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Abstract. The local RBFs based collocation methods (LRBFCM) is presented to
solve two-dimensional incompressible Navier-Stokes equations. In avoiding the ill-
conditioned problem, the weight coefficients of linear combination with respect to the
function values and its derivatives can be obtained by solving low-order linear system-
s within local supporting domain. Then, we reformulate local matrix in the global and
sparse matrix. The obtained large sparse linear systems can be directly solved instead
of using more complicated iterative method. The numerical experiments have shown
that the developed LRBFCM is suitable for solving the incompressible Navier-Stokes
equations with high accuracy and efficiency.
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1 Introduction

Due to avoid the high cost of mesh generation, the interest in meshless methods to solve
partial differential equations (PDEs) has generated considerably in the past decades. In
contrary to the mesh based methods like the the finite difference method (FDM), the fi-
nite volume method (FVM) and the finite element method (FEM), meshless methods use
a set of uniform or random points to discrete derivatives. Those points are not necessari-
ly interconnected in the form of a grid. Among them a class of meshless methods based
on radial basis functions (RBFs) seem much more appealing and have been considered
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as a prospective numerical methods for solving partial differential equations (PDEs). O-
riginally, RBFs were proposed for scattered data and function interpolation by Hardy [1].
However, due to the fact that methods based on RBFs are truly meshfree and spatial di-
mension independent, which can easily be applied to solve high dimensional problems,
researchers got more and more interested in the implementation of RBFs in PDEs solvers.
The first trial was successfully done by Kansa [2,3]. Franke [4] showed that Hardy’s mul-
tiquadric (MQ) and Duchon’s thin-plate spline (TPS) ranked the best in accuracy, efficien-
cy, and stability. Recently, an increasing number of researchers extended RBFs’ methods
to solve various ordinary and partial differential equations including regularized long
wave (RLW) equation [5], Hirota-Satsuma coupled KdV equations [6], the solution of 2D
biharmonic equations [7], the case of heat transfer equations [8], incompressible Navier-
Stokes equations [9,10], natural convection problems [11], elliptic problems with variable
coefficients [12, 13], scalar wave equations [14], natural convection problems, hyperbolic
partial differential equations [15] and so on.

In general, the RBFs used in the collocation technique are globally supported. The re-
sultant matrices are often dense and even ill-conditioned, and thus restricting our ability
to solve large-scale problems. To circumvent this issue, considerable efforts have been
made such as domain decomposition [17], multigrid approach and compactly supported
RBFs [18], the improved truncated singular valued decomposition [19], etc. However,
among all those dealings localized methods are more direct and simple. Currently many
localized meshless methods have been developed. For example, Shu et al. [9, 10] applied
the local RBF-based differential quadrature (LRBFDQ) method to simulate incompress-
ible Navier-Stokes equations in 2003 and then Lee et al. [20], Sarler et al. [21] proposed
local radial basis function collocation method on the basis of global RBFCM and applied
it to solve convective-diffusive problems. Recently, Chen et al. [16] presented the local-
ized method of approximated particular solutions (LMAPS). By adopting those methods,
we can successfully avoid severe ill-conditioning problem and form a sparse coefficient
matrix as approximations by RBF interpolation are all conducted within local domain. In
this paper, motivated by the idea of local RBFs based meshless method, we will present
readers the so-called local radial basis function collocation method (LRBFCM), and apply
it to solve two-dimensional, time-dependent, incompressible Navier-Stokes equations in
vorticity-stream function form.

The organization of the paper is as follows. In Section 2, the formulations of the L-
RBFCM are listed for solving two-dimensional, time-dependent Navier-Stokes equations
in vorticity-stream function form in detail. In Section 3, numerical examples are given
to demonstrate the effectiveness of the proposed procedure. In Section 4, we draw some
conclusions.

2 Formulation of the LRBFCM for incompressible N-S

equations
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2.1 Governing equations

We consider the two dimensional unsteady incompressible Navier-Stokes equation in the
vorticity-stream function form [10], which can be written as

∂ω

∂t
+u·∇ω=

1

Re
∆ω, (2.1a)

∆ψ=ω, (2.1b)

where Re is Reynolds number, ω is the vorticity, ψ is the stream function, u=(u,v), u and
v denote the components of velocity in the x and y directions, which can be calculated
from the stream function

u=
∂ψ

∂y
, v=−∂ψ

∂x
. (2.2)

Right side of Eq. (2.1) contains second-order Laplacian operator which can be approxi-
mated by RBFs based interpolation. Note that Eq. (2.1b) is Poisson equation whose solu-
tion can be obtained by using the RBFs as particular solutions.

2.2 Local approximation of derivatives

The ill-conditioning of the interpolation matrix and the large scale dense matrix have
limited the development of global RBFs based meshless methods. To mitigate these d-
ifficulties, local schemes based on local supporting domain seem to be more efficient,
less sensitive to changes of the value of the shape parameter, thereby avoiding the ill-
conditioning problem.

We denote x=(x,y) and {xj}ns

j=1 be the interpolation points inside the influence do-

main. For any point xp, its supporting domain Ωp contains the nearest ns interpolation
points {xj}ns

j=1 to xp. The value of a function f (x) at xp can be approximated by a linear

combination of ns radial basis functions (RBFs) in the following form

f (xp)≃ f̂ (xp)=
ns

∑
j=1

ajφ
(

‖xp−xj‖
)

, xp∈Ωp, (2.3)

where φ is a RBF, ‖·‖ is the Euclidean norm, and {aj}ns
j=1 are coefficients to be deter-

mined. We prefer to choose multiquadric (MQ) RBFs that have been found to provide
very accurate approximation in most of the applications and have been widely used by
researchers. The MQ-RBFs can be written as

φ(r)=
√

r2+c2, (2.4)

where r=‖x−xi‖, x=(x,y) represents the coordinates of a node in the physical space. The
shape parameter c is crucial to the accuracy of the approximation that plays a very impor-
tant role on numerical errors and condition number of a matrix. The optimal c depends
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on the number of the nodes in supporting region, the scale of supporting region and the
distribution of supporting nodes. The general behavior of c is such that the larger the
shape parameter, the MQ becomes increasingly flat, thus the smaller the approximation
error. However, increasing the shape parameter results in a more ill-conditioned matrix
and therefore increases the rounding errors and instability. In order to obtain more accu-
rate RBFs approximation, one has to balance the scale of the supporting region and the
sensitivity of shape parameter. The scale of supporting region for each reference node is
normalized by the following coordinate transformation [9]

x̄=
x

Ri
, ȳ=

y

Ri
, (2.5)

where Ri is the radius of the minimal circle enclosing all knots in the supporting region
for each reference point i. Note that the shape parameter c for traditional MQ-RBFs is
equivalent to c̄Ri. With the above transformation, the local supporting region is trans-
ferred to a unit circle or a unit sphere. In the application, once c̄ is chosen as a constant,
the optimal c is only related to number and distribution of supporting nodes. The selec-
tion for a suitable shape parameter is still one of the challenging research topics.

We note that Eq. (2.3) can be rewritten as

f̂ (xp)=θθθnsans , (2.6)

where

θθθns =
[

φ(‖xp−x1‖),··· ,φ(‖xp−xns‖)
]

,

and ans =[a1,a2,··· ,ans ]
T. From Eq. (2.3), by direct differentiation, we have

∂ f (xp)

∂x
≃ ∂ f̂ (xp)

∂x
=

ns

∑
j=1

aj
∂φ

∂x
(‖xp−xj‖)=Ξ

x
ns

ans , xp ∈Ωp, (2.7a)

∂ f (xp)

∂y
≃ ∂ f̂ (xp)

∂y
=

ns

∑
j=1

aj
∂φ

∂y
(‖xp−xj‖)=Ξ

y
ns ans , xp ∈Ωp, (2.7b)

and

∆ f (xp)≃∆ f̂ (xp)=
ns

∑
j=1

ajΦ
(

‖xp−xj‖
)

=Θns ans , xp∈Ωp, (2.8)

where

∆φ(‖x−xj‖)=Φ(‖x−xj‖), (2.9a)

Ξ
x
ns
=
[∂φ

∂x
(‖xp−x1‖),··· ,

∂φ

∂x
(‖xp−xns‖)

]

, (2.9b)

Ξ
y
ns =

[∂φ

∂y
(‖xp−x1‖),··· ,

∂φ

∂y
(‖xp−xns‖)

]

, (2.9c)
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and

Θns =[Φ(‖xp−x1‖),··· ,Φ(‖xp−xns‖)]. (2.10)

Furthermore,
∂φ

∂x
=

x−xi√
r2+c2

,
∂φ

∂y
=

y−yi√
r2+c2

. (2.11)

Note that ∆=(1/r)(d/dr(r(d/dr))). From Eq. (2.9a), we have

Φ(r)=
r2+2c2

(r2+c2)1.5
. (2.12)

Since {xj}ns
j=1⊂Ωp, Eq. (2.6) holds for every {xj}ns

j=1. By collocation method, we have the

following matrix system

Φns ans = f̂ns , (2.13)

where f̂ns =[ f̂ (x1),··· , f̂ (xns)]
T and Φns =[φ(‖xj−xi‖)]1≤i,j≤ns

. It follows that

ans =Φ
−1
ns

f̂ns . (2.14)

