Nagoya Math. J., 247 (2022), 552-573
DOI 10.1017/nmj.2021.12

GENERALIZED GREEN FUNCTIONS AND UNIPOTENT
CLASSES FOR FINITE REDUCTIVE GROUPS, III

TOSHIAKI SHOJI

Abstract. Lusztig’s algorithm of computing generalized Green functions of
reductive groups involves an ambiguity on certain scalars. In this paper, for
reductive groups of classical type with arbitrary characteristic, we determine
those scalars explicitly, and eliminate the ambiguity. Our results imply that all
the generalized Green functions of classical type are computable.

§0. Introduction

This paper is a continuation of [S3, T and II]. Let G be a connected reductive group
defined over a finite field F, with Frobenius map F': G — G, and let Gy, the unipotent
variety of G. Let 4G be the set of pairs (C,&), where C is a unipotent class in G, and
& is a G-equivariant simple local system on C. Let L be a Levi subgroup of a parabolic
subgroup of G, and let (Cy, &p) € A7, be a cuspidal pair on L. We assume that L is F-stable,
C is F-stable, and F'*&y ~ &y. For a fixed isomorphism ¢g : F*&y X &, a generalized Green

: G
function QF ¢ 4,40 W _ _ _ ,
values in Q;. Generalized Green functions play a crucial role in the representation theory

was defined in [L2, IT], which is a GF-invariant function on GZ ; with
of a finite reductive group G¥', and it is very important to compute them explicitly since
the computation of irreducible characters of G is essentially reduced to the computation
of those generalized Green functions thanks to the theory of character sheaves [L2].

Let A4 be the set of (C,&) € A such that C is F-stable and F*& ~ &. For any
j=(C,&) € ANF, we choose an isomorphism ¢ : F*& ~ &. Note that 1 is unique up to
scalar since & is simple. Let Y; be the characteristic function on C** defined by 1, and we
regard it as a function on GE ; by defining 0 outside of C*'. Then, {Y; | j € A4} gives a basis
of the Q;-space of G¥-invariant functions on Gf ;.
expressing QE,CO, 6.0, a8 an explicit linear combination of the basis {Yj | j € NEY, where
Y =1);: F*& ~ & is determined from the choice of ¢ : F* &) ~ &. (Here, g is chosen under
a certain mild condition (see 1.2), and v, is determined uniquely from ¢q (see 1.3). But
note that v, is not directly computable.) Thus, the computation of the generalized Green
function is reduced to the computation of those Y;. Here, the function Y; has a simple
structure, up to scalar. If we choose a standard isomorphism 1) : F*& X &, the characteristic
function on on CF can be computed explicitly. There exists a scalar v; € Q] such that

In [L2, V], Lusztig gave an algorithm of

Y, = 'yijO for each j. Thus, the determination of generalized Green functions is reduced to
the determination of those scalars ; for each j € .#{". This is a nontrivial problem

The problem of determining ~; is closely related to the problem of finding a G¥-class in
CF (note that CF has finitely many G¥-conjugacy classes) which has a good property with
respect to the Frobenius action on a certain complex associated to (L,Cy,&p). A priori such
a good G-class in C*" depends on the choice of (L,Cy,&) since 1; is determined from
@o : F*&y 4 &y. For example, in the case where L =T is a maximal torus, Cy = {1}, and
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GENERALIZED GREEN FUNCTIONS 553

& = Qy is the constant sheaf, Q%,CO, G000 18 nothing but the original Green function Q% .
In that case, assuming that ch F, = p is a good prime, such a good G*'-class was found in
[BS], [S1], [S2], called a split class in CT" (essentially, it is determined as a G¥-class for the
adjoint group G), and the Green functions for exceptional groups were computed explicitly.

Those scalars y; were computed explicitly in [S3, I] in the case where G = SL,, and F
is of split type (for any p), F is of nonsplit type (p:large enough), and in [S3, II] in the
case where G = Spy or SOy for any p. The main discovery there is that the split class for
(T,{1},Q,) behaves well for any choice of (L,Cy, &), namely, there exists a GF-class in CF
which has a good property for any choice of (L,Cy, &), and the image of this class to the
adjoint group coincides with the split class for (7',{1},Q;) mentioned above. Such a class
is called a split class in C'F.

Since the split class is conjecturally compatible with the isogeny, the existence of the split
class is reduced to the case of simply connected groups. Spy or SL,, are simply connected,
but SOy is not. In that case, we need to consider the spin group Spin,. In this paper,
we prove that there exists a split element in Spin, such that its image in SOy is a split
element in the sense of [S3, II]. We also prove the existence of the split elements in the case
where G = SL,, and F' is of nonsplit type, for an arbitrary p > 0. We determine the scalars
v; in those cases. Thus, the generalized Green functions can be computed in those cases.
Since the determination of generalized Green functions is reduced to the case of simply
connected, simple groups, our results imply that all the generalized Green functions are
computable for any reductive group of classical type.

The main ingredients for the proof is the Frobenius version of the restriction theorem
(1.8.1) proved in [S3, IT]. This is especially useful in the case of SL,, of nonsplit type. In [S3,
I], the existence of split elements was proved by the aid of the graded Hecke algebras, but
in that case, we need to assume that p is large enough for applying the Jacobson—Morozov
theorem in p > 0. The present proof using the restriction theorem is much simpler, and
works well for any p.

81. Generalized Green functions

1.1. Let G be a connected reductive group defined over a finite field F, with Frobenius
map F. Let k be the algebraic closure of F; with chk = p. Let .#s be the set of triples
(L,Cy, &), up to G-conjugacy, where L is a Levi subgroup of a parabolic subgroup of G,
and &y is a cuspidal local system on a unipotent class Cp of L. As in (1.2.2) in [S3, I,
one can define a semisimple perverse sheaf K on G associated to a triple (L,Cy, &) € M.
Let #1, = Ng(L)/L. Tt is known that %7, is a Coxeter group, and End K ~ Q;[#7], K is
decomposed as

(1.1.1) K~ B EoKg,
Ecw

where K ~ Hom(E,K) is a simple perverse sheaf associated to E € #7.

Let Gyuni be the unipotent variety of G, and let A5 the set of (C,&), where C is a
unipotent class of G, and & is an irreducible local system on C. Let Zj, be the center of L,
and put d =dimZy,. It is known that K[—d]|g,,, is a semisimple perverse sheaf on Gyy;,
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equipped with #7-action, and is decomposed as

(1.1.2) Kl-dg,,~ B Vice ®IC(C,&)[dimC],
(C,&)eN

where V(¢ ¢y is an irreducible #7-module if it is nonzero. It follows from (1.1.1) and (1.1.2)
that there exists a map #7* — A, E — (C,&) such that

(1.1.3) Kgla,,, ~1C(C,&)[dimC +dim Z ]

and that V(¢ ) ~ E. The generalized Springer correspondence shows that this map gives a
bijection

(1.1.4) || 7

(L,Co,60)EMc

1.2. F acts naturally on the set A5 and .#¢ by (C,&) — (F~Y(C),F*&), (L,Cy, &)
(F~Y(L),F~Y(Cy),F*&). The map in (1.1.4) is compatible with this F-action. We choose
(L,Cy, &) € %g . Here, we may assume that L is an F-stable Levi subgroup of an F-
stable parabolic subgroup P of G, and that F(Cy) = Cy, F*&y ~ &y. Since & is a simple
local system, the isomorphism g : F*&y ~ & is unique up to scalar. We choose ¢q by the
condition that the induced map on the stalk of & at any point in C{" is of finite order. ¢q
induces a natural isomorphism ¢ : F*K ~ K. We consider the characteristic function x g,
of K. The restriction of xx,, on GE . is the so-called generalized Green function QE,CO,
(cf. [L2, H]), which is a GF-invariant function on G% , with values in Q;.

uni

60,%0

1.3. Let (L,Cy,&) € 4L be as in 1.2. Then, F acts naturally on %7, which induces
a Coxeter group automorphism o of order c¢. We consider the semidirect product % =
(o)yx#. If an irreducible representation E of #7, is F-stable, namely, F(E) ~ E as #-
modules, E can be extended to a #7-module in ¢ different ways. For each E € (#{")F,
we choose an irreducible representation E of %, which is the preferred extension of F in
the sense of [L2, IV, (17.2)]. Let o : E X E be the action of ¢ on E. If E is F-stable,
then F® Kg is F-stable in the decomposition of K in (1.1.1), and there exists a unique
isomorphism ¢g : F*Kg X K such that cp ® ¢ : F*(E® Kg) ~ E® Kg is the restriction
of p: FFK X K.

Let (C,&) € AZ be any pair. By the generalized Springer correspondence, there exists
a unique triple (L,Co, &) € 4L such that (C,&) corresponds to E € (#*)F under (1.1.4).
Put

ag = —dimZL —dimC,

(1.3.1) . . .
r=dimG —dim L +dim(Cy x Z1).

Then, we have
(1.3.2) ap+r = (dimG —dimC) — (dim L — dim Cy).

