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Abstract. Let w be a factor map from an irreducible shift of finite type X to a shift space
Y. Let v be an invariant probability measure on Y with full support. We show that every
measure on X of maximal relative entropy over v is fully supported. As a result, given
any invariant probability measure v on Y with full support, there is an invariant probability
measure © on X with full support that maps to v under 7. If v is ergodic, x can be chosen
to be ergodic. These results can be generalized to the case of sofic shifts. We demonstrate
that the results do not extend to general shift spaces by providing counterexamples.

1. Introduction
Throughout the work, every measure is assumed to be a Borel probability measure.

It is well known in symbolic dynamics [3] that every irreducible shift of finite type
(SFT) has a unique measure of maximal entropy called the Parry measure. If p is the Parry
measure of the SFT X4 defined by an irreducible 0-1 matrix A, then the measure of each
word u = uy - - - u, is given by

() = AQur, u2) - - A1, up)(ur)r () /A",

where ¢ and r are the left and right eigenvectors of A, respectively, corresponding to the
largest eigenvalue A and satisfying £ - r = 1. The measure p is a fully supported Markov
measure on X4.

When studying factor maps between shift spaces, it is natural to be interested in
measures of maximal relative entropy, which are relative versions of maximal measures.
But they are not as much understood as maximal measures are.

Definition 1.1. Let w : X — Y be a factor map between shift spaces. Let v be an invariant
measure on Y. An invariant measure u on X is said to be relatively maximal over v or
to be a measure of maximal relative entropy over v if w(u) = v and h(u) > h(u') for all

wex ()t
T The relative entropy of p is given by i, (X|Y) = h(n) — h(v).
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Such measures always exist, but in general they need not be unique, unlike the case of
maximal measures, as an example can be found in [6].

A relatively maximal measure is a special case of a relative equilibrium state. For a
factor map 7w : X — Y between topological dynamical systems and a potential function
V € C(X), the relative pressure P(m, V) : Y — R is defined, which is the relative version
of the pressure [2]. The relative variational principle [2] states that for each invariant
measure v on Y,

/P(TL’, V)dv:sup{hM(XlY)—i—/ Vd,u,:,uen—l(u)},
Y X

where s, (X|Y) denotes the relative entropy of p under 7 : X — Y. Any measure
attaining the supremum is called a relative equilibrium state. The relative equilibrium
states of the potential function V =0 are exactly the relatively maximal measures.
Walters [6] used the concept of compensation functions to further study properties of
relative equilibrium states. It turns out that the concept of relative equilibrium states is
useful in studying lifts of measures under a factor map on shift spaces. Similarly, as we
will show later, relatively maximal measures are useful when we lift a fully supported
ergodic measure to another such measure in one of our main theorems.

It was shown that given a factor map from an irreducible SFT X to a shift space Y, for
any ergodic measure on Y, there is an explicit bound on the number of ergodic measures
on X with maximal relative entropy that project to v [S]. In the same paper, it was also
shown that such ergodic measures with maximal relative entropy are relatively Markov
in some sense, which is a relative version of the fact that the maximal measure on an
irreducible SFT is always a Markov measure. Our main result is the relative version of the
fact that maximal measures on irreducible SFTs are fully supported.

Definition 1.2. A measure  on a compact metric space X is said to have full support or to
be fully supported if its support is the entire space X or, equivalently, u(U) > O for every
non-empty open subset U € X ¥.

THEOREM 1.1. Let X be an irreducible SFT, Y a shift space, ® : X — Y a factor map,
and v a fully supported invariant measure on Y. Then any measure of maximal relative
entropy among the measures in 7w~ (v) is fully supported.

We prove this result by bringing additional randomness to a measure p without
changing its image v, resulting in another measure ft with an increased entropy. We show
that this is possible if p is not fully supported.

We take a randomly chosen point x € X (such that the probability distribution for this
random point is u). Then we replace some of the appearances of a specific word u
with ©(u) > 0 in x with another specific word v with u(v) = 0. We randomly determine
which appearances will be replaced and therefore bring additional entropy. The probability
distribution of the resulting random point is the new measure [i. In order to show that the
new measure /i indeed has higher entropy, we appeal to Pinsker’s formula, which allows
us to compare the entropies of the new and old measures. It is worth noting that the authors

+ Fully supported measures are the same as strictly positive measures.
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of [5] also use interleaving to construct a measure with higher entropy in order to prove
their result on the number of relatively maximal measures.