Substituting Eq. (2.14) into Eqs. (2.7a)-(2.8), we have

∂ f̂ (xp)

∂x
=
(

Ξ
x
ns

Φ
−1
ns

)

f̂ns ,
∂ f̂ (xp)

∂y
=
(

Ξ
y
ns

Φ
−1
ns

)

f̂ns , (2.15)

and

∆ f̂ (xp)=
(

Θns Φ
−1
ns

)

f̂ns . (2.16)

It can be seen that the approximations of spatial derivatives are evaluated based on RBFs
within local supporting domain containing a set of arbitrarily distributed points. It is
required to search the nearest neighbor points to define local supporting domain for each
reference point.

2.3 The discretization of N-S equations

Using Eqs. (2.15)-(2.16), the governing equations Eqs. (2.1)-(2.2) are discretized as

dω
(n)
i

dt
=

1

Re

ns

∑
j=1

aijω
(n)
j −

(

u
(n)
i

ns

∑
j=1

cijω
(n)
j +v

(n)
i

ns

∑
j=1

bijω
(n)
j

)

, (2.17a)

ns

∑
j=1

aijψ
(n+1)
j =ω

(n+1)
i , (2.17b)

u
(n+1)
i =

ns

∑
j=1

bijψ
(n+1)
j , v

(n+1)
i =−

ns

∑
j=1

cijψ
(n+1)
j , (2.17c)
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where n is the time step index, ns is the number of the interpolation points inside the
influence domain Ωi for any point xi ∈Ω, i=1,2,··· ,N.

It is noted that the coefficients aij, bij and cij in Eqs. (2.17a)-(2.17c) can be calculated
by the coefficient matrices in Eqs. (2.15)-(2.16). Once the weighting coefficients are ob-
tained, we reformulate local coefficient matrices in global and sparse form by inserting
zeros in proper positions. For further details of the reformulation, refer to [12, 16]. Thus
Eqs. (2.17b) and (2.17c) can be transformed into matrix formulation

W(n+1)=AΨ(n+1), U(n+1)=BΨ(n+1), V(n+1)=−CΨ(n+1), (2.18)

where U and V are n×1 vectors. Ultimately, reformulating local coefficient matrices, we
have the following discretization for time-dependant equation (2.17a)

dW(n)

dt
=

1

Re
AW(n)−

(

UC+VB
)

W(n), (2.19)

where A, B and C are n×n sparse matrices, U and V are n×n diagonal matrices in which
all of the diagonal elements come from the elements of the vectors U and V. Further, we
obtain Ψ(n+1) from Eq. (2.18) as follows

Ψ(n+1)=A−1W(n+1). (2.20)

The resultant equations can be solved with implementation of accurate boundary con-
ditions. The general solution procedure of the LRBFCM for the governing equations is
shown below:

Step 1 Discretize the governing equations (2.1)-(2.2) into Eqs. (2.17a)-(2.17c) with the
computed weighting coefficients for the related derivatives, then reformulate them
in global form, see Eqs. (2.18)-(2.20).

Step 2 Suppose the initial-boundary conditions of streamline function, vorticity and ve-
locity are known at tn, solve the time-dependent discretized equation (2.19) to
obtain the new vorticity distribution.

Step 3 Determine the updated vorticity boundary values using the definition of vorticity.

Step 4 Solve the discretized Laplace equation (2.20) to obtain the new distribution for ψ.

Step 5 Calculate the derivatives of streamline function to obtain velocity distribution,
also update the velocity boundary conditions.

Step 6 Go to step 2 until a required time step is reached.

3 Stokes flow in a square cavity

We apply the presented methods to solve a unsteady incompressible Navier-Stokes prob-
lem in square cavity to examine the efficiency and accuracy of the proposed local RBFs
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based collocation method. Maximum absolute error (MAE), the maximum relative error
(MRE) and the root mean square error (RMSE) are computed to validate the efficiency
and accuracy of the LRBFCM. These error notations are defined as

MAE= max
1≤j≤N

∣

∣u(xj,t
n)−û(xj,t

n)
∣

∣, MRE= max
1≤j≤N

∣

∣u(xj,t
n)−û(xj,t

n)
∣

∣

|u(xj,tn)| , (3.1)

and

RMSE=
[ 1

N

N

∑
j=1

(

u(xj,t
n)−û(xj,t

n)
)2
]

1
2
, (3.2)

where u(xj,t
n) and û(xj,t

n) represent the exact and numerical solutions of a given partial
differential equation.

