Euro. Jnl of Applied Mathematics (1999), vol. 10, pp. 535-545. Printed in the United Kingdom 535
© 1999 Cambridge University Press

Crystallization in forced flows: the
Saffman—Taylor problem

Y. N. GORDEEV and K. G. KORNEV

The Institute for Problems in Mechanics, Russian Academy
of Sciences, Prospect Vernadskogo 101, Moscow 117526, Russia

(Received 24 September 1999)

We consider the two-dimensional problem of crystal growth in a forced flow. A dendrite is
placed in a Hele-Shaw cell with insulating walls and grows due to undercooling. We neglect
the surface energy in the Gibbs-Thomson relation. The problem is formulated in terms
of analytic functions similarly to closely related work on the viscous fingering problem of
Saffman and Taylor. We derive a solvability condition for the existence of a steady-state
needle-like solidification front in the limit of small Peclet number, Pe = V,, [/a, where
V,, is the characteristic velocity of the melt, 2/ is the channel width, and a is the thermal
diffusivity of the liquid. The velocity of the crystallization front is directly proportional to
the hydrodynamic velocity V., and undercooling, while the dendrite width [; does not depend
upon the physical parameters, and indeed, [; = I.

1 Introduction

Developments in two-dimensional free-boundary problems [2, 4, 6, 13, 16, 18] point to
the emergence of an asymptotic theory of pattern selection in realistic models of crystal
growth, viscous fingering and the like. Ivantsov’s dendrite [14] and the Saffman—Taylor
finger [22, 24] become the basis for establishment of a mathematical strategy that enables
one to make asymptotically accurate estimates of the singular effects of the capillary
perturbation. This paper is aimed at the extension of the Saffman—Taylor problem to
the two-dimensional solidification/melting of dendrites in a forced hydrodynamic flow. In
setting up the model we closely follow Cummings et al. [7]. The physical system consists
of a freezing cell, where ice can grow under a temperature drop [8, 9, 11]. Due to specific
molecular interactions, a thin liquid film forms between the crystal boundary and the
cell walls [8, 25]. So, the physical system is seemingly kindred to the ordinary Hele-Shaw
problem of bubble displacement [22]. Indeed, if the fluid flow were absent, the problem
of dendritic growth is reduced to the Saffman—Taylor problem of bubble displacement, in
which the heat flow plays the role of displacing fluid while the dendrite is treated as a
bubble. For this diffusion controlled growth the selection principle has been pointed out
by several authors [1, 3-6, 10, 12, 15, 16, 23, 26], who showed that either surface energy
or kinetic term in the Gibbs—Thomson relation could be responsible for selection of a
unique dendritic shape. However, even for small Peclet numbers, when convective heat
transfer is dominated by conduction, the fluid flow plays a key role in redistributing the
heat flux over the growing interface. As a result, a crystal growing in a stream differs in
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shape from a freely solidifying dendrite. The main difficulty in extending the theory of
Cummins et al. [7] to the case under consideration is the calculation of a closed solution
of the heat exchange problem which we call the Boussinesq problem [17]. We solve the
Boussinesq problem by the Wiener—Hopf technique, and discuss the case of small Peclet
number in detail. The latter allows us to obtain an explicit solution for a steadily growing
dendrite.

2 The model

We take the complex variable z’ = x’ + iy’ associated with co-ordinates (x’,y’) in the
plane of the crystal. If the temperature at infinity, T, is maintained below the melting
temperature, T),, the crystal grows upstream. Simultaneously, a fluid flow is imposed at
infinity and the average velocity parallel to the plates of the Hele-Shaw cell satisfies
Darcy’s law with the permeability k = b*/12, where b is the plate-spacing [2]. Because the
fluid is incompressible, there is a complex potential W’ = ¢’ + iy/, where ¢’ is the real
velocity potential related to the pressure p and fluid viscosity p as ¢’ = —kp/p, v’ is the
streamfunction. Normalizing co-ordinates by a half the channel width, [, the superheat
T—T, by the undercooling (T, — T}), and the complex potential by half the flow rate
V,l, we can write the mathematical model in dimensionless form as

V-v=0, v=Vop, Pev-VO = A0, ze€ D(1),;

0
0 =0, —a— =, a—q) =0, ze€oQ(t); (1)
on on
v=(1,0), x— —o0;
lim 0(r) — 1, %=0, 67(;):0’ y = =*1;
X——20 0y oy
D(0) = Dy.

