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This paper generalizes the results for the Bridge estimator of Huang, Horowitz, and
Ma (2008) to linear random and fixed effects panel data models which are allowed
to grow in both dimensions. In particular, we show that the Bridge estimator is
oracle efficient. It can correctly distinguish between relevant and irrelevant variables
and the asymptotic distribution of the estimators of the coefficients of the relevant
variables is the same as if only these had been included in the model, i.e. as if an
oracle had revealed the true model prior to estimation.

In the case of more explanatory variables than observations we prove that the
Marginal Bridge estimator can asymptotically correctly distinguish between relevant
and irrelevant explanatory variables if the error terms are Gaussian. Furthermore, a
partial orthogonality condition of the same type as in Huang et al. (2008) is needed
to restrict the dependence between relevant and irrelevant variables.

1. INTRODUCTION

When building a model one of the first steps is to decide which variables to
include. Sometimes theory can guide the researcher toward a set of potential
explanatory variables, but which variables in this set are relevant and which are
to be left out? Huang, Horowitz, and Ma (2008) showed that the Bridge estima-
tor is able to discriminate between relevant and irrelevant explanatory variables
in a cross-section setting with fixed covariates whose number is allowed to in-
crease with the sample size. In fact, oracle efficient estimation has received quite
a bit of attention in the statistics literature in recent years; see (among others)
Zou (2006), Candes and Tao (2007), Fan and Lv (2008), and Meinshausen and Yu
(2009). However, we are not aware of any similar results for panel data models.
For the case of fewer explanatory variables than observations we show that the
oracle efficiency of the Bridge estimator carries over to linear panel data models
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with random regressors in the random and fixed effects settings. More precisely,
it suffices that either the number of cross-sectional units (N) or the number of
observations within each cross-sectional unit (7) goes to infinity to establish
consistency and correct elimination of irrelevant variables. To obtain the oracle
efficient asymptotic distribution (the distribution obtained by only including the
relevant covariates) of the estimators of the nonzero coefficients, further restric-
tions are needed. In the classical setting of fixed T and large N these restrictions
are satisfied. Further sufficient conditions for oracle efficