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The local rotation set is an interval
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Abstract. Let Homeog(R?; 0) be the set of all homeomorphisms of the plane that are
isotopic to the identity and which fix zero. Recently, in Le Roux [L’ensemble de rotation
autour d’un point fixe. Astérisque (350) (2013), 1-109], Le Roux gave the definition of the
local rotation set of an isotopy I in Homeog(R?; 0) from the identity to a homeomorphism
f and he asked if this set is always an interval. In this article, we give a positive answer to
this question and to the analogous question in the case of the open annulus.

1. Introduction

The concept of rotation number was introduced by Poincaré to study the dynamics of
orientation-preserving homeomorphisms of the circle T' (in the context of torus flows,
see [Poi85]). More precisely, for every orientation-preserving homeomorphism /4 of the
circle T!, H. Poincaré defined a number p (h), measuring the ‘asymptotic speed of rotation
of the orbits of & around T!”. He proved that this number provides information about the
dynamics of 4. The construction of Poincaré can be generalized for homeomorphisms of
surfaces. In the case of the two-dimensional torus T2 = R2/Z?, this notion of a rotation set
was introduced by Misiurewicz and Ziemian (see [MZ89]). For a torus homeomorphism f
which is isotopic to the identity, the rotation set associated to some lift f of f, denoted by
o( f ), is a subset of R2. In this, and in many other articles, the relation between the rotation
set and the dynamics of f is studied. For example, if (p1/q, p>/q) is a rational point in
the interior of p( f ), then there exists a g-periodic point for f (see [Fra88]). In [LM91], it
is proved that if p( f ) has non-empty interior, then f has positive entropy. More recently,
using transverse foliations to the dynamics, one can give more precise descriptions of the
dynamics of some homeomorphisms of the torus (see, for example, [Dav13, LT15]).

1.1. Main results. In this article, we are interested in the local case (that is, around a
fixed point) and in the case of the open annulus A = T' x R. In the local case, firstly,
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Naishul’ proved that for diffeomorphisms f which fix zero and whose differential at
zero is a rotation, the angle of the rotation is a topological invariant (see [Nai82]).
In [GP95] Gambaudo and Pécou gave a simple proof of Naishul’s result. Next, Le Calvez
(see [LeCO03]) and then Le Calvez and Yoccoz (see [LY97]) defined the local rotation
number of some homeomorphisms. These works provide settings where the local rotation
set is a single number. More recently, Le Roux defined the local rotation set for a general
homeomorphism isotopic to the identity of the plane which fixes zero (see [LLeR13]). An
easy but important example is the family of fibered rotations. For a continuous function
o : (0, +00) — R, we define the fibered rotation as

he:(r,0)— (r,0 +a()).

In this case, the local rotation set of &, (which will be defined shortly) coincides with the
limit points of the function « at zero. Hence, for every compact interval in [—o0, +00],
there exists a fibered rotation whose local rotation set is this interval.

A natural question is whether the local rotation set is always an interval. The following
theorem gives a positive answer to the above question. We denote by Homeog (R?; 0) the
set of all homeomorphisms of the plane which are isotopic to the identity and fix zero.

THEOREM A. Let I be an isotopy in Homeoy(R?; 0) starting from the identity. Then
the local rotation set of 1, pioc(1), is an interval. More precisely, every rational number
belonging to the interior of the convex hull of pioc(I) is included in the rotation set of a
compact invariant set arbitrarily close to zero.

Let us turn to the case of the open annulus A = T! x R. The notion of rotation set
was introduced by Franks (see [Fra96]; see also [LeR13]). On the other hand, Le Calvez
introduced the rotation set of recurrent points (see [LeC01]). Moreover, these sets coincide
if the latter is non-empty and the homeomorphism satisfies the intersection property
(see [Wan14]). Our second result is the following. We denote by Homeog(A) the set of all
homeomorphisms of the open annulus which are isotopic to the identity.

THEOREM B. Let I be an isotopy in Homeog(A) starting from the identity. Then the
rotation set of I in the open annulus, pann (1), is an interval.

1.2. Analogous results for some compact surfaces. Let us recall briefly analogous
results of Theorems A and B for some compact surfaces. In the case of the closed annulus
A =T" x [0, 1], one can easily give a positive answer to the above question. Let f be a
homeomorphism of the closed annulus which is isotopic to the identity and let I be an
isotopy from the identity to f. There is a lift f R x [0, 1]— R x [0, 1] of f associated
to I. The rotation set of I is a compact interval of R, which measures the asymptotic
speeds of rotation of the orbits of f around the annulus. More precisely, let n > 1 be an
integer. We define

, ,:{p;<f"®>—p;@

:ZeR x [0, 1]},
n
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where p] : R x [0, 1] — R is the projection on the first coordinate. The rotation set of I is

p() =) c1(U pn).

m>1 n=m

More precisely, p belongs to p(I) if

P (FGE) — PG
p= lim )
k——+00 ng
where (Zx)ren is a sequence in R x [0, 1] and (nx)ren is a sequence of integers which
goes to 4+00. Let us prove that p(7) is an interval. Since A is a connected set, the set Pn
is a connected subset of R. Using that p, is contained in p,, for every integer k > 1, we
deduce that | J,,~,, px is an interval for all integer m > 1, and thus as p (/) is a decreasing
sequence of intervals, it is an interval.

In the case of the two-dimensional torus T? = R?/Z?, Misiurewicz and Ziemian proved
in [MZ89] that the rotation set is a compact convex subset of R2. However, it is not
known which compact and convex subsets of the plane can be realized as rotation sets
of homeomorphisms of T2. It was conjectured by Franks and Misiurewicz in [FM90] that
a line segment L could not be realized as a rotation set of torus homeomorphisms in the
following cases: (i) if L has irrational slope and a rational point in its interior; (ii) if L
has rational slope but no rational points; and (iii) if L has irrational slope and no rational
points. Recently, Le Calvez and Tal proved case (i) (see [LT15]), and Avila has announced
a counter-example for case (iii).

At first sight, the local case and the open annulus case may seem very close to the closed
annulus case. However, if we try the straightforward adaptation of the notion of rotation set
of the closed annulus, the invariance by topologlcal conjugacy fails. For example the two
contractions mapping z > ;z and z > 5z are conjugate but they will have {0} and { } by
local rotation set, respectively (see Remark 2). A solution for this is ‘to select good orbits’,
but the resulting definition is a little more complex (see the definition of px (1) below) and
the easy argument for the case of the closed annulus fails to prove connectedness of the
local rotation set.

1.3. Strategy of the proofs. Now we will give the precise definitions and the strategy
of the proof of Theorem A (these can be adapted to prove Theorem B). Let f be in
Homeog (R?; 0), that is, a homeomorphism of the plane R? which is isotopic to the
identity and which fixes zero. Let I = (f;)s¢0,1] be an isotopy from the identity to
f in Homeog(RZ; 0), that is, a continuous path ¢ — f; from [0, 1] to Homeop(RZ; 0)
(endowed with the compact-open topology), which connects the identity to f; = f. Let
7 :R x (0, +00) —> Rz\{O} be the universal covering of Rz\{O} and let T = (f,),E 0.1]
be the lift of the isotopy I to the universal covering of R?\{0} such that fo = Id. Define
f f1 Given z € R?\{0} and an integer n > 1, we consider p, (z) the average change of
angular coordinate along the trajectory of z for the isotopy I: that is,

1 ~
pn(z) == ;(pl(f"@) - 1),

where p; : R x (0, +00) — R is the projection on the first coordinate and 7 is a point in
77 1(2). If we try the straightforward adaptation of the notion of rotation set of the closed
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annulus to the local case or open annulus case, the invariance by topological conjugacy
fails. A solution for this is ‘to select good orbits’. In the case of the open annulus, we
consider segments of orbits whose endpoints belong to a compact set of A (see Figure 1).
In the local case (that is, around a fixed point zero), we consider segments of orbits which
are close to zero, but whose endpoints are not close enough to zero (Figure 1; see the
definitions of px (I) and py w(I) below).

FIGURE 1. Left: good orbits in the open annulus. Right: good orbits around a fixed point.

For a compact set K in R%\{0} we define

pr() =) Cl(U{pn(Z) zeK, f"(2) € K}),

m>1 n=m

where the closure is taken in R := R U {400} U {—o0}. More precisely, p belongs to
pk (1) if
IO = llm pl’lk (Zk)a
k— 00

where (zx)reN 1S a sequence in K and (ng)ren is a sequence of integers which goes to 400
and such that z; and f"* (z;) belong to K. We will give the definition of the local rotation
set of I due to Le Roux (see [LLeR13]). Given two neighborhoods V and W of zero with
W cC V, we define

pvw (D) =) CI(U (on@):z¢ W, f"(@) ¢ W, andz, ..., f"(2) € V}).
m>1 n=m
The local rotation set of the isotopy I is defined as
proc (D) =) c1( U pv,w(1)>,
1% wcv

where W C V are neighborhoods of zero. Note that py w (/) is analogous to the above
definition of pg (1) with K = V\W. Using the usual properties of rotation sets, we can
reduce the proof of Theorem A to the following theorem.
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THEOREM A*. Let I be an isotopy in Homeog(R?; 0) from the identity to a
homeomorphism f. Suppose that the local rotation set pioc(I) contains both positive
and negative real numbers. Then zero belongs to pioc(I). More precisely, for every V
neighborhood of zero, there exists an f-invariant and compact set K in R*\{0} contained
in 'V, such that zero belongs to pg (I).

This theorem is an improvement of a result due to Le Roux. Under the hypotheses of
Theorem A* and assuming, furthermore, that f satisfies the local intersection property,
that is, every Jordan curve y non-contractible in R?\ {0} meets its image under f (that is,
f(y) Ny #£0), he proved that V contains a contractible fixed point z under I, that is, a
fixed point of f such that its trajectory under the isotopy I, z — f;(z) is a loop contractible
in Rz\{O} (see [LeR13] and, for the case of the open annulus, see [LLeC05]). Thus we see
that, in this case, we take K = {z}.

On the other hand, let us examine the opposite case when f does not have any
contractible fixed point close enough to zero. We can apply a generalization of Brouwer’s
translation theorem due to Le Calvez (see [LLeC05]), and we obtain an oriented foliation
F defined in R?\ {0} which is positively transverse to the isotopy /. Let y be a closed leaf
of F. Then y is a Jordan curve, it is essential (that is, non-contractible in Rz\{O}) and
itis f-free (thatis, f(y) Ny = ). Using the fact that pjoc (/) contains both positive and
negative real numbers, we obtain the following situation (see Proposition 3.3). In every
neighborhood of zero, there exist three closed leaves yy, y1 and y» of F such that:

(i) the curve y; separates yp and y»;

(i1) the set of the points x such that all iterates of x under f remain between y and y; is
non-empty and its rotation set is contained in (0, +00); and

(iii) the set of the points x such that all iterates of x under f remain between y; and y» is
non-empty and its rotation set is contained in (—oo, 0).

(For the case of the open annulus, see Figure 2.) Thus Theorem A* will be a
consequence of the following theorem. This is the main and new result of this article.
For E a subset of Rz\{O}, we write © (E) for the maximal invariant set of E, that is, the
set of the points x of E such that all iterates of x under f remain in E. We remark that

R?\{0} is homeomorphic to the open annulus A, and so all above definitions are valid in
A.

THEOREM C. Let I be an isotopy in Homeoy(A) from the identity to a homeomorphism

f. Assume that there exist vy, Y1 and y» which are three essential, pairwise disjoint and

f-free Jordan curves in the annulus A such that y| separates yy of y». For i € {0, 1}, let

O (A;) be the maximal invariant set of the annulus A; delimited by y; and y;+1. Suppose

that:

(i) the sets ®(Ag) and O (A1) are non-empty; and

(ii) the set pe(ay) (1) is contained in either (0, +00) or (=00, 0) and pea,)(I) is
contained in the other one.

Let ©(A) be the maximal invariant set of A = Ag U Ay1. Then

0 € po).
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FIGURE 2. Theorem C.

Another consequence of Theorem C is the following theorem.

THEOREM D. Let I be an isotopy in Homeog(A) from the identity to a homeomorphism
f. Assume that there exist y© and y~ which are two essential, disjoint and f-free Jordan
curves in the annulus A. Let © (A) be the maximal invariant set of the annulus A delimited
by y* and y~ and suppose that © (A) is non-empty. Then pea)(1) is an interval.

Here is an outline of this article. In §2, we will recall some definitions and results that
we will use in the proof of Theorems A and B, in particular, Le Calvez’s generalization
of Brouwer’s translation theorem. In §3, we will prove Theorem A assuming Theorem C.
In §4, we will prove Theorem B assuming Theorem C. In §5, we will prove Theorem D.
Finally, in §6, we will prove Theorem C.

2. Preliminary results
In this section, we will recall some definitions and results that we will use in the rest of the
article, in particular, the generalization of Brouwer’s translation theorem due to Le Calvez.

2.1. Foliations. Let M be an oriented surface. By an oriented singular foliation F
on M we mean a closed set Sing(F), called the set of singularities of F, together
with an oriented foliation 7' on M\ Sing(F): that is, F’ is a partition of M\ Sing(F)
into connected oriented 1-manifolds (circles or lines) called leaves of F, such that,
for every z in M\ Sing(F), there exists a neighborhood U of z, called a trivializing
neighborhood, and an orientation-preserving homeomorphism v, called a trivialization
chart at z, mapping U to an open set U’ of R? such that y maps the foliation induced
by F in U to the oriented foliation by vertical lines oriented upwards. By a theorem of
Whitney (see [Whi33, Whid1]), all singular foliations F can be embedded in flows: that
is, F is the set of (oriented) orbits of some topological flow ¢ : M x R — M (where the
set of singularities of F coincides with the set of fixed points of ¢). Therefore, we can
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define the a-limit and w-limit sets of each leaf of F as follows. If [ is a leaf of F and z is
a point of /, then

wo(l) = r] Clgp(z,t):t' >t} and a():= r] Clop(z, t'): 1 <t}
t€[0,400) te(—o00,0]
Let F be an oriented singular foliation on M. We will say that an arc y in M\ Sing(F)
is positively transverse to F if, for every ty € [0, 1] and a trivialization chart ¢ at y (),
the first coordinate of the application t — ¥ (¥ (¢)) is increasing in a neighborhood of f.

2.2. Isotopies. An isotopy I = (fi)ico,1) on M is a family (fi)ie0,17 of
homeomorphisms of M such that the map (z, t) — f;(z) is continuous on M x [0, 1].
This implies that the map (z, 1) ft_l(z) is continuous, and then we can define the
inverse isotopy /! = (f,_l)te[o,l]. Two isotopies I = (fi)refo,17 and I’ = (f/)refo,17 are
said to be homotopic if there exists a family (f;5) 0,112 of homeomorphisms of M
satisfying:
o fio=fiforeveryt [0, 1];
o fi.1=f/ foreveryt €[0, 1]; and
e themap (z, ¢, s) = f;5(2) is continuous on M x [0, 112.