Our result gives a positive answer to part of the following problem: is it true that for
every factor map 7 : X — Y between irreducible SFTs, every fully supported Markov
measure on Y has a unique relatively maximal measure that maps to it? Is this measure
also fully supported? (See [1].)

We also show the following result on lifting a fully supported ergodic measure.

THEOREM 1.2. Let X be an irreducible SFT, Y a shift space, and &= : X — Y a factor
map. Then for any fully supported invariant measure v on Y, there is a fully supported
invariant measure | on X that projects to v. If v is ergodic, (. can be chosen to be ergodic.

Conclusions of Theorems 1.1 and 1.2 also hold when X is only an irreducible sofic shift
(see §4).

For more on relatively maximal measures, see [1, §3]. For results on relative equilibrium
states and their implications, consult [6].

2. Conditional entropy over o -algebras and subsets

Throughout the section, let (€2, F, m) denote a probability space and B be a sub-o -algebra
of the o-algebra F. Every measurable partition Q of €2 is assumed to satisfy m(Q) > 0
for all Q € Q. Let P be a measurable partition of 2. Let A € F and m(A) > 0. Denote
the restriction of F to the set A by

Fa={FNA|F € F};

similarly for B4 and Pg.
Define the measure my4 on A by

for all B € F4. Then my (B) is the conditional probability of the event B given the event A.
We denote the expectation (the conditional expectation, respectively) with respect to m
by E(-) (by E(:]), respectively) and the one with respect to my by E4(-) (by EA(:]-),
respectively).

The conditional information function of the partition P over B is defined to be

I(PIB)=—-)_ 1plog E(1p|B).
PeP
It is a P v B-measurable function on Q2. The conditional entropy of P over B is defined
to be
H(P|B) = E(I(P|B)).
The conditional information function of P over B and A is defined to be
Io(PIB) ==Y 1pnalog Ea(1pnalBa).
PeP

This is the conditional information function of P4 over B4 (with respect to my). The
conditional entropy of ‘P over BB and A is defined to be

Ha(P|B) = Eo(I14(P|B)).

It is the conditional entropy of P4 over B4 (with respect to m,).
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LEMMA 2.1. Let f be a measurable function on Q and Q be a measurable partition of Q.
Then

E(fIBV Q) =Y 19Eo(f|Bg).
0eQ

Proof. Put g = ZQEQ 1pEo(f1Bp). Itis easy to check that g is B v Q-measurable. Let
B e Band Q € Q. Then

E(lgng - 8) = E(1gng - Eo(f1Bp))

= E(lg - Eg(lgng - f1Bg))

= P(Q)Eg(Eg(lgng - f1Bo))

= P(Q)Eg(lgng - f)

= E(lgng - f)-
By summing up, we have

E(lp-g)=E(p- f)

for all D € B Vv Q. The result follows. O

LEMMA 2.2. Let P and Q be measurable partitions of Q2. Then the following hold.
() I(PIBV Q) =3 peq lolo(PIB).
(2) HPIBV Q) =3} pcom(Q)Ho(P|B).

Proof. It follows from Lemma 2.1 that

I(PIBVQ) == 1p Y lglog Eg(lpng|Bo)
PeP 0eQ

—> 1o Y lpng log Eg(lpnplBo)
Q€9 PeP

=) lolo(PIB),
0eQ

which proves (1). Integrating both sides of (1) verifies (2). O
The following corollary lets us localize an entropy to a subset A.
COROLLARY 2.1. Let P be a measurable partition of Q2. Let A € F and m(A) > 0. Then
H(P|B) = m(A)H(P|B).

Proof. We may assume that m(A) < 1. Let Q be the measurable partition {A, Q\ A} of Q.
It follows from Lemma 2.2 that

H(PIB) = H(P|BV Q) = Y m(Q)Ho(P|B)
0eQ
> m(A)Ha(P|B),

which completes the proof. O
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LEMMA 2.3. Let P be a measurable partition of Q2 and C a sub-o -algebra of F such that
C and B v P are independent. Let C € C and m(C) > 0. Then the following hold.

(1) Ic(P|B vV C)(w) = I(P|B)(w) for almost every w € C.

(2) Hc(P|BvC)=H(P|B).