The computational domain Ω∪∂Ω for the problem is 0≤ x ≤π/2, 0≤ y ≤π/2 and
0< t<+∞ and Re is chosen to be 1. Ω∪∂Ω is a regular domain where the interior and
boundary nodes are distributed uniformly. The number of the approximation nodes in
the local domain is 5. The Eqs. (2.17a)-(2.17c) are subjected to the Dirichlet boundary
conditions

ψ(x,y,t)=cos(y)e−2t, at x=0, 0≤y≤ π

2
, (3.3a)

ψ(x,y,t)=0, at x=
π

2
, 0≤y≤ π

2
, (3.3b)

ψ(x,y,t)=cos(x)e−2t, at y=0, 0≤ x≤ π

2
, (3.3c)

ψ(x,y,t)=0, at y=
π

2
, 0≤ x≤ π

2
. (3.3d)

The initial condition for ψ is given by

ψ(x,y,0)=cos(x)cos(y), (x,y)ǫΩ∪∂Ω. (3.4)

The updating of boundary condition for vorticity ω can be derived from Eq. (2.1b)

ω|wall =
(∂2ψ

∂x2
+

∂2ψ

∂y2

)∣

∣

∣

wall
. (3.5)

The derivatives can be approximated by the conventional one-sided second order finite
difference method. In order to achieve that, three layers of orthogonal grid near and in-
cluding the boundary are placed near the boundary [9]. Like the governing equations,
boundary conditions for vorticity involves the derivatives of stream function can also be
discretized by the local method of collocation particular solutions. The analytical solu-
tions for the problem can be found in [10], we don’t repeat them here.

Fig. 1 shows that the distributions of streamline, vorticity and velocity with N = 441
and c=50 at t=1.0. Here c is the ratio of the shape parameter in Eq. (2.4) to r0 where r0
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Figure 1: The profiles of streamline, vorticity and velocity with N=441, c=50 at t=1.

is the maximum distance from xp to all nodal points in the supporting domain Ωp, the
below is same. In other words,

r0= max
1≤j≤ns

∥

∥xp−x
[p]
j

∥

∥. (3.6)

Instead of iterative method, it took only less computational complexity to obtain the re-
sults for each time step. So the computational efficiency is also remarkable.

Fig. 2 shows the profiles of various errors versus shape parameters c with N = 121,
N = 441 at t = 0.1. It can be observed that the accuracy of the numerical solution of
different variables is improved as the value of the shape parameter c increases. When
c comes to a certain value, the errors show a tendency toward stabilization. Moreover,
as shown in Fig. 2(d) the optimal shape parameter c should increase with the number of
nodes.

Table 1 shows the MAE and RMSE errors by the LRBFCM for this problem. As we
have seen from Table 1, the accuracy of the proposed method is improved as N increases
while the computational efficiency decreases. Both MAE and RMSE errors for streamline
function ψ achieve at most 10−7 scale with mesh points N=961. There are practically no
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Figure 2: The profiles of various errors versus shape parameters c with N=121, N=441 at t=0.1.

differences for velocity errors in x and y directions with same mesh size. It is also seen
that the accuracy for ω and ψ is higher than that for u and v. This is because ω and ψ are
directly computed from the Eqs. (2.19) and (2.20) while u and v are indirectly computed
from the stream function using the Eq. (2.18).

The obtained absolute errors for different variables are shown in Fig. 3. In the com-
puter implementation for the problem, 441 interior nodes and 80 boundary nodes are
chosen. The errors show that the present scheme can achieve good agreement with the
exact solutions. It can be also seen that the errors in most of the irregular domain are
going down smoothly.

Table 1: The obtained errors by the LRBFCM scheme.

N c t
MAE RMSE

stream vorticity velocity stream vorticity velocity
121 20 1.0 1.3e−5 7.4e−5 3.9e−4 6.1e−6 3.5e−5 1.6e−4
441 50 1.0 3.0e−6 5.3e−5 1.1e−4 1.3e−6 2.6e−5 5.1e−5
961 65 0.5 5.0e−7 1.3e−5 1.2e−4 2.1e−7 6.7e−6 5.8e−5
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Figure 3: The error profiles obtained by the LRBFCM with N=961, c=65 at t=0.5.

4 Concluding remarks

In this paper, a local RBFs-based method of collocation particular solution is developed
for solving two-dimensional, time-dependent, incompressible Navier-Stokes equation-
s. In order to overcome the instability of the ill-posed problem, the weight coefficients
can be obtained by solving low order linear systems within local supporting domains.
The proposed numerical scheme is validated by comparisons of the obtained numerical
results with the corresponding analytical solution. In general, the presented LRBFCM
appears to be attractive for being being able to efficiently solve Navier-Stokes system
containing Laplacian operator.
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