Let I = (f)reo,17 and I’ = (f/)sef0,17 be two isotopies on M. Then I * I’ = (g;)se[0.1]
denotes the isotopy defined as

{ﬁz ifo<r=<4
8t =
i 0fi ify<t=l

In particular, if ¢ is an integer, we define /9 as the isotopy I * - - - x I (g times) if ¢ > 1
and as ™! % ... % I~! (—g times) if ¢ < —1. Let M be an oriented surface, and let =
(f?)tef0,1] be an isotopy from fo = Idys to a homeomorphism f; = f. Let 7 : M — M be
the universal covering of M and let I= ( f,),e[o,l] be the lift of the isotopy I such that
ﬁ) = Id;. The homeomorphism f: f{ is called the lift of f associated to I.Letz € M.
We call the trajectory of z along I the arc t — f;(z). A fixed point of f = f] is said to
be contractible for I if its trajectory under / is a loop homotopic to a constant loop in M.
This definition depends only on the lift f associated to 1. In fact, it is easy to see that the

set of contractible fixed points of I coincides with the image of the set of fixed points of f
under .

2.3. The existence of a transverse foliation. Let I = (fi);c[0,1] be an isotopy from
the identity to a homeomorphism f; = f. We say that an oriented foliation F on M is
transverse to 1 if, for every z € M, there exists an arc which is homotopic with fixed
endpoints to the trajectory of z along / and is positively transverse to F. We know that ‘F
is transverse to I’ persists on small perturbations of F (see [LeR13, Proposition 3.6.3]).
More precisely, let F be an oriented foliation on M. Let v : [0, 1]> — M be a ‘compact
chart’, that is, an injective map, which maps each vertical line oriented upwards in [0, 1]2
to a segment of one leaf of F. For every real number € > 0, we write O(y, €) for the set
of foliations F’ which admit a compact chart ¥’ satisfying

sup  du(Y(x, y), ¥'(x, ) <€,
(x,yel0, 112
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where dj; is a metric on M which induces the topology of M. A family of compact charts
(¥ )q 1s said to be locally finite in M if every point z € M belongs to only a finite number
of ¥, ([0, 113) (more details can be found in [LeR13]).

PROPOSITION 2.1. (Le Roux, [LLeR13, Proposition 3.6.3]) Let M be the complement of a
finite set in an oriented compact surface. Let I be an isotopy on M. Let F be an oriented
foliation on M transverse to 1. Suppose that there exists a family (Yy)q of compact charts
of F that is locally finite in M and a positive real sequence (€y)q. Then every oriented
foliation F' on M belonging to the Whitney’s open set

O((Ya), (€)) = ) OWas €a)

is positively transverse to I too.

The following theorem, due to Le Calvez, is a generalization of Brouwer’s translation
theorem.

THEOREM 2.2. (Le Calvez, [LeC05, Theorem 1.3]) Let I be an isotopy on M from the
identity to a homeomorphism f. If I does not have any contractible fixed point, then there
exists an oriented foliation F on M which is transverse to I.

Remark 1. By a remark due to Le Calvez (see [LeC0S5]), the oriented foliation F is
transverse to the isotopy [ if and only if, in the universal covering, each leaf T of the
lifted foliation F of F is a Brouwer’s line for f, which is the lift of f associated
to I. More precisely, by Schoenflies’ theorem, there exists an orientation-preserving
homeomorphism # of R? such that & oT(t) = (0, t), for every t € R. Then we write
R(T) =h~1((0, 4+00) x R) and L(T) =h! ((—o00, 0) x R). We say that Tis a Brouwer’s
line for 7if 7' @ c L@ and @ c R(D).

Since the set of contractible fixed points is usually non-empty, one needs some
additional modifications before using the previous theorem. In the local case, we can use
a result of Le Roux.

THEOREM 2.3. (Le Roux, [LeR13, Appendix A]) Let I be an isotopy in Homeog(R?; 0)
from the identity to a homeomorphism f. Suppose that I does not have any contractible
fixed point z # 0 on a neighborhood U of zero. Then there exists a homeomorphism f of
the plane which coincides with f in a neighborhood U’ C U of zero and which does not
have any contractible fixed point in R*\{0}.

2.4. Dynamics of the transverse foliation with two singularities. In this subsection,
we consider the open annulus A = T! x R. We denote by N (respectively, S) the upper
(respectively, lower) end of A and by A the end compactification of A, which is a
topological space homeomorphic to the two-dimensional sphere. Suppose that the isotopy
I' = (f))1e0.17 from the identity to f has no contractible fixed points. Thus, we can apply
Theorem 2.2 and obtain an oriented foliation F” on A which is transverse to I”. Then one
can extend I’ to an isotopy I = (f;)se[0,1] on A that fixes the ends of A, that s, fi(N)=N
and f;(S) =S for every t € [0, 1]. Similarly, the foliation F’ can be extended to an
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oriented singular foliation F on A where the singularities are the ends of A. In this case, Le
Calvez proved that F is also locally transverse to I at each end of A (see [LeC08]) that is,
for every neighborhood U of an end % of A, there exists a nelghborhood V contained in U
such that, forevery z € V\{zO}, there is an arc contained in U which is positively transverse
to F and homotopic with fixed endpoints in U \{zo} to the trajectory of z along I.

PROPOSITION 2.4. (Le Calvez, [LeC08, Proposition 3.4]) The oriented singular foliation
F is locally transverse to I at each end of A.

On the other hand, we can apply the theorem of Poincaré—Bendixson to F seen as a
flow (see [dMP82]).

THEOREM 2.5. (Poincaré—Bendixson’ theorem) Let F be an oriented singular foliation

on A whose singularities are the ends of A. For every leaf | of F, one of the following

possibilities holds.

(1)  The w-limit set of | is a closed leaf of F.

(ii) The w-limit set of | is reduced to an end of A. or

(iii) The w-limit set of | is constituted of ends of A and leaves I’ joining two ends
(eventually the same) of A.

One has the same possibilities for the «-limit set of l. Moreover, for every non-closed leaf,

either:

(iv) the sets w(l) and a(l) are reduced to the same end of A; or

(v) the sets w(l) and a(l) are disjoint.

We recall the following fact (see for example [Hae62, §3.2]).

(1) The union of the closed leaves of F is closed.

The Poincaré-Bendixson theorem and the transversality of 7 and I give the following
properties.

(2) Every closed leaf y separates N and S: thatis, N and S belong to distinct connected
components of A\y.

(3) Every closed leaf y is f-free: thatis, f(y) Ny =@.

The following result is due to Le Roux (see [LLeR00, LeR04]).

(4) Either the foliation F has recurrence, that is, there is a leaf / of F such that a (/) U
w(l) is not contained in {N, S}, or there is a leaf [ of F which joins N and S: that is,
either a(/) = {N} and w(l) = {S} or a(l) = {S} and w(l) = {N}.

We deduce the following properties in a neighborhood of an end Zy of A. We say that

20 is accumulated by closed leaves of F if every neighborhood of Z( contains a closed leaf

of F.

LEMMA 2.6. (Non-accumulated case) Let F be an oriented singular foliation on A whose
singularities are the ends of A. Suppose that the end Z is not accumulated by closed leaves
of F. Then there exists a leaf | of F such that a(l) = {Zo} or (1) = {20}

Proof. By Property (4), we can suppose that F has recurrence. Firstly, suppose
furthermore that F has closed leaves. Since these do not accumulate at Zg, we can consider
the ‘last’ closed leaf y: that s, y is a closed leaf of F and there are no closed leaves of F in
U ;O, the connected component of A\y containing Zo. Hence, if [ is a leaf of F contained
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in Uﬁo, then Theorem 2.5 (items (iv) and (v)) implies that the «-limit set or the w-limit
set of / contains zg. Suppose that the w-limit set of / contains Zg. If the w-limit set of [ is
reduced to Zp, then we have finished. Otherwise, item (iii) from Theorem 2.5 provides a
leaf I’ from Zg to Zg because [ is contained in U}fo. This completes the proof in the case
when F has closed leaves. Finally, suppose that the foliation F has no closed leaves. Since
JF has recurrence, there exists a leaf / of F such that a(/) U w (/) is not contained in {N, S}.
Hence, by Theorem 2.5 (items (iv) and (v)), either a () or w (/) contains Zy. One concludes
as in the first part. This completes the proof. O

LEMMA 2.7. (Accumulated case) Let F be an oriented singular foliation on A whose
singularities are the ends of A. Suppose that the end 7 is accumulated by closed leaves of
F. Let us fix a closed leaf y of F and put U the closure of the connected component of the
complement of vy containing Zo. Let C be the union of all closed leaves of F contained in
U. Let A be a connected component of the complement (in U ) of C U {0}. Then the set A
is delimited by two closed leaves 9T A and 3~ A and, for every leaf | of F included in A,
either a(l) =0T A and w(l) =3~ A or a(l) = 3~ A and w(l) = 9T A. Moreover, all these
leaves have the same «-limit and w-limit sets.

Proof. Using a chart centered at Z, we can suppose that F is a foliation on a neighborhood
of 0 € R2. Let C be the union of all closed leaves of F contained in U. This is a closed set
of U \{0} (Property (1)). The closed leaves are totally ordered by the relation of inclusion of
the connected components of their complements containing zero. By Schoenflies’ theorem,
we can construct a homeomorphism of the plane that maps each closed leaf of F to a
Euclidean circle centered at zero. Let A be a connected component of the complement
(in U ) of C U {0}. The set A is delimited by two closed leaves 3T A and 9~ A, which are
non-contractible in R\ {0} (Property (2)). Hence, by Theorem 2.5 (items (iv) and (v)), for
every leaf | of F included in A, either «(l) =97A and w(l) =9~ A or a(l) =9~ A and
w(l) = 93T A. Moreover, all these leaves have the same «-limit and w-limit sets. Hence,
the foliation on the closure of A is homeomorphic to a Reeb component or a spiral on
T! x [0, 1]. o

3. Local case
In this section, we will introduce the definition of the local rotation set and we will show
Theorem A assuming Theorem C.

3.1. Definitions.

3.1.1. The punctured plane. ~We denote by R? the plane endowed with its usual
topology and orientation. We denote by zero the point (0, 0) of the plane R?. Let y be
a non-contractible Jordan curve in R?\{0}. We call the interior of y (respectively, the
exterior of y) the connected component of R%\y which contains (respectively, does not
contain) zero.

3.1.2. The set Homeog(R?; 0). We say that a homeomorphism f of the plane fixes
zero, if f(0) =0. We denote by Homeog(RZ; 0) the set of all homeomorphisms of the
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plane that are isotopic to the identity and which fix zero. We recall that the fundamental
group of Homeog(RZ; 0) is isomorphic to Z (see [Ham74]). More precisely, consider
J = (Rt)1¢[0,1] the isotopy defined by

Ri(x, y) := (x cos(2mt) + y sin(2mwt), —x sin(2mwt) + y cos(2wt)).
If I = (f)reo.17 and I’ = (f/)ief0,17 are two isotopies in Homeog(R?; 0) that are both

from the identity to the same homeomorphism fi = f/, then there exists a unique integer
g € 7Z such that I’ is homotopic (with fixed endpoints) to J9 * 1.

3.1.3. The local rotation set. In this paragraph, we consider a homeomorphism f in
Homeog(R%; 0). Let I = ( Sf)te[0,1] be an isotopy in Homeog (RZ; 0) from the identity to
f. We will give the definition of the local rotation set of I due to Le Roux (see [LeR13]).
Let 7 : R x (0, +00) — R?\{0} be the universal covering of R2\{0} and let = (f,),e[o,l]
be the lift of the isotopy I to the universal covering of R?\{0} such that ﬁ) = Id. Define
f = fl Given z € R?\{0} and an integer n > 1, we consider p, (z) the average change of
angular coordinate along the trajectory of z for the isotopy I, that is,

1 ~
on(2) 1= ;(Pl(f"@) - p1@@),
where p; : R x (0, +00) — R is the projection on the first coordinate and 7 is a point in
—1
T (2).

Remark 2. If we try to generalize the notion of rotation set of the closed annulus to the
local case, we will define

NN Cl(U{pn(z) : fi(z) e Vioralli €0, ..., n}}>.

V m>1 n=m
However, in this setting, the invariance by conjugation fails. For example, the two
contractions mapping z + (1/2)z and z + (i/2)z are conjugate but they will have {0}
and {Alf} by local rotation set, respectively.

A solution for this is ‘to select good orbits’. We consider the segments of orbits
which are close to zero but whose endpoints are not close enough to zero. Given two
neighborhoods V and W of zero with W C V, we define the local rotation set of I relative
to 'V and W by

pvav(D) = CI(U (pn@ 2 W, f" ) ¢ W, andz. ... f'() € V}>,

m>1 n=m

where the closure is taken in R := R U {400} U {—00}. Next we define the local rotation

set of I relative to V by
pv(l) = c1(U ,OV,W(I)),
w

where W is a neighborhood of zero included in V. Finally, we define the local rotation
set of the isotopy I by

proc(D) := () pv (D),
\%

where V is a neighborhood of zero.
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Remark 3. The local rotation set pjoc (/) only depends on the choice of the homotopy class
of I: thatis, if I; and I, are two isotopies from the identity to the same homeomorphism
which are homotopic, then pjoc(11) = proc(12)-

The local rotation set verifies the following properties.

PROPOSITION 3.1. Let I be an isotopy in Homeog(R?; 0) from the identity to f. For every
integer p, let JP = (Rpt)tef0,1)- Then:

(1)  the local rotation set of I is invariant by oriented topological conjugacy; and

(2) foreveryp,q €Z, poc(JP x 19) =q ploc(I) + p.

Remark 4. Any of the following properties imply that zero belongs to pjoc (7).

(1) Every neighborhood of zero contains a contractible fixed point z 7 0 of 1.

(2) Every neighborhood of zero contains a compact and f-invariant set K not containing
zero such that zero belongs to pg (1).

(3) Every neighborhood V of zero contains a compact (non-invariant) set K not
containing zero such that px (1) C py (/) and zero belongs to px ().

Note that (1) = (2) = (3), and (3) implies that zero belongs to pjoc({).

3.2. Main result: proof of Theorem A. The purpose of this section is to deduce
Theorem A from Theorem C.

Let I be an isotopy in Homeog(R?; 0) from the identity to a homeomorphism f. Since
the local rotation set pjoc (1) is closed and Q is dense in R, in order to prove Theorem A, it is
sufficient to show that every irreducible rational number p/q which belongs to the interior
of the convex hull of pjoc(7) belongs to the local rotation set. Moreover, by considering
JP x 11 instead of I, we may assume that p = 0 and ¢ = 1. This follows from the formula
relating the local rotation sets of / and J? x 9 (Proposition 3.1). Thus, we reduced the
proof of Theorem A to proving the following theorem.

THEOREM A*. Let I be an isotopy in Homeoo(R%; 0) from the identity to a
homeomorphism f. Suppose that the local rotation set pioc(I) contains both positive
and negative real numbers. Then zero belongs to pioc(I). More precisely, for every V
neighborhood of zero, there exists an f-invariant and compact set K in R*\{0} contained
in 'V such that zero belongs to pg (I).

Remark 5. Theorem A* implies that Property (2) of Remark 4 holds.

