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Abstract. Let π be a factor map from an irreducible shift of finite type X to a shift space
Y . Let ν be an invariant probability measure on Y with full support. We show that every
measure on X of maximal relative entropy over ν is fully supported. As a result, given
any invariant probability measure ν on Y with full support, there is an invariant probability
measure µ on X with full support that maps to ν under π . If ν is ergodic, µ can be chosen
to be ergodic. These results can be generalized to the case of sofic shifts. We demonstrate
that the results do not extend to general shift spaces by providing counterexamples.

1. Introduction
Throughout the work, every measure is assumed to be a Borel probability measure.

It is well known in symbolic dynamics [3] that every irreducible shift of finite type
(SFT) has a unique measure of maximal entropy called the Parry measure. If µ is the Parry
measure of the SFT XA defined by an irreducible 0-1 matrix A, then the measure of each
word u = u1 · · · un is given by

µ(u)= A(u1, u2) · · · A(un−1, un)`(u1)r(un)/λ
n−1,

where ` and r are the left and right eigenvectors of A, respectively, corresponding to the
largest eigenvalue λ and satisfying ` · r = 1. The measure µ is a fully supported Markov
measure on XA.

When studying factor maps between shift spaces, it is natural to be interested in
measures of maximal relative entropy, which are relative versions of maximal measures.
But they are not as much understood as maximal measures are.

Definition 1.1. Let π : X→ Y be a factor map between shift spaces. Let ν be an invariant
measure on Y . An invariant measure µ on X is said to be relatively maximal over ν or
to be a measure of maximal relative entropy over ν if π(µ)= ν and h(µ)≥ h(µ′) for all
µ′ ∈ π−1(ν)†.

† The relative entropy of µ is given by hµ(X |Y )= h(µ)− h(ν).
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Such measures always exist, but in general they need not be unique, unlike the case of
maximal measures, as an example can be found in [6].

A relatively maximal measure is a special case of a relative equilibrium state. For a
factor map π : X→ Y between topological dynamical systems and a potential function
V ∈ C(X), the relative pressure P(π, V ) : Y → R is defined, which is the relative version
of the pressure [2]. The relative variational principle [2] states that for each invariant
measure ν on Y ,∫

Y
P(π, V ) dν = sup

{
hµ(X |Y )+

∫
X

V dµ : µ ∈ π−1(ν)

}
,

where hµ(X |Y ) denotes the relative entropy of µ under π : X→ Y . Any measure µ
attaining the supremum is called a relative equilibrium state. The relative equilibrium
states of the potential function V = 0 are exactly the relatively maximal measures.
Walters [6] used the concept of compensation functions to further study properties of
relative equilibrium states. It turns out that the concept of relative equilibrium states is
useful in studying lifts of measures under a factor map on shift spaces. Similarly, as we
will show later, relatively maximal measures are useful when we lift a fully supported
ergodic measure to another such measure in one of our main theorems.

It was shown that given a factor map from an irreducible SFT X to a shift space Y , for
any ergodic measure on Y , there is an explicit bound on the number of ergodic measures
on X with maximal relative entropy that project to ν [5]. In the same paper, it was also
shown that such ergodic measures with maximal relative entropy are relatively Markov
in some sense, which is a relative version of the fact that the maximal measure on an
irreducible SFT is always a Markov measure. Our main result is the relative version of the
fact that maximal measures on irreducible SFTs are fully supported.

Definition 1.2. A measure µ on a compact metric space X is said to have full support or to
be fully supported if its support is the entire space X or, equivalently, µ(U ) > 0 for every
non-empty open subset U ⊆ X†.

THEOREM 1.1. Let X be an irreducible SFT, Y a shift space, π : X→ Y a factor map,
and ν a fully supported invariant measure on Y . Then any measure of maximal relative
entropy among the measures in π−1(ν) is fully supported.

We prove this result by bringing additional randomness to a measure µ without
changing its image ν, resulting in another measure µ̂ with an increased entropy. We show
that this is possible if µ is not fully supported.

