let us
decompose wp = ;_; woi, Pwwo =) ;_; w); and log P =3 ;_; P; according to the
decomposition n = ;_, V;.
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LEMMA 3. Assume that P =---= Px_1 =0; that is, log P € nk,
(1) Ifk < s, then there exist a C*®°-map Q : M — N and an automorphism ¥V of N such
that

wo + €wZ = Ad(Q HW,wp + 0*0

and Q1 =---= Qx =0, wherelog Q =>"7_, O;.
(2) Ifk =s, then w is cohomologous to a constant cocycle.

Proof. Forall X = (d/d1)x(1)|,_, € T, F.
d N N
= exp(— ; P, (x)) exp@; P; (x(t)))

= % exp{g(ﬂ' (x(1)) — P;(x)) + an element of nk+1}

d
P*O(X) = EP(x)—lP(x(r))

=0 =0

=0

_ 4 _ et
= — exp(Pr(x(t)) — Pr(x) + an element of n“*")

dt
= dr Pr(X) + an element of nkt1

t=0

We have

N

Ad(P™ D = exp(ad(— > P,->> Z w);
k i=1

i=

w(; + an element of nktl,

s
i=1
Comparing this with the V;-component of (1) we get
wok + Srs€EwZ = a)(/)k + drPy.
When k = s, the equation
wZ =€ (wh, — wos) +dr(e Py)

shows that w is cohomologous to a constant cocycle.

If k <s, then dr Py = ¢ o wy for some linear map ¢ :n — V. For any X en, let
X denote the vector field on M determined by X via p. We have XP = ¢(X), and
by integrating over an integral curve y of X we get Pr(y(T)) — Pr(y(0)) = ¢p(X)T for
all T > 0. Since M is compact, ¢(X) =0. Therefore dr Py =0, so Py is constant on
each leaf of F. Thus Py is constant on M by our assumption. Put g :=exp(—PF%) and
Q:=gP= exp(zls-:kﬂ P; + an element of n**1). Then

wo + ewZ = Ad(Q ™' ) Pyag + (Ly-1 0 Q)%0
= Ad(Q™ )Wy + 0*6

where W, := Ad(g) .. O

Applying Lemma 3 repeatedly, we see that w is cohomologous to a constant cocycle.

https://doi.org/10.1017/etds.2012.112 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2012.112

1870 H. Maruhashi

Finally we assume H 1(F)=H"'(n) and prove that p is parameter rigid and H O(F) =
H°(n). Parameter rigidity of p follows from Proposition 1. Let f € H(F). Fix a
non-zero ¢ € H'(n) and denote the corresponding leafwise one-form on M by ¢. Then
fé € HY(F) = H'(n). Thus there exist € H'(n) and a C*°-function g : M — R such
that f¢ — ¥ = drg where ¥ is the leafwise one-form corresponding to . Choose X € n
satisfying ¢(X) #0. Let x(¢#) be an integral curve of X where X is the vector field
corresponding to X. We have

FO@)PX) =¥ (X) = Xang = %g(x(t)).
By integrating over [0, T'], we get T (f(x(0))¢(X) — ¥ (X)) = g(x(T)) — g(x(0)). Since
g is bounded, f(x(0))¢(X) — ¥ (X) must be zero. Then f(x(0)) =¥ (X)/¢d(X) and f is
constant on M.
This completes the proof of Theorem 1. |

4. A construction of parameter rigid actions
Let us now construct real-valued cocycle rigid actions of nilpotent groups. For the structure

theory of nilpotent Lie groups, see [2]. A basis X1, ..., X, of nis called a strong Malcev
basis if spang{X1, ..., X;} is an ideal of n for each i. If T" is a lattice in N, there exists a
strong Malcev basis X, ..., X, of nsuchthat ' = eZX1 ... ¢ZXn  Such a basis is called

a strong Malcev basis strongly based on T'". Let " and A be lattices in N.

Definition 1. A is Diophantine with respect to T" if there exists a strong Malcev basis
X1, ..., Xy of nstrongly based on I' and a strong Malcev basis Y1, . . ., ¥, of n strongly
based on A such that ¥; = lez 1 aij X j forevery 1 <i < n, where a;; is Diophantine.

Let p be the action of A on I'\N by right multiplication. First we will prove the
following.

THEOREM 4. If A is Diophantine with respect to T, then every real-valued C* cocycle
c:T\N x A — R over p is cohomologous to a constant cocycle.

Proof. Note that X is in the center of n. Let 7 : N — N := eRX1\ N be the projection.
Since I' N eRX1 = ¢ZX1 is a cocompact lattice in eRX1, T := (') = eRX1\['eRX1 is a
cocompact lattice in N. Let n =RX 1\n. Then Xa, ..., X, is a strong Malcev basis
of i strongly based on T.