Example. There is a homeomorphism f of R? which satisfies Property (2) but not

Property (1) of Remark 4. To construct f, we start with a ‘twice’ Reeb’s homeomorphism

fl/ defined on the compact annulus Dy = {z € R? : 1 < ||z|| < 3} in R? satisfying:

()  f{ leaves invariant the circles c;, where i € {1,2,3} and ¢; ={z € R2: |zl =i} C
Do;

(i)  file, and f{|c, act as a rotation Rg with angle 8 > 0 and f/|., acts as a rotation R,
with angle o < 0; and

(iii) fl’ does not have fixed points in Dy.
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Let I = (f/)e[0,1] be the natural isotopy on Dy from the identity of Dy to f. We define

fi :R? > R? by
/(3" 1 1
ft(nZ) if—nSHZ”Sﬁ,HEZ,
fi(x) = 3 3 3
f:(0)=0.

Let I = (fi)ef0,1] be the isotopy from the identity to f = fi. For every integer n € N, let
us put D, = (1/3")Dy. Then zero belongs to pp, (1) but f does not have any fixed point

z#0.
For the proof of Theorem A*, one introduces the following property.

Definition 3.2. We say that a homeomorphism f in Homeoo(R?; 0) satisfies the local
intersection property if there exists a neighborhood V of zero, such that every Jordan
curve y contained in V and non-contractible in R?\{0} meets its image under f: that is,

fy)yny #0.

Frédéric Le Roux proved Theorem A* (see [LeR13]) in the case when the
homeomorphism f satisfies the local intersection property. He proved something better:
in this case the local rotation set ‘detects’ some fixed points: that is, Property (1) of
Remark 4 holds. This follows from the following proposition which will be proved in
the next subsection.

PROPOSITION 3.3. Let I be an isotopy in Homeoy(R%; 0) from the identity to a
homeomorphism f. Suppose that the local rotation set, pioc(I), contains both positive
and negative real numbers. Then one of the following cases holds.

Case (a). Every neighborhood of zero contains a contractible fixed point 7 # 0.

Case (b). The homeomorphism f does not satisfy the local intersection property, and every

neighborhood of zero contains three pairwise disjoint, f-free Jordan curves yy, y1 and y»

which are non-contractible in R*\{0} with y; 1 included in the interior of y; fori € {0, 1}

and such that the closed annulus A; delimited by y; and y; 11, i € {0, 1}, satisfies:

(1)  the maximal f-invariant set ®(A;) of A; is non-empty; and

(ii) the set pe(ay) (1) is contained in one of the sets (0, +00) or (—o0, 0) and the set
pe (1) is contained in the other one.

Note that, in the previous example, the free curves are essential loops transverse to the
Reeb component. We recall that this proposition is an adaptation of the following result for
homeomorphisms of the closed annulus T! x [0, 1]. This result was proved by Le Calvez
for diffeomorphisms in [LeC91] but, by Theorem 2.2, it is also valid for homeomorphisms.

THEOREM 3.4. (Le Calvez [LeC91, LeC05]) Let f:T' x[0,1]— T' x [0, 1] be a
homeomorphism isotopic to the identity with a lift f: R x [0, 11— R x [0, 1] that has
no fixed points and whose rotation set contains both negative and positive real numbers.
Then there exists a finite non-empty family {y;} of essential, pairwise disjoint and f-free
Jordan curves such that the maximal invariant sets of the closed annulus delimited by two
consecutive curves has rotation set contained either in (0, +00) or in (—oo, 0).
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Now we show that Proposition 3.3 and Theorem C imply Theorem A*.

End of the proof of Theorem A* (assuming Theorem C). Let I be an isotopy in
Homeoo(R?; 0) from the identity to a homeomorphism f. Suppose that the local
rotation set pjoc(/) contains both positive and negative real numbers. One considers the
different cases of Proposition 3.3. In case (a), we have finished. On the other hand, if case
(b) of Proposition 3.3 holds, we can apply Theorem C, which says that zero belongs to
pea)(1), where ®(A) is the maximal invariant set of A = Ag U Aj. This completes the
proof of Theorem A*. O

3.3. Proof of Proposition 3.3. Let I and f satisfy the hypotheses of the proposition. We
prove Proposition 3.3 assuming that case (a) does not hold, that is, there is a neighborhood
of zero that does not contain any contractible fixed point. By Theorem 2.3, changing f
in the complement of a Jordan domain containing zero, we may suppose that f does not
have any contractible fixed point in R?\{0}. Thus, we can apply Theorem 2.2 and obtain
an oriented foliation F defined in R%\{0}. The foliation F can be extended to an oriented
singular foliation on the end compactification of R?\{0} where the singularities are the
ends of R?\{0}. In this case, by Proposition 2.4, F is also locally transverse to I at zero.

LEMMA 3.5. In this case, the closed leaves of F accumulate at zero.

Proof. Otherwise, by Lemma 2.6, there exists a leaf / of  whose w-limit or a-limit set is
reduced to {0}. The following lemma implies that either pjoc (1) C [0, +00] or pioc(I) C
[—o0, 0]. This contradicts our hypotheses. O

LEMMA 3.6. Let I be an isotopy in Homeog(R?; 0) and let F be a foliation positively
transverse to 1. Suppose that F admits a leaf | such that either w(l) = {0} or a(l) = {0}.
Then either pioc(I) C [0, +00] or pioc (1) C [—00, 0].

Proof. Without loss of generality, we may suppose that «(/) ={0}. In addition,
conjugating f by ® (given by Schoenflies’ theorem), we may suppose that the negative
half-leaf /= containing one point of / is contained in the positive x-axis. Let U be a
Euclidean circle centered at zero whose boundary meets [~. By Proposition 2.4, F is
locally transverse to I at zero. Let V be a neighborhood of zero contained in U given by
the local transversality of F to I at zero: the trajectory of each z € V along I is homotopic,
with fixed endpoints, to an arc «; which is positively transverse to F and included in U. In
particular, the arcs o, can cross [~ only downwards. More precisely, let ]7 be the lift of f
associated to I and let F be the lift of F. Let U and V be lifts of the sets U\ {0} and V\{0},
respectively. Let T~ be the lift of I~ contained in the line {0} x (0, 400).Letz € V\{0} and
let n € N be such that {z, ..., f""!(z)} C V. LetZ be the lift of z such that 0 < p;(Z) < 1
and let oz be the lift of the arc o, from Z. Since the arc a7 Fn-1(z) % - - x az s positively
transverse to F and does not meet the boundary of U we obtain that py(f ”(N)) > 0 and
thus

1 ~ 1
pn(z) = ;(pl(f”(z“)) - p1(@) > -

This implies the inclusion py (1) C [0, +00], and so pjoc (1) C [0, +00]. This completes
the proof. O
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In what follows, we suppose that the closed leaves of F accumulate at zero and that
all closed leaves of F are Euclidean circles centered at zero (see Lemma 2.7). We remark
that F cannot coincide with the oriented foliation in Euclidean circles centered at zero on
a neighborhood of zero. Otherwise, by transversality, for every z € R?\{0} close to zero,
either || f(2)|| < |zl or |Izll < || f(2)|l. Thus f is conjugated to a homothety. In this case,
Ploc (1) is empty (see [LeR13]), which contradicts our hypothesis.

We will consider the set .4 of all closed annuli A whose boundary components are
closed leaves of F and which do not contain any closed leaf of F in their interiors. By the
Poincaré—Bendixson theorem (Theorem 2.5), the foliation on A is a Reeb component or a
spiral (see Lemma 2.7).

For every annulus A € A, we write 37 A and 9~ A for its two boundary components
with 9~ A included in the interior of 1 A.

Definition 3.7. We say that the foliation F goes from a1t A to 3~ A (respectively, from
9~ A to 3T A) on the annulus A € A if all leaves of F in the interior of A have 37 (A)
(respectively, 3~ A) as their a-limit set and ™~ (A) (respectively, 3 A) as their w-limit set.

Consider the following lemma.

LEMMA 3.8. (Le Calvez, [LeC91]) Suppose that the foliation F goes from 3~ A to 3+ A
on the annulus A € A. Let ©(A) the maximal invariant set of A. Then the set pea)(I)
(eventually empty) is contained in (0, +00).

Proof. Since each boundary component of the annulus A is f-free, we deduce that ®(A)
is included in the interior of A. For z € ®(A), by transversality of F and I, there exists an
arc o joining z and f(z), which is homotopic (with fixed endpoints) to the trajectory of
z along the isotopy / and is transverse to the foliation F. Moreover, from the fact that z
and f(z) are both in the interior of A, we deduce that «; is also included in the interior of
A. We can find an annulus A’ whose boundary components are Jordan curves that are not
contractible in R?\ {0} such that the set ©®(A) = f(O(A)) is included in A’. Considering a
change of coordinates, we can assume that the boundary components of A" are Euclidean
circles centered at zero and that the foliation induced by F on A’ coincides with the radial
foliation with the leaves backward at zero. By transversality, for every z € ®(A) and every
integer n > 1, we have that p, (z) is positive. Since ®(A) is a compact set, we deduce that
pe4a)(I) is included in (0, +00). This completes the proof. O

In the following, A" denotes the subset of .4 consisting of the annuli A € A whose
maximal invariant set is non-empty. From the above proposition, we can consider the
following definition.

Definition 3.9. We say that A € A’ is a positive (respectively, negative) annulus if
pe) (1) C (0, +o0) (respectively, pea)(l) C (—o0, 0)).

LEMMA 3.10. Under the hypotheses of Proposition 3.3, assume, furthermore, that Case
(a) does not hold. Then both positive and negative annuli accumulate at zero.

Proof. Suppose, by contradiction, that there exists a neighborhood of zero which does
not contain any positive annulus (the other case is proved in an analogous way).
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By Lemma 3.8, we know that all annuli A on which the foliation F goes from 0~ A to
9T A on A has maximal invariant set empty. The next proposition provides a foliation F’
which is also transverse to I and such that all leaves of F’ included in a neighborhood
of zero are spirals whose w-limit set is {0}. Hence, by Lemma 3.6, the local rotation set
Ploc(I) is contained in [—oo, 0], which contradicts our hypotheses. This completes the
proof of the lemma. O

PROPOSITION 3.11. Let F be an oriented singular foliation whose singularities are the
ends of R*\{0} transverse to an isotopy I. Suppose that the closed leaves of F accumulate
at zero. Let y be a closed leaf of F. Suppose that the interior of y does not contain any
positive annulus. Then there exists an oriented foliation F' which is transverse to I and
such that all leaves of F' contained in the interior of y are spirals whose w-limit set is {0}.

We will need the following lemma.

LEMMA 3.12. The set A’ is locally finite in R*\{0}: that is, every compact set in R*\{0}
can meet only a finite number of elements of A'.

Proof. Let A” be the subset of A constituted of the annuli A € A that meet its image under
f: thatis, f(A) N A # @. Remark that A’ C A", and so it suffices to prove that the set .A”
is locally finite in R?\{0}. This will be a consequence of the following lemma.

LEMMA 3.13. Let y™ and y~ be two closed leaves of F with y~ contained in the interior
of yt. Let A+ - be the closed annulus delimited by vy and y~. Then there are a finite
number of elements of A" meeting A+ .

Proof. We know that the space of closed leaves of JF included in A, + ,,- is compact and
that every closed leaf of F does not meet its image under f (Properties (1) and (4) of
§2.4). Hence, we can consider the real number € > 0 defined as

€ := min dist(y, f()/)),
Y

where y is a closed leaf of F contained in A},+,y— and, for C, D which are two subsets
of R?, dist(C, D) := infeec gep |lc —d|| and || - || is the Euclidean distance in R2. Let
us prove that each A € A” satisfies dist(dTA, 3~ A) > €. Indeed, if f(A) N A # @, then
fFO@TANA#D or f(3”A)N A #@. Suppose that the first case holds (the proof is
analogous in the second case). Let z € 3T A such that f(z) € A. Hence, there exist real
numbers 1~ <1 <t" suchthat 77 =t~ f(z) €9~ A and z" =+T f(z) € 3+ A. Using the
fact that 9~ A and 0T A are Euclidean circles centered at zero, we deduce that

e <dist(f(0TA), 0 A) < f(2) =zl <z~ —zT| =dist(d~ A, 3T A).

Since the annulus A+ ,- can be covered by a finite number of annuli A satisfying
dist(dT A, 3~ A) > €, the proof follows. O

This completes the proof of Lemma 3.12. O

Proof of Proposition 3.11. The proof will be divided in two cases.
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Case 1. The interior of y does not contain any annulus A on which the foliation F goes
from 3~ A to 3T A.

We can find a small perturbation F’ of F which ‘breaks’ all closed leaves of F in the
interior of y as follows. Let C be the union of all closed leaves of F included in the closure
of the interior of y. Let C be a connected component of C. We write AT (C) and A~ (C) for
the two closed annuli in A whose boundary meets C and A~ (C) included in the interior
of 3t AT (C). Recall that we are assuming that the foliation F goes from A to 3~ A on
all annuli A € A’ in the interior of . We will use the following lemma. Let us begin by
recalling Whitney’s topology and Proposition 2.1. Let ¥ : [0, 11> — R?\ {0} be a compact
chart, that is, an injective map, which maps each vertical line oriented upwards in [0, 1]°
to a segment of a leaf of F. By Proposition 2.1, there exists a real number € > 0, such that
every oriented foliation F’ belonging to the Whitney’s open set O(i, €), that is, the set of
foliations 7" which admit a compact chart v/ satisfying

sup  lY(x, y) — ¥ (x, Il <e,
(x,y)€l0, 112

is positively transverse to 1.

LEMMA 3.14. In this situation, there exists an oriented foliation F¢ arbitrarily close to F
(in Whitney’s topology) which is positively transverse to I and ‘breaks’ all closed leaves
of F in C. More precisely, Fc is positively transverse to I and coincides with F on the
complement of the interior of the annulus Ac := AY(C) U C U A~ (C). Moreover, Ac
is a closed annulus whose boundary components are 3t Ac =9TAT(C) and 3~ Ac =
0~ A (C) (two closed leaves of Fc) and which does not contain any closed leaf of Fc in
its interior, and Fc goes from 3T Ac to 3~ Ac on Ac.

Proof. We will assume that the closed leaves in C are oriented clockwise. Let ¥ :
[0, 11> — ]Rz\{O} be a compact chart meeting C, that is, ¥ ({0} x [0, 1]) is contained
in the interior of AT(C) and ¥ ({1} x [0, 1]) is contained in the interior of A~ (C). Let
((x,j‘ , y,j‘ ))nen be a sequence in [0, 11> which is increasing in the first coordinate such
that, for every integer n > 1, the point z;7 = ¥ (x;", y,) is in a leaf I of F contained in
the interior of A™(C) and z: 1 belongs to the positive half-leaf containing z,7. Moreover,
the sequence ((x,7, y;/))nen converges to (xF, y1) with zF =y (xL, yL) in 9~ AT(O),
which is contained in the boundary of C. Let ((x,, y, ))nen be a sequence in [0, 112
which is decreasing in the first coordinate such that, for every integer n > 1, the point
Z, =¥ (x,, y,)isinaleaf [~ of F contained in the interior of A™(C) and z,_ | belongs
to the negative half-leaf containing z, . Moreover, the sequence ((x,,, ¥, ))neN converges
0 (x5, Yoo) With 27 =¥ (x5, y5,) (eventually z~ =zt if C is a closed leaf of F)
in 3T A~ (C), which is contained in the boundary of C. For every integer n, let a,;f =
v(xF,0),a, =y¢(x,;,0), b =y, 1)and b, =¥ (x,,1). Leta” =¥ (x3, 0) and
bt =¥ (xk, 1). Now we perturb F as in Figure 3 to obtain the expected foliation. More
precisely, for every integer n > 1, let ¢, : [0, 11> — [0, 1]* be an orientation-preserving
homeomorphism of [0, 1]? satisfying:

e ¢, is the identity on [0, 1] x {0} U [0, x;'_l] x [0, 1]U [x,_, 11 x [0, 1];

o Gl D=k, 1y
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FIGURE 3. Left: foliation . Right: foliation F¢.

o onGrg. D=0
o forevery x € [x1, x 1, if g, (x, 1) = (x’, 1), then x < x’; and

o supg o lon(x, ¥) — (o, W < min{xf —xF, x —x )

Note that for every real number € > 0, there exists an integer n such that the foliation F;,
which coincides with F on the complement of ¥ ([0, 17%) and admits the compact chart
Y’ =¥ o @, belongs to O(Y, €). By Proposition 2.1, for every large enough integer n, the
foliation F,, is positively transverse to I and, by construction, it goes from 3t A¢ to 9~ A¢

on the annulus Ac. This completes the proof of the lemma. O

Remark 6. Let C be a connected component of C. Suppose that y ™ and y ~ are in C with
¥~ contained in the interior of ¥ . As in the proof of the previous lemma, we can break
all closed leaves of F in the interior of ¥ that intersect C but not ¥t by considering
a compact chart ¥ : [0, 112 - R2\{0} satisfying that ¥ ({0} x [0, 1]) is contained in "
and ¢ ({1} x [0, 1]) is contained in the interior of A~(C). We can break all closed leaves
of F in the interior of the open annulus delimited by y+ and ¥~ but not y* and y~
by considering a compact chart i : [0, 112 - R2\{0} satisfying that ¥ ({0} x [0, 1]) is
contained in y* and ¥ ({1} x [0, 1]) is contained in y . In these cases, Ac is delimited
by yT and 3~ A~(C) and yT and y ~, respectively.

Construction of the foliation F'. The foliation F’ is constructed as the limit of a family
of foliations (F,)«, which is stationary on every compact set of R?\{0}. Firstly, suppose
that the foliation induced by F in a neighborhood U of zero is the foliation by closed
leaves. Let (¥,)nen be an ordered sequence in U of closed leaves that accumulate at zero
(eventually y = yp if U is the interior of y). For every integer n > 1, we can break all
closed leaves of F in the interior of the open annulus delimited by y», and y»,4+; but
not 5, and y»,4+1. Next, let C be the connected component of C containing y. We can
break all closed leaves of F in the interior of y that intersect C but not y. Hence the
connected components of C accumulate at zero. Let (Cy)q denote the ordered family of
all such components, that is, C, < C, if C, is contained in the unbounded connected
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component of R>\C,'. By the previous lemma, for every « € A, we obtain a foliation
F«, which coincides with the foliation F on the union of C,, the bounded connected
component of R?\C,, and the complement of the interior of y, and which goes from y to
9~ AT(Cy). Iterating this process, we can construct the family (F ). Let ' be the limit of
the sequence (Fy)y. By construction, ' belongs to the Whitney open set O((¥y), (€x)),
where ¥, is the compact chart and €, is the positive real number provided by the previous
lemma. From Proposition 2.1, the foliation F” is also transverse to I and, by construction,
all leaves of F’ contained is the interior of y are spirals whose w-limit set is {0}. This
completes the proof in Case 1.

Case 2. In the other case, every annulus A in the interior of y on which F goes from 0~ A
to 01 A have maximal invariant set empty (we are assuming this). We will construct an
intermediary foliation F, transverse to the isotopy /, as in Case 1 above. The construction
has three steps.

1st step. We can replace F on each annulus A € A\ A” (that is, an annulus that does not
meet its image under f), by the foliation in Euclidean circles centered at zero. We remark
that this foliation is also transverse to /.

2nd step. Recall that, by hypothesis, every annulus A (included in the interior of y) on
which the foliation F goes from 9~ A to T A has maximal invariant set empty. In this
case, we will use the following lemma.

LEMMA 3.15. (Le Roux, [LeR13]) Suppose that the maximal invariant set of the annulus
A € A is empty. Then there exists an annulus A containing A whose boundary is the union
of 3 A and (3™ A) for some integer n and a foliation F whose leaves yin A are closed
and such that f () is situated on the right of the oriented leaf y.

Sketch of the proof. For two disjoint Jordan curves o and B, we write o < g if 8 is
contained in the interior of «. Since the maximal invariant set of A is empty, we can
suppose that there exists an integer n such that 3~ A < f"(3" A). Since the closed leaves
0T A and 3~ A are f-free, they project to two simple curves on the quotient torus

(U fn(A6+A,f(3+A))) /f,

nezs
where A+ 4 f(s+a) is the annulus delimited by the curves 37 A and f(d*A). The curves
9T A and 9~ A are homotopic, so we can find a family of curves (a1)tefo,1) With g = 9T A
and o1 = 9~ A lifting this isotopy. For every t € [0, 1], choose a curve §; such that

o < Br < flow).
In particular, for every ¢ € [0, 1] the annulus delimited by the curves «; and §; is f-free.
By compactness, we can find real numbers 0 =9 < #| < - - - <, = 1 such that, for every
ie{0,...,n—1},
Qg < ,Bt,- < f(at,-+]),
and, in particular, the annulus delimited by the curves 8, and f(ay ) is f-free. For
i€{0,...,n}, wewrite y; = f'(a;) and §; = f*(B,).

ATA=1 <8y <- <81 <yn= (O A).
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Moreover, every two consecutive curves of this sequence delimit a f-free annulus since,
in the first step, we can replace the foliation F on each of these annuli by the foliation in
closed leaves. These foliations can be pasted to obtain a foliation F whose leaves in the
annulus A are closed. This completes the proof. O

By the previous lemma, we obtain a foliation in closed leaves on the annulus A
delimited by 3T A and f"(9~ A). This foliation can be pasted with the foliation F on
the exterior of 37 A and with the foliation ( f*),JF in the interior of f”(d~A) to obtain a
new foliation F4 , that is transverse to the isotopy /.

3rd step. Construction of the foliation F. The intermediary foliation F, is constructed
as the limit of a sequence of foliations (F;),en that is stationary on every compact set
of R?\{0}. By the first step and the fact that A’ is locally finite (Lemma 3.12), the set of
annuli A on which F goes from 3~ A to 3" A accumulate only at zero and is a countable
set. Let (A;)nen denote the ordered family of all such annuli: that is, for every integer
n > 1, the annulus A,_ is contained in the unbounded connected component of Rz\An.
By hypothesis the maximal invariant set of Ag is empty so, by the second step, we obtain a
foliation Fo = Fa,,m, Which coincides with the foliation in closed leaves on Ao (annulus
delimited by 3% Ag and f™°(3~ A) for some integer mg), with F on the exterior of 3+ Ay,
and with the foliation (f"°),F in the interior of f™0(d~ A). In a similar way, we obtain
a foliation F := (F0) fmo(A,),m,- Lterating this process, we can construct the sequence
(Fu)neN- Let Foo be the limit of the sequence (F;),cN. Since, by construction, each leaf
lso of Fo is an iterate of one leaf [ of either JF or the foliation F provided by the previous
lemma, (that is, /o = f"(/)), the remark following Theorem 2.2 implies that the limit
foliation obtained, Fo, is also transverse to /. Note that the foliation F is as in Case 1.
This completes the proof. O

End of the proof of Proposition 3.3. Suppose that Case (a) does not hold. Let F be an
oriented foliation transverse to the isotopy /. By Lemma 3.5, the closed leaves of F
accumulate at zero so f does not satisfy the local intersection property. Let V be a
neighborhood of zero. By Lemma 3.10, both negative and positive annuli accumulate at
zero. Hence there is a negative annulus A~ and a positive annulus A" included in V. The
next lemma implies that Case (b) of the proposition holds. This completes the proof of
Proposition 3.3. O

LEMMA 3.16. Let F be an oriented foliation transverse to the isotopy 1. Suppose that
there exists both negative and positive annuli. Then there exist three Jordan curves as in
Case (b) of Proposition 3.3. In other words, the hypothesis of Theorem C is valid.

Proof. Let AT and A~ be a positive and a negative annulus, respectively. Let ¥ and
¥~ be two closed leaves of F such that AT and A~ are contained in the closed annulus
A+ - delimited by y T and y ~. We know by Lemma 3.13 that there exists a finite number
of elements of .A" meeting A, + ,,-. Hence there is a positive annulus A(J)r and a negative
annulus A} such that the annulus A (eventually an empty set) ‘between’ AS’ and A| has
maximal invariant set empty. Thus the curves 8+A3' ,0T AT and 8~ A7 satisfy Case (b) of
Proposition 3.3 because p 4, A7 I)=p A7 (1). This completes the proof of the lemma. O
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4. Case of the open annulus
In this section, we will introduce the definition of the rotation set in the open annulus and
we will show Theorem B assuming Theorem C.

4.1. Definitions.

4.1.1. The open annulus. We will denote by T' the unit circle of the plane and by A :=
T! x R the open annulus. We endow the annulus A with its usual topology and orientation.
We denote by N (respectively, S) the upper (respectively, lower) end of A and by Athe end
compactification of A, which is a topological space homeomorphic to the two-dimensional
sphere. A Jordan curve y in A is called essential if its complement has two unbounded
connected components. We denote by U)fv the upper one and by U)f the lower one. We

YN _ 77N 7S _ 178
denoteUy =U, U{N} ande_UyU{S}.

4.1.2. The set Homeog(A). We denote by Homeog(A) the set of all homeomorphisms
of the open annulus A which are isotopic to the identity. We recall that every
homeomorphism f in Homeog(A) can be extended to a homeomorphism f of the end
compactification of A and this homeomorphism fixes both ends of A.

4.1.3. The rotation set of the annulus. In this paragraph, we consider a
homeomorphism f in Homeog(A). Let I be an isotopy in Homeog(A) from the identity
to f. We will give the definition of the rotation set of I due to Franks (see [Fra96]).

If ze€ A, we consider p,(z) the average change of angular coordinate along the
trajectory of z for the isotopy I. Next, for a compact set K in A, we define

pr() =) CI(U{p,,@ zeK, f"(2) € K}),

m>1 n>m

where the closure is taken in R := R U {400} U {—00}.
Finally, we define the rotation set of the isotopy I by

pann(1) 1= CI(U pK<1)>,
K

where K is a compact set in A.

Remark 7. The rotation set pann (1) only depends on the choice of the homotopy class of 1.
As above, the rotation set verifies the following properties.

PROPOSITION 4.1. Let I be an isotopy in Homeog(A) from the identity to f. For every

integer p, let JP = (Rpt)tefo0,1]- Then:

(1)  the rotation set of I is invariant by oriented topological conjugacy; and
(2) forevery p, q € Z, pann(JP * 11) = q pann(I) + p.
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4.1.4. Other rotation sets in the open annulus. 1In this paragraph, we introduce other
rotation sets in A such as the measured rotation set of an f-invariant compact subset of A
and also the local rotation set relative to a neighborhood at each end of A.

Given a compact and f-invariant set K in A, we will denote by M ¢(K) the set of all
f-invariant Borel probability measures whose support is contained in K. This is a compact
and convex set in the weak topology. If 1 € M (K), we define its rotation number as

o (w) :=/ p1du,
K

where p; is the displacement function, that is, p1(z) := p1 (f(Z)) — p1(®), where fis a
lift of £ and 7 is a point in 7 ~!(z). Then we define the measured rotation set of K as

Pmes(K, I) :={p(n): n e Mf(K)}
This set is always a compact interval. More precisely, we have the following result.

LEMMA 4.2. Let K be a compact and f-invariant set in A. Then:

(1) the set px (1) is a compact set in R; if K is a connected set, then px (I) is a compact
interval; and

(2)  the set pmes(K, 1) coincides with the convex hull of px (I).

On the other hand, let Z( be an end of A and let V bea neighborhood of Zo. We consider
an orientation-preserving homeomorphism % mapping V to a neighborhood of 0 € R?
such that ¥ (Zg) = 0. We write

py (D)= (=1)@p o (WIy™h),

where i(N) = —1,i(S) = +1 and pw(‘;)(t//lw_l) is the local rotation set relative to w(V)
defined in §3.1.3.

Remark 8. By Proposition 3.1, this definition does not depend on the choice of the
homeomorphism .

4.2. Main result: proof of Theorem B. The purpose of this subsection is to prove
Theorem B, assuming Theorem C.

As we have seen in the first paragraph of §3.2, by density of Q in R and replacing
the isotopy / by I” x J4, in order to proof Theorem B, it suffices to prove the following
theorem.

THEOREM B*. Let I be an isotopy in Homeog (A) from the identity to a homeomorphism
f. Suppose that the rotation set pann(I) contains both positive and negative real numbers.
Then there exists a compact (a priori non-invariant) set K in A such that zero belongs to

px (D).

The following example satisfies Property (3) but not Property (2) from the analogous
Remark 4 for the open annulus. This proves that Theorem B* is sharp: that is, the compact
set K such that zero belongs to px (I) can be non-invariant.
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Example. There exist a homeomorphism f of A and an isotopy / from the identity to f
satisfying the following conditions.

(1) There exists no f-invariant compact set K in A such that 0 € px (I).

(i) (=1, 1} C pann (D).

Let us fix two real numbers 0 < R~ < RT. To construct f, we start with a
homeomorphism f{ defined on R? U {oo}, the one-point compactification of RZ,
satisfying:

@) fl’ acts as a rotation Ri; (respectively, R_1) on the disk {z eR2: Izl < R}
(respectively, {z € R? : llzll = RT}); and
(i) fl’ is a Reeb’s homeomorphism on {z € RZ: R~ < |zl < R}
Let us define the following equivalence relation on R? U {oco}.

0 if |z <R and y <0,

z=(x,y)~ ,
0,y) ifflz| <R andy>0.

00 if||z] > Rt and y <0,

z=(x,y)~ .
(0,y) ifflz = R and y > 0.

Let A’ = R2U {00}/ ~ be the quotient space of R? U {co}. For z € R? U {00}, we write
[z] for the equivalence class of z. Now, it is easy to check that A’ = A \{[0], [oco]} is
homeomorphic to the open annulus A and that f| induces a homeomorphism f on A’.
Moreover, f is isotopic to the identity on A’ and there exists an isotopy I on the annulus
A’ from the identity to f such that {—1, 1} C pann(I).