We take a randomly chosen point x ∈ X (such that the probability distribution for this
random point is µ). Then we replace some of the appearances of a specific word u
with µ(u) > 0 in x with another specific word v with µ(v)= 0. We randomly determine
which appearances will be replaced and therefore bring additional entropy. The probability
distribution of the resulting random point is the new measure µ̂. In order to show that the
new measure µ̂ indeed has higher entropy, we appeal to Pinsker’s formula, which allows
us to compare the entropies of the new and old measures. It is worth noting that the authors

† Fully supported measures are the same as strictly positive measures.
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of [5] also use interleaving to construct a measure with higher entropy in order to prove
their result on the number of relatively maximal measures.

Our result gives a positive answer to part of the following problem: is it true that for
every factor map π : X→ Y between irreducible SFTs, every fully supported Markov
measure on Y has a unique relatively maximal measure that maps to it? Is this measure
also fully supported? (See [1].)

We also show the following result on lifting a fully supported ergodic measure.

THEOREM 1.2. Let X be an irreducible SFT, Y a shift space, and π : X→ Y a factor
map. Then for any fully supported invariant measure ν on Y , there is a fully supported
invariant measure µ on X that projects to ν. If ν is ergodic, µ can be chosen to be ergodic.

Conclusions of Theorems 1.1 and 1.2 also hold when X is only an irreducible sofic shift
(see §4).

For more on relatively maximal measures, see [1, §3]. For results on relative equilibrium
states and their implications, consult [6].

2. Conditional entropy over σ -algebras and subsets
Throughout the section, let (�, F, m) denote a probability space and B be a sub-σ -algebra
of the σ -algebra F . Every measurable partition Q of � is assumed to satisfy m(Q) > 0
for all Q ∈Q. Let P be a measurable partition of �. Let A ∈ F and m(A) > 0. Denote
the restriction of F to the set A by

F A = {F ∩ A|F ∈ F};
similarly for B A and P A.

Define the measure mA on A by

mA(B)=
m(B)

m(A)
for all B ∈ F A. Then mA(B) is the conditional probability of the event B given the event A.
We denote the expectation (the conditional expectation, respectively) with respect to m
by E(·) (by E(·|·), respectively) and the one with respect to mA by E A(·) (by E A(·|·),
respectively).

The conditional information function of the partition P over B is defined to be

I (P|B)=−
∑
P∈P

1P log E(1P |B).

It is a P ∨ B-measurable function on �. The conditional entropy of P over B is defined
to be

H(P|B)= E(I (P|B)).
The conditional information function of P over B and A is defined to be

IA(P|B)=−
∑
P∈P

1P∩A log E A(1P∩A|B A).

This is the conditional information function of P A over B A (with respect to mA). The
conditional entropy of P over B and A is defined to be

HA(P|B)= E A(IA(P|B)).
It is the conditional entropy of P A over B A (with respect to mA).
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LEMMA 2.1. Let f be a measurable function on� and Q be a measurable partition of�.
Then

E( f |B ∨Q)=
∑
Q∈Q

1Q EQ( f |B Q).

Proof. Put g =
∑

Q∈Q 1Q EQ( f |B Q). It is easy to check that g is B ∨Q-measurable. Let
B ∈ B and Q ∈Q. Then

E(1B∩Q · g) = E(1B∩Q · EQ( f |B Q))

= E(1Q · EQ(1B∩Q · f |B Q))

= P(Q)EQ(EQ(1B∩Q · f |B Q))

= P(Q)EQ(1B∩Q · f )

= E(1B∩Q · f ).

By summing up, we have

E(1D · g)= E(1D · f )

for all D ∈ B ∨Q. The result follows. 2

LEMMA 2.2. Let P and Q be measurable partitions of �. Then the following hold.
(1) I (P|B ∨Q)=

∑
Q∈Q 1Q IQ(P|B).

(2) H(P|B ∨Q)=
∑

Q∈Q m(Q)HQ(P|B).

Proof. It follows from Lemma 2.1 that

I (P|B ∨Q) = −
∑
P∈P

1P

∑
Q∈Q

1Q log EQ(1P∩Q |B Q)

= −

∑
Q∈Q

1Q

∑
P∈P

1P∩Q log EQ(1P∩Q |B Q)

=

∑
Q∈Q

1Q IQ(P|B),

which proves (1). Integrating both sides of (1) verifies (2). 2

The following corollary lets us localize an entropy to a subset A.