We will see that the naturally induced map 7 : T\N — '\ N is a principal S'-bundle.
Indeed,

M\Fe®X1 < T\N — DeR¥N\N
is a principal I'\I"e®X1-bundle, and we have
D\FeRX1 ~ 0 BXN\RXT = 2510\ RX1 ~ 7\ R

and the following diagram.

BN RXIC—— RXI\ N —— TR X1\
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Since A NeRX1 = A NeRY1 = ¢ZY1 g g cocompact lattice in eRX1 then A := w(A)is a
cocompact lattice in N. Furthermore, Y», . .., Y, is a strong Malcev basis of @i strongly
based on A and ¥; = 25-22 ajj X j where a;; is Diophantine. Therefore A is Diophantine
with respect to I

Since 7 is A-equivariant, the action p of A when restricted to e
of w.

Let z € T'\N. Choose a point I'x in 7~ (z). Then we have a trivialization

ZY1 preserves fibers

iry  Z\R~ 771 (2)

of 771(z) given by i1 (s) = 'e*X1x. Note that if we take another point 'y € 7! (z),
11?; otry : Z\R — Z\R is a rotation.

Let Y; =aX, where a is Diophantine. If we identify 7 ~!(z) with Z\R by tr,, then
the action of ¢! on Z\R is s — s + a.

Let . be the normalized Haar measure naturally defined on 7 ~!(z), u the N-invariant
probability measure on '\ N and v the N-invariant probability measure on I'\N. For any

f € C(T'\N),
[ oran={[ [ raua. @
I\N M\N Ja-1(z)

LEMMA 4. p is ergodic with respect to [L.

Proof. We use induction on n. If n =1, p is an irrational rotation on Z\R, and hence
the result is well known. In general, let f : T\N — C be a A-invariant L2-function with
fF\N fdu=0. Since the action of eZ¥1 on 7 1(z) is ergodic, f|z-1(,) Is constant -
almost everywhere. We denote this constant by g(z). Then g : I'\N — C is a A-invariant
measurable function. By induction, g is constant v-almost everywhere. By (2), this
constant must be zero. Therefore f is zero w-almost everywhere. O

Letc:I'\N x A — R be a C*®-cocycle over p. We must show that ¢ is cohomologous
to a constant cocycle cp : A — R where ¢o(A) := fr\ n €(x, A) du(x). Therefore we may
assume that f M\~ c(x, A)du(x) =0forall A € A, and we will show that c is a coboundary.
We prove this by induction on n. When n = 1, p is a Diophantine rotation on Z\R, and
hence the result is well known.

LEMMA 5. Forallm € Z,
/ c(s, @™y du.(s) =0.
771@)

Proof. Fix m and put g(z) = fﬁ—l(z) c(s, ™) du.(s). For any A € A, the cocycle
equation gives c(x, A) + c(xA, e"V1) = c(x, &™) + c(xe™¥1, ). By integrating this
equation on 77 1(2), we get g(zm (X)) = g(2). Since the action of A on f‘\]\_/ is ergodic, g
is constant. By (2), g must be zero. O

) e - c(e')
Let f : Z\R —— 77" (z) ———— R. We define

FO et
-1+ e2mika :

ho(re(s) =Y

keZ\{0}
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Then &, : 7' (z) — R is C*, since f is C*° and a is Diophantine. By Lemma 5, we have

c(irx(s), €M) = —hy(try () + by (iree™).

If we choose another point ['e®oX1x € 771(z) to define &, then

e (trx(8)) = hy(Te*X1x) = hy (0%, (5 — 50))

1 1 ) )

= Z W/ C(Fe(u+s0)X|x’eY])e—kaudu eka(s—so)

keZ\{0} 0
- Z m/ f(u—l—so)e 2mkudu 2mwik(s—sg)

kezngoy —Lte
- fE)  oriks

_ 2mik ’
keZ\{0) 1+ esmita

80 h is determined only by z. Define 2 :T'\N — R by h|z-1,y =h,. Then for all
x € \N andm € Z, c(x, ") = —h(x) + h(xe™).

Let U CT\N be open and o : U — 7~ '(U) a section of 7. Then we have a
trivialization Z\R x U ~ 7 ~}(U) which sends (s, z) to lor)(8) = I'e*X15(z). Hence

1
—14 e2mika

ho@ ()= Y

1
/ C(Lo—(z)(u), eYl)efzﬂlkudu 627'[1/{3‘
keZ\{0} 0
on 7~ 1(U). The following lemma shows & is C* on '\ N.
LEMMA 6. Let U C R" be open and let f : Z\R x U — R be a C*°-function. Define

1 —~ .
h(s, z2) = Z sz(k)ezmks,
keZ\{0}

where f,(u) = f(u, 7). Then h : Z\R x U — R is C*°.