4.2.1. Classification. The proof of Theorem B* considers several cases described in
the following proposition.

PROPOSITION 4.3. Let I be an isotopy in Homeog(A) from the identity to a
homeomorphism f. Suppose that the rotation set pann(I) contains both positive and
negative real numbers. Then one of the following holds.

Case (a). There exists a compact invariant set K in A such that zero belongs to px (I).

Case (b). The homeomorphism f satisfies the local intersection property at least at one of

the ends of A. There exists an essential f-free Jordan curve y in A, such that the local

rotation set of I at N relative to U)I,V, PN (I), is contained in one of the sets [0, +o0] or
14

[—o0, 0] and the local rotation set at S relative to U)f ,005(1), is contained in the other
Y
one.

Case (c). The homeomorphism f satisfies the local intersection property at both ends of
A. There exist two f-free essential Jordan curves yy and ys with yy C U)I,\; such that the
closed annulus A delimited by yy and ys satisfies:

(1)  the maximal f-invariant set of A is not empty; and

(i) the sets pfl;" (I) and ,005‘ (I) are contained in one of the sets [0, +00] or [—o0, 0]

and the set ps (1) is contained in the interior of the other one.

https://doi.org/10.1017/etds.2016.129 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2016.129

2594 J. Conejeros

We prove this proposition assuming that Case (a) does not hold. Then we may assume
that 7 has no contractible fixed points. We apply Theorem 2.2 to obtain an oriented
foliation on the annulus A which is transverse to /. We can see F as an oriented singular
foliation on A, the end compactification of A, whose singularities are the ends of A.

LEMMA 4.4. In this situation, there exists an oriented foliation F' arbitrarily close to F
(in Whitney’s topology) which has a closed leaf.

Proof. We claim that F would have recurrence (see Property (4) of §2.4). Otherwise, by
Property (4) of §2.4, there exists a leaf of F joining the two ends of A, which implies that
either pann (1) C [—00, 0] or pann(I) C [0, 4+00]. This contradicts our hypotheses. Hence,
changing the orientation of F by its inverse, if necessary, we may suppose that there is a
leaf [ of F whose w-limit set contains a point z € A. Let /; be the leaf of F containing
z. Note that the w-limit and «-limit sets of [, are reduced to S or N. Without loss of
generality, we may assume that this end is S. Let ¥ : [0, 1]> — A be a compact chart at z
and let (xo0, Yoo) € [0, 112 be such that Y (X005 Yoo) = 2. Let ((x5, Yn))nen be a sequence
in [0, 1]? such that, for every integer n > 1, the point z,, = ¥ (x,, y,) is in [ Ny ([0, 1]?),
the point z,,41 belongs to the positive half-leaf containing z,,, the connected components of
[Ny ([0, 11%) containing z, and z,4+1 are consecutive and the sequence (z,),eN converges
to z. For every integer n > 1, let a, = ¥ (x,, 0) and b, = ¥ (x,, 1). Now we perturb F
as in Figure 4. More precisely, for every integer n > 1, let ¢, : [0, 1]2 — [0, 1]2 be an
orientation-preserving homeomorphism of [0, 1]? satisfying:

o On(xpt1, 0) = (xu+1, 0);

®  ¢n(xpy1, 1) = (x,, 1); and

o supi yepo, 12 len(x, ¥) — (o, W= X0 — Xng1l.

Note that for every real number € > 0, there exists an integer n such that the foliation
Fn that coincides with F on the complement of ([0, 1]2) and admits the compact chart
Y’ =y o ¢, belongs to O(, €), that is, the set of all foliations F’ that admits a compact
chart ' satisfying

sup Y (x, ) =¥ (x, y)ll <e.
(x,)€l0,1]2
By Proposition 2.1, for every large enough integer n, the foliation F, is positively
transverse to / and, by construction, it admits a closed leaf. This completes the proof
of the lemma. O

From Proposition 2.1, the foliation F’ is also transverse to /. Let us assume from now
on that F has closed leaves. Moreover, F cannot have only closed leaves. Otherwise f is
conjugated to a homothety.

LEMMA 4.5. Under the hypotheses of Proposition 4.3, assume, furthermore, that Case (a)

does not hold. Then the closed leaves of F do not accumulate at least at one of the two
ends of A.

Since the closed leaves of F are f-free essential curves (Properties (2) and (3) from
§2.4), this lemma will follow from Theorem C. As in §3.3, we consider the set A of all
closed annuli A whose boundary components are closed leaves of F and which do not
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closed
leaf

FIGURE 4. Left: foliation F. Right: foliation F'.

contain any closed leaf of JF in their interior. For every annulus A € A, we write 3" A and
d~ A for its two boundary components with 9~ A included in U. BS+ 4 Let A’ be the subset
of A consisting of the annuli A whose maximal invariant set is not empty. We say that
A € A’ is a positive (respectively, negative) annulus if pga)(1) C (0, +00) (respectively,

pea)(I) C (—oo, 0)) (see Lemma 3.8).

Proof of Lemma 4.5. By contradiction, we suppose that the closed leaves of F accumulate
at both ends of A. We claim that there are both positive and negative annuli. By
contradiction, suppose that all annuli of A’ are negative (or positive). Then the next
proposition provides an oriented foliation F’ which is also transverse to I and such that
each leaf joins the two ends of A: that is, its «-limit set is reduced to N and the w-limit
set is reduced to S. This contradicts the fact that the rotation set p,n, (/) contains both
positive and negative real numbers. If there are both positive and negative annuli in A, then
Lemma 3.16 provides two annuli Ag and A which satisfy the hypothesis of Theorem C.
We conclude (assuming Theorem C) that zero belongs to pga)(/), where ®(A) is the
maximal invariant set of the closed annulus A = Ag U A;. This contradicts the fact that
Case (a) of Proposition 4.3 does not hold. This completes the proof. O

Let us state the global version of Proposition 3.11.

PROPOSITION 4.6. Let F be an oriented singular foliation whose singularities are the
ends of A transverse to an isotopy I. Suppose that the closed leaves of F accumulate at
both ends of A. Suppose that all annuli A" € A" are negative. Then there exists an oriented
Soliation F' transverse to I such that each leaf of F' joins the two ends of A: that is, its
o-limit set is {N} and its w-limit set is {S}.

Proof. The proof follows as in Proposition 3.11. We will divide the proof into parts. It will
be useful for other purposes. Let us fix two closed leaves, ys and yy, with yx contained
in U%. By Proposition 3.11 (applied at both ends of A), we can find an oriented foliation
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F” transverse to I and such that all leaves of F” that are contained in U}fs (respectively,

U;,YV) are spirals whose w-limit set is {S} (respectively, «-limit set is {N}). In particular,

the foliation F” satisfies the following properties.

(i) All annuli A € A’ contained in Ay .ys. the closed annulus delimited by yx and ys,

are negative.

(i1) There is a leaf I contained in U}fs whose «-limit set is ys and w-limit set is {S}.

(iii) There is a leaf [y contained in U}/,\llv whose a-limit set is {N} and w-limit set is yy.
Now, to obtain the foliation F’, we will use the following lemma.

LEMMA 4.7. Let F" be an oriented foliation transverse to an isotopy I. Suppose that F"'

satisfies either A’ is empty or the above Property (i).

(@) If F' satisfies furthermore Property (ii), then there exists a foliation F' transverse to
I which admits a leaf whose a-limit set is yn and whose w-limit set is {S}.

(b) If F" satisfies, furthermore, Properties (ii) and (iii), then there exists a foliation F'
transverse to I which admits a leaf joining the two ends of A.

Sketch of the proof. The proof follows as in the proof of Proposition 3.11.
Let us prove (a). The proof will be divided in two cases.

Case 1. The annulus Ay, s does not contain any annulus A on which the foliation F"
goes from 3~ A to 3T A.

In this case, using Lemma 3.14 and the remark following Lemma 3.14, we can find the
foliation 7’ ‘breaking’ all closed leaves of F” in A, but not yy.

Case 2. In the other case, every annulus A € A has maximal invariant set empty or every
annulus A € A" on which the foliation F" goes from 0~ A to 3+ A has maximal invariant
set empty (we are assuming this). In this case, we will construct an intermediary foliation
FU_ transverse to the isotopy /, as in Case 1 above. The construction has three steps.

Ist step. We can replace F” on each annulus A € A\ A” (that is, an annulus that does not
meet its image under f) by the foliation in closed leaves. We remark that this foliation is
also transverse to /.

2nd step. Recall that, by hypothesis, every annulus A € A has maximal invariant set empty
or every annulus A € A" on which the foliation F” goes from 9~ A to 9 A has maximal
invariant set empty. Hence, by Lemma 3.15 (applied to an annulus A in A whose maximal
invariant set is empty), there exist an annulus A containing A whose boundary components
are the union of 3 A and f"(d~A) for some integer n and a foliation F whose leaves in
A are closed leaves. This foliation can be pasted with 7’ on U é\i 4 and with (f"),F" on
U ]‘E,, @-4) 0 obtain a new foliation F4 , that is transverse to the isotopy /.

3rd step. Construction of the foliation F/,. The intermediary foliation F, is constructed as
the limit of a finite sequence of foliations ("), which is stationary on every compact set
of A. By the first step and the fact that there are a number finite of elements of A’ meeting
the annulus A, ,, (Lemma 3.13), the set of annuli A in A, ,; on which F goes from
9~ A to 9T A is a finite set. Let (A}, denote the ordered family of all such annuli: that

is, for every integer i € {1, ..., m}, the annulus A;_; is contained in the upper connected
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component of A\ A;. By hypothesis, the maximal invariant set of Ag is empty so, by the
second step, we obtain a foliation Fo = F4,,», Which coincides with the foliation in closed
leaves on Ao (annulus delimited by 37 Ay and f"0(d~ Ap) for some integer ng), with F”
on U(‘;\‘]*AO and with the foliation (£"0),F” on Ujf,,o (- Ag)" In a similar way, we obtain a
foliation F1 := (F0) rr0(4,),n, - lterating this process, we can construct the finite sequence
(F),. Since, by construction, each leaf [, of F,, is an iterate of one leaf / of either F”
or the foliation F”’ provided by the Lemma 3.15 (that is, /,, = f"(/)), the remark following
Theorem 2.2 implies that the foliation obtained, F,,, is also transverse to /. Note that the
foliation F,, is as in Case 1. This completes the proof of Assertion (a).

Let us prove (b). From Assertion (a), we obtain an oriented foliation that admits a closed
leaf y and two leaves [y and /g contained in U?}’V and U)fN , respectively, whose a-limit set
is { N} and w-limit set is y and whose «-limit set is yy and w-limit set is {S}, respectively.

Now, we can find the foliation 7’ ‘breaking’ the closed leaf yy. O
This completes the proof of Proposition 4.6. O

Let us assume from now on, without loss of generality, that the closed leaves of F do
not accumulate at S. Let yg be ‘the last’ closed leaf of F: that is, yg is a closed leaf of F
such that U);qs does not contain any closed leaf of 7. We have the following result.

LEMMA 4.8. There exists an oriented foliation F' arbitrarily close to F (in Whitney’s
topology) that coincides with F in Cl(U%) and admits a leaf either whose w-limit set is
reduced to S and a-limit set is ys or whose o-limit set is reduced to S and w-limit set is ys.

Proof. Let 7' be an element in ys and let ¥ be an arc positively transverse containing
7’ in its interior. Since ys is a closed leaf of F and there is no closed leaf in Ufs, there
is a leaf [ of F which meets X N Ufs at least two times. From Theorem 2.5, we deduce
that either a(l) or w(l) is ys. Without loss of generality, suppose that we are in the first
case. Since there are not closed leaves of F in Ufs, we have two possibilities (items (ii)
or (iii) of Theorem 2.5): the set w (/) is reduced to S, or there is a leaf /g of F from §
to S contained in w(/). In the first case, the foliation F satisfies the conclusion of the
lemma. In the second case, let z be an element in [g. Let v : [0, 1?—> A bea compact
chart at z and let (xo0, Yoo) € [0, 172 be such that Y (X00s Yoo) = 2. Let ((xn, Yn))nen be a
sequence in [0, 172 such that, for every integer n > 1, the point z, = ¥ (x,, y,) isin [ N
¥ ([0, 1]?), the point z,,,1 belongs to the positive half-leaf containing z,, and the sequence
(zn)neN converges to z. For every integer n > 1, let a, = ¥ (x,,, 0) and b, = ¥ (x,, 1) and
let b = ¥ (xo0, 1) . Now we perturb F as in Figure 5 to obtain the expected foliation. More
precisely, for every integer n > 1, let ¢, : [0, 1]> — [0, 1]* be an orientation-preserving
homeomorphism of [0, 1]? satisfying:

o u(xy, 0) = (xy, 0);

o ¢u(xy, 1) = (X0, 1); and

®  SUP(x,y)e[0,1]? l@n(x, ¥) — (x, VI < [xn — Xool-

Note that, for every real number € > 0, there exists an integer n such that the foliation
F, that coincides with F on the complement of ([0, 1]2) and admits the compact chart
¥ =1 o ¢, belongs to O, €). By Proposition 2.1, for every large enough integer n
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FIGURE 5. Left: foliation F. Right: foliation 7.

the foliation J, is positively transverse to / and, by construction, it admits a leaf whose
w-limit set is reduced to S and whose «-limit set is ys. This completes the proof of the
lemma. O

Using reasoning analogous to that of Lemma 3.6, we obtain the following result.

LEMMA 4.9. The set Pps (1) is contained either in [0, +o0] or in [—00, 0].
¥s

End of the proof of Proposition 4.3. Under the hypothesis of Proposition 4.3, assume,

furthermore, that Case (a) does not hold. Let F be an oriented foliation transverse to /.

By Lemma 4.4, we can assume that the foliation F has closed leaves but, by Lemma 4.5,

these do not accumulate at least at one end of A. Let us assume that the closed leaves of F

do not accumulate at S. Let ys be ‘the last’ closed leaf of F: that is, yg is a closed leaf of

F such that U st does not contain any closed leaf of F. By Lemma 4.8, perturbing F and

changing the orientation of F we can assume that:

(i) the foliation F admits a leaf /g contained in U};gs whose «-limit set is yg and w-limit
setis {S}.

Moreover, by the previous lemma:

(i) the set py 5, (1) is contained in [—o0, 0].

‘We have two cases.

Case 1. The closed leaves of F do not accumulate at N either.

As above, we consider ‘the first’ closed leaf of F, denoted by yy, thatis, yy C U)j,\é and
there are no closed leaves of F outside the closed annulus delimited by yy and ys. From
Lemma 4.8 (applied to N), we can assume that the foliation F admits a leaf [y whose
w-limit set is reduced to N and «-limit set is Y or whose «-limit set is reduced to N and
w-limit set is yy. We have two subcases.
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Subcase 1.1. (iii) The leaf Iy satisfies a(Iy) = {N} and w(Iy) = yn.

Let Ay, s be the closed annulus delimited by yn and ys. We will prove the following

assertions.

(1) There is a positive annulus contained in Ay, ;.

(2) Every annulus A € A’ is positive.

(3) f satisfies the local intersection property at least at one end of A.

Let us prove (1). Suppose, by contradiction, that every annulus A € A either has maximal
invariant set empty or is negative. Lemma 4.7 provides an oriented foliation F” that is also
transverse to / and admits a leaf whose a-limits set is {N} and w-limit set is {S}. This
implies that pann (1) C [—o0, 0]. This contradicts our hypotheses and completes the proof
of Assertion (1).

Let us prove (2). Suppose, by contradiction, that there are both positive and negative
annuli. By Lemma 3.16, we can find two annuli Ag and A contained in A,,, , satisfying
the hypothesis of Theorem C. Hence Theorem C implies that zero belongs to pga) (1),
where ® (A) is the maximal invariant set of A = Ay U Aj. This is a contradiction, because
we are assuming that Case (a) does not hold. This completes the proof of Assertion (2).

Let us prove (3). By our assumptions on the leaves [y and Ig (items (i)-(iii)) and
Lemma 4.9:

(iv) Py, (Hu Pay. (1) C[—o0, 0]

Moreover, by Assertlon 2):

V) pey,.,od) C (0, +00).

Now Assertion (3) will be a consequence of the following claim.

CLAIM. Under our hypotheses. Suppose that f does not satisfy the local intersection
property at S. Then f restricted to U];qs is a homothety. In particular, pys (1) is included
YN

in [0, 4+00].

Proof of the claim. Let (y,),eN be a sequence of essential f-free curves such that:

e for every integern € N, 41 C US C U;S, and

® mnEN U T =

For each integer n, we write ®(A,) for the maximal invariant set of A,, the closed
annulus delimited by ys and y,. Firstly, suppose that there exists a positive integer ng
such that ®(A,,) is not empty. Then, by item (iv), pe( Ano)(l ) C (=00, 0) and we know
that pe( Awws)(] ) C (0, +00) (item (v)). Hence Theorem C implies that zero belongs to
the rotation set relative to the maximal invariant set of the closed annulus delimited by
yn and y,,. This again contradicts the fact that Case (a) does not hold. Now suppose
that, for every integer n, ®(A,) is empty. Considering f instead of f~!, we can assume
that yg satisfies f(ys) C U)fs. Hence for each integer n, there is an integer k(n) such that
KM () U}‘,gn. Therefore

() rwsHc(u; =0

neN neN

This proves that f restricted to 0];1 is a homothety and completes the proof of the
claim. O
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Let us continue proving Assertion (3). Suppose, by contradiction, that f does not satisfy
the local intersection property at any of the ends of A. Then the previous claim (applied
to both ends of A) implies that p,,,(7) is contained in [0, +00]. This contradicts our
hypotheses and completes the proof of Assertion (3).

To complete the proof of Proposition 4.3 in Subcase 1.1, note that if f satisfies the
local intersection property at the other end of A, then Case (c) of Proposition 4.3 holds.
Otherwise, by the previous claim, Case (b) of Proposition 4.3 holds. This completes the
proof of Proposition 4.3 in Subcase 1.1.

Subcase 1.2. (vi) The leaf Iy satisfies a(Iy) = yy and w(Iy) = {N}.
Let Ay, s be the closed annulus delimited by yx and ys.

CLAIM. In this situation, there exists an oriented foliation F' transverse to I that has a
unique closed leaf y and two leaves Iy, and I\, whose a-limit set is y and w-limit set is {N'}
and whose a-limit set is y and w-limit set is {S}, respectively.

Proof. By our assumptions on the leaves Iy and [g (items (i) and (vi)), if the set A’ is
empty, then Lemma 4.7 (applied to S) provides the oriented foliation F’. Suppose now
that the set A’ is not empty. We will claim that either all annuli are positive or all annuli
are negative. Suppose, by contradiction, that there are both positive and negative annuli in
Ayy.ys- By Lemma 3.16, we can find two annuli Ap and A; contained in A,,, ,, satisfying
the hypothesis of Theorem C. Hence Theorem C implies that zero belongs to pga) (1),
where ®(A) is the maximal invariant set of A = Ag U Ay. This is a contradiction, because
we are assuming that Case (a) of Proposition 4.3 does not hold. If either all annuli are
positive or all annuli are negative, then Lemma 4.7 (applied at an end of A) provides the
oriented foliation F'. This completes the proof of the claim. O

By our assumptions on the leaves [y and Ig (items (i) and (vi)), by Lemma 4.9 we
know that ,009, (1) is contained in [0, +00] and that Pis (1) is contained in [—oo0, 0]. Let
us prove, by contradiction, that f satisfies the local intersection property at least at one of
the ends of A. Otherwise, since p,n, (1) contains both positive and negative real numbers,
we can find two f-free essential Jordan curves ¥+ and y ~ close enough to the ends N and
S, respectively, such that the maximal invariant set ®(A,+ ,) (respectively, ©(4, ,-))
of the annulus delimited by T and y (respectively, y and y ™) is not empty. Moreover,
PO(A,, ) (I) is contained in [0, +o00] and PO(Ay,_) (I) is contained in [—o0, 0]. Therefore
Theorem C implies that zero belongs to pe( A, +‘y_)(I ), where ©(A,+ ,,-) is the maximal
invariant set of the compact annulus delimited by y ™ and y . This contradicts that Case
(a) of Proposition 4.3 does not hold. This proves that Case (b) of Proposition 4.3 holds and
completes the proof of Proposition 4.3 in Subcase 1.2.

This completes the proof of Proposition 4.3 in Case 1.

Case 2. The closed leaves of F accumulate at N.

As above, we consider ‘the last’ closed leaf of F near to S, denoted by ys. As above,
from Lemma 4.8, we can assume that there is a leaf /g satisfying that w(lg) = {S} and
a(ls) = ys. Since pann(I) contains both negative and positive real numbers, the following
assertions hold.
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(1) There is a positive annulus contained in U)l,\;.

(2) Every annulus A € A’ is positive.

(3) f satisfies the local intersection property at S.

Let us prove (1). Suppose, by contradiction, that every annulus A € A contained in U}ﬂ\;
either has maximal invariant set empty or is negative. Proposition 3.11 provides an oriented
foliation F” which is also transverse to I and admits a unique closed leaf yg and a leaf
whose «-limit set is { N} and w-limit set is ys. Now we can find a foliation transverse to
I ‘breaking’ the closed leaf ys (see Lemma 4.7). This foliation admits a leaf / which joins
both ends of A. This implies that p,n, (1) C [—00, 0]. This contradicts our hypotheses and
completes the proof of Assertion (1).

Let us prove (2). Suppose, by contradiction, that there are both positive and negative
annuli. By Lemma 3.16, we can find two annuli Ag and A contained in U)fg satisfying the
hypothesis of Theorem C. Hence Theorem C implies that zero belongs to pg4)(/), where
®(A) is the maximal invariant set of A = Ag U Aj. This is a contradiction, because we are
assuming that Case (a) does not hold. This completes the proof of Assertion (2).

Let us prove (3). By our assumptions on the leaf /g (items (i) and (ii)):

° pUySS(I) C [—o0, 0].

Let yn be a closed leaf of F with yy included in U%. From above Assertion (2):

o POAy, () C (0, +00).

Assertion (3) is now a consequence of the claim in Subcase 1.1. This completes the proof
of Assertion (3).

To complete the proof of Proposition 4.3 in Case 2, note that, by Proposition 3.11,
we can find an oriented foliation F’ transverse to I that has a unique closed leaf y and
such that all leaves of 7' contained in U}f\; are spirals whose w-limit set is {N}. From
Lemma 4.9, we know that Py N (1) is contained in [0, +00] and that Po ;(1 ) is contained
in [—o0, 0] (item (ii)). This proves that Case (b) of Proposition 4.3 holds. This completes
the proof of Proposition 4.3 in Case 2. O

Proposition 4.3 is now proved.

4.2.2. An intermediate result. The purpose of this paragraph is to prove the following
proposition and its corollary.

PROPOSITION 4.10. Let I and f be as in Theorem B*. Assume, furthermore, that:

(A1) the homeomorphism f satisfies the local intersection property at S;

(Ap) there exists a Jordan domain 1% containing S (in A) such that f(Cl(V)) CV;and
and

(A3) the set py (1) is included in [0, +o00].

Then either:

(1)  there exists a compact set K in A such that zero belongs to px (I); or

(2) there exists a compact set K in A contained in A\ V such that the set px (I) intersects
[0, +oc].
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Remark 9. We can replace (A;) by the hypothesis Cl(V) C f (V) by changing the isotopy
I by ™. We can replace (A3) by the hypothesis py (1) C [—o0, 0] by conjugating I by
the orientation-reversing homeomorphism (u, r) — (—u, r) of the annulus A.

Let us put ®+(\7) (respectively, ®_(\75)) the forward (respectively, backward) f -
invariant set of V (respectively, V¢): that is,

OF(V):=() f/(V) and O (V):=() f"(VO).

neN neN

Using Hypothesis (Az), one proves that the set ®+(‘7) (respectively, @‘(\A/”)) is a
continuum, its complement is a connected set of A and it contains S (respectively, N).
Moreover it satisfies the following properties.

LEMMA 4.11. Under the hypotheses of Proposition 4.10:
(a) the set ©T (V) is not reduced to S; and
(b)  the set ® (VC) is not reduced to N.

Proof. Let us prove (a). Since f satisfies the local intersection property at S, there
is an open neighborhood U of S which does not contain any f-free essential Jordan
curve. Hence, for every integer n > 0, the curve f "9 ‘7) is not contained in U because
it is a free essential Jordan curve by Hypothesis (A;). Hence, by Hypothesis (Aj3),
( f n (CI(V)\U ))neN is a decreasing sequence of compact sets in A, and so

p# () f1CUVND) c OF (V).
neN
This proves item (a).
Now let us prove (b). Suppose, by contradiction, that @~ (V) = {N}. So, by Hypothesis
(A»), for every compact set K in A, there exists an integer ng =n > 0 such that K is
included in f ’”(\A/). Hence, by Hypotheses (A;) and (A3),

Pk (1) C gy (1) = py (1) C [0, +00].

This contradicts the fact that p,n, (/) contains some negative real number. This proves
item (b). O

Recall that 7 : A — A is the universal covering of A and that p :A >R is the
projection onto the first coordinate.

Proof of Proposition 4.10. Let us consider V :=V NA. Let T, V, 1 (V) and @~ (V°)
be lifts of Fr(V), V, ©T(V)\{S} and ®—(\70)\{N} respectively.

Let X be the connected component of A\(@*(V) Uue- (V‘)) containing I'. The set X
is open, connected and f -invariant: that is, f (X) = X, where f is the lift of f associated
tol.Leta:[0,1]— Abea simple arc satisfying:

(i) the endpoints «(0) and (1) lie in ®T (V) and ©®~ (V¢), respectively;

(i) if & denotes the interior of «, that is, ¢ is the image of (0, 1) under «, then the set &
is included in X; and

(iii) the intersection o N I is a singleton.
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The arc o separates X because w(X) is an open annulus and ¢ joins its two ends (see
the paragraph that follows the definitions of ®+(‘7) and @‘(\A/C)). Let us denote Ry ()
(respectively, Ly («)) as the connected component of X\« on the right (respectively, left)
of o (considering the standard orientation). Since « is contained in X and X is f -invariant,
one deduces that, for every integer n > 0, the set f "(&) is included in X, which gives three
possibilities:

o @) Na#0;

o [M@) CLx(@:or

o [ CRx(@).

To conclude the proof, it suffices to consider the following three cases.

Case 1. Suppose that there exists a sequence of integers (nx)xeN Which converges to 400
such that, for all k € N, f™ (&) N« # ¥. Then zero belongs to py () (/). This proves that
Assertion (1) of Proposition 4.10 holds.

Case 2. Suppose that there exists a sequence of integers (ny)reny Which converges to
400 such that, for all k € N, f"" (&) C Lx(a). Let T be the connected component of
"\« contained in Ry (o). From the fact that f”k (e NT) € Lx(x) and that f"’f (') is a
connected set in X which is unbounded to the right and contained in % (by Hypothesis
(A»)), we deduce that

Iy NanV 9.

Therefore, there exist a real constant M > 0 independent of k and a sequence of points
(Z)ken, where 7, € I'" for all k € N, such that

P @) < p1@E) + M.

Hence, if p is a limit point of the sequence (pn, (Zk))ken, Where

1 -
ony k) = ﬁ(Pl(fnk @) — p1Er))s

then p <0. This implies that p =0 because py (1) C [0, +oc]. Thus zero belongs to
pk (1), where K = Fr(V) U (m(a) N V). This proves that Assertion (1) of Proposition 4.10
holds.

Case 3. Suppose that there exists a sequence of integers (1 )xen Which converges to +o00
such that, for all k € N, f " () C Rx (). Let I'" be the connected component of '\«
contained in Ry (). Since, for all k € N, the arc f"’f (o) meets ®+(\7) and @‘(V”), we
deduce that

N VNI #49.

Therefore, there exist a real constant M > 0 independent of k and a sequence of points
(Zi)ken, where 7; € o N VC, such that

P1G) < p1(f™G) + M.

If p is a limit point of the sequence (on, (Zk))ken, Where

1 -
ony k) = ﬁ(Pl(fnk @) — P1E0),
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then p > 0. Hence, if K is the compact set Fr(V) U (7 () N V¢) of A, then pg (I) contains
positive real numbers. This proves that Assertion (2) of Proposition 4.10 holds. This
completes the proof of Proposition 4.10. O

As a consequence, we have the following corollary.

COROLLARY 4.12. Let I = (fi)te[o0,1] and f be as in Theorem B*. Assume, furthermore,

that:

(A)) the homeomorphism f satisfies the local intersection property at S;

(A)) there exist two f-free essential Jordan curves yn and ys with yy C U% such that
the closed annulus A delimited by yn and ys has maximal invariant set ©(A) non-
empty; and

(A/3) the set 'OOVSS (I) is included in [0, +00] and pa (1) is contained in [—o0, 0].

Then there exists a compact set K in A such that zero belongs to pg (I).

Proof. Changing I by I~! and conjugating I by the orientation-reversing
homeomorphism (i, r) — (—u, r) of the annulus A, we may suppose that y is attracting:
that is, f(yn) C U)fN and that hypothesis (A/3) holds. Let us put Ag = CI(U;EN) and, for
every integer n > 1, we define A, = f_"(U)fN). Note that A" =], An is an open
annulus and f(A’) = A’. Let us put f' = f|a. We note that f’ is isotopic to the identity
of A’ and, since f'= f|a, there is an isotopy I’ on the annulus A’ from the identity
of A’ to the homeomorphism f” such that, for every compact set K contained in A’,
ok (I) = pg (I"). By Proposition 4.10 applied to /" and ' on A’, we know that:

(1) there exists a compact set K’ in A’ such that zero belongs to px (I'); or

(2) there exists a compact set K’ in A’ contained in A’ \U)fs such that the set pg/(I")

intersects [0, 4+00].

If Assertion (1) holds, then we have finished. Suppose now that Assertion (2) holds.
Since K’ is a compact set contained in A"\U SS, there exists a positive integer n such
that K’ is included in AU - --U f/7"(A). Hence pg/(I’) is included in the union of
,Of/—i(A)(I/). Since, for every i, ,Of/—i(A)([/) =pa(I") and ps(I) = pa(I’), we deduce that
pa(I) intersects [0, +00]. Moreover, by hypothesis, we know that p4(I) is included in
[—oo, 0]. Therefore zero belongs to p4(I). This completes the proof. O

4.3. Proof of Theorem B*.  In this subsection, we finish the proof of Theorem B*, using
Theorem C. Let I be an isotopy in Homeog(A) from the identity to a homeomorphism f.
Suppose that pann (1) contains both positive and negative real numbers. One considers the
different cases of Proposition 4.3. Case (a) is complete.

Suppose now that Case (b) of Proposition 4.3 holds. Let g be the orientation-reversing
homeomorphism of A defined by (u, r) — (—u, r). Considering [ ~1 instead of I, or
conjugating I by g or considering g ~!g~! instead of 7, we can assume that Hypotheses
(A1)—(A3) of Proposition 4.10 hold. Thus, either:

(1) there exists a compact set K of A such that zero belongs to px (/); or
(2) there exists a compact set K contained in Cl(U)ﬂv ) of A such that the rotation set
pk (I) intersects [0, 4+00].
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If Assertion (1) holds, then we have finished. Suppose now that Assertion (2) holds.
Since K € CI(U}Y) and f(CI(U)) C US, we deduce that pg (I) C pyy (I) C [—00, 0].
This last inclusion holds because Case (b) of Proposition 4.3 and Hy}i)othesis (A3) of
Proposition 4.10 hold. Therefore zero belongs to px (1). This completes the proof when
the Case (b) of Proposition 4.3 holds.

Lastly, suppose that Case (c) of Proposition 4.3 holds. Now, by Corollary 4.12, there
exists a compact set K of A such that zero belongs to px (). This completes the proof of
Theorem B*.

5. Proof of Theorem D
The purpose of this section is to prove Theorem D assuming Theorem C. Let I, f, y T and
y~ be as in the hypotheses of Theorem D. Without loss of generality, we suppose that y ~
is contained in U )er. Let ®(A) be the maximal invariant set of the annulus A delimited by
yt and y~. As we have seen in the first paragraph of §3.2, we can suppose that pg4)(/)
contains both positive and negative real numbers. We want to prove that zero belongs to
pe) ().

A f-free essential Jordan curve y in A is said to be attracting if f(y) C U}f and
repelling if f~1(y) C U)f. The proof of the next lemma is easy.

LEMMA 5.1. Let y and y' be two disjoint f-free essential curves in A. Suppose that y
is attracting and y’ is repelling. Then the maximal invariant set of the closed annulus
delimited by y and vy’ is a connected set.

We remark that Lemma 4.2 implies Theorem D when ®(A) is a connected set. By the
previous lemma and considering ! instead of I (if necessary), we can assume that both
yT and y ™ are attracting Jordan curves. Hence the sets

O (W) =) /")) and O~ (0)) =) /WO
neN neN

are continua and their complements are connected sets of A and contain S and
N, respectively. Let us write A’ for the set A\(@"‘(U}f,) u @‘(0%)). Then A’ is
homeomorphic to an open annulus and f(A’) = A’. Let us write f' = f|,. We note that
S’ is isotopic to the identity of A’, so there is an isotopy I’ on the annulus A’ from the
identity of A’ to the homeomorphism f’ such that, for every compact set K contained in
A, pg(I) = pg(I"). Since f' = f|u does not satisfy the local intersection property at
either N" or S’, where N” and §’ are the ends of A’, by Proposition 4.3 there exists an f'-
invariant and compact set K in A’ such that zero belongs to pg (I'). Since K is an invariant
setin A’ under f/, we deduce that K is included in ®(A). Therefore

0 px(I') C pomyI') = po).
This proves Theorem D.
6. Dynamics in the closed annulus: Theorem C

The purpose of this section is to prove Theorem C. Let I, f, yp, y1 and y» be as in the
hypotheses of the theorem. Without loss of generality, for i € {0, 1}, we suppose that ;41
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is contained in Ufi. Let ®(A;) be the maximal invariant set of the closed annulus A;
delimited by y; and y;41. Let ®(A) be the maximal invariant set of the annulus A =
Ap U Ay. We want to prove that zero belongs to pga)(1).

6.1. Reduction of Theorem C. We recall that Lemma 4.2 implies Theorem C when
®(A) is a connected set. Thus, from now on, we assume that ®(A) is a disconnected set.
This implies that the f-free essential Jordan curves yy, y; and y» are either all attracting
or all repelling (see §5). Indeed, changing I into /™!, we can suppose that y; is attracting.
If y» is repelling, then, by Lemma 5.1, ®(A) is a connected set. If y; is repelling and y»
attracting, then, by Lemma 5.1, both ®(A¢) and ® (A1) are connected sets which separate
the annulus. In this case, ®(A) is the union of ®(Ag), of ®(A) and of the bounded
connected component of the complement of ®(Agp) U ®(A) and so ®(A) is a connected
set. Therefore, changing I into / ~! and conjugating it by a change of coordinates (given by
Schoenflies’ theorem), we can assume that )y, y; and y» are attracting Euclidean circles.

We will work in A := R x R, the universal covering of A = T! x R, where T! = R/Z.
We recall that 77 : A — A is the canonical projection of A onto A and that pL: A—Ris
the projection onto the first coordinate. Let fbe the lift of f associated to [: that is, if
I= ( ﬁ)te[o,l] is the unique lift of / such that ﬁ) is the identity of A, then f = fi Recall
that f: A—>Aisa homeomorphism which is isotopic to the identity and commutes with
the translation T : A — A defined by T(x,y)=(x+1, y). For j €{0, 1, 2}, we define
Ij:= n’l(yj) and let ®(/T) =7~ 1(®(A)). If y is an essential Jordan curve in A, and
I'=7""(y), we will write U;r (respectively, Up) for the upper (respectively, lower)
unbounded connected component of the complement of I". From now on, we will write
p(f) instead of pann (D).

Since ,o(f‘f) = q,o(f) for every q € Z, if ®(A) is a disconnected and non- empty set,
then considering an iterate of f instead of f we can assume the following hypotheses.
(H;) The sets I'g, I'1 and ' are horizontal straight lines such that, for i € {0, 1}, I'; C

Ulfm and thus they are attracting: that is, f(Fj) C U{j for j € {0, 1, 2}.
We are assuming that ©(A) is a disconnected and non-empty set. This implies, by
Hypothesis (Hj), that there exists an integer ng such that, for every integer n > no,
f" (Fo) N Ty # @. Then, by considering ]7”0 instead of f, we can make the following
assumption.
(H,) For every integer n > 1, f*(Tg) N Ty # @.
Fori € {0, 1}, we define by @(Zi) the maximal invariant set of Zi which is the topological
closed band delimited by I'; and I'; ;1.
(H3) The sets ®(Zo) and ®(/T 1) are non-empty and

Poiy () C (0, +00) and gz, (f) C (=00, 0).
Thus we have reduced Theorem C to the following theorem.

THEOREM C*. Let f ‘A A be a homeomorphism, isotopic to the identity, that
commutes with the translation T and satisfies Hypotheses (H1) to (H3). Let ©(A) be
the invariant maximal set of A := Ao U A1. Then

Oe ,0@(5)(]7)-
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Outline of the proof of Theorem C*. In what follows, using Hypotheses (H;) and (H>),
we begin by constructing unstable sets and stable sets of the band Z,- delimited by I'; and
[';+1. Then we consider their connected components, called unstable branches and stable
branches: these are connected and compact sets, contained in A; and meeting ;1 but not
['; and I'; but not I'; 41, respectively. Let A, (x) denote the unstable branch of x € @(Zo)
for the band Zo and let AT( y) denote the stable branch of y € @(K 1) for the band A 1.
Next, in §6.3, we will study the sequence of iterates of A, (x). Using Hypothesis (H3)
(and, in particular, that zero does not belong to Pe( go)(f)), we will prove the following
properties.
(1) For every compact set K included in Zo, f” (E ) is disjoint from K for every large
enough integer n.
(2) The sequence ( f~ (A (x))nen goes uniformly to the left.
Finally, in §6.5, we will finish the proof of Theorem C*. From the previous properties,
Theorem C* will be a consequence of the following proposition.

PROPOSITION 6.1. For every x € ®(Zo), there exists y € G)(ANl) such that, for every
sufficiently large integer n,

FHAG (@) N AT () #8.

We will explain the end of the proof of Theorem C*. If 7 € f”(Aa x)nNn Af(y), then,
by definitions of A, (x) gnd Afr(y) (see Remark 10 following Propositiori 6.3) and the
fact that T'g and I'; are f-free (Hypothesis (H;)), we deduce that 7 € ©®(A). Moreover,
by Property (2) above (Lemma 6.10) and its symmetric property for stable branches
(Remark 11 following Lemma 6.10), the positive and negative iterates of 7 go to the left.
Fix a vertical band K that separates A, where the diameter of its projection on the first
coordinate (independent of 7) is large enough such that the orbit of 7 cannot go from ‘the
left of K’ to ‘the right of K’ without intersecting K and that is sufficiently on the left
of Z. Since the positive and negative iterates of Z go to the left, there are integers n~ >0
and n™ > 0 such that f‘"f (Z) and f~ a (7) belong to K. Since K can be chosen arbitrarily
‘sufficiently on the left to Z°, this implies that zero belongs to Po (i) f~ ).

6.2. Stable branches and unstable branches. In this subsection, we consider a
homeomorphism f ‘A A, isotopic to the identity, that commutes with the translation
T and satisfies Hypotheses (H1) and (H>). Fori € {0, 1}, we define by Zl- the topological
closed band delimited by I'; and I'; 1. Following an idea of Birkhoff, in this subsection
we will construct unstable branches and stable branches of the band Z,-.

6.2.1. Stable sets and unstable sets. Let us begin with the definition of an unstable set
(respectively, stable set) of the band A; for f.

Definition 6.2. We say that A;" is an unstable set of the band A; for f if it satisfies the
following properties.

(1) Theset A; is aclosed subset of Zi.

(2 A7 NTip #0. _ _

(3) Theset A; is negatively invariant under f: thatis, f _I(Ai_ ) CA;.

https://doi.org/10.1017/etds.2016.129 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2016.129

2608 J. Conejeros

Similarly, we say that Af is a stable set of the band A; for fif it satisfies the following
properties.

(1) The set Ai+ is a closed subset of Av,z

(2 AfNT;#0.

(3) The set A} is positively invariant under f thatis, f(A;) C A

We prove the following proposition.

PROPOSITION 6.3. Let f: A—A be a homeomorphism, isotopic to the identity,
commuting with the translation T and satisfying Hypotheses (Hy) and (H3). Fori € {0, 1}
and for every n € Z, we define

A, ;= 1 (CIUR)) NCIUL ) and A, :=ClU)N f‘”(Cl(U;M)).
The sets (see Figure 6)
A7 = ﬂ A, and Ai+ = ﬂ A:’i
neN neN
are, respectively, an unstable set and a stable set of the band A; for f

I,

i

/')

fN‘nJr 1 (1—*1)

FIGURE 6. Unstable set.

Remark 10. The set A; (respectively, A;L) consists of the points in A; whose negative
(respectively, positive) iterates under f remain in the band A;.

Proof of Proposition 6.3. We will prove that A; is an unstable set of the band A; for
f (one shows, similarly, that A;’ is a stable set of the band Z,- for f ). Item 1 of the
above definition is a direct consequence of the definition of A" and the fact that I'; is
an attracting line. On the other hand, as the horizontal straight line I';1 is attracting,
Vi (CIUT, ) C CIWY ), and so

=N @wy)n FHQwt ) ca;.
neN
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We have proved items 1 and 3 of the above definition. Next, let us prove item 2, that is, we
will prove that A, N I'; 1 # @, by contradiction. Suppose that forevery Z € I'; 11,7 ¢ A} .
Then we can find the smallest integer ng = ng(Z) such that f _”0(5)(2) € U;ri . Since fis
continuous and commutes with the translation T, no(Z) > no(Z’) for every 7’ close to 7 and
no(@) = no(T (Z)). By compactness, we can define the integer

no= sup no(z) =sup{no(2):7 €Ty and p1(2) €0, 11},

ZeTiq1

which satisfies f ~"0([Ti4p) C Ulj; . This contradicts Hypothesis (H»), so item 2 is
proved. O

6.2.2. Stable branches and unstable branches. Now we state and prove the properties
verified by unstable branches (we have the ‘symmetric properties’ for stable branches) that
we will use in the next subsections.

Definition 6.4. Fori € {0, 1}, we call any connected component of the unstable set A; an
unstable branch of the band A;. For x € A;, we denote A; (x), and we say that it is the
unstable branch of x, the connected component of A;” containing x.

We have the following properties.

PROPOSITION 6.5. Let f: A—Abea homeomorphism, isotopic to the identity, that
commutes with the translation T and satisfies Hypotheses (Hy) and (Hy). If x € A", then:
(1) the set A; (x) is a compact subset of A;;
@ AW NTi #0;
3) STHAT @) C AT (TN ) and
(4)  there exists a real number M;” > O (independent of x) such that
diam p1(A; (x)) < M, .
For the proof of Proposition 6.5, we will use the following lemma.

LEMMA 6.6. For x € A;, we write A
containing x. Then

n.i(X) for the connected component of A, ;

A7 @) =) A, ().
neN
Proof of Lemma 6.6. First, for every n in N, from Proposition 6.3 we deduce that A (x) C
A; ;(x). This implies that A; (x) C ﬂneN A}; ;(x). To prove the reverse inclusion, we
need the following claim.

CLAIM. (A, ;(X))n>1 is a decreasing sequence of compact and connected sets contained
inA;.

Proof of the claim. By definition, for every integer n > 1, the set A;i(x) is connected
and, since I; is an attracting line, we deduce that

A= f”H(Cl(Ul?i)) al Cl(Ulj;H) C f"(Cl(Ul?l_)) N Cl(UlfiH) =A,;

This implies that A 1, () C A;J.(x), that is, the sequence is decreasing. Now,
compactness follows from the fact that f” (T'p) N Ty # @ (Hypothesis (H3)) and that f
commutes with 7. This proves the claim. O
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From the claim, the intersection (), en A, ; (x) is a compact, connected set contained in
A that contains x. We conclude that (1), oy A, () C A (x). This completes the proof
of the lemma. O

Proof of Proposition 6.5. Proof of item (1). We proved (see the above claim) that A, (x)
is a compact set for every integer n > 1, so it provides compactness of A (x). Moreover,
by Proposition 6.3, A; (x) is contained in A;.

Proof of item (2). We know that (A; ;(X))n>1 is a decreasing sequence of compact
and connected sets. Moreover, for every integer n > 1, A;i(x) N Tij41 # @. Therefore
(A, ;(x)NTit1)n>1 is a decreasing sequence of compact non-empty sets and so, by
Proposition 6.3,
A7) Ny =) A, (x) N iy #0.
neN
This proves item (2).

Proof of item (3). By Proposition 6.3, f_l(Ai_ ) C A; . By connectedness, we deduce that
FTHAT @) C AT o).