By (1.1.3), ##*Kg|c = &. We define an isomorphism 1 : F*& ~ &, so that glaotr)/2y),
corresponds to the map F*(H#*Kg)~ % Kg induced from ¢g. For each j = (C,&) €
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A&, we define a function Y; on GE . by

Tr (¢, &, if ge CF,
(1.3.3) Yi(g) = { (:4,) .
0 otherwise.

1.4. The set {Y; | j € AL} gives a basis of the Q;-space of GF-invariant functions of
GEF .. In [L2, V], Lusztig gave a general algorithm of computing the generalized Green
function as an explicit linear combination of various Y;. Thus, the determination of
the generalized Green functions is reduced to the determination of Y;. Since & is a
simple local system, the isomorphism 1 : F*& ~ & is unique up to scalar. The typical
isomorphism 1y : F*& X & among them is given as follows: choose u € CF, and put
Ac(u) = Zg(u)/Z2(u). Then, F acts naturally on Ag(u), and the set of G-equivariant
simple local systems &’ on C such that F*& ~ &’ is in bijection with the set of F-stable
irreducible representations of Ag(u). The correspondence is given, so that the stalk &
has the structure of the dual of the corresponding irreducible Ag(u)-module. Let p be the
F-stable irreducible representation of Ag(u) corresponding to &. Let 7 be the restriction
of F on Ag(u), and consider the semidirect product A (u) = (7)x Ac(u). Then, p can be
extended to an irreducible representation of gg(u) We choose an extension p of p. Here, we
consider & as an irreducible Z(;(u)—module corresponding to p*, where p* is the dual of p.

We define v : F*& ~ & by the condition that the induced map on &, coincides with
the action of 7, and define a function on :GF i — Qg in a similar way as Y;, but by
replacing 1) by 1. Note that the set of G¥-conjugacy classes in O is in bijection with the
set of Ag(u)-conjugacy classes in the coset Ag(u)T C Ag(u). We denote by u, the GF-class
corresponding to the class at € Ag(u)7. Then, on is explicitly given as follows:

Tr (at,p*) if g is GF'-conjugate to u,,

(1.4.1) Yy (9) = {0 ifg¢ CF,

Since ¥ can be written as ¥ =y for some v € QZ", we have Y; = ’yY]-O. Thus, the

determination of Y; is reduced to that of 7. We choose ug € C¥', and consider ZL(Uo) =
(To) X AL (ug). Let po be the irreducible representation of Ay (ug) corresponding to &y, and
let po be its extension to KL(ug). We can define ¢g : F'*&p ~ &y by the condition that the
map on (&p)y, induced from ¢q coincides with the action of 79 on py. Thus, 7 depends on
the choice of g, po,u, p, and we denote it by v =~ (ug, po,u, p). In this paper, we shall prove
the following result.

THEOREM 1.5. Assume that G is a connected reductive group of classical type. For each
F-stable unipotent class C of G, there exists u® € CF satisfying the following property: for
a triple (L,Co, &) € ML, take u € CE as above (applied for L), and choose an extension
po € fTL(ua)/\, where py corresponds to &. For (C,&) € NE, take u® € CF, and let p €
A (u®)" be such that (C,&) + (u®,p). Then, for (C,&) belonging to the series (L,Co,&),
there exists an extension p of p such that v(u, po,u®,p) = 1.

In particular, for such a choice of o : F*& X &, Y, coincides with on. Thus, the

generalized Green functions Qg Coborpo OT€ explicitly computable for G.

1.6. u® € C¥ in the theorem is called a split element, and the G¥-conjugacy class
containing u® is called the split class in C¥. Note that the split class is independent from
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the choice of (L,Cy,&p). Also note that the split class is compatible with the isogeny. (In
the case where G is an adjoint group, the split class is uniquely determined for a given C*.
In general, they are not unique; for example, see 3.2 in the case of spin groups, and 4.7 for
special linear groups.)

The proof of the theorem is reduced to the case where G is simply connected, and simple.
The existence of split elements (and the existence of p for the nonsplit case) was proved in
[S3, 1] for the case where (G, F') is SL,, of split type for any p > 0, or SL,, of nonsplit type
for sufficiently large p. In [S3, I1], it was proved for G = Spy or SOy for any p > 0. Thus, it
remains to verify it for the case where G is the spin group Spiny;, or SL,, of nonsplit type
for arbitrary p. In this paper, we discuss these two cases.

1.7. Let (L,Cy, &) € M, and let P be a parabolic subgroup of G whose Levi subgroup
is L. We consider another parabolic subgroup @ O P of G with the Levi subgroup M D L.
Then, #] = Nj(L)/L is in a natural way a subgroup of #7,. Let u € G,u’ € M be unipotent
elements. We put
(1.7.1) Yyuw ={r€G |2 lur €u'Ug}.

Then, Zg(u) x Zy(u')Ug acts on Y, by (g,m):z — gzm™!
ZM(U,)UQ,I' € Yu,u’)- Put

(9 € Zg(u),m €

1
(1.7.2) Ay = i(dimZ(;(u)—i—dimZM(u’))—i—dimUQ.

It is known that dimY,, . <d, .. We denote by X, ,+ the set of irreducible components
of Y, . of dimension d,, . . Then, Ag(u) x Ap(u') acts on X, ,». We denote by e, ,+ the
corresponding permutation representation of Ag(u) x Aps(u').

We denote by 0 the inverse map of (1.1.4), that is,

(1.7.3) 0% Mo — |l
(L,Co,éao)G.///G

For each pair (C,&) € A5, we choose (u,p), where u € C, and p € Ag(u)”" the irreducible
representation corresponding to &. We often write it as (u,p) <> (C,&). We denote by
05 » € #7" the representation F corresponding to (C, &) under 6. The generalized Springer
correspondence 0 for M is defined similarly to (1.7.3). For each (C’,&") € A4y, we choose
(u',p) <> (C",&"). Then, 03/,[7;)/ € (#])". The restriction theorem [LS, 0.4, (4)] shows that

(1.7.4) (p@p" Euu >Ac(u) X Anr(u') = <6§P|WL/, d Hﬂ{ﬂ' >7VL/

if (u,p) and (', p") belong to the same class (L, Cy, &), where p™* is the dual representation
of p’. The left-hand side is equal to zero if (u,p) and (u',p’) belong to a different class.
Moreover, every irreducible representation of Ag(u) x Ap(u') which occurs in ey, is
obtained in this way.

1.8. We assume that L C P,M C @ are both F-stable. We consider Y,, .+ in (1.7.1), and
assume that u,u’ are F-stable. Then, F acts naturally on Y, ., and acts on X, . as a
permutation of irreducible components. We have an action of F' on g, ,/. Put A(u,u’) =
Ag(u) x Apr(v/), then F acts diagonally on A(u,u’). We define A(u,u’) = (1,)x A(u,u'),
where (7,) is the infinite cyclic group generated by 7., and 7, acts on A(u,u’) via F. Now,
€y, turns out to be an Z(u,u’)—module, which we denote by &, ,/. In turn, if we choose
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extensions p,p’ of p, p, respectively, they define an extension p® p'* of p® p'* to irreducible
A(u,u')-module, where 7, acts on p® p™* as 7@ 1 for Ag(u) = (T)xAg(u), Ay (W) =
(") Apr ().

On the other hand, for each (C,&) € A corresponding to (u,p), we consider the
map g : F*& X & constructed in 1.4, which we denote by v, ,. ¥, , can be extended
to Q;%p : F*1C(C,6) 3 1C(C,&). By comparing this with the isomorphism ¢ : F*K X K
given in 1.2, we obtain an isomorphism o, ,) : V(u,p) X V(u,p) such that the restriction of
@ on Vi, @ F* IC(C,&)[dimC] coincides with T (u,p) ®1Z(u7p). (Here, we write V(¢ g as
Viu,p)-) Applying this to the reductive group M, and (C’,&”) € ME, we obtain the map
T p) Vi ,pr) 3 Vi pry, where (u/,p") < (C7,&"). Here, V{,, ) is an irreducible #7-module,
and V(. ) is an irreducible #7-module. We can decompose Viu,p) as

Viup) = @ My, @ Viw 1y
V(u/,p/)G(WL/)/\

where M, ,» = Homy (Viur pry, Viu,p)lwy) is the multiplicity space for Vi, ). Thus, we can
define an isomorphism o, ,» : M, ,» 5 M, ,» such that the restriction of o, ,) on M, , ®
Viur,pry coincides with o, » @ 0y ).

A variant of the restriction theorem (1.7.4) was proved in [S3, II, Cor. 1.9]. Under the
notation above, the following formula holds.

—_~—

(1.8.1) Tr (O-Pw"MP,P’) = q—(dimC—dimC’)/2+dim Va <gu,u’ PR p/*>A(u,u’)‘r*v
where for representations V7, V5 of g(u,u’ ), (V1,V2) A(uyuyr. 1S defined as

<V1,V2>A(u’u,)n:|A(u,u/)|—1 Z Tr (ar,, V1) Tr ((a7,) ™1, V3).
a€A(u,u’)

We note that the following fact [S3, II, Lem. 1.11] is useful for the determination of ~,
combined with (1.8.1).