Here 0Q(t) is the solid-liquid interface, v, is the outward normal velocity of dendrite
crystallization (with respect to the liquid region D(¢)), t = ‘AT, — T},)/ I’L is the dimen-
sionless time (positive, if we consider the melting case, and negative for crystallization), L
is the volumetric latent heat, and / is the thermal conductivity of the liquid. We introduce
the Peclet number as Pe = V,,[/a, where a is the thermal diffusivity of the liquid. It is
assumed that the Stefan number St = ¢| T, — T,|/L is small, where c is the volumetric heat
capacity; hence the stationary temperature distribution is suitable for description of the
temperature field. Since the problem is formulated in the melting/freezing timescale rather
than the flow one, the normal hydrodynamic velocity at the crystal surface is negligibly
small on that timescale. That is why the boundary condition 0¢/0n = 0 is a reasonable
approximation.

It is remarkable that the moving boundary problem (1) has a first integral establishing a
connection between the total mass of the dendrite and the Peclet number. Such a relation
can be immediately obtained by expressing the rate of mass change via the integral over

the dendrite surface as
dM d
—_— = = WA, 2
i " /D dv /a Dv d (2)
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FiGURE 1. Flows in physical, complex potential and auxiliary planes, respectively.

where M is the dendrite mass. Taking into account the Stefan condition, one arrives at
the relation

dM 00
W——/aDadF——Q, 3)

where Q is the total heat flux. Though unknown in advance, the dependence of the total
heat flux on the domain geometry can be traced by making use of the change of variables
z+—— W in the heat transfer equation. Since the flow rate is known, the complex potential
plane W = ¢ + iy can be immediately constructed. Under the transformation z —> W,
the dendrite collapses onto a slit along the positive ¢-axis, but the insulating walls retain
their shape and they are positioned at

—n<p<owo, yp==11L 4)

It is important that the equation for the temperature field, 6, remains invariant,

06 o’ d%0
Pe— = — 4+ — . 5
e (%2 * @wz) ©)

The boundary conditions are rewritten as

0=1, @ — —00, (6)
0=0, 0<¢@<ow, =0, (7)
oy

Equation (5) and boundary conditions (6)—(8) constitute the Boussinesq problem. One
can see that the total heat flux Q remains invariant under the Boussinesq transformation

as well, since
o0 | oy / o6 ‘ ’6(;) / «

o= [, |55l [anler = [, |55 &7 o |ow] ®)

So, the flux does not depend upon the shape of crystal, yet it is a function of the Peclet

number, Q = Q(Pe). Later in the paper, we shall find an approximation to Q(Pe) when

Pe is small. Equation (3) can be integrated to give linear time-dependence of the dendrite

a0

https://doi.org/10.1017/50956792599004076 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792599004076

538 Y. N. Gordeev and K. G. Kornev

mass. For a steadily moving finger-like dendrite with asymptotically parallel-sided walls,
the change of mass rate is merely the crystallization speed, so that U = Q(Pe). In the
nonstationary case, (3) still holds and can be checked in experiments.

3 The hodograph method

We now restrict ourselves to symmetric dendrites and introduce an auxiliary plane o =
& +in (see Figure 1) and an analytic function z = f(w,t) mapping the auxiliary plane
onto the region D(t). The Stefan condition can be rewritten in terms of analytic functions,
if we take into account the definition of the outward normal velocity of 0%,

Up = X(é)l’l\ + y(é)nya

where ny, n, are the components of the unit vector normal to the interface. Making the

transformation
1
W=— log(l —w?), (10)
we can write down the Stefan condition as (see Cummmgs et al. [7] for details)
of .of 00 2¢
=—|—| —F——. 11
m{@t aw} ‘ ’aw m(1—¢?%) (1)

In the context of the Hele-Shaw free boundary problem, (11) is called the Polubarinova-
Galin equation [12]. In addition to the Polubarinova-Galin equation, the function f(w, t)
must be subject to the boundary condition imposed on the velocity at infinity,

a—f~a—W~—i, w — 0. (12)
ow ow Tw

One expects that the mapping function has similar singular behaviour at points & = +1.
Moreover, in the auxiliary plane we can imagine these flow singularities as two sinks with
given discharge of unit strength. Finally, we should prescribe an initial condition. Thus,
the free boundary problem is reduced to a nonlinear boundary value problem for analytic
function f(w,t), the solution of the Boussinesq problem (5)—(8) being included into the
boundary condition (11).

4 The Boussinesq problem
It is convenient to introduce new variables and functions as
®=Peqp/2, ¥ =Pey/2, O0(P,¥)=1+exp(P)u(P,V). (13)

Then the Boussinesq problem is reduced to the following boundary value problem for the
modified Helmholtz equation:
’u o%u

@_;_W_u:& —0 <P <o, |VP|<Pe/2, (14)
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Ou

Y
This problem can be solved by the Wiener—Hopf technique [20] (see the Appendix),

and, in the region ¥ > 0, ® > 0, the solution has the form

=0, Y = +Pe/2, —0 < P <.

= Pe
o,¥)=—-e?-25 P k-1 (g — 2| e 1
u(®,¥) = —e ;kcos[(k )Pe< 2)} , (15)
where
(2k — 1)2m2 Kl K (i)
= 1 o= (=1 -~
o P’ = S 2K )
(1 +b,, 1/2) 12 + wb,_i)» Pe
K. (i D oby=—.
+iw) = H (14 b2)Y2 + wb, P 2pn

n=1
We are interested in the practically reasonable case of small Peclet numbers Pe < 1
[8, 9, 11]. For the latter, taking the limit of (15) as the Peclet number tends to zero, one

gets
k—1
Vi ~ %, Ki(i) ~ 1,
ALk +1/2) w2k — 1)
Kelin) rk) 22k —2)

Using the above relation and the asymptotic relation

@ P @
exp{—;r?e (1 — ;)} ~ exp {_Tlie} , @~ O(Pe),

we arrive at the asymptotic expression for the heat flux on the slit,

o0
00 Z 2k =D e
oy 2k —2)1(2k — 1)

2e—ntb/Pe
== ¢y =0 0<d<om. (16)
1 — e—2n¢/Pe

Substituting the transformation (10) into (16), one gets

0 _Peyl-C ey (17)

op e

5 Steady solution

The asymptotic solution (17) allows us to rewrite the Polubarinova—Galin equation (11)

in the form
1/2

of of (2Pe/m) (1—¢%)77, —-1<é<],
m{@t@w} { 0, > 1. (18)

In this section we are looking for a travelling-wave solution, f = Ut + F (w). It should
be noted that the speed U is not equal to the hydrodynamic velocity of the oncoming
stream, v = 1. So, one has to select the crystallization speed and the shape of the steadily

https://doi.org/10.1017/50956792599004076 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792599004076

540 Y. N. Gordeev and K. G. Kornev

moving dendrite by seeking a function F analytic in the upper half plane n > 0 and
having logarithmic singularities at the points £ = 41, and at infinity as well. This function
must obey the boundary condition

—1/2

m{um}:{—@g@/“)(l—iz) ’_|51|ié1.<1’ (19)

