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Abstract - This paper presents a probabilistic method for fatigue life estimation within the
frequency domain for structural elements subjected to multiaxial random loadings. Multi-
variate Monte Carlo Simulation is used to account for the correlation between the stress
components and their different probability of occurrence and, moreover, enables stochas-
tics during damage analysis to be allowed for and, at the same time, uses any suitable,
material dependent multiaxial fatigue criterion known from the time domain. Compari-
son of the evaluated fatigue damage with experimental results from vibration tests on a

Received 18 October 2011 demonstrator, chosen from common application fields in the automobile industry, shows

Accepted 2 April 2012

n the automobile industry, many vehi-

cle components are submitted to com-

plex vibrations during their service life.
Vibrations are generally divided into two
main categories: deterministic and stochas-
tic. Harmonic excitations are produced by
the unbalance in rotating machinery, for in-
stance generators. Structural elements at-
tached to the car body, such as ESP/ABS hy-
draulic power units or control devices, are
excited by the unevenness of the road sur-
face and are therefore subjected to vibrations
that arerandom and multiaxial in nature, see
Figure 1. Since vibration loadings are gen-
erally associated with dynamic effects due
to structural resonances, leading to early fa-
tigue failure, they need to be treated thor-
oughly during the consideration of reliabil-
ity.

Fatigue analyses are usually performed
in the time domain. However, it is prefer-
able to treat loadings of random character
in the frequency domain, in terms of Power
Spectral Density (PSD) functions due to the
higher computational efficiency. While there
are numerous multiaxial fatigue criteria ex-
isting within the time domain, spectral mul-
tiaxial methods require a more sophisticated
procedure and are still the subject of ongo-

good correlation.

ing basic research. Hence, spectral fatigue
life estimation for non-proportional multi-
axial random loadings is to be the subject of
this paper.

Frequency-domain approaches are based
on empirically approximated probability
density functions (PDF) of the stress ampli-
tudes and are common for stochastic exci-
tations [1,2]. However, they are restricted
to simple, uniaxial load cases. Important as-
pects of structural response assessment, e.g.
the provision for multiaxial stress states, are
not taken into account.

Many efforts in dealing with multiaxial
problems within the frequency domain con-
sist of the definition of a spectral multiaxial
fatigue criterion, i.e. reformulating known
time-domain hypotheses into the frequency
domain, and then the application of the
equivalent stress to the conventional spec-
tral fatigue failure procedure. Preumont &
Piéfort [3] take the von Mises criterion as a
basis, whereas Pitoiset [4] uses the criterion
proposed by Matake and Crossland. How-
ever, these criteria are valid for ductile ma-
terials but fail for non-proportional loadings,
i.e. changing principal stress directions.

The new method proposed in this pa-
per departs entirely from the conventional
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Fig. 1. Automotive components subjected to vibrational loading.

spectral methods. On the contrary, any sta-
tistical aspects of a random loading are ini-
tially dismissed, considering only an arbi-
trary event in the multidimensional stress
signal or the stress tensor, respectively.
Equivalent stress calculation and damage
analysis are performed on this sample level,
whereas, from this non-stochastic point of
view, any suitable time-domain multiax-
ial fatigue criterion is applicable while still
based upon statistically correct assump-
tions. On the basis of the Total Probability
Theorem, multivariate Monte Carlo Simula-
tion is then used to account for the proba-
bility of occurrence of each of the calculated
partial damages in order to determine the
total damage.

1 Multivariate Monte Carlo
Simulation and fatigue life
assessment

In considering the power spectral density
of the structural response, only the statis-
tics of the single stress components are pro-
vided. The probability distribution of the en-
tire stress tensor itself is, as yet, unknown,
as is the distribution of an equivalent uni-
axial stress. The computation e.g. of the von
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Mises stress, as a classical multiaxial fatigue
criterion for ductile metal materials, is only
straightforward if the applied load is de-
terministic and proportional. In the case of
random, and especially non-proportional,
loadings, however, the assessment of the
equivalent stress is certainly not straightfor-
ward. Due to the nonlinearity of the von
Mises function, the steady state root mean
square (RMS) values of the stress compo-
nents which are scalar quantities cannot be
directly applied. The von Mises stress com-
puted in this way represents only a certain
quantile of the true distribution and the cal-
culation directly from the PSD of response
is therefore statistically incorrect. The prob-
ability distribution of the equivalent von
Mises stress is thus not closed under the dis-
tribution of the stress components.

1.1 Multivariate Monte Carlo
Simulation

Distribution of the stress tensor can be de-
termined by means of a multivariate Monte
Carlo Simulation (MCS) in combination with
a preceding random vibration analysis of the
system. The required joint probability dis-
tribution allows a “directed” generation of
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Fig. 2. Fatigue life assessment by means of multivariate MCS.

multivariate random samples of the stress
tensor and therefore accounts for the cor-
relation between the stress components [5].
For multivariate MCS, the assumption of a
proper joint distribution for the correlated
variates of the stress components is neces-
sary. In random vibration analyses, stress
components are assumed to be from a nor-
mal distribution with zero mean. The mul-
tivariate Gaussian distribution can be eas-
ily determined by making use of the Nataf
model. In this way, multivariate MCS is pos-
sible based solely on marginal distribution
and correlation coefficients of the random
variables, without knowing the complete
joint distribution [6, 7].

1.2 Equivalent stress and fatigue
life assessment

On the sample level, equivalent stress cal-
culation is trivial. For every sample of the
stress tensor ¢/, i.e. for every set i of stress
components, any suitable multiaxial fatigue
criterion can be applied in order to calculate
the equivalent stress aéq for that sample.
Similarly, each sample corresponds to a
cycle and induces a certain amount of fa-
tigue damage on the component. Thus, for
every set i, a partial damage D' can be com-
puted. This partial damage D' is associated
with a corresponding probability of occur-

rence P(Di). According to the Theorem of
Total Probability, total damage D**™P for the
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whole sample size can now be considered
as a “probability-weighted average” sum-
mation of the single damages [8].

Finally, total damage for a certain life
time is determined through extrapolation on
the total spectrum size. The time relation be-
tween spectrum size and life time is given
by the rate of peaks, which can be directly
computed from spectral moments of the PSD
response. Figure 2 shows a schematic illus-
tration of the described method.

1.3 Analysis flow chart

Figure 3 shows the analysis flow chart
with the essential procedural steps for the
proposed approach. Starting with a modal
analysis, resonance frequencies and mode
shapes are determined, describing the over-
all dynamic behaviour of the structure.
Structural response for a critical location
is then computed using modal random vi-
bration (PSD) analysis, based on the linear
transfer function and a given load spectrum.
Modal analysis and PSD analysis are pro-
cessed during an FE analysis, e.g. ANSYS.
From the local PSD stress response, spectral
moments and the covariance matrix can be
directly be determined. The nth spectral mo-
ments of the one-sided PSD response G(f)
are defined as

my = | f'G(f)df @)
/
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Fig. 3. Analysis flow chart for the proposed method.

where the spectral moments my, m, and my
are

(o) e

m= [cnar m= [ Fepas

0
mi= [ r'ee)ar @
0

with, in particular, my denoting the variance;
the RMS value of the zero mean process can
be derived from the square root of .

The statistical parameters necessary for
the subsequent fatigue life analysis can now
be computed from the spectral moments.
The rate of zero crossings vo+ and peaks v, as
well as the irregularity factor @, representing
the bandwidth of the structural response, are
given as

o= L M2 1 my
T on mg ¢ 2n\ my
3

Vo+ ny
a = = .
Vp Mohniy

)

Multivariate Monte Carlo Simulation is then
performed using SLang (Structural Lan-
guage), a freeware program for probabilis-
tic and structural analysis, developed at
the Bauhaus-University Weimar [9]. SLang
bases on the Nataf model [7], and, hence,
MCS requires only the input of the marginal
distributions of the stress components and
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the correlation matrix. The correlation ma-
trix is computed from the covariance matrix
from the PSD response by

COU(O;’, (7]‘)

VVar(o)) VVar(o;) ’

Paio; = )po,-,o,| =

(4)
representing the correlation coefficient be-
tween two stress components ¢; and ¢, with
Cov(g;, 0) as the covariance between ¢; and
0j.

Next, the equivalent stress, e.g. von
Mises stress, is determined and damage
analysis is performed for every realization
of the simulated random stress tensors. Sum-
mation over the sample size and extrapola-
tion for a given spectrum size finally leads to
the total damage. The corresponding fatigue
life is given by means of the critical damage
sum and the rate of peaks, see Equation (3).

2 Example

The principal procedural steps of the pro-
posed method of fatigue life assessment are
shown by means of an example problem. As-
sessment is based on the formulae given in
Section 1.

2.1 Demonstrator

The demonstrator for the validation of the
method is of simple geometry and mildly
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Fig. 4. (a) Demonstrator, (b) PSD load spectrum, (c) experimental setup.

notched, allowing strain gauge measure-
ments on the specimen. Since aluminium
is a common and widely used material in
lightweight design, an aluminium extrusion
profile AW-6082 T6 has been chosen as the
base material. Eigenfrequencies and mode
shapes lie within a range relevant to the au-
tomobile industry, i.e. up to 1000 Hz.

Figure 4a shows the cantilever-like
demonstrator, consisting of a notched base
body (notch radius 2 mm) and two addi-
tional masses of different weight mounted at
the free end [10]. For non-proportional mul-
tiaxial loading, base excitation is effected by
aPSD acceleration spectrum inducing eigen-
modes of the structure with changing prin-
cipal stress directions; in this case, bending
and torsion, Figure 4b.

Finite Element analysis is performed us-
ing ANSYS and probabilistic simulation us-
ing SLang. Experimental verification of the
new method is carried out by means of
shaker tests. Figure 4c shows a schematic
presentation of the experimental setup.

2.2 Multiaxial criterion
and cumulative damage

Fatigue analysis is performed using the lo-
cal stress concept. For semi-ductile materi-
als, like aluminium extrusion profiles, with
low ductility, the strength hypothesis Com-
bined Normal and Shear Stress (KoNoS) pro-
posed by Kiippers & Sonsino [11] has been
found to be an applicable multiaxial fatigue
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failure criterion. KoNoS is based on a critical
plane approach where damage is caused by
the critical combination of local normal and
shear stress in the interference planes. The
critical plane is the one where the combina-
tion of the local normal and shear stresses
becomes a maximum. The equivalent stress
calculated from the most critical combina-
tion is able to consider phase shifts caused
by non-proportional loading. In the example
case, loading due to the excited eigenmodes
is non-proportional, but the local multiaxial
stress state within a certain mode remains
proportional. Hence, for in-phase loading,
the equivalent stress according to KoNoS re-
duces to the special case of the conventional
von Mises stress, Figure 5.

Linear cumulative damage calcula-
tion [12] is performed using the Palmgren-
Miner rule elementar at N > 5x10° cycles, in

combination with an allowable damage sum
of Dy = 0.3 [13].

2.3 Results and discussion

The first three mode shapes, eigenfrequen-
cies and modal damping factors from modal
analysis are presented in Figure 6. Modes 2
and 3 represent bending and torsional mode
causing non-proportional modal displace-
ment.

Figure 7 shows the stress response PSD
for normal stress sx and shear stress sxz at
the critical location in the notch. Spectral
moment computation gives an irregularity
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Fig. 5. Strength hypothesis KoNoS: (a) interference plane, local stresses and damage parameter, (b)

equivalent stress.
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Fig. 6. (a) Mode shapes, (b) modal parameters.

factor of 0.95, indicating a narrow band pro-
cess. From the output PSD, 1o stress values
and the covariance matrix are used directly
for multivariate Monte Carlo Simulation.
The simulated stress tensors for a sam-
ple size of 65000 are visualized as a two-
dimensional scatter plot in Figure 8a. Com-
paring the simulated amplitude distribution
of the equivalent von Mises stress with the
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distribution, calculated directly from RMS
values of the stress components by means of
the narrow band approach, shows that the
narrow band approach is too conservative,
see Figure 8b.

Finally, the damage analysis is carried
out by means of the component S-N curve
from shaker test — firstly for every sam-
ple set and then extrapolated for the entire
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Fig. 7. Stress response PSD at the critical location.
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Fig. 8. (a) Stress tensor scatter plot, (b) amplitude distribution.

spectrum size. Figure 9 compares Gassner
curves according to the Palmgren-Miner rule
elementary, the Palmgren-Miner original
and the modification according to Haibach.
The Palmgren-Miner rule elementary shows
the best correlation with experimental re-
sults. Furthermore, Gassner curves com-
puted from conventional spectral uniaxial
methods such as the narrow band approach
or the wide band approach according to
Dirlik [1] turn out to be five times more con-
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servative than the results from the proposed
method derived by means of multivariate
MCS.

3 Conclusion

Probabilistic fatigue life assessment by
means of multivariate Monte Carlo Simula-
tion enables computationally efficient multi-
axial spectral analysis within the frequency
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Fig. 9. Gassner curves for the proposed and the conventional method.

domain. Any suitable, material and ductil-
ity dependent multiaxial fatigue criterion
known from the time domain can be ap-
plied under statistically correct assump-
tions. Comparison of the evaluated fatigue
damage with experimental results shows
good correlation for the proposed example
problem.
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