COROLLARY 2.1. Let P be a measurable partition of �. Let A ∈ F and m(A) > 0. Then

H(P|B)≥ m(A)HA(P|B).

Proof. We may assume that m(A) < 1. Let Q be the measurable partition {A, �\A} of �.
It follows from Lemma 2.2 that

H(P|B) ≥ H(P|B ∨Q)=
∑
Q∈Q

m(Q)HQ(P|B)

≥ m(A)HA(P|B),

which completes the proof. 2
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LEMMA 2.3. Let P be a measurable partition of � and C a sub-σ -algebra of F such that
C and B ∨ P are independent. Let C ∈ C and m(C) > 0. Then the following hold.
(1) IC (P|B ∨ C)(ω)= I (P|B)(ω) for almost every ω ∈ C.
(2) HC (P|B ∨ C)= H(P|B).

Proof. (1) Fix ω ∈ C and let f = 1P for some P ∈ P . We may assume that m(C) < 1. Let
Q be the measurable partition {C, �\C} of �. By Lemma 2.1,

EC ( f |(B ∨ C)C )(ω) = E( f |(B ∨ C) ∨Q)(ω)
= E( f |B ∨ C)(ω)= E( f |B)(ω).

The last equality holds, since C and B ∨ P are independent. Thus,

IC (P|B ∨ C)(ω) = −
∑
P∈P

1P∩C (ω) log EC (1P∩C |(B ∨ C)C )(ω)

= −

∑
P∈P

1P (ω) log E(1P |B)(ω)= I (P|B)(ω),

which completes the proof.
(2) Integrating both sides of (1) over C with respect to mC , we have

HC (P|B ∨ C) = EC (I (P|B))

=
1

m(C)
E(1C · I (P|B))

=
1

m(C)
E(1C )E(I (P|B))

= H(P|B),

which completes the proof. 2

3. Proofs of the main theorems
In this section we prove Theorems 1.1 and 1.2.

For a shift space Z , let L(Z) be the language of Z . Let XG denote the edge shift
presented by a graph G. If G is irreducible, then L(XG) is exactly the set of paths in G.
For a 1-block factor map π from XG to a shift space Y , we use the same notation π to
denote the 1-block map from L(XG) to L(Y ) which induces π .

Definition 3.1. Two paths u = u1 · · · un and v = v1 · · · vn in a graph G are said to be
mutually separated if ui and vi do not share the same initial vertex for all i = 1, . . . , n
and un and vn do not share the same terminal vertex.

Definition 3.2. A word w = w1 · · · wn in a shift space is said to be unbordered if there is
no i with 1≤ i < n such that w1 · · · wi = wn−i+1 · · · wn .

LEMMA 3.1. Let XG be an irreducible edge shift with htop(XG) > 0. Then it contains
arbitrarily long unbordered words.

Proof. Since htop(XG) > 0, there exist two distinct paths u and v in G such that u and v
both start and end at a vertex I but do not pass through I in between. Given n ∈ N, the
path uvn is an unbordered word of XG . 2
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PROPOSITION 3.1. Let π be a 1-block factor map from an irreducible edge shift XG to a
shift space Y and htop(XG) > 0. Let Z be a proper shift space of XG such that π(Z)= Y .
Then there exist two paths u and v in G with the following properties:
(i) π(u)= π(v);
(ii) u and v share the same initial vertex and the same terminal vertex;
(iii) u ∈ L(Z) and v /∈ L(Z);
(iv) for any paths γ, δ in G with γ uδ ∈ L(Z), the path v occurs exactly once in the path

γ vδ in G.
A pair of paths u and v in G are said to be Z -related if the paths satisfy the above
conditions (i)–(iv).

Proof. We may assume that G is irreducible. For each n ∈ N, we say that the condition
P(n) holds if the following is true:

Given a path ω in G, there exist paths u(1), . . . , u(n) in L(Z) such that
u(1), . . . , u(n) and ω are mutually separated and have the same label, i.e.,
π(u(1))= · · · = π(u(n))= π(σ)

Obviously, P(n) does not hold for n ≥ |V(G)|, where V(G) is the set of vertices in G.
Suppose that there is no Z -related pair in G. We will inductively show that P(n) holds for
all n ∈ N, which would complete the proof. Choose a path ξ in G that is not a word of Z .