Thus, the nonlinear boundary condition (18) is reduced to the linear Riemann—Hilbert
form (19) [19]. Actually, a family of travelling-wave solutions enables one to transfer a
functional nonlinearity to a parametric one, the crystallization speed U being unknown
in advance. In standard linear Riemann—Hilbert problems, no derivatives appear in the
boundary condition [19]. Nevertheless, a trick similar to the ordinary Riemann—Hilbert
technique can be used to get the solution for our case. The solution consists of two parts,
with a particular solution as the first, and the solution of the homogeneous problem as the
second. Scaling the crystallization speed U as U = 2Pef/m, one can choose the following
particular solution:

Fpare = %log(w + Vw2 —1)+1iy, Ty =0. (20)

Then the boundary condition for the homogeneous problem takes the form
R{iF,} =0, —w<i<o. (21)

Because of the logarithmic singularities at the points ¢ = +1 and at infinity, the solution
to problem (21) is

Fyen = atlog(w? — 1), TJo = 0. (22)

Combining all of them and using Liouville’s theorem applied to the function F — F,q —

Fgen, the latter being extended into the lower half plane # < 0 by reflection, we have shown
that the following three-parameter ansatz gives the unique travelling-wave solution:

1 24P
Elog(w-l—«/aﬂ—l)— ﬁnet+cx10g(w2—l)+iy, Su=Ty =0 (23)

The boundary condition at infinity and the two conditions imposed on the flow rate at
the points £ = +1 result in three linear equations for the unknown constants «, f, and
y. The solutions to the system are « = —1/2n, § = —n and y = 1. Then the interface is
described by the parametric equations (0 < & < 1)

f=

1 5 1 11— 1
x=2Pet — —log(1—-¢&7), y==|——arctan ——"—+ > (24)
21 T 4 2
Eliminating &, one obtains
1 exp (—n[x — 2Pet]) 1
=1 |——arct ~. 25
Ve TR e o e 1 1) 2 (23)

If we put & = cos$ in (24), (25) can be rewritten in the famous Saffman—Taylor form
as
1 T
x=2Per——logcosmy).  my =+ [—9 + 5} . (26)
The key difference from the Saffman—Taylor viscous finger concerns the automatic
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selection of the parameters involved. Parametrized by the thickness of the deposited film,
a one-parameter Saffman—Taylor family predicts very many fingers, while in practice
those observed have a width close to one-half that of the channel [22]. Precisely, only one
physical condition, total mass balance, is available to specify the physical parameters; this
is no length scale other than the channel width. However, the latter is the product of the
velocity and layer thickness at infinity, and cannot be split to give the finger width and
superficial velocity separately. Some additional argument must be invoked to select the
solution, for example, the effect of surface tension or some other physical mechanisms
[1, 3-6, 10, 12, 15, 15, 16, 23, 26]. In the case under consideration, apart from the mass
balance, we have an additional equation, the total balance of heat. Integrating the heat
transfer equation over the melt volume, one obtains from the left-hand side of (1)

Pe/V~V0dv =2Pe+Pe/(Vx0)| dy+Pe/ V,0dr =2Pe+Pe/(Vx0)|Hoody, (27)
oD

X—00

As the Peclet number diminishes, the second term on the right-hand side of (27) can be
neglected (see (15)), and we arrive at the first integral as

dM
—— =2Pe. 28
i e (28)

The equality Q = 2Pe can be checked by direct substitution of (16) into (9). Since for
a steadily moving finger-like dendrite the change of mass rate is the crystallization speed,
we have U = 2Pe.

Knowledge of the crystallization speed removes the uncertainty in (19). The remaining
boundary conditions allow one to select the unique solution. Actually, the left-hand side
of (19) does change as the Peclet number increases, and the right-hand side should be
modified as well. Therefore, the selection principle is affected by the magnitude of Peclet
number, but the finger of width 1/2 is selected in the limit Pe — 0.