(1.8.2) Suppose that q_(a°+7")/20(u7p) makes % -module V{, ,) to the preferred extension

to % Then, we have v = 1. In particular, in the case where F' acts trivially on #7, if o, )
is ¢(@0+7)/2 times identity, then v = 1.

1.9. Let Zg be the center of G. For each x € Z/, we denote by .4, the set of (C,&) € A
such that Z¢ acts on & according to x. We denote by Ag(u)} the set of p € Ag(u)”" such that
Zg acts on p according to x. If (C,&) <> (u, p), then (C,&) € A5 if and only if p € Ag(u)y.
Moreover, we denote by .#, the set of (L,Cy, &) € 4 such that Zg acts on & according
to x. We have a partition

Moo= || S Acw) = | | Acw)y, o= || A,

XE€Zg XE€ZY XE€Z4

Then, the generalized Springer correspondence < is compatible with the action of Zg,
namely, for each x € Z}}, 0C restricts to a bijection

(1.9.1) - |
(L,Co,(g}o)é,ﬂx
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§2. Preliminaries on spin groups

2.1. First, we review the definition of spin groups. Let k be an algebraically closed field
with chk # 2. Let V be a vector space over k with dimension N > 3, endowed with a nonde-
generate symmetric bilinear form (, ) on V. Let C(V') be the Clifford algebra associated to
the form (', ). It is provided with an embedding V' C C(V'), and the product v- v’ for v,0" € V
satisfies the relation v-v' +v"-v = 2(v,v’). Let CT(V) (resp. C~(V)) be the subspace of
C(V') spanned by products of an even number (resp. an odd number) of elements in V. Then,
C(V)=CT(V)aC~(V), and CT (V) is the subalgebra of C(V). The spin group Spin(V) is
the subgroup of the units of C (V) consisting of all products vy ---v, with a : even, where
v; € V satisfy (v;,v;) = 1. This is a closed subgroup of units in C* (V). If x € Spin(V), the
map v +— zvr ! leaves V invariant, and defines an element 3(x) of SO(V); if x = vy ---v,
as above, then f(z) = B(v1)---B(va), where S(v;)(v) = —v+2(v,v;)v; is (—1) times the
reflection with respect to v;. Thus, we have a homomorphism S : Spin(V) — SO(V). If we
fix a basis, and identify SO(V') with SOp, then we also write Spin(V') as Spiny. [ is the
simply connected covering of SO(V). We denote Spin(V') as G and SO(V) as G.

Let Z be the center of G. If N is odd, and Z has order 2, it is generated by ¢ = (—1)
times the unit element in C(V'). If N is even, and Z has order 4, it is generated by ¢ and
w=wv;---vN, where vq,...,vy are orthonormal basis of V. We have w? = eN/2, Hence, Z is
cyclic of order 4 generated by w if N =2 (mod 4), and Z ~ (w)x(e) is a product of two
cyclic groups of order 2 if N =0 (mod 4). Put Zy = Ker 3. Then, Z; = {1,¢} is of order 2.

2.2. We consider the F-structure of G. Assume that V' is defined over F, with Frobenius
map F:V — V, and that the form ( , ) is compatible with F-action, namely, F'(v,w) =
(F(v),F(w)). Then, C(V) has a natural F, -structure, which induces an F-structure of G.
We have the corresponding Frobenius map F : G — G. G has also a natural F,-structure
with Frobenius map F, and the map 3: G — G is F-equivariant. Here, F acts trivially on
Zy = Ker . Thus, F acts trivially on Z if N is odd. Assume that N =0 (mod 4). The
quadratic form on V associated to ( , ) is given for x =), ze;

(6.2) = x% . +33%V split case,
; :z:% 4o+ 1’?\/—1 4 &ﬁ\, nonsplit case,

where eq,...,en is a basis of V such that F(e;) =e¢;, and § € Fy —FZ. Thus, in the split
case, v; = e; gives an orthonormal basis of V| stable by F. This implies that w =v1---vy is

F-stable. In the nonsplit case, v1,...,vx gives an orthonormal basis of V, where v; = e; for
i=1,...,N—1, and vy = 6'2ey with §'/2 ¢ F,. Here, we have F(§'/2) = —6'/2, and so
F(vy) = —vn. This implies that F'(w) = —w. Summing up the above argument, we have:

(2.2.1) Assume that N is odd, or N =2 (mod 4). Then, F' acts trivially on Z. Assume
that N =0 (mod 4). If (G, F) is of split type, then F acts trivially on Z, while if (G, F) is
of nonsplit type, then F(w) = —w.

2.3. Under the generalized Springer correspondence X in (1.9.1), if x|z, =1, 0% is
essentially the same as the generalized Springer correspondence for SOp. Now, assume
that x|z, # 1, namely that x(¢) = —1. It is known by [L1, 14] that .#, is in bijection
with integers d € Z such that d = N (mod 4) and d(2d — 1) < N. For such d, there exists
a unique triple (L,Co, &) € Ay with L of type Bg_1)2d41)/2 + A1+ A1 +--- if N is odd,
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and of type Dg24—1)/2 + A1+ A1 +--- if N is even, where the number of factors of A; is
(N —d(2d—1))/4. In those cases, #1 ~ W(n_q(2a—1))/4, Where W,, is the Weyl group of
type B,. Thus, 6X gives a bijection

(2.3.1) 0 M3 || Wik—a@aiy)a-
deZ
4|N—d

2.4. B:G — G gives a bijection Gup; Z>éuni, and induces a bijection between the
unipotent classes in G and those in G, which is compatible with F-action. For u € Gyni,
B(u) determines a partition of N, by taking the Jordan block of 5(u), which we denote by
A(u). Here, we write a partition A of N as A= (A1,..., ) with 0 < Ay < Aoy <--- < \g with
Zle Ai = N. We also write A as A = (1"*,2™2,...). Note that the set of unipotent classes
in Oy are in bijection with the set X n of partitions A\ of N such that m; is even for even
i, by considering their Jordan types. If all the m; are even, the class in Oy splits into two
classes in SOy, otherwise any class C' in Oy gives a single SOpn-class CNSOy.

Put

(2.4.1) Xy ={ e Xy |m; <1 for odd i}.
For an integer m € Z, put

0 if m : even ,
(2.4.2) dim)=141 ifm=1 (mod4),
-1 ifm=-1 (mod 4).

For A € Xy, we define an integer d(\) by d(A\) =), d();). The following result was proved
in [L1, Prop. 14.4] and [LS, Cor. 4.10].

PROPOSITION 2.5. Assume that x € Z" is such that x(¢) = —1. Then, there exists a
bijection between A, and Xy with the following properties:

(i) Let (C,&) € A5 with (u,p) <> (C,&). Then, A\(u) € Xy. Under the correspondence
(2.3.1), (C,&) is mapped to the factor of d, where d = d(\) for A = A(u).
(il) Let I={1<i<k|\; : odd}. Define an integer r by

(I1—-1)/2 if |I] is odd,
r=1q(I|-2)/2 if |I| is even >0,
0 if |I] = 0.

Then, p is a unique irreducible representation of Ag(u) of dimension 2" such that
Z acts on p by x. (More precisely, there exists a unique irreducible representation of
dimension 2" on which € acts as —1 if |I| is odd, and there exists exactly two irreducible
representations of dimension 2" on which € acts as —1 if |I| is even.)

2.6. Take (u,p) <+ (C,&) € A4 as in Proposition 2.5. Following [L1, 14.2], we shall
determine the structure of Ag(u), and construct the representation p € Ag(u)” explicitly.
Put B(u) =u € G. Then, we have 3~ (Z5(u)) = Zg(u). B induces a natural surjective
map Ag(u) = Ag(n). In the case where A € Xy, € ¢ Z2(u), and 37 (Z5(u)) consists of
two connected components. Thus, Ag(u) is a central extension of Az(w) with a kernel of
order 2.
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This central extension can be described as follows. Let I be the set as in Proposition
2.5. We can write V =@, ;
subspaces, where dimV; = A; for ¢ € I. For each i € I, we consider an orthonormal basis
vi,...,v} of V; (here we put h = \;). Put ; = vivi-- v} € C(V) (note that h is odd). Those
x; satisfy the relation

V;®V’, the orthogonal direct sum decomposition into u-stable

(261) 3312 = EM(M_D/2, TiTiyr = EX;y1 Xy

In fact, it follows from the defining relations that (v%)? = (vi,08) =1, vivi, + vl 0l =

a a’-a

2(vk,vt,) =0, namely, vl v, = —v’,v! for a # a’. Then, we have, for i # 7/,

(2.6.2) zp = (=) (wh. vp) (Vg o)) = = (=)D
) ) = = ()M o) 0 of),
where h' = \;/. Since h,h’ are odd, we obtain (2.6.1).