Proof. (1) Fix w € C and let f = 1p for some P € P. We may assume that m(C) < 1. Let
Q be the measurable partition {C, Q\C} of Q. By Lemma 2.1,
Ec(fI(BVC)c)w) = E(fI(BVC)V Q) (w)
= E(fIBVC)(w) = E(fIB)(w).
The last equality holds, since C and B Vv P are independent. Thus,

Ic(PIBVC)(w) = — Z lpnc (@) log Ec(1pncl(B V C)c)(w)
PeP

== lp(w) log E(1p|B)(@) = I (P|B)(®).
PeP

which completes the proof.
(2) Integrating both sides of (1) over C with respect to mc, we have

Hc(PIB v C) = Ec(I(P|B))

1
= WC)EUC -1(P|B))

1
= mE(lc)E(I(PMg))
= H(P|B),

which completes the proof. ]

3. Proofs of the main theorems
In this section we prove Theorems 1.1 and 1.2.

For a shift space Z, let £(Z) be the language of Z. Let X denote the edge shift
presented by a graph G. If G is irreducible, then £(X¢) is exactly the set of paths in G.
For a 1-block factor map 7 from Xg to a shift space ¥, we use the same notation 7 to
denote the 1-block map from £(X¢) to £L(Y) which induces 7.

Definition 3.1. Two paths u =u; ---u, and v=wv; ---v, in a graph G are said to be
mutually separated if u; and v; do not share the same initial vertex foralli=1,...,n
and u,, and v, do not share the same terminal vertex.

Definition 3.2. A word w = wy - - - w, in a shift space is said to be unbordered if there is
noi with 1 <i <nsuchthat wy - - w; = wy—j41 - - Wy.

LEMMA 3.1. Let Xg be an irreducible edge shift with hi,(Xg) > 0. Then it contains
arbitrarily long unbordered words.

Proof. Since hop(Xg) > 0, there exist two distinct paths u and v in G such that u and v
both start and end at a vertex / but do not pass through / in between. Given n € N, the
path uv™ is an unbordered word of Xg. O
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PROPOSITION 3.1. Let 7w be a 1-block factor map from an irreducible edge shift X to a

shift space Y and hyop(Xg) > 0. Let Z be a proper shift space of X such that t(Z) =Y.

Then there exist two paths u and v in G with the following properties:

» 7)) =m);

(i1) u and v share the same initial vertex and the same terminal vertex;

(i) ueL(Z)andv ¢ L(Z);

(iv) for any paths y, 8 in G with yus € L(Z), the path v occurs exactly once in the path
yvd in G.

A pair of paths u and v in G are said to be Z-related if the paths satisfy the above

conditions (i)—(iv).

Proof. We may assume that G is irreducible. For each n € N, we say that the condition
P (n) holds if the following is true:

Given a path w in G, there exist paths uV, ..., u™ in L(Z) such that
u® , u™ and @ are mutually separated and have the same label, i.e.,
n(u(l)) S p— n(u(”)) =7(0)

Obviously, P (n) does not hold for n > |V(G)|, where V(G) is the set of vertices in G.
Suppose that there is no Z-related pair in G. We will inductively show that P (n) holds for
all n € N, which would complete the proof. Choose a path £ in G that is not a word of Z.

Step 1. P(1) holds.
Let w be a path in G. Since G is irreducible, there exist paths «y, k4 in G such that
wi1E and Exgw are paths in G. By Lemma 3.1, there is an unbordered word « in X with

loe| > max{|wk1&], |Exawl}.
Similarly, there exist paths «2, «3 in G such that
v = wki1€xakiEkgw

is a path in G. Since 7 (Z) =Y, there is a path & in £(Z) with w(u) =7 (v). Let |w| = ¢
and [v| = |u| = p. Write v =101 ---vp and u = uy - - - up. Note that p — g > q. If u; and
v; have the same initial vertex for some i with 1 <i <g + 1 and if #; and v; have the
same terminal vertex for some j with p — g < j < p, then the subpaths u = i; - - - u; and
v=1; ---v; in G are Z-related, which is a contradiction. In fact, it is clear that u and v
satisfy the properties (i) and (ii). The property (iii) holds, since & ¢ L(Z) and so v ¢ L(Z).
The property (iv) holds, since £ ¢ £(Z) and « is unbordered. Hence, either the subpaths
uy---ig and vy - - - V4 (= w) are mutually separated, or the subpaths #,,_441 - - -, and
Up—g+1 - - - Up (= w) are mutually separated. Set u® =iy ... iy in the former case and
uld =g p—q+1 - - - Up in the latter case. It follows that uD and w are mutually separated
and have the same label. Thus, the condition P (1) holds.

Step 2. P(n) implies P(n + 1).
Assume that P (n) holds. Let w be a path in G. Since G is irreducible, there exist paths
K1, k3 in G such that £kjwk;& is a path in G. Choose an unbordered word « in Xg with

la| > max{|wir], [Ex1o]}.
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Similarly, there exist paths «3, k4 in G such that
0 = Ekjwkr€k3aky

is a path in G and v = 6"+ is also a path in G. Since the condition P (1) holds, there is a
path i© in £(Z) such that #® and v are mutually separated and have the same label.
Also, since the condition P (n) holds for the path 10| there exist paths ad, o am
in £(Z) such that a®, o a™ and 7@ are mutually separated and have the same
label. Note that the n + 2 paths a7 5™ and § have the same label. Let
lw| =g, 16| = p and |&k1| =r. Write 5 =1Dj - - - Dpuy1y and a® =a® ... ﬁg‘()nH) for
k=0,1,...,n. Foreachi =0,1, ..., n,let

Ii+={seN|ip+r<s§ip+r+q+1},
I ={seNlip+r=s=<ip+r+q},

and I; = I;* NI . SetZ ={I; |0 <i <n}. Foreach I € Z, let

by = b and #® =a® .5 ®
I = Vip+r+1 ip+r+q I~ %iptr+1 ip+r+q

fork=0,1,...,n,where I =1I; withO <i <n. Note that v; =w forall I € 7.

Suppose that there exist 1 <k <n and i, j with 0 <i < j < n such that ﬁgk) and v,

have the same initial vertex for some s € Il.+ and such that ﬁt(k) and v; have the same

terminal vertex for some ¢ € 1. Then the subpaths u = ﬁ§k> e ﬁ,(k>
are Z-related, which is a contradiction. In fact, the properties (i) and (ii) clearly hold.
The property (iii) holds, since & ¢ £(Z) and so v ¢ £(Z). The property (iv) holds, since
& ¢ L(Z) and « is unbordered. So, for each k =1, ..., n, there is at most one interval
in Z, say I, 0 <ry <n, such that :2§k) and vy have the same initial vertex for some

and v=105--- s

s € Ir“;. Choose any interval I € Z\{I,, | 1 <k <n}. Then ﬁgl), e, ﬁg") and v; are
mutually separated. Set u® = ﬁ;k) for k=0,1,...,n Then u©@, u® . . 4™ and
o are mutually separated and have the same label. Thus, P(n 4 1) holds. o

In order to prove Theorem 1.1, we introduce some notation. Let (2, F, m) be a
probability space. Let X : 2 — M be a random variable with a finite range, i.e. x(2)
is finite, and y : @ — N be a random variable where M and N are measurable spaces.
Define

H(x|y) = H(P|B) ey

and
Ha(X|9) = Ha(P|B),

where P is the measurable partition of Q generated by x, B is the sub-o-algebra of F
generated by y, and A is a measurable subset of 2. We also use Pinsker’s formula stated
as follows: let T be a measure-preserving transformation on (2, F, m). Let o and 8 be
two measurable partitions of €2 such that 8 is coarser than «. Then

H<oz S/]T"a>=ﬂ(ﬁ| iZTfﬂ>+H<a (S/]T"a> \/< @ Ti,3>> 2)

i=—00
(see [4, p. 67, Theorem 6.3], applied to 8 coarser than «).
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Proof of Theorem 1.1. We may assume that X is an irreducible edge shift X and 7 is a
1-block factor map. We also assume that A¢,p(X) > 0. Otherwise, X consists of a single
cycle and the only invariant measure on X is fully supported.

Let i be a measure on X of maximal relative entropy over v and the support Z of
w be a proper subset of X. Proposition 3.1 guarantees the existence of a Z-related
pair of paths u, v in G. Put p=|u|=|v|. Let § be the shift space of {0, 1}% that
consists of all bi-infinite concatenations of the words 1027 and 10??*!. Then S is a
mixing SFT with /A (S) > 0. Denote by 7 the unique measure on S of maximal entropy,
ie. h(n) = hyp(S). Using n, we will construct an invariant measure & on X such that
() =v and h(it) > h(n), which would contradict that p is a measure of maximal
relative entropy over v.