Proof. Let V be open such that V C U and V is compact. We will show that & is C* on
Z\R x V. Choose constants C, o > 0 such that |—1 + ¢?7ik¢| > C|k|~* for all k € Z\{0}.
We will first prove that 4 is continuous. Since for any m € Z-.q,

L9 = Y e T
kel
in L2(Z\R),
amfz m 2
‘ T kEXZ](zmk) FAG)
> Q2m)2" kP f (k) ? = (k1P fa (k).
Since 1
" f, B L) gm 2 7
‘ s 2_</0 as_mf(svz) dS)
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is continuous in z, there exists M > 0 such that ||3” f,/ds™|» < M forevery z € V. Hence,
forallk € Zandz €V, |k|’”|fz(k)| < M. Therefore, for any z € V,

2

keZ)\{0}

}\'Z(k)eZHikS

-1+ e2mika

<ct Y | |k|2|k|‘>‘+2|fz<k)|

keZ\{0
1

SC_IM —2<
| 1K

keZ\{0

This implies continuity of 7 on Z\R x V.

We have o ik
i -~ .
—(s,2) = Z T fz(k)€2m’m.
as k7N (0} —1 4 e47ika
Thus a similar argument shows that d//ds is continuous.
Letz=(z1,...,2,). Forany z € Vv,
9 ! T 2miks 1 f/\ ik
5o (e k0™ )| = | o
1 af/\
< C— 0t+2 k
= CT a2 g G )‘
1
< C'M'— e LYZ\{0)).
= i eLi@von
Thus o
oh 1 of ik
_(S, Z)Z —~_(’,Z)(k)€ Tl S'
aZj ke;\%o} -1+ e2mika BZj

Hence 0h/0z; is continuous by an argument similar to those above. For higher derivatives
of h, continue this procedure. d

Setci(x, A) =c(x, L) + h(x) — h(x}X). Thenc; : T\N x A — Ris a C*-cocycle and
c1(x, ™) = 0. Thus for any A € A, the cocycle equation implies c1(x, 1) = c1(xe'!, A).
Since the action of ¢Z¥1 on 7 1(z) is ergodic, cq(x, A) is constant on 771(z). Therefore
we can define a cocycle ¢:T\N xA—>R by c(w(x), (1)) =c1(x, A). Indeed, if
7(x) =7 (y) and w (1) = (1), then there exists an m € Z with A = ™Y1/, so that

c1(x, A) =ci(x, Ay =ci(xe™, X)) = c1(y, V).

Furthermore,
[ ewmonavo = [ [ atndus e
M\N NN J2-1(2)
= [ et m duw =
M\N
By induction, there exists a C*°-function P : f\N — R such that ¢(z, 7 (1)) = —P(z) +

P(zmr(X)). Put Q=Pom. Then ci(x, X)) =c(@(x), 7(1)) = —0(x) + Q(xA). This
proves Theorem 4. O
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Proof of Theorem 3. Let p: M x N — M be the suspension of p:I'\N x A - I'\N
where M =T'\N x, N is a compact manifold. Then p is locally free and let F be its
orbit foliation. We have

HY(F)~ H'(A, C®(T\N))

by [6], where the right hand side is the first cohomology of the A-module C*°(I"\N)
obtained by p. It is easy to prove that Hom(A, R) — H!(A, C®(I'\N)) is injective. By
Theorem 4,

H'(A, C®(I'\N)) = Hom(A, R).

LEMMA 7. dim Hom(A, R) = dim H'(n).

Proof. Recall that [N, N\A[N, N] is a cocompact lattice in [N, NJ\N and that
[A, AI\N(A N[N, NJ] is finite. Since

0— [A, ANA N[N, N]) > [A, ANA — [N, N\NA[N, N] = 0
is exact, we have

rank [A, A]\A =rank [N, N\A[N, N]=dim [N, N]\N.
Thus

dim Hom(A, R) = dim Hom([A, A\A, R)
=rank [A, A]\A
=dim [N, N\N
= dim Homg ([n, n]\n, R)
= dim H'(n). O

Therefore we obtain
H' (F)=H'(n).

This proves Theorem 3. a

5. Existence of Diophantine lattices

Let ng be a rational structure of n. We construct Diophantine lattices when ng
admits a graduation. Namely, we assume that ng has a sequence V; of Q-subspaces
such that ng =@f-‘:1 Vi and [V;, V;]C Viy;. Let Xi,..., X, be a Q-basis of ng
such that Xy, ..., X;; € Vi, X415 ..., Xi, € Vi, .o, X 141, ..., X, € V). Then
X1, ..., X, is a strong Malcev basis of n with rational structure constants. Multiplying
X1,..., X, by an integer if necessary, we may assume that I := ¢ZX1 ... %% i5 a
cocompact lattice in N. Let o be a root of an irreducible polynomial of degree k 4 1
over Q. Since «, o2, .., o are irrational algebraic numbers, they are Diophantine. If we
define a linear map ¢ : n — n by ¢(X) = o' X for X € V; ® R, then ¢ is an automorphism
of Lie algebra n. Put ¥; = ¢(X;). Then Y7, ..., Y, is a strong Malcev basis of n strongly
based on A := %1 ... ¢Z¥» Thus A is Diophantine with respect to I.
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