Let I' be the subgroup of the group of units of C (V) generated by z; (i € I). Let I
be the subgroup of I consisting of elements which are products of an even number of
generators x;. Then, I' C Zg(u), and the map I' = Zg(u)/Z2(u) gives an isomorphism.
The central extension Zg(u)/Z2(u) — Zg(ﬁ)/Z%(ﬁ) can be described by I' — I'/{1,¢}.
(Note that & = z;zy (vyx;) "t € 1))

Let C(V7) be the Clifford algebra over Q; associated to the vector space V; ~ Q"' and
the quadratic form Y, (—1)**=1/2X2 with variables X;(i € I), and C*(Vy) its +-part.
Let Q;[I'] be the group algebra of I" and Q;[I']/(1+¢) the quotient algebra of Q;[I"] by
the two-sided ideal generated by 1+e¢. Then, Q;[I']/(1+¢)~ C* (V7). It follows that there
exists an algebra homomorphism f: Q;[I'] — C* (V). It is known (cf. [L1, 14.3]) that,
C*+(V7) is a simple algebra in the case where |I| is odd with dim C*(V;) =2//I=1 and is the
direct sum of two simple components of the same dimension in the case where |I| is even
with dim O+ (V;) = 21=2. Thus, if |I| is odd, f gives rise to an irreducible representation
p:I'— GL(V,), where C*(V;) =End(V,), and if |I| is even, it gives rise to two irreducible
representations p,p’ such that C*(V;) ~ End(V,) @ End(V,). Here, dim p = 2(71=1)/2 if |T|
is odd, and dim p = dim p’ = 2(11=2)/2 if |I| is even.

miwy = (—1)"0f (v}

7]
!

REMARK 2.7. We take y € Z” such that x(¢) = 1. Note that in this case x is F-stable.
As mentioned in 2.3, the generalized Springer correspondence 6X is essentially the same as
the case of SOy. By [S3, II], we already know that Theorem 1.5 holds for SOpy. Thus,
for (C,&) € AL, there exists a split element v* € 3(C)F. By Proposition 2.5, the Jordan
type A of B(C) is not contained in X . Since 3 gives a bijection C*' ~ 5(C)¥, one can find
u € CF such that B(u) = v®. In this case, it is known by [L1, 14.3] that Ag(u) ~ Ag(v®).
This isomorphism is compatible with F'; thus, Ag(u) is an elementary abelian two group
with trivial F-action. We define a split element as u = u® € C¥, then the G¥-class of u®
is uniquely determined by the split class in 3(C)¥. Theorem 1.5 holds for such y € Z".
Thus, the verification of the theorem is reduced to the case where x(¢) = —1, and to the
determination of the split class in C¥ for C of Jordan type A € Xy.

REMARK 2.8. Assume that F' is of nonsplit type. Then, N is even, and Z is generated
by € and w. We consider the set .45, in Proposition 2.5. Then, x(¢) = —1. Since F is nonsplit,
we have F(w) = —w by (2.2.1). Thus,

X(F(w)) = x(-w) = x(e)x(w) = —x(w).
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This shows that x is not F-stable, and so 4} F = (. In the nonsplit case, we do not need to
consider the situation as in Proposition 2.5 and so Theorem 1.5 automatically holds.

83. Proof of Theorem 1.5—the case of spin groups

3.1. By Remark 2.8, we may consider the case where F' is of split type. So hereafter we
assume that F is split. Following [S3, II], we review the definition of split elements in SO .
Assume that A € Xy, and write it as A = (A1 < Ao < -+ < \g).

(a) Assume that \; is odd, and put h = ;. We consider the vector space V; over k of
dimVj = h with basis e],...,e}. Put
(3.1.1) i =6;(A)=(\—1)/2+].
We define a nondegenerate symmetric bilinear form f; on V; by
(3.1.2) Fi(€h_giped) = (=1)%"*  (1<a<h),

and f; =0 for all other pairs of bases. We define a nilpotent transformation z; on V;

by z;(el) = eé | with the convention e} = 0. Then, z; € g;, where g; = LleSO(V],f])

(b) Assume that A\j = \;11 is even. Put h = \;. We consider a vector space V; of dimension
2h = 2)\; Wlth basis €],...,e}, el ... e?fl We define a nondegenerate symmetric
bilinear form fj on V; by

(3.1.3) Fi(€hqeret™)=(=1)"""  (1<a<h),
and f; =0 for all other pairs of bases. We define a nllpotent transformation x; on V;
by zj(el) =l |, x;(elt!) =€/}, with the convention ¢} = ¢} = 0. Then, z; € g;,

where g; = Lie SO(V}, f;).

Let V=6p i Vi where the sum is taken all j such that A; is odd, and a half of j such
that \; is even (note that #{j | \; = h} is even for even h). We define a symmetric bilinear
form [ = @j fj on V Then, z = Zja:j €g= @jg]—, where we can regard g = Lie SO(V f).
If we assume that {e’} is an F -basis of V, then f gives an F-invariant symmetric bilinear
form on V, which we simply denote by (, ), and also write SO(V) as G. z determines the
GF—conjugacy class of unipotent elements in éF, which is nothing but the split class in a"
for the unipotent class C' in G with Jordan type A. We denote the split class by C'c EF.
We choose a split unipotent element v = v°® € [

3.2. Let C be the unipotent class in G with Jordan type A € Xx. Then, 8 induces a
bijection 3 : CFgéF. We choose u € CF such that 8(u) =u = v. But in contrast to the
case where A ¢ Xy (see Remark 2.7), the set 3~1(C") is not a single GF-class, so the split

class in éF does not determine a unique G¥-class in C¥'. We define the split classes in C¥
as all the GT'-classes contained in 5_1(6.). In the following discussion, we shall show that
those G¥-classes satisfy the property of the split class.

We consider the action of F' on Ag(u). 8 induces a surjective map B:Aq(u) = Ag (a)
with Ker 3 = {1,¢}. Here, | 8 is F-equivariant, and we know that F acts trivially on Ag ( ).
For any x € Ag(u), 6‘1(5( )) ={z,ex}, and so F(z) =z or ex. Thus, F? acts trivially on
AG (’U,)

We determine the action of F' on Ag(u) explicitly. By the discussion in 2.6, Ag(u) is
constructed from the orthonormal basis for V; with A;: odd. So we need to convert the basis
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in V; to an orthonormal basis. We consider the following situation. Let M be a vector space
of dim M = h (h: odd) with basis eq, ..., e, endowed with nondegenerate symmetric bilinear
form (eq,en_qr1) = (—1)T* for some fixed integer c. Let ¢ € k be such that (? = —1. Thus,
F(()=C(Cifg=1 (mod 4) and F(¢) = —( if ¢ = —1 (mod 4). The following lemma can be
checked by a direct computation.

LEMMA 3.3. Puty=(—1)°"! and h=2m+1. Assume that F : M — M is a Frobenius
map with F(e;) = e;.

(i) We define elements vy,...,v; of M by

vizel—l—%eh, vézeg—%eh,l, vé:eg—l—%eh,g,...
(331) U;L:el—zeh, U;L—l :eg—i—zeh,l, 0;1_2:63—161172,...
2 2 2
U;n+1 = Em+1-
Then, (vi,v}) = (vh,vh) == (v}, vh,) =1, (Ul 11,V yq) = (1) ¥ and (v}, v},) =
(V_150,_1) = - = (U y2, Vi p2) = —1. Moreover, F(v,) =, for 1 <a<h.

(ii) Definevy,...,vp € M by vy =v],02 =0),..., 0y =0, U =CV}, V-1 =CV}_1,...Unta =
CUyyqgs and Vg1 = vy, (Tesp. Cup, 1) if m+14c is even (resp. odd). Then,
V1,...,0p gives an orthonormal basis of M. Moreover, F(v;) =v; for any i if ¢ =1
(mod 4). If g= —1 (mod 4), then F(v1) =v1,...,F(0m) =Vm, F(vp) = —vp, F(vp_1) =
~Vh—1ye s F(Una2) = —Umaa, and F(vy,yq) = (=1)™ ey 0.

3.4. Let V; beasin3.1for \j =h:odd. Write h =2m+1. Then, 6; =m+j. By applying
Lemma 3.3 for M =V, with ¢=m+ j, one can find an orthonormal basis v7,...,v], of V.

Put z; =] ---v] € C(V). The action of F on the basis {v],...,v]} is given as in the lemma.

In particular, F((z;) =, if ¢ =1 (mod 4). While if ¢ = —1 (mod 4), we have
(3.4.1) Fg) = (— 1) (<1 — (—1) 0o D/2+ g

By the discussion in 2.6, Ag(u) is isomorphic to the subgroup of the group of units in
CT (V) generated by an even number of products x; such that A; is odd. Thus, we have
the following lemma.

LEMMA 3.5. Ifq=1 (mod 4), then F acts trivially on Ag(u). While if g= —1 (mod 4),
then F' acts nontrivially on Ag(u).

3.6. We apply the restriction formula (1.7.4) for the following case. Let M be the Levi
subgroup of a parabolic subgroup @ of G such that (M) ~ SLy x SOn_4. Take (u,p) <>
(C,&) € (M), and (v, p') <> (C',&") € (Nr)y- Then, v’ satisfies the properties:

(i) The projection of S(u') on SLs is regular unipotent.
(ii) The projection of S(u’) on SON_4 corresponds to the unipotent elements of Jordan
type in Xy _4 under the correspondence (Aspin, )y ~ XN_4.