Step 1. P(1) holds.
Let ω be a path in G. Since G is irreducible, there exist paths κ1, κ4 in G such that

ωκ1ξ and ξκ4ω are paths in G. By Lemma 3.1, there is an unbordered word α in XG with

|α|>max{|ωκ1ξ |, |ξκ4ω|}.

Similarly, there exist paths κ2, κ3 in G such that

v̄ = ωκ1ξκ2ακ3ξκ4ω

is a path in G. Since π(Z)= Y , there is a path ū in L(Z) with π(ū)= π(v̄). Let |ω| = q
and |v̄| = |ū| = p. Write v̄ = v̄1 · · · v̄p and ū = ū1 · · · ū p. Note that p − q > q . If ūi and
v̄i have the same initial vertex for some i with 1≤ i ≤ q + 1 and if ū j and v̄ j have the
same terminal vertex for some j with p − q ≤ j ≤ p, then the subpaths u = ūi · · · ū j and
v = v̄i · · · v̄ j in G are Z -related, which is a contradiction. In fact, it is clear that u and v
satisfy the properties (i) and (ii). The property (iii) holds, since ξ /∈ L(Z) and so v /∈ L(Z).
The property (iv) holds, since ξ /∈ L(Z) and α is unbordered. Hence, either the subpaths
ū1 · · · ūq and v̄1 · · · v̄q (= ω) are mutually separated, or the subpaths ū p−q+1 · · · ū p and
v̄p−q+1 · · · v̄p (= ω) are mutually separated. Set u(1) = ū1 · · · ūq in the former case and
u(1) = ū p−q+1 · · · ū p in the latter case. It follows that u(1) and ω are mutually separated
and have the same label. Thus, the condition P(1) holds.

Step 2. P(n) implies P(n + 1).
Assume that P(n) holds. Let ω be a path in G. Since G is irreducible, there exist paths

κ1, κ2 in G such that ξκ1ωκ2ξ is a path in G. Choose an unbordered word α in XG with

|α|>max{|ωκ2ξ |, |ξκ1ω|}.
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Similarly, there exist paths κ3, κ4 in G such that

θ = ξκ1ωκ2ξκ3ακ4

is a path in G and v̄ = θn+1 is also a path in G. Since the condition P(1) holds, there is a
path ū(0) in L(Z) such that ū(0) and v̄ are mutually separated and have the same label.

Also, since the condition P(n) holds for the path ū(0), there exist paths ū(1), . . . , ū(n)

in L(Z) such that ū(1), . . . , ū(n) and ū(0) are mutually separated and have the same
label. Note that the n + 2 paths ū(0), ū(1), . . . , ū(n) and v̄ have the same label. Let
|ω| = q, |θ | = p and |ξκ1| = r . Write v̄ = v̄1 · · · v̄p(n+1) and ū(k) = ū(k)1 · · · ū

(k)
p(n+1) for

k = 0, 1, . . . , n. For each i = 0, 1, . . . , n, let

I+i = {s ∈ N | i p + r < s ≤ i p + r + q + 1},

I−i = {s ∈ N | i p + r ≤ s ≤ i p + r + q},

and Ii = I+i ∩ I−i . Set I = {Ii | 0≤ i ≤ n}. For each I ∈ I , let

v̄I = v̄i p+r+1 · · · v̄i p+r+q and ū(k)I = ū(k)i p+r+1 · · · ū
(k)
i p+r+q

for k = 0, 1, . . . , n, where I = Ii with 0≤ i ≤ n. Note that v̄I = ω for all I ∈ I .
Suppose that there exist 1≤ k ≤ n and i, j with 0≤ i < j ≤ n such that ū(k)s and v̄s

have the same initial vertex for some s ∈ I+i and such that ū(k)t and v̄t have the same

terminal vertex for some t ∈ I−j . Then the subpaths u = ū(k)s · · · ū
(k)
t and v = v̄s · · · v̄t

are Z -related, which is a contradiction. In fact, the properties (i) and (ii) clearly hold.
The property (iii) holds, since ξ /∈ L(Z) and so v /∈ L(Z). The property (iv) holds, since
ξ /∈ L(Z) and α is unbordered. So, for each k = 1, . . . , n, there is at most one interval
in I , say Irk , 0≤ rk ≤ n, such that ū(k)s and v̄s have the same initial vertex for some
s ∈ I+rk