In the Hele-Shaw problem the speed U cannot be prescribed in advance, but, once U
is given, the corresponding Polubarinova—Galin equation has a unique solution [12]. So,
the principal difference between Hele-Shaw and dendritic growth problems is in the extra
balance condition for the latter, and the selection in the latter problem is not coincidental.

6 Conclusions

We have showed that the crystallization speed depends upon the flow rate linearly.
Moreover, there are no hydrodynamic parameters that influence the shape of dendrite
growing in a channel. As the Peclet number tends to zero (motionless melt), our solution
breaks down and cannot be matched to the Saffman-Taylor finger. Actually, the shape
of the finger coincides with the ‘one half” Saffman-Taylor finger, but the crystallization
speed becomes undefined within the model. To resolve this paradox, in the heat transfer
equation one has to take into account the term proportional to the Stefan number which is
responsible for change of total heat capacity. The latter problem bears a close resemblance
to the Hele-Shaw problem and, in principle, an approximation with respect to the Stefan
number results in the Saffman-Taylor solution (see Brener & Melnikov [4] and Ben
Amar & Brener [1]). Some selection is needed and up to now it appears that a particular
solution could be picked out by either surface energy or a kinetic coefficient in Gibbs—
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Thomson relation. However, the above analysis shows that the only the Saffman—Taylor
finger of width one half can be used to continue the Hele-Shaw solution to the case of
crystallization in forced flow. Perturbing the Hele-Shaw model by including convective
heat transfer and considering the limiting solution as Pe— 0, we arrive at the same
universal one half Saffman-Taylor finger. This result, like the perturbation analyses for
small surface tension, suggests that there is a ‘structural’ reason for the selection of the
one-half finger and that it is an attractor.

Unfortunately, the above solution cannot be continued to the limit of large Peclet
numbers. As shown in the Appendix, at large Peclet numbers the Boussinesq problem
gives, as the principal term, the solution for unconfined flow. For the latter we know [7]
that the Ivantsov-like dendrite emerges as the steady solution. Recalling that the both
the Saffman-Taylor and Ivantsov solutions have one-parametric freedom, we observe
the paradoxical situation when two limiting solutions cannot be specified in the model
framework, while the intermediate asymptote is selected uniquely.

Of course, the Ivantsov dendrite cannot be considered as the solution to our problem,
yet it is reasonable approximation of the crystal tip. Most likely, the tip radius in the
Ivantsov solution can be found from the “outer” solution, which is still affected by the
insulating walls. Namely, it might be expected that the tip radius can be found from
the critical Peclet number. However, this question is open for discussion and is beyond
the scope of our paper. Nevertheless, we do believe that convection is a reasonable
mechanism capable of selecting the inherent morphological pattern in the range of small
Stefan numbers. In reality though, small natural convection could be a competitive factor
compared to surface effects.

Appendix

By symmetry, the Boussinesq problem (11) needs be considered only in the region
(—o0, +00) x [0, Pe], provided that the boundary condition at the line ¥ = 0 is determined
by introducing two unknown functions f1(®) as

u(@,¥ — 40)=f_(P)+ H(®)exp (—?),

0
s —HEO(@),  —o<d<o ¥,
where H(®) is the Heaviside function. Using the Fourier transform

U(Y,s) = u(®,¥V)exp(is®)dP, —oo<s< oo,

1 0
/\/27'5 /—oo
the Boussinesq problem is reduced to a boundary value problem for analytic functions
F,(s), which are the Fourier images of f(®). The functions F4(s) are analytic functions
regularly decreasing at infinity in the upper (‘+’-sign) or lower (‘—’-sign) half-planes of
complex variable s = R+ iS. On the real axis, S = 0, these functions must be matched by
the boundary condition

_ coth(Pey/s? +1/2) B i
— Fu(s) = F_(s) + N (41)
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Applying the Wiener—Hopf technique [20], we get the solution to problem (A1) as

oo+t _ ) )
(P, V) = Pe ' / .cosh[(Yf Pe/2)./s* + 1] e s, (42)
2nK (i) J_ootir sinh[Pe/s? 4+ 11K (s)/s2 + 1

where K is defined in equation (15). The contour integral around a large semicircle in
the lower half-plane can be calculated using the residue theorem and we arrive at (15).

To check the solution’s validity, we examine the asymptotic case Pe > 1. As seen from
the integral equation equivalent to our problem (the derivation is done by Kornev &
Mukhamadullina [17]),

[ ac-o (5)]

AE— )= {Koué — @)+ 23" Koy (¢ — @2+ Pe2k2/4)} :
k=1
the principal term corresponds to the heat exchange problem for a single isothermal slit
and homogeneous flow. The other slits do not contribute significantly to the heat flux at
large Peclet numbers. The solution for a single slit has been obtained by several authors
(see the discussion in Cummings et al. [7]). The objective now is to reconstruct the exact
solution by using (15).
First, in the range n < k, where k < \/ITe, the expression

K (ipr) ﬁM M= [(1+ bi_l/z)l/z + 9kbu_12][(1 + b2)"2 + by
K. (i) " "L+ D)V + ] [(1 4 b2 )2 F buep]

e dé =e?, (43)

can be simplified by putting M, ~ 1, so that we get

M A4

K+ (l ~I[ M. (44)
n=k

Further simplification is achieved by expanding b,_;,, in powers of 1/n, provided that

the following inequalities hold: n > k(1 < k < Pe). Combining all the principal terms, we

arrive at the relations

K. (iw)=e", T= Zln( + A w)> ZZ a( (A5)

n=1

where
2

w
1+ .
s ( bn(\/1+bg+wbn>)

Using the Euler—Maclaurin summation rule [21], we replace the sum in (AS5) by the
integral as

Al‘l(a))

Loton 4 it o)
T=3 — -+ +0
2 Jompey (1432 2 )0 (14142 + o) k

_ Pe  log(l + w) 1
—logzn—f- 3 +0 ) (A6)
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Substituting (A5) and A(6) into the formula for the heat flux, one gets

Ou - +/k o 1
>
(@, 40) = §j 1+0 (o & >0,

k=

n2(2k — 1)2
pe’ '
Again using the Euler—Maclaurin summation rule, we retrieve the exact solution for a

single slit:
7¢u
ou S 5 10) = f/ du 40 1
oy Ju—1
277 1
-—— — . A
nﬁ+0(Pe) (48)

Iterating the integral equation (A3) we are persuaded that the next corrections are
exponentially small, namely:

LIFO< @ < /Pe

u 21 2Pr(1/4)e s 1\

2.1f &> \/Pe

e =41+ (A7)

du 4ﬁ —Pe/2 1
o= 3 g+ S s (10 (8)

Acknowledgements

We would like to thank Dr S. J. Chapman for bringing Reference 6 to our attention
before its publication. The authors are grateful to Drs J. R. Ockendon and S. D. Howison
for valuable discussions and criticisms.

References

[1] BEN AMAR, M. & BRENER, E. (1996) Laplacian and diffusional growth: a unified theoretical
description for symmetrical and parity-broken patterns. Physica D, 98, 128.

[2] BeEnsiMoN, D., KADANOFF, L. P, LIANG, S., SHRAIMAN, B. I. & TanG, C. (1986) Viscous flows in
two dimensions. Rev. Mod. Phys. 58, 977.

[3] BRENER, E. A., GEILIKMAN, M. B. & TyoMmKkIN, D. E. (1988) Growth of needle-shaped crystals
in channels. Zh. Exp.Teor. Fiz. 94, 241.

[4] BRENER, E. A. & MELNIKOV, V. 1. (1991) Pattern selection in 2-dimensional dendritic growth.
Adv. Phys. 40, 53.

[5] BRENER, E. A. & TyomkiN, D. E. (1996) Cellular, dendrite and dublon structures during
directed crystallization. Zh. Exp. Teor. Fiz. 109, 1038.

[6] CHAPMAN, S. J. (1999) On the role of Stokes lines in the selection of Saffman—Taylor fingers
with small surface tension. Euro. J. Appl. Math. 10(6).

[7] CummiNgs,L., HoHLOvV, Yu., HOwisoN, S. & KorNEy, K. (1999) Two dimensional solidification
and melting in potential flows. J. Fluid Mech. 378, 1.

https://doi.org/10.1017/50956792599004076 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792599004076

Crystallization in forced flows: the Saffman—Taylor problem 545

[8] DasH, J. G., Fu, H. & WETTLAUEFER, J. S. (1995) The premelting of ice and its environmental
consequences. Rep. Prog. Phys. 58, 115.

[9] Davis, S. H. (1990) Hydrodynamic interactions in directional solidification. J. Fluid Mech. 212,
241.

[10] DomBRrE, T. & HakiM, V. (1987) Saffman-Taylor fingers and directional solidification at low
velocity. Phys. Rev. A36, 2811.

[11] Hong, D. C. & LANGER, J. S. (1986) Analytic theory of the selection mechanism in the
Saffman—Taylor problem. Phys. Rev. Lett. 56, 2032.

[12] Howison, S. D. (1992) Complex variable methods in Hele-Shaw moving boundary problems.
Euro. J. Appl. Math. 3, 2009.

[13] Hurtg, D. T. J. (ED.) (1993) Handbook of Crystal Growth. Vol.1. Elsevier Science.

[14] Ivantsov, G. P. (1947) The temperature field around a spherical, cylindrical, or point crystal
growing in a cool solution. Dokl. Akad. Nauk. SSSR, 58, 567.

[15] KarMma, A. & PELCE, P. (1989) Oscillatory instability of deep cells in directional solidification.
Phys. Rev. A39, 4162.

[16] KESSLER, D., KopPLIK, J. & LEVINE, H. (1988) Pattern selection in fingered growth phenomena.
Adv. Phys. 37, 255.

[17] KornEv, K. & MUKHAMADULLINA, G. (1994) Mathematical theory of freezing for flow in
porous media. Proc. R. Soc. Lond. A447, 281.

[18] LANGER, J. S. (1986) Models of pattern formation in first order phase transitions. In: G.
Grinstein and G. Mazenko (eds.), Direction in Condensed Matter Physics: Memorial volume
in honor of S. K. Ma. World Scientific, Singapore.

[19] MuskHELISHVILL, N. 1. (1953) Singular Integral Equations. Noordhoff, Leiden.

[20] NoBLE, B. (1958) Methods Based on the Wiener—Hopf Technique. Pergamon.

[21] Ovrver, F. W. J. (1974) Asymptotics and Special Functions. Academic Press.

[22] SaFFmaAN, P. G. & TAYLOR, G. L. (1958) The penetration of a fluid into a porous medium or
Hele-Shaw cell containing a more viscous liquid. Proc. R. Soc. Lond. A245, 312.

[23] TANVEER, S. (1987) Analytic theory for the selection of a symmetric Saffman—Taylor finger in
a Hele-Shaw cell. Phys. Fluids, 30, 1589.

[24] TAYLOR, G. I. & SarrMAN, P. G. (1959) A note on the motion of bubbles in a Hele-Shaw cell
and porous medium. Quart. J. Mech. Appl. Math. 12, 265.

[25] WasHBURN, A. L. (1973) Periglacial Processes and Environments. Edward Arnold.

[26] WEEKs, J. D., vaN SaarLoos, W. & GRANT, M. (1991) Stability and shapes of cellular profiles
in directional solidification — expansion and matching methods. J. Cryst. Growth, 112, 244.

https://doi.org/10.1017/50956792599004076 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792599004076