Put 3(M) =M and B(Q) = Q. Let p: Q — M be the natural projection. Put A = \(u) €
Xn and A(u') =N € Xy_4. Assume that p® p™ appears in €, . Then, it is known by [LS,
Lemmas 4.5 and 4.8], and only the following five cases occur; there exists an integer i such
that one of the following conditions is satisfied.
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(I) A; is odd, A\; > A\;_1+4, and

Vo Aj—4 if j =1,
! Aj otherwise.
(II) )\Z = )‘i+1 > )\i—l +2 and
Vo Aj—2 if j=14,i41,
Aj otherwise.
(III) Ai =Nit1 > Ai—1+4 and
Aj—3 if j =1,
Ny=qN-1 ifj=i+1,
Aj otherwise.
(IV) )\2‘4_1 —2= )\z Z )\i—l + 1 and
Aj—1 if j =1,
)\32 Aj—3 ifj=i+1,
Aj otherwise.
(V) Ait2 = A1 =A;+1 and
Aj—1 if j=14,i+2,
Nj=3A—-2 i j=i+1,
Aj otherwise.

3.7. Assume that (u,p) <> (C,&) € (A&)y. We choose a split element u € CF', and assume
that F acts nontrivially on Ag(u). Since F? acts trivially on Ag(u) (see 3.2), the order of 7
is equal to 2. There exist two extensions p,p’ of p to Zg(u) We need to fix an appropriate
extension p of p, called the split extension of p. Assume given (u',p’) € (Ar)y as in 3.6,
and choose a split element u’ € C'¥". Recall that (ug,po) <+ (Co, &) for the cuspidal pair in
L. We assume that the split extensions py of pg and p’ of p’ are already determined. We
consider &, ., and its subspace p® p*. 7" acts on p’ via T". If we fix an extension p of p,
where 7 acts as T on p, then 7, act as T, =T T’ with Tf =1. 7 acts as —T for p’. Since
p® p'™* is F-stable, the action of F on p® p'* coincides with a scalar times 7. If we can
show that F'? acts trivially on p® p'*, then by replacing p by g’ if necessary, we can find an
extension p of p such that F' acts as T, on m We call such p the split extension of p.
By (1.8.2), we have the following lemma.

LEMMA 3.8. Assume that F acts nontrivially on Ag(u). If F? acts trivially on the
subspace p® p"* of ey, then for the split extension p of p, we have v =1.

3.9. Recall that Y,.  ={g € G| g 'ug € w'Up}, and C’ the unipotent class in M
containing u'. Put

(3.9.1) Qucr ={9Q € G/Q | g~ ug € C'Uq}.
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We have a natural map ¢:Y, . — Qu.c'. Za(u) acts on Q, ¢ from the left, and the map
q is Zg(u)-equivariant. ¢ induces an isomorphism

(3.9.2) Yuu [Zyn (0 )Uq 5 Qu .

IfueCF u' eC'F thenY, ., Q. c are defined over F,, and the map ¢ is F-equivariant.
Put Q=3 (Q) We have 3(Yy. /) = Y4, which is the variety defined with respect to G and
M. Then 8:Y,, . — Yz gives a double covering. The variety Qﬁ o is defined similarly to

Qu,cv, and a formula analogous to (3.9.2) holds for ?gﬂ/. We show the following lemma.

LEMMA 3.10. Assume that F acts trivially on Ag(u) and on Aps(u'). Assume that
Qﬁ o has ﬁmtely many Z()-orbits, and each Zz(W)-orbit contains an element YQ such

that y € Y, w - Then, F acts trivially on €, .

Proof. Let 5Q € @7 = be such that 7 € ?F Then, there exists y € G such that
yQ =7Q and that y 1uy € ujUg for uj € C'F. Th1s implies that 7~ 1uy € ulUQ, and W) is

M F—conJugate to w’. Hence, u1 is a split element in C and so u} is a split element in C’.

We have y € Y ul and y € Y, - By replacing u’ by ) if necessary, we may assume that
e[, Let R be the Zg(u)- orblt of JQ in Q, . Then, ¢ 'R = Zz(u)yZz;(u u')Ug. Since

e=—1¢€ Zg(u), we can write as 371 (¢ ' R) = Zg(u)yZn (v')Ug, with y € qu,. Then,

Mg 'R) = | ] Ze (w)azayzl 23, (v Uq,
acAg(u),feAnm (u)

where :ca,x/’@ are representatives of o, in Zg(u), Zpr(u'), respectively. Hence, the
irreducible components of 371(¢7!R) are given by Z%(u)xayx/’BZM(u’). Since F acts
trivially on Ag(u), Ap(u’), all those irreducible components are F-stable. Thus, F acts
trivially on €, 4. U

PROPOSITION 3.11. Lt u € C,u' € C" with Nu) =X, X' = A(u'). Assume that the type
of (\, ) is given as in (1), (II), (IV), or (V) in 3.6. Let u € CF be a split element such
that F acts trivially on Ag(u). Then, there exists a split element u' € C'F such that F acts
trivially on €y, . (For the case (III), see Remark 3.13 below.)

Proof. We can identify Q = G/Q with the variety .# of all two-dimensional totally
isotropic subspaces of V. Then, Q, ¢ can be identified with the subvariety .#, ¢ of %
consisting of all £ € . such that

(i) E is u-stable.
(i) ulg # 1.
(iii) The Jordan type of u|g. /5 is N
Let u € CF be a split element such that F acts trivially on Ag(u). In each case of (I),

(I1), (IV), or (V) in 3.6, we shall find a split element v’ € C'¥" satisfying the assumption in
Lemma 3.10. Then, the proposition follows from the lemma.

Case I. Let V; be the subspace of V corresponding to A;, and eq,...,e, be the F-stable
basis of V; (with h = );) such that ze, = e,_1 for x € g¥" as in 3.1 (a). Put E ={ey,ez). It
is easy to see that %, o = {E}. SL( x SO(EL/E) is éF—conjugate to M. Thus, there
exists @ € M such that @ is G -conjugate to (u|g,u|pr, p). Then, v’ = B~ (') is a split
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element in C'F. Since Ag(u) ~ Aps(u’) with F-action, F acts trivially on Aps(u’). One can

choose 3 € @F such that 7@ corresponds to E. Then, 3 € ?gﬂ/. Thus, the assumption of
Lemma 3.10 is satisfied.

Case II. Let V; be as in 3.1(b). We write the basis ei,... el ef",....e}T" of V; as
€1,--s€h, f1,--, fn, where b = \; = A\;31. Under the decomposition V = @k Vk in 3.1, we
define a subspace M; of V as the direct sum of Vj, such that A\, = h. Let x € g be as in 3.1.
Take E € %, . Then, dim(ENKerz) =1. We choose 0 # v € ENKerz. v is G1-conjugate
to e; € V;, where (1 is a subgroup of Z#(%) which is isomorphic to Sp(M;). So assume that
e1 € ENKerz. Then, the condition on )\’ implies that E C V;. We see that F is of the form
E =(e1,ea+af1) with o € k. It follows that

(3.11.1) Fucr = ) gller,ea+afr)|ack}.

geG

We choose E = (e1,ez). Then, E € Z[ . There exists @' € M such that @ is éF—conjugate
to (u|g,u|pr,/p). Then, v’ =5~ (u ) € C'F is a split element. Since Ag(u) =~ Ay (u') with
F-action, F acts trivially on Aps(u). It is easy to see that (e1,es+af1) is Z o(w)-conjugate
to E. Thus, %, ¢ coincides with the Z(w)-orbit of E. There exists j € Y = such that 5Q
corresponds to E. The assumption of Lemma 3.10 is satisfied.

Case IV. Put M; =V, & V41, where dimV;;1 = h and dimV; = h — 2. Write the bases of
Vit1,Viin 3.1 as eq,...,ep for Vg, and €],... e}, _, for V;. Take E C %, ¢s. Then, E must
be in M;. Take 0 # v € M; NKerz. The condition for A\’ implies that v = e; up to scalar.
Thus, we may assume that v =e;. F can be written as E = (e1,e2 + ae)) with o € k. The
condition that z|p.1 ,p has type M is given by

(3.11.2) (e2+ae),en_1+ae), 5) =0.

This implies that (e2,en—1)+a?(e},e},_,) =0. Under the notation of (3.1.1), we have §; =
di+1. Thus, by (3.1.2), (e2,ep—1) = —(€},€},_5), and so a = £1. We have

(3.11.3) Fuc ={F =(e1,ea+e),E' =(e1,ea—e}) }.