. Choose any interval I ∈ I\{Irk | 1≤ k ≤ n}. Then ū(1)I , . . . , ū(n)I and v̄I are

mutually separated. Set u(k) = ū(k)I for k = 0, 1, . . . , n. Then u(0), u(1), . . . , u(n) and
ω are mutually separated and have the same label. Thus, P(n + 1) holds. 2

In order to prove Theorem 1.1, we introduce some notation. Let (�, F , m) be a
probability space. Let x̂ :�→ M be a random variable with a finite range, i.e. x̂(�)
is finite, and ŷ :�→ N be a random variable where M and N are measurable spaces.
Define

H(x̂ |ŷ)= H(P|B) (1)

and
HA(x̂ |ŷ)= HA(P|B),

where P is the measurable partition of � generated by x̂ , B is the sub-σ -algebra of F
generated by ŷ, and A is a measurable subset of �. We also use Pinsker’s formula stated
as follows: let T be a measure-preserving transformation on (�, F , m). Let α and β be
two measurable partitions of � such that β is coarser than α. Then

H

(
α

∣∣∣∣ ∞∨
i=1

T iα

)
= H

(
β

∣∣∣∣ ∞∨
i=1

T iβ

)
+ H

(
α

∣∣∣∣ ( ∞∨
i=1

T iα

)∨( ∞∨
i=−∞

T iβ

))
(2)

(see [4, p. 67, Theorem 6.3], applied to β coarser than α).
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Proof of Theorem 1.1. We may assume that X is an irreducible edge shift XG and π is a
1-block factor map. We also assume that htop(X) > 0. Otherwise, X consists of a single
cycle and the only invariant measure on X is fully supported.

Let µ be a measure on X of maximal relative entropy over ν and the support Z of
µ be a proper subset of X . Proposition 3.1 guarantees the existence of a Z -related
pair of paths u, v in G. Put p = |u| = |v|. Let S be the shift space of {0, 1}Z that
consists of all bi-infinite concatenations of the words 102p and 102p+1. Then S is a
mixing SFT with htop(S) > 0. Denote by η the unique measure on S of maximal entropy,
i.e. h(η)= htop(S). Using η, we will construct an invariant measure µ̄ on X such that
π(µ̄)= ν and h(µ̄) > h(µ), which would contradict that µ is a measure of maximal
relative entropy over ν.

Define a function F from X × S to X as follows: let (x, s) ∈ X × S and N = {k ∈ Z |
sk = 1}. For each k ∈ N , replace the kth occurrence of u in x with v if such u exists. Here
the 0th occurrence of u in x is defined to be the first occurrence of u in x[0,∞). The resulting
point is denoted F(x, s). Two occurrences of u in x may overlap. Meanwhile, any two
consecutive occurrences of 1 in s are separated by either 02p or 02p+1 and |u|< 2|p|.
Thus, F(x, s) is well defined. Also, it is a point in X , since u and v have the same initial
vertex and the same terminal vertex. It is not difficult to see that F is continuous and hence
is measurable on X × S.

Define
µ̄= F(µ× η)= (µ× η) ◦ F−1.

Since π(u)= π(v), it follows that π(F(x, s))= π(x) for all (x, s) ∈ X × S, so

π(µ̄)= π(F(µ× η))= π(µ)= ν.

Thus, µ̄ is a measure on X that projects to ν.
To see that µ̄ is σ -invariant, define a function K from X × S to S by

K (x, s)=

{
s if x /∈ [u],

σ (s) if x ∈ [u],

where [u] = 0[u]p−1 = {z ∈ X | z0 · · · z p−1 = u}. For each (x, s) ∈ X × S, let

T (x, s)= (σ (x), K (x, s)).