Define a function F from X x S to X as follows: let (x,s) e X x Sand N ={k € Z |
sy = 1}. For each k € N, replace the kth occurrence of u# in x with v if such u exists. Here
the Oth occurrence of u in x is defined to be the first occurrence of u in X[ ). The resulting
point is denoted F(x, s). Two occurrences of u# in x may overlap. Meanwhile, any two
consecutive occurrences of 1 in s are separated by either 027 or 027! and |u| < 2|p|.
Thus, F(x, s) is well defined. Also, it is a point in X, since u and v have the same initial
vertex and the same terminal vertex. It is not difficult to see that F' is continuous and hence
is measurable on X x S.

Define

fi=Fuxn=@xnoF
Since (1) = 7 (v), it follows that 7 (F (x, s)) = w(x) for all (x, s) € X x §, so

() =m(F(u xn)=m(u) =v.
Thus, /& is a measure on X that projects to v.
To see that it is o-invariant, define a function K from X x S to S by
i ’
Kx,s)=1{" ifx ¢ u]
o(s) ifxelul,
where [u] =olulp,—1 ={z€ X |z0---zp—1 =u}. Foreach (x, s) € X x §, let
T(x,s)=(0(x), K(x, 5)).
Then T is a continuous transformation on X x S. Itis easy toseethatc o F=F o T.
Consider the X-valued random variable * on (X x S, u x n) defined by x(x, s) = x
and the S-valued random variable § on (X x S, i x n) defined by §(x, s) = s. Itis easy to
check that X and § are independent and that their probability distributions are © and 7,
respectively. Also, the probability distribution of the (X x §)-valued random variable
(X, KZx,8)on(X xS, uxn)isuxn.
In fact, if D and E are measurable subsets of X and §, respectively, then
Pr(x e D, K(x,$) € E)
=Pr(x € D\[u], K(X,§) € E) +Pr(x e DN [u], K(x, §) € E)
=Pr(x e D\[u],Ss€ E)+Pr(x e DN[ul,c(5) € E)
= uw(D\[u]) - n(E) + n(D N [ul) - n(E)
= (D) - n(E).
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The second last equality is valid because x and § are independent and because 7 is
o-invariant. We showed that the probability distribution of 7'(x, §) is u x 1 and therefore
we have T(u xn)=pu xn. Since c o F=F oT, it follows that & is an invariant
measure on X. Thus, F is a measure-preserving homomorphism from (X x S, T, u X 1)
to (X, o, (u).

Finally, we will show that 2(ix) > h(w). Using (1), we have

h(it) = H(F (%, $)o|F (X, §)(—c0,—11)s

h() = H (Xo|X(—00,—17)»

h(n) = H (S0l8(—c0,—11)-
Due to the property (iv) in Proposition 3.1, given any x € Z and s € S, the only occurrences
of v in F(x, s) are those obtained from replacing some occurrences of u in x with v,
since any two occurrences of 1 in s are separated by at least 2p zeros. So, by replacing
every instance of v in F'(x, s) with u, one recovers x. For each k € Z, the symbol x; is
determined by F(x, $)x—p+1.k+p—1] forall (x, s) € Z x §, and hence for (1 x n)-almost
every (x, s) € X x S. Let o be the partition of X x § generated by F (%, §){—p+1,p—1] and
B be the partition of X x S generated by Xo. Applying equation (2), we have

h(it) = H(F X, $)[—p+1,p-1]| F(X, §) (00, p—2])
= H(X0|X(~00,-1]) + H(F (X, §)[=p+1.p—1|(F (X, §)(—00,p-2], X))
= h(w) + H(F(X, $)ol(F (X, $)(—c0. 1], X))
= h(w) + H,
where
H=H(F& §0l(F(&, (o011, 1))

Note that H can be estimated as

~

1 " o .
H= > H(F(x, )0, p—11(F(X, $)(—c0,~11> X))

- m([u])

-~ Hyxs(F (X, )0, p—11| (F (X, §)(—00,~1], X)). (3)

The inequality follows from Corollary 2.1.
If x € [u], then F(x, s)[0,p—1] is either u or v depending on the value of 5. Hence, the
last term in equation (3) is equal to