In particular, both of E,E’ are F-stable. As in Case I, we can define v’ € C' by using
(@|g,ulpr/p). Then, u' is a split element. Aps(u') is obtained from Ag(u) by removing ;
and x;11, under the notation in 2.6. Thus, F' acts trivially on A/ (u’). As in the previous
cases, we can find 7 € ?%, such that 7Q corresponds to E. If we choose ' € G such that
7' Q corresponds to E’, then ¥’ ~'uy’ € u"Ug for some u” € " But then, u” is also a split
element in U”F and u” is MF—conjugate to @'. By replacing §' appropriately if necessary,
we find 7/ € Y = such that 7'Q corresponds to E’. Thus, the assumption of Lemma 3.10
is satisfied.

Case V. Put h = A\;j11 = A\j12, with h : even. Let M; 1 be the subspace of V which is the
direct sum of Vj such that Ay = h. Then, V;;1 C M;,1. We write the basis of V;; given
in 3.1 (b) as ey,...,ep, f1,..., [n, and write the basis of V; in 3.1 (a) as €],...,e},_,. Take
Eec %, c.Then, EC M;1®V;. Take 0 #v € ENKerz. Similarly to Case II, by taking the
G1-conjugate, we may assume that v € Vi1 ®V;, where G is the subgroup of Zg(u) which
is isomorphic to Sp(M;41). Then, E C V;11 @ V;. It follows from the condition for X’ that v
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must be in Vj;1. Then, under the conjugation by Z5(u), we may assume that v=-e;. E is
given as E =(e1,ea+2) with z € (V11 @ V;)NKerz. So we write z = af1 + e). Then, the
condition z|g1 /p has type A" is given by

(3.11.4) (e2+afi+pey,en+afai+PBe, 1) =0.

This implies that a(ea, fo—1)+a(f1,en) + B2(el,e),_1) = 0. Since (e, fn—1) = (f1,en) = —1
by 3.1 (b), we have

B2 (er e 1)

—

Thus, for any ( € k, there exists a unique Eg = (e1,e2+ 2) € %, ¢/ given as above. In
particular, if we put E = (e1,ez), then E € %, ¢ and Eg is Zz(u)-conjugate to E. Thus,

(3.11.5) a=

Zg(u) acts transitively on Q . Here, E € FE e, and (U, ulpLp) determines u' € C'F,

. _ _oF = .
There exists y € Y 7 such that y@Q) corresponds to E. Note our process to obtain u' from
u corresponds to the procedure,

(Ais A1, Aig2) = (A Aipr — 2,01 = 2) = (i1 — 2, N2 — 2, 0),

where the second one is a rearrangement of the order of the parts. Here, the first one is
(AisAig1,Ait2) = (h—1,h,h), and the last one is (A}, N}, 1,Aj o) = (h—2,h—2,h—1). We
have §; = (A\; —2) /241 by (3.1.1). Then, 6;, 5 = (Aj 5 —1)/2+(i+2) = §; (mod 2). It follows
that u' € C'F is a split element. Since Ag(u) ~ Ap(u') with F-action, F acts trivially on
Apr(u'). Thus, the assumption of Lemma 3.10 is satisfied. 0

REMARK 3.12. In the statement in Proposition 3.11, the case (III) is not used in the
later discussion, so we omitted it. Actually, in this case, the structure of .#, ¢ is more
complicated, and the splitness of u/ € C'F" is not deduced from the split element u € CF.

We are now ready to prove Theorem 1.5 in the case of spin groups. Note that split
elements are defined in 3.2, and split extensions are defined in 3.7.

THEOREM 3.13.  Assume that G = Spiny. For each (C,&) € N1, let u® € CF be a split
element, and assume that (C,&) < (u®,p). For each (L,Co,&) € ME, let ul € C’éj be a split
element as above (applied for L), and assume that (Co, &) <> (ug, po). Let po € Ar(ug)”™ be

an extension of po, and for each (C,&) belonging to the series (L,Co,&), let p € Ag(u®)™
be the split extension of p associated to py. Then, y(ul,po,u®,p) =1.

Proof. By Proposition 2.5, we may assume that (C,&) € (%)5 for x € Z” such that
x(g) = —1. Then, the Jordan type of C is A € Xy. By Remark 2.8, Jl/)(F = () if F is of nonsplit
type. Thus, we may assume that F is of split type. We define a split element u = u® € CF
as in 3.1 and 3.2. Assume that N > 7, and consider an F-stable Levi subgroup M of G
such that S(M) ~ SLy x SOn_4. Take (C',&") € (M), and assume that (C,&) < (u,p),
and (C",&") < (v, p'), where A = A(u),\ = A(v'). Then, the condition that p® p"* appears
in €, is exactly that the pair (\,\") satisfies the condition (I) ~ (V) in 3.6. Now, for
a given u € C, one can find ' € C’ such that (A, \') satisfies one of the conditions (I),
(I), (IV), or (V). (Note that the case (III) is not necessary, since if the condition (III)
is applicable for )\;, then already the condition (II) can be applied for \;.) We choose a
split element u’ € C'*". Then, by Proposition 3.11, F acts trivially on &, ., and also F acts
trivially on Apr(v’). Then, by (1.8.1), o, : M, ,» — M, , is the scalar multiplication by
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q_(dimc_dimcl)/“dimUQ. By induction, we may assume that o, ,) acts on Vi, ) as a
scalar multiplication by q(a{)”,)/ 2 where af),r’ are defined similarly to ag,r by replacing G
by M. Tt follows that o, ,) acts on V(, ,) as a scalar multiplication by ql@0+/2 and we
conclude that v =1 by (1.8.2).

It remains to consider the case where N < 6. If N =5 or 6, (u, p) is a cuspidal pair by [LS,
Cor. 4.9]. Thus, we have v = 1. So we assume that N =4 or 5. First, consider the case where
N =5. In this case, X5 = {(5),(122)}, and .45 corresponds to (L,Cy,&y) € Ay, where L is
a Levi subgroup of G = Sping such that L ~ S Ly, and for (ug,po) <> (Co,&0), uo is a regular
unipotent element of L, and pg is a nontrivial character of Ap(ug) = Z ~ Z/2Z. Thus,
if we regard X; = {(1)} as the set corresponding to ug, we have a bijection X =~ (A7),
and (1.8.1) holds for this situation. In particular, the verification of the theorem for the
case N =5 is reduced to the case N =1, namely the case where G = SLy. In this case,
the assertion is already known by [S3, I, §3|, and actually, it is easy to check directly. If
N =4, then X, = {(22),(13)}, and .45 corresponds to (L,Cy, &) € A, where L is a Levi
subgroup of G = Spin, such that L ~ SLy, (ug,pp) is the same as above. In this case, we
can regard Xy = {(—)} as the set corresponding to ug, we have a bijection Xy >~ (A7),
and (1.8.1) holds. Thus, the theorem holds also for the case where N = 4. We have proved
the theorem in the case where F' acts trivially on Zg(u).

Next, we assume that F acts nontrivially on Ag(u). But then, F? acts trivially on it.
Thus, the theorem holds if we replace F' by F?. By Lemma 3.8, we can find a split extension
p of p for each split element u € C¥. Thus, the theorem holds for this case. The theorem is
now proved. 0

84. Proof of Theorem 1.5—the case of special linear groups

4.1. In this section, we assume that G = SL,, and chk is arbitrary. Let p be the
characteristic exponent of k, namely, write p = chk if chk > 0, and p=1 if chk =0. Let
F = oIy be a twisted Frobenius map on G, where Fj is the standard Frobenius map, and o
is the graph automorphism defined by o(g) = o’g ™1 ~!, where 1 € G is the permutation
matrix corresponding to the longest element wg € W = 5,,.

Let Z be the center of G. Then, Z = {al, | « € k,a™ =1} is the cyclic group of order
n’, where n’ is the largest divisor of n which is prime to p. Let © = u) € G be a unipotent
element with Jordan type A of n, and we denote by C'y the unipotent class in G containing
ux. We write A = (A1, A2,...A) = (11,22 ...), where 0 < A\; < A2 < --- < A, and put
I={i€Z>1|m; #0}. Let {vy; |1 <k<r1<j <A} bethe Jordan basis of u such that
(u—1)vy, j = vg,j—1 with the convention vy o= 0. For i € I, we define a subspace V; of V by
Vi = (vk,j | Ak = i). We have a decomposition V' = @,.,; Vi into u-stable subspaces, where
the Jordan type of uly, is (i™). Let V;? be the subspace of V; generated by {vg; | \p =1i}.
(Note that the notation V; here is different from that in 3.1.) The Levi part M,, of Zg(u)
is isomorphic to the subgroup of [], GL(V,?) given by

wWo

(4.1.1) M,={g=1(9:) € HGL(ViO) | H(detgz‘)i =1}

i€l i€l

Let i’ be the p’-part of i. Then, the condition in the right-hand side of (4.1.1) is equivalent
to the condition that [,(detg;)” = 1. Let n/y be the greatest common divisor of {i’ |i € I},
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and write ¢’ = i"n/,. Thus, we have

[[(detg:)” = <H(det gi)i”>n;.

1 (2

It follows that the connected component M? of M, is given by

(4.1.2) M2 ={g=(g:) € [[GLV?) | [[(detg)™ =1},

i€l i€l

and Ag(u) ~ M, /MY is a cyclic group of order n/y. Note that n/, coincides with the greatest
common divisor of Ay,...,\.,n/.