Then T is a continuous transformation on X × S. It is easy to see that σ ◦ F = F ◦ T .
Consider the X -valued random variable x̂ on (X × S, µ× η) defined by x̂(x, s)= x

and the S-valued random variable ŝ on (X × S, µ× η) defined by ŝ(x, s)= s. It is easy to
check that x̂ and ŝ are independent and that their probability distributions are µ and η,
respectively. Also, the probability distribution of the (X × S)-valued random variable
(x̂, K (x̂, ŝ)) on (X × S, µ× η) is µ× η.

In fact, if D and E are measurable subsets of X and S, respectively, then

Pr(x̂ ∈ D, K (x̂, ŝ) ∈ E)

= Pr(x̂ ∈ D\[u], K (x̂, ŝ) ∈ E)+ Pr(x̂ ∈ D ∩ [u], K (x̂, ŝ) ∈ E)

= Pr(x̂ ∈ D\[u], ŝ ∈ E)+ Pr(x̂ ∈ D ∩ [u], σ (ŝ) ∈ E)

= µ(D\[u]) · η(E)+ µ(D ∩ [u]) · η(E)

= µ(D) · η(E).
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The second last equality is valid because x̂ and ŝ are independent and because η is
σ -invariant. We showed that the probability distribution of T (x̂, ŝ) is µ× η and therefore
we have T (µ× η)= µ× η. Since σ ◦ F = F ◦ T , it follows that µ̄ is an invariant
measure on X . Thus, F is a measure-preserving homomorphism from (X × S, T, µ× η)
to (X, σ, µ̄).

Finally, we will show that h(µ̄) > h(µ). Using (1), we have

h(µ̄)= H(F(x̂, ŝ)0|F(x̂, ŝ)(−∞,−1]),

h(µ)= H(x̂0|x̂(−∞,−1]),

h(η)= H(ŝ0|ŝ(−∞,−1]).

Due to the property (iv) in Proposition 3.1, given any x ∈ Z and s ∈ S, the only occurrences
of v in F(x, s) are those obtained from replacing some occurrences of u in x with v,
since any two occurrences of 1 in s are separated by at least 2p zeros. So, by replacing
every instance of v in F(x, s) with u, one recovers x . For each k ∈ Z, the symbol xk is
determined by F(x, s)[k−p+1,k+p−1] for all (x, s) ∈ Z × S, and hence for (µ× η)-almost
every (x, s) ∈ X × S. Let α be the partition of X × S generated by F(x̂, ŝ)[−p+1,p−1] and
β be the partition of X × S generated by x̂0. Applying equation (2), we have

h(µ̄) = H(F(x̂, ŝ)[−p+1,p−1]|F(x̂, ŝ)(−∞,p−2])

= H(x̂0|x̂(−∞,−1])+ H(F(x̂, ŝ)[−p+1,p−1]|(F(x̂, ŝ)(−∞,p−2], x̂))

= h(µ)+ H(F(x̂, ŝ)0|(F(x̂, ŝ)(−∞,−1], x̂))

= h(µ)+ Ĥ ,

where
Ĥ = H(F(x̂, ŝ)0|(F(x̂, ŝ)(−∞,−1], x̂)).

Note that Ĥ can be estimated as

Ĥ =
1
p
· H(F(x̂, ŝ)[0,p−1]|(F(x̂, ŝ)(−∞,−1], x̂))

≥
µ([u])

p
· H[u]×S(F(x̂, ŝ)[0,p−1]|(F(x̂, ŝ)(−∞,−1], x̂)). (3)

The inequality follows from Corollary 2.1.
If x ∈ [u], then F(x, s)[0,p−1] is either u or v depending on the value of s0. Hence, the

last term in equation (3) is equal to

H̃ :=
µ([u])

p
· H[u]×S(ŝ0|(F(x̂, ŝ)(−∞,−1], x̂)).

If x ∈ [u], then x and s(−∞,−1] determine F(x, s)(−∞,−1]. Thus,

H̃ ≥
µ([u])

p
· H[u]×S(ŝ0|(ŝ(−∞,−1], x̂))

=
µ([u])

p
· H(ŝ0|ŝ(−∞,−1])

=
µ([u])

p
· h(η) > 0.
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The first equality is valid because of Lemma 2.3(2). So, Ĥ ≥ H̃ > 0, which implies that
h(µ̄) > h(µ), as desired. Consequently, µ̄ is an invariant measure on X which maps to ν
and satisfies h(µ̄) > h(µ). This is a contradiction. Thus, µ must be fully supported. This
completes the proof. 2

Now we are ready to prove Theorem 1.2. For a shift space Z , denote by M(Z) the set
of invariant measures on Z .

Proof of Theorem 1.2. Let µ be an invariant measure on X that is of maximal relative
entropy over ν. Then, by Theorem 1.1, this measure is fully supported. Now suppose that
ν is ergodic. If µ has the ergodic decomposition τ , i.e. µ=

∫
M(X) ρ dτ(ρ), then

ν = πµ=

∫
M(X)

πρ dτ(ρ).

Since ν is ergodic, πρ = ν for τ -almost every ρ ∈M(X). Hence, h(ρ)≤ h(µ) for
τ -almost every ρ ∈M(X). Since h(µ)=

∫
M(X) h(ρ) dτ(ρ), it follows that h(ρ)= h(µ)

for τ -almost every ρ ∈M(X). Consequently, there is an ergodic measure on X that maps
to ν and is of maximal relative entropy over ν. By Theorem 1.1, this measure is fully
supported. This completes the proof. 2

4. Sofic case
The two main theorems extend to the case where X is only assumed to be an irreducible
sofic shift. We only need to extend the first main theorem. Let π be a factor map from an
irreducible sofic shift X to a shift space Y . Let ν be an invariant measure on Y with full
support. Let µ be an invariant measure on X of maximal relative entropy over ν. Since X is
sofic, we can take a right resolving factor map πR from an irreducible SFT X R to X . There
exists an invariant measure µR on X R that projects to µ under πR . If we can show that µR

is a measure of maximal relative entropy over ν (with respect to π ◦ πR : X R→ Y ), then it
follows from our main theorem that µR has full support and therefore so does its image µ.
To prove the maximality, let µ′R be an invariant measure on X R that projects to ν under
π ◦ πR and let µ′ = πR(µ

′

R). By our assumption on µ, we have h(µ)≥ h(µ′). Since πR is
bounded-to-one, we also have h(µR)= h(µ) and h(µ′R)= h(µ′). Therefore, the desired
inequality h(µR)≥ h(µ′R) holds.

We provide an example which shows that the conclusion of Theorem 1.1 need not be
true if X is not a sofic shift.

Example 4.1. Let {u(n)} be a sequence of words in {0, 1}Z defined as follows: let u(0) = 1
and, for each n ≥ 1, let

u(n+1)
= u(n)03n

u(n).

Then |u(n)| = 3n for all n ∈ Z+. Define a point x = (xi )i∈Z in {0, 1}Z, which is a discrete
version of the Cantor set, as follows: put xi = 0 for each i < 0. For i > 0, choose any n ∈ N
with 3n

≥ i and put xi = u(n)i . Let X denote the orbit closure of x , that is, the closure of
the set {σ n x | n ∈ Z}. Then X is irreducible. Note that |B3n (X)| ≤ 2|u(n)| = 2 · 3n for
all n ∈ N. Hence, h(X)= 0. So, every invariant measure on X has maximal entropy. In
particular, the measureµ◦ concentrated on the fixed point 0∞ in X is a measure of maximal
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entropy that is not fully supported. Consider the factor map π from X to Y = {0∞} that
sends every point in X to 0∞. If ν denotes the unique invariant measure on Y , then
not every measure on X of maximal relative entropy over ν is fully supported. Thus,
Theorem 1.1 does not extend to all irreducible shift spaces.

It is not difficult to see that the frequencies of 1’s in the blocks of the point x go
to 0 uniformly. More precisely, there is C > 0 such that the number of 1’s in the block
x[i,i+3n−1] is less than C · 2n for all i ∈ Z and n ∈ N. Let µ be an ergodic measure on X .
The point-wise ergodic theorem says that for µ-almost every z ∈ X , the frequency of 1’s in
the block z[0,n−1] goes to µ(1) as n→∞. Hence, we must have µ(1)= 0. By the ergodic
decomposition, we conclude that the measure µ◦ is the only invariant measure on X . This
implies that the conclusion of Theorem 1.2 may not be valid if X is not an SFT.
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