Proof of item (4). Let x be in A;". Since, by Lemma 6.6, A; (x) is contained in Aii(x),
it suffices to check the property for A} ;. We will use the following result of Kerékjart6
(see [LY97]). Let U and U, be two Jordan domains in the two-dimensional sphere, that is,
connected open sets whose boundary is homeomorphic to the circle. Then each connected
component of Uy N U is also a Jordan domain.

Kerékjartd’s result, applied to Uy = f(Ulfi )and U = Ur+,- L, states that the connected
component of f W) N Ullt " containing x is a Jordan domain. We call this set X.
Moreover, by Hypothesis (H>) and the fact that f commutes with 7', the set X is bounded
in A: that is, its closure is compact. Hence, there exists an arc Flf, contained in I';, such
that f(r;) is a connected component of Fr(X) N F(Ty), with pl(f(Fl{)) maximal with
respect to the inclusion. Let I'; 41 be the closure of the bounded collnected component of
Ti+1\f(T}). Let X' be the domain delimited by the circle T}, | U f(T')).

e Ay ;(x)is contained in the closure of X'.

o diam pi(X') < diam p; (f(I})).

Hence it remains to prove that there exists M (independent of I'}) such that
diam p; (f(T'})) < M]. Let

Mo := sup |p1(f@) = p1 Q).

'EEAI'

Suppose that I'} is the arc with endpoints Zp and 21, with p;(Zp) < p1(z1). By Hypothesis
(H>) and the fact that f commutes with T, p;(Z1) < p1(Zo) + 1. Therefore,

diam py (f(I))) <2Mo + 1.

This proves item (4) and completes the proof of the proposition. O
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6.3. Consequence of Hypotheszs (H3). In this subsection, we consider a
homeomorphism f A— A, isotopic to the identity, that commutes with the translation 7’
and satisfies Hypotheses (H;)—(H3). Using Hypothesis (H3), we will study the dynamics
of unstable branches (we have the symmetric properties for stable branches).

Let us begin by recalling that, for i € {0, 1}, the inclusion O(A;) C A; implies that
p(_)(g’_)(f) -y (]"1 but we cannot use Hypothesis (H3) to conclude that ,0;0(]7) C
(0, +00) and Pz, (f) C (—00, 0). However, using the fact that the straight lines I'; and
iy are attracting, we can prove that the above inclusions are true.

PROPOSITION 6.7. Fori € {0, 1},
7, (F) C Pmes(O (A7), f) = Conv pg 7, (f)-
In particular, p;o(f) C (0, +00) and PZ, (f) C (=00, 0).

Proof. Recall that we are using the notation py i ( f ) instead of P (X, )(I ). Let p be an
element in PA; (f) By definition and the fact that y; = 7 (I';) and y;+1 =7 (l'41) are f-
free, there exist a sequence of points (zx)ren and a sequence of 1ntegers (nr)ken satisfying:
(i) forevery k € Nand integer j € {0, ..., nt}, f/(zx) € Aj = = (A});

(i) the sequence (ny)reN converges to —|—oo, and

(iii) the sequence (oy, (zk))keN converges to p.

Let us consider the sequence of Borel probability measures (ux)ren, Where, for every

integer k, wy is defined as
ni—1

8 9
nk ; iz

where 8, (z € A) denotes the Dirac’s measure at z. By item (i), these measures have
their supports included in A;, and so, changing the sequence (ux)reny by one of its
subsequences, we may suppose that the sequence (ux)ren converges. Let p be its limit.
We know that the measure w is invariant (under f), and so its support Supp() is contained
in the maximal f-invariant set of A; that is denoted by ® (A;). Moreover,

,Onk(Zk)=/,01 dﬂk—>/;01 du=p(u).

From item (iii) and the uniqueness of the limit, we deduce that p belongs to
Pmes(©(A7), f). This proves that Py, (f ) C Pmes(O (A7), f ). On the other hand, by
Lemma 4.2, we know that pmes(G(A ), f ) = Conv pg 3, ( f ). Thus, using Hypothesis
(H3), ,oAO(f) C (0, +00) and pAl(f) C (=00, 0), because py; (f) is a compact set. This
completes the proof of the proposition. O

The following lemmas is an immediate consequence of the above proposition (and, in
particular, the fact that zero does not belong to p 7, ( .

LEMMA 6.8. For every real number M > 0, there exists no = no(M) € N such that, for
every compact set K included in Avo with diam p; (i(v) < M and, for every integer n, |n| >
no,

M E)YNK =0.
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) -7
7o W
Laf-M) K diam(K)<M, R; (M)

FIGURE 7. The orbit of x.

Proof. Suppose, by contradiction, that there is a real number M > 0 and a sequence of
integers (nx)ren Which tends to +o00 and there are points 7 € Ag such that f"* (Z;) € Ay
and

11 (F™* ) — p1GEol < Mo.

Hence,
~ 1 S Mo
|:0nk(zk7f)|:=ﬁ|171(f (Zk))_Pl(ZkNSE-

Letting k tend to infinity, one deduces that zero belongs to pjz (f). This contradicts
Proposition 6.7 and completes the proof. O

In what follows, for every real number M and i € {0, 1}, we write
Lz (M):= ZeA; :p1(@) < M} and Rz (M) = Z e A :p1(2) > M}.
LEMMA 6.9. Let x € @(Zo). For every real number M > 0, there exists ng € N such that,
for every integer n > ny,
Fx)c Lz (—M) and f"(x) C Rz, (M).
In other words, limy,_, 4 oo pl(f_” (x)) = —o0 and lim,, 4 5 p1 (f” (x)) = +o0.

Proof. In both cases the proofs are analogous, so we only prove the first inclusion. Let
Mo := sup |p1(f@) — p@l.
Z€Ay

Let M be a positive real number such that 2M > My and —M < p1(x) < M. Let us
put K= Cl(RA (—-M))N Cl(LA (M)) By Lemma 6.8, there is an integer ngo such that,
for every integer n > ny, f ”(x) ¢ K: that is, f "(x) e L3, (—M) U RAO(M) Suppose
that there are two integers n” > n’ > ng such that f " (x) e Lz (=M) and f n’ (x) €
Rz (M). The following claim contradicts the choice of ng (see Figure 7).

CLAIM. There is an integer n”’ > n > n' > ng such that ff" (x)e K.

Proof. Let
n—1l=max{men ... n"}:f "(x)eLz (—M)}

(From the choice of n’ and n”, such an integer exists). By the definition of n,
pl(f’”“(x)) <—M < p1(f"(x)), and so, in order to prove the claim, it suffices to
check that f~"(x) < M. Recall that, for every integer m, the point ™ (x) is in Ag and so

P(F @) = pi(F @) — pi(F " @) + pr (T ) < Mo — M < M.
This proves the claim. O
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We conclude that the sequence (f " (x))n>n, is contained either in L ;0(—M) or in
R;O (M). Since p@)(go)( f) C (0, 400), the second inclusion cannot be possible, which
completes the proof of the lemma. O

LEMMA 6.10. Let x € @(Zo). Then the sequence {f_” (Ay (X))}nen goes uniformly to
the left: that is, for every real number M, there exists ng € N such that, for every integer
n = no,

~

I Ay () C Lz, (M).
In other words, for every 7 € Ay (x), lim, 4o pl(ff"(’Z)) = —o00.

Proof. Let n € N. Since fN_” (Ay (X)) C Aa(f_” (x)), Proposition 6.5 provides a real
number M, (independent of n) such that, for every 7€ Ay (%),

P (@) — pr(F " (x0)] < My .

On the other hand, by Lemma 6.9, lim,— +c0 p1( f ~"(x)) = —oo. This completes the
proof of the lemma. O

Remark 11. The symmetric result for stable branches of Lemma 6.10 is the following. Let
y € ©(A)). Forevery Z € AT (), lim,—, 400 p1(f"(@) = —o0.

6.4. Proof of Proposition 6.1. In this section, we prove Proposition 6.1 which is
reformulated as follows.

PROPOSITION 6.11. (Proposition 6.1) Let f: A— A bea homeomorphism, isotopic to
the identity, that commutes with the translation T and satisfies Hypotheses (H1) to (H3).
For every x € @(Zo), there exist y € @(Zl) and a positive integer ng such that, for every
integer n > ny,

FHAG ) NATG) #0.

We note that if 7 € f n (A (x))Nﬂ Af(y), then, by definition (see Remark 10) and
Hypothesis (Hy), the point 7 € ®(A). By Lemma 6.10 and its symmetric result for stable
branches (see Remark 11), the sequence of positive and negative iterates of 7 goes to the
left. We will prove, in the next subsection, that this implies Theorem C*.

Proof of Proposition 6.11. Letx € @(Zo). Since Ay (x) is a compact set, we can consider
a real number M such that Aj (x) C L XO(M)~ Let M1+ be the positive real constant
provided by Proposition 6.5 such that

max_ diam p (A (y) < M.
y'e®(A)

Letusfix y € @(Zl) such that p1(y) > M + M1+. We recall that, by the choice of y,
Ay (x) C Lz (M) and AT(y)CR;l(M). (1)
LEMMA 6.12. For every integer n > 0,

ATDNAT () #0.

https://doi.org/10.1017/etds.2016.129 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2016.129

2614 J. Conejeros

Proof. Suppose, by contradiction, that there exists a positive integer n’ such that f (TN
Al+(y) = (). This implies that Afr(y) is contained in one of the connected components
of A\f"/(Fl). Since I'y is an attracting line, that is, f”/(lﬁ) C U{l, and, since Af(y)

meets I'; (Hypothesis (H;) and Proposition 6.5), we conclude that Af(y) C Ufin, T’
1
and so y € U;:"’(r )= f”/(Ulj'l). This contradicts the choice of y because y € ®(A1) C
~ B 1
Mnen /" (WUr)- O

From Proposition 6.5, we know that AT(y) N T is a non-empty set. Let us fix 7 €
AT(y) N I'1 and consider the vertical line segment « : [0, 1] — A satisfying:
o «(0)=7;
o «a(l)eTlp;and
e «((0, 1)) C Int(Ap).
Let R;O(oc) (respectively, L go(a)) be the connected component of X()\oz which is
unbounded to the rNight (respectively, to the left). Let K= Ay (x) Ua. Since K is a
compact subset of Ag, by Lemma 6.8 there is a positive integer ng such that, for every
integer n > no,

A Ay Naec AR NK =0. )

Moreover, by Lemma 6.9, we can assume that ng is such that, for every integer n > ny,

~

(%) € R (). 3)

From now on, we fix such an integer no. Let us consider Ag (x) :=~Aa (x)U A(‘)Ir (x). This
is a connected and compact subset of Ay which separates the band A (it meets both I'g and
I'1). We can define its right Rgo (A(j)E (x)): that is, the connected component of ZO\A(f (x)
which is unbounded to the right.

Let us define

If:=CI(Rz,(Ay(x))NT; and Tj:=T\I7.
(See Figure 8). Note that
o} =T7 N Ay (x) C R, (AT (X)) N AT (). )
Proposition 6.11 will be a consequence of the following lemma.
LEMMA 6.13. For every integer n > ny,
(F"(Ag ) U F1TD) N AT () #9.

Proof. Fix an integer n > ng. We have two cases. If f”(rq) N AT(y) = (), then, by
Lemma 6.12 and the fact that I'y = Fé Ury, f”(l"ll) N A]*(y) # (). This completes the
proof in this case.

Now suppose that f"(I'{) N Af(y) #0. Let Ff/ be a closed line contained in I'},
unbounded to the right such that if 7 is its endpoint, then f"(Z1) € AT (), but

PO N AT () =0,
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r, r,
B I o
r/ r;
I /\14r )
y
I,
L Ry(M)

FIGURE 8. Proof of Proposition 6.11.

Let F(l) =IpnN Lz, (x) and '], = FO\F(I) (see Figure 9). Let
Cpi=AT()UFT})Ua UTS.
Remark that C, is a connected set. Moreover, we can assume that it does not meet
S (A (x)). Otherwise, f"(Ay (x))N Af‘(y) # ) because f"(A (x)) does not meet o
and I'g (relation (2) and Remark 10 (it follows Proposition 6.3), respectively). Moreover,
if f"(Ay (x)) meets f”(Ff/), then 7o =Z1. Hence, by definition, f"(z1) € f"(Ay (x)) N
Af(y). This finishes the proof in this case.
Since I'; is an attracting line, that is, f"(I'1) C UF_. and AT(y) is contained in Ay,
Int(R7, () C Int(Ap)\er € A\C.

Let X, be the connected component of A\C » that contains Int(R %o (a)). Note that since
C,, is a closed subset of ‘& X, is an open set of A and Fr(X,) is contained in C,. Hence
X, is bounded to the left because At(y) Ua and f "y )Nare bounded to the left. On
the other hand, since, by relation (3), f"(x) € Rz, (o) and f" (A (x)) does not meet C,
f "(Aq (x)) is contained in X,,. Therefore the curve f” (Fll) which is unbounded to the left
must meet Fr(X,,). As Fr(X,)) C C,, it follows that

A nc, #0.
Since I'; is an attracting line and since Fll NIy =¢ and f is a homeomorphism,
f" T N(@UTy) =@ and f”(FII) N f"(l“i) = (J, respectively. Therefore, we conclude
that f "(Fll) N Af'(y) # (). This completes the proof of the lemma. O

End of the proof of Proposition 6.11. Suppose, by contradiction, that there exists a
sequence of integers (n)reN Which converges to +o0o such that

P (A () VAT () =1,
From Lemma 6.13, we obtain a sequence of points (Zx)ken With Zx € F’l and f”k k) €
AT (). Recall that, by (1), T C Lz (M) and AY(y) C Rj,(M). Hence pi(Z) <
p1(f™(Zx)). If p is a limit point of the sequence (o, (Zk))keN, Where

1 -
ony k) = ﬁ(Pl(fnk @) — P1E0),
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r()l 1—‘01

f ! (Aur( X))

FIGURE 9. Proof of Lemma 6.13.

then p > 0. This implies that 0 < p € PA, (f), which contradicts Proposition 6.7. This
completes the proof of Proposition 6.11. O

6.5. End of the proof of Theorem C*. Letno€ Nandlet? e f"o (Ag (X)) N AT(y) be
as given by Proposition 6.11. From the definitions of A (x)Nand Af(y) (see Remark 10
following Proposition 6.3) and the fact that I'g and I'; are f-free (Hypothesis (Hp)), we
deduce that 7 € ©(A). Moreover, by Lemma 6.10 and its symmetric property for stable
branches (Remark 11 following Lemma 6.10), we know that

im p1(f"@)=—-00 and dim P(f" @) = —cc. (5)

Let us consider
Mo := sup [p1(f@) — p1@)I.

7eA
Let k be a positive integer and let us define M := p;(Z) — kM. By the claim in
Lemma 6.9, we prove that there are two positive integers n* and n™ such that
M—My<pi(F" @) <M and M—My<pi(F" @) <M.
Therefore, by the choice of M and My, we deduce that:
e nt+n" >2k;and
[}

P (F7 @) = pi(F @) < M.

Since k can be chosen arbitrarily large, this implies that zero belongs to pg 7 ( f ). This is
what we needed to prove.
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