~  u([u]) . A n .
H = b HiuyxsSol(F (X, 8)(—00,~1]» X)).
If x € [u], then x and §(_oo,—1] determine F(x, §)(—co0,—1]- Thus,
~  u(ful) A in N
H > F Hiuyx s (S0l (5(—00,~115 X))
wu([ul) n in
= - H(50|8(~00,—11)
p
_ (lul) h(p) > 0.
p

https://doi.org/10.1017/50143385710000581 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385710000581

1898 J. Yoo

The first equality is valid because of Lemma 2.3(2). So, H > H> 0, which implies that
h(p) > h(w), as desired. Consequently, & is an invariant measure on X which maps to v
and satisfies A () > h(w). This is a contradiction. Thus, n must be fully supported. This
completes the proof. a

Now we are ready to prove Theorem 1.2. For a shift space Z, denote by M (Z) the set
of invariant measures on Z.

Proof of Theorem 1.2. Let p be an invariant measure on X that is of maximal relative
entropy over v. Then, by Theorem 1.1, this measure is fully supported. Now suppose that
v is ergodic. If u has the ergodic decomposition 7, i.e. u = fM(X) pdt(p), then

v:nu:f wpdt(p).
M(X)

Since v is ergodic, wp = v for t-almost every p € M(X). Hence, h(p) < h(u) for
t-almost every p € M(X). Since h(u) = fM(X) h(p) dt(p), it follows that h(p) = h(u)
for t-almost every p € M(X). Consequently, there is an ergodic measure on X that maps
to v and is of maximal relative entropy over v. By Theorem 1.1, this measure is fully
supported. This completes the proof. a

4.  Sofic case
The two main theorems extend to the case where X is only assumed to be an irreducible
sofic shift. We only need to extend the first main theorem. Let 7 be a factor map from an
irreducible sofic shift X to a shift space Y. Let v be an invariant measure on Y with full
support. Let i be an invariant measure on X of maximal relative entropy over v. Since X is
sofic, we can take a right resolving factor map g from an irreducible SFT X to X. There
exists an invariant measure g on X g that projects to 4 under wg. If we can show that g
is a measure of maximal relative entropy over v (with respecttowr o g : Xp — Y), then it
follows from our main theorem that u g has full support and therefore so does its image u.
To prove the maximality, let 1, be an invariant measure on Xy that projects to v under
7 ompg andlet i’ = R (1). By our assumption on jt, we have (1) > h(u'). Since mg is
bounded-to-one, we also have h(uwgr) = k() and h(,u’R) = h(u'). Therefore, the desired
inequality 2 (ug) > h(u’) holds.

We provide an example which shows that the conclusion of Theorem 1.1 need not be
true if X is not a sofic shift.

Example 4.1. Let {u™} be a sequence of words in {0, 1}Z defined as follows: let u® =1

and, for eachn > 1, let
pth — 3", o)

Then |u™| = 3" for all n € Z7. Define a point x = (x;);ez in {0, 1}%, which is a discrete
version of the Cantor set, as follows: put x; = 0 foreachi < 0. Fori > 0, choose any n € N
with 3" > i and put x; = ul("). Let X denote the orbit closure of x, that is, the closure of
the set {o"x | n € Z}. Then X is irreducible. Note that |B3:(X)| <2|u'|=2-3" for
all n € N. Hence, h(X) =0. So, every invariant measure on X has maximal entropy. In
particular, the measure i, concentrated on the fixed point 0°° in X is a measure of maximal
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entropy that is not fully supported. Consider the factor map 7 from X to ¥ = {0°°} that
sends every point in X to 0°°. If v denotes the unique invariant measure on Y, then
not every measure on X of maximal relative entropy over v is fully supported. Thus,
Theorem 1.1 does not extend to all irreducible shift spaces.

It is not difficult to see that the frequencies of 1’s in the blocks of the point x go
to O uniformly. More precisely, there is C > 0 such that the number of 1’s in the block
X[i,i+37—1] 18 less than C - 2" for all i € Z and n € N. Let u be an ergodic measure on X.
The point-wise ergodic theorem says that for p-almost every z € X, the frequency of 1’s in
the block z[o,,—1] goes to (1) as n — oo. Hence, we must have ;1(1) = 0. By the ergodic
decomposition, we conclude that the measure 1, is the only invariant measure on X. This
implies that the conclusion of Theorem 1.2 may not be valid if X is not an SFT.
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