4.2. Let x € Z", and consider Ag(u)}. We have a natural map Z/n'Z — Z/n’\Z, and
p € Ag (u)f< is equivalent to the condition that  is the lift of p. If y € Z” is of order d, then
p is of order d also, and d is a divisor of n). For a given x, there exists such a p uniquely.
Thus, we have

1 if d divides each A;,

0 otherwise.

(421) Ac(u)f] = {

4.3. It is known by [L1] that in the case where G = SL,,, (C,&) is a cuspidal pair for
G if and only if C is the regular unipotent class, and p € Ag(u)" = Z" has order n for
(u,p) <> (C,&). Thus, for x € Z" of order n, there exists exactly one cuspidal pair (Cy,&))
pertaining , where u : regular unipotent, p € Ag(u)Q.

The generalized Springer correspondence is described as follows. Fix y € Z”. Then, there
exists a unique Levi subgroup L which has a cuspidal pair (Cy,&p) € (A7)y, and this
cuspidal pair is also unique. Assume that x is of order d. Then, L = S(GLy X GLg X -+ X
GL4) with n/d-factors. ug € Cy is a regular unipotent element in L, and pg € A (ug)”
corresponding to & is given as follows. We have a natural map Zgsp, — Zr(uo)/Z% (uo),
which gives an isomorphism Zgy, ~ Ap(up). Thus, Ar(ug) is the cyclic group of order
d', and (ug,pp) is uniquely determined from the cuspidal pair of SL4 pertaining yx. In
this case, Ng(L)/L ~ S,, /4, the cyclic group of degree n/d. Thus, the generalized Springer
correspondence pertaining x is given as follows:

(4.3.1) Ny ={(u,p) | Ni : divisible by d,p € Ag(u)}} < Sﬁ/d,

where (u,p) <» (Cx,&). (Here, p is determined uniquely from « by (4.2.1).)

By [LS, Prop. 5.2], this correspondence is given by uy — E, € ST/L\/d, where p=M\/d =
(A1/d,\2/d,...) € P, q, and E, is the irreducible representation of S,,; corresponding
to p.

4.4. We consider (L,Cy,8p) € M, where L is of type Ag—1+ Ag—1+---. Then, L is
F-stable, and the regular unipotent class C' is F-stable. The center Z of G is the set of
scalar matrices, hence the action of Fy and of F' on Z are given by, for z € Z, Fy(z) = 29,
F(z) = 279. Thus, the actions of Fy,F on Z” are given by x — x%, x — x~%. Hence, x is
Fy-stable (resp. F-stable) if and only if d|q—1 (resp. d|g+1). Now, take ug € C{'. Then,
F acts on Ar(ug). We have Ap(ug) ~ Zsr,, and the action of F' is compatible with this
isomorphism. It follows that if y € Z” is F-stable, then the corresponding & is F-stable.
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We have Ng(L)/L ~ S,,/4, and the action of F' on Ng(L)/L corresponds to the o-action
on S, /4, namely the conjugation action by wy.

We shall apply the restriction formula (1.8.1) for (L,Cy,8p). Let @ be the F-stable
parabolic subgroup of G, and let M be its F-stable Levi subgroup such that M ~ S(GLg4 X
GL,_2q4x GLy). Take (C,&) € Mg and (C',8") € Ny, and u € C,u' € C'. Here, u is of type
A and v’ is of type X'. We consider Y, ., and Q, ¢ as in 3.9. Put £ =u —1. Then, Q, ¢
can be identified with

(4.4.1) Fux ={(W W) |dimW =d,dim W' =n—d,W,W’: z-stable,

z|wyw : type X, x|w, v w-: regular nilpotent}.

4.5. Since d|)\; for any i, we put pu=\/d € &, 4, and similarly, p/ = \'/d € &, /q_s.
Then, p’ is obtained from p by removing two nodes from the corresponding Young diagram.
For the pair (A, \'), there are three possibilities; we write p: g < g < -+ ' p) < pbh <

(D) pic1+2 < py, and g = pi —2.
(I0) g1 +1 <y = piyr, and pf = iy = p; — 1.
(D) pi—1+1<p; and pj1+1 < p; fori#j, and p; = p; — 1,5 = py — 1.

Let E, € Sr/l\/d and B,/ € Sg/d_? Then,

1 for the case (I) or (II),

451 E E, —
( ) Eulsa-rEu >S"/d‘2 {2 for the case (III).

We fix p, and consider the possibility for the choice of u’. If there exists i such that
pi—1 < p; — 2, we can apply (I). If there exists ¢ such that p;—1 +1 < p; = pi1, we can
apply (IT). Thus, for (III), we have only to consider the case where p; = p;—1 +1 for any .
But in this case, we can choose pj = p; — 1,115, 1 = pri41 — 1, namely, we can choose i # j in
(III) as j =i+ 1. Moreover, all the rows have multiplicity one.

LEMMA 4.6. Let A\=due€ Z,, N =dy' € P, _o4 be as in 4.5.

(i) Assume that (\,X') is in the case (1) or (II) in 4.5. Then, Zg(u) acts transitively on
ﬂ%)\/.

(ii) Assume that (A\,\') is in the case (III) in 4.5. Let v € P, _4 be the partition obtained
from X by replacing \; by v; = \; —d, and v' € P,,_q by replacing A\; by 1/} =\j—d.
Put

e =1{(W C W' e Fu x| ulyw - type v},
Fian ={(W CW') € Zun lulvyw : type v'}.
Then, Fux = Fy I_Igﬂi’:/\/, and Zg(u) acts transitively on Z) \, and on L%ZIX. In
particular, F, x has two Zg(u)-orbits.

Proof. Assume that (A, )') is in the case (I) or (II). Let " € &2, /41 be the partition

1

obtained from pu by replacing p; by p) = p; — 1. Put A =du”. Put

Farr ={W CV |dimW =d,W : z-stable,

x|w : regular nilpotent, x|y w : type X"}
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We have a surjective map ¢ : %, » — gﬂb\,,, (W CW’)—W. Then, ¢ is Z¢(u)-equivariant.
It is clear that Zg(u) acts transitively on %] ,, (note that we may replace Zg(u) by
Zcr, (u), and it is enough to consider the case where d =1). We choose W € ff&,/\,,, and
put V. =V/W. u acts on V, and put @ = ul;. Then, the fiber ¢~ '(W) is isomorphic to
the variety of subspaces W' C V such that W is u-stable, |y is of type X', and 7l ik
is regular unipotent. But this variety is the same type as ﬂ& \v» if we consider the dual

space V' of V and a T-stable subspace WV particular, Z5(u) acts transitively on
¢~ Y (W), where G = SL(V). Thus, Zg(u) acts transitively on .7, y.
The case (A,A’) in the case (III) is dealt similarly. O

4.7. Let V be an n-dimensional vector space over k, with standard basis eq,...,e,.
We denote by Vj the F 2-subspace of V' generated by {e;}. We consider the sesquilinear
form W(v,w) : Vo x Vo — F 2, that is, U(v,w) = ‘vAw, where we write ‘v = (v1,...,v,) € k",
w='(w],...,wl), and A is the Hermitian matrix, that is, A = A. Then, A is unitary
congruent to the identity matrix [G, Th. 10.3], that is, there exists B € GL,(F ) such
that A =1'B-B. It follows that any sesquilinear form ¥ is unitary congruent to the form
(v,w) =320 viwyy .

Let A= (\1,...,\) € &, and let C' = C be the corresponding unipotent class. Let
be the F2-subspace of V generated by the Jordan basis {vy ;} of u € CF*. We define a
sesquilinear form (, ) on Vj by

(_1)j+ak lfk:klaj—i_]/:)\ka

0 otherwise,

(4.7.1) (Uk,javk/,j’) = {

where ay = £1. Then, u € CF~ leaves the form (', ) invariant, and so u € CF. We call u a
split element in C¥'. Thus, split elements are determined up to GLE -conjugates.

Let (A, \) be as in 4.5. We choose u € CI" a split element. Then, %, » and ﬁ’l’j’/\,,g‘f’lx
in Lemma 4.6 are F-stable. We show the following lemma.

LEMMA 4.8. Let u € Cf be a split element.

(i) Assume that (A\,\') is in the case (I) or (II) of 4.5. Then, there exists E € 9’5)\,, a split
element v € C'F', and y € qu, such that y@Q corresponds to E under the identification
Qu,C’ >~ fgzu,/\’ .

(ii) Assume that (A, ') is in the case (III) with j =i+ 1. Then, there exist a split element
u e 0, Ee( 57>\,)F, E € (95;,)1?, and y,y' € Y[, such that yQ (resp. y'Q)
corresponds to E (resp. E').

Proof. First consider the case (I) in 4.5. Let Wy be the subspace of V[ spanned by
Vi1,...,Viq. Then, Wy is u-stable and wu|w, is regular unipotent. We consider the flag
(Wo C Wg) in Vp. Then, uly L yw, 18 of type A" and uly, ;o is regular unipotent. Thus,
if we put W = k®F , Wo, W' = k®F , W4, the flag E = (W C W) is contained in %, \,
and is F-stable. Moreover, uly.+ /y, is a split element of type A" on Wit /Wo. Here, M is
G LE-conjugate to S(GL(W) x GL(W'/W) x GL(V/W')). Thus, there exists a split element
u' € C'F such that v’ is GL]-conjugate to (ulw,ulw w,uly w). This implies that there
exists y € Yul“? . such that y@ corresponds to £ under the isomorphism Q, ¢/ >~ %, x.

Next, consider the case (II) in 4.5. Put \; = \;41 = h, and z =u— 1. Let Uy be the
subspace of Vg spanned by v; 5,041 We define a form (, ) on Uy by (v,w) = (v,z"tw).
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Then, (v,w) is a nondegenerate sesquilinear form on Uy. We choose 0 # v € Uy such that
{(v,v)= 0. Let Wy be the subspace of V; spanned by x"~1v,2"=2y ... 2"~dy. Then, Wy is a
u-stable subspace of Vj with dimension d, and ul|w, is regular unipotent. We have ’U/‘WOJ_ IWo
is of type X', and uly, JW is regular unipotent. Thus, if we define the corresponding subspace
W, W’ in V as before, we see that E = (W C W') € ZF,,. Since Ul w, is a split element
on Wyt /Wy, one can find a split element v’ € C'F, and y € Yul”? w such that y@ corresponds
to E, similarly to the previous case.

Finally, consider the case (III) of 4.5. Put h = \;. Write v; 1,...,v;} as ey,...,ep, and
write vit1.1,...,Viq1,htd aS 8/17"'7e,h+d' Let Wy be the subspace of V spanned by ae; +
el,...,aeq+e, for a € F2. Then, Wy is u-stable, u|yw, is regular unipotent, 'U/‘WOL/WO is of
type X', and uly, sy is regular unipotent. Here, note that uly,,w, is of type v (resp. v/) if
a #0 (resp. a =0). Thus, if we define W, W’ the corresponding subspaces of V for a # 0,
we see that E = (W Cc W) € ([ ,,)", whereas if W,W’ are defined from Wy with oo =0,

then E' = (W CcW') e (9{:’;,)1’ . Hence, the assertion can be proved similarly. The lemma
is proved. 0

4.9. Assume that (A, \) is in the case (I) or (II) of 4.5. We choose a split element
u € C{. Then, by Lemma 4.8, there exists a split element v’ € C'* and y € Y,[,,. By
Lemma 4.6, Zg(u) acts transitively on Q, ¢r. Thus, In = Z2(u)yZ%;(u')Uq is an F-stable
irreducible component of Y, ., and all other irreducible components of Y, ,/ are obtained
by the action of Ag(u) x Ap(u'). Let Ajy be the stabilizer of Iy in Ag(u) x Apr(u'), and Ay
be the quotient group (Ag(u) x Apr(u'))/Aj (note that Ag(u) x Apr(u') is abelian). Then,
X, is in bijection with Ag, and &, , is isomorphic to Q;[Ag] as Ag-modules. Note that
F acts naturally on Ap, and the isomorphism &, ., >~ QI[AO] is compatible with F-actions.
Let p; be the irreducible character of Ay corresponding to p® p'*. We assume that p and
p' are F-stable. Then, p; is F-stable. Now, the subspace p® p'* of €, ,+ coincides with the
subspace of Q; [Ao] on which Ay acts via p;. Hence, this is a one-dimensional subspace
spanned by

Zp1 = Z pl(a)_la € QZ[A()]

ac€Ap

Since p; is F-stable, we see that I acts trivially on p® p™* C gy 4.

4.10. Next, assume that (A, \') is in the case (III). We follow the notation in the proof
of Lemma 4.8. By Lemma 4.6(ii), we have a partition 7, » = .7 ,, U ﬁ’u””/\,. For E= (W C
W') € Zy x, we have dim(W NKerz) =1, and WNKerz C (eg,€)). Thus, we have a map
Fux — P(ler,€h), (W Cc W) — WnNKerz. Then, WNKerz =(v), where v = ae; + ¢} for
some a € F 2 (note that £ ¢ 7, v ifv=e1). Here, E€ 7, ifa#0,and F € ﬁff,lx if a=0.
It follows that 7 ,, is open in %, . Let Qy -/ (resp. QZiC,) be the variety corresponding
to Z \ (resp. ﬁ;”;\,), and put Y, = ¢ ' (Q} o) (resp. Y;,u/ = _1(QZ:C,)), where ¢ :
Yu,ur — Qu,c’ is the map defined as in 3.10. We have Yy, ,» =Y/, LY, ., and Y}, is open
in Y, .. Hence, dimY},, = dy . Yy, is stable under the action of Za(u) x Zy(u')Ug.
If we put X/, the set of irreducible components of dimension dy ./, then X, is an

/

Ag(u) x Apr(u')-stable (nonempty) subset of X, ,,. Thus, we have a subrepresentation
Er!

multiplicity of p® p™ in €,/ is equal to 2. Since Ag(u) x Apr(u’) acts transitively on the

of €,4. We consider the representation p® p™* appearing in e, ,/. By 4.5(I1I), the
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set X,/ s, a similar argument as in 4.9 shows that p® p" appears in €, ,, with multiplicity
one. In particular, X, # X, ./, and we see that dim Yu”,u, =dy . If we define Xz/u, as the
set of irreducible components of dimension d., ./, we have X, ,» = X/, I_IXZ:u,. Thus, €y,

is decomposed as €y v =€, EBEZ:U/, where p® p’* appears with multiplicity one in either

of them. By applying the argument in 4.9, we see that F acts trivially on p® p* C Evu’s
and on p® p'* C EZ:U,. Hence, F acts trivially on the (two-dimensional) isotypic subspace
of p@p™ in ey 4.

Summing up the discussion in 4.9 and 4.10, we have the following proposition.

PROPOSITION 4.11. Let (A\,X') be as in 4.5. For a split element uw € Cf, there exists
a split element u' € C/{'ﬂ, such that F acts trivially on the isotypic subspace of p® p'™* in

Euu’ -

4.12. For each (C,&) € AF', we choose a split element u =u® € CF'. Let p € Ag(u)"
be an F-stable irreducible representation of Ag(u) corresponding to &. Note that Ag(u) is
abelian, and p is one-dimensional. As a split extension p of p, we choose a trivial extension
such that 7 acts trivially on the representation space of p.

Let x € Z" be an F-stable irreducible character of order d. We consider the correspon-
dence A}, ~ S;L\/d as in (4.3.1) associated to (L,Cy,&p) € .#,. We are now ready to prove
Theorem 1.5 for SL,,. Note that split elements are defined in 4.7.

THEOREM 4.13. Assume that G = SL,,, with F: nonsplit type. For each (C,&) € JK(F,
let u® € CT" be a split element, and assume that (C,&) < (u®, p). For each (L,Co, &) € ML,
let u§ € CL be a split element as above (applied for L), and assume that (Co,&p) <> (ud, po)-
Then, for each (C,&) belonging to the series (L,Cy, &), we have y(ug, po,u®,p) =1, where
po € Ap(ug)" (resp. pe Ag(u®)") is the split extension of po (resp. p).

Proof. Take (u,p) < (C,&) € (Na)E with C = Cx. We consider an F-stable Levi
subgroup M of G as in 4.4. Then, there exists X' € %, o4 such that (A, \) is in the
case (I) ~ (Il) in 4.5. Take (u/,p') <+ (C',&") € (Aar)X. By the restriction formula,
p® p'* appears in the representation e, .. We assume that u € C¥ is a split element.
Then, by Proposition 4.11, there exists a split element «’ € C'F such that F acts trivially
on the isotypic subspace of p® p™* in e,,. Then, by (1.8.1), 0, : M, — M, , is a
scalar multiplication by q*dimc*dimd)/ 2+dimUq By induction on n, we may assume that
q_(%”/)/za(u/’p/) makes the irreducible S, /;_» module V(s ,) to the preferred extension
to §n/d_2. Then, q*(ao”’)/QJ(u,p) makes the irreducible S, ,4-module V{, , to the preferred
extension to §n/d. This implies, by (1.8.2), that v(u, p,u, po) = 1. It remains to consider the
case where n =d, (u,p) <> (Cy,&) € A;. But in this case, A = (d) and wu is regular unipotent,
p=x€ Ag(u)" =Z". Then (C,&) is a cuspidal pair, and we have v = 1 automatically. The
theorem is proved. O

REMARK 4.14. In the proof of Theorem 4.13, we have assumed that F' is of nonsplit
type. But the argument there works well for the split case, under a suitable modification,
and it gives a proof of Theorem 1.5 for the split case. Of course, in the split case, one can
use M ~ S(GLy X GLy,—q), which makes the argument simpler. In any case, if we use the
restriction formula (1.8.1), the discussion turns out to be much simpler compared with that
used in [S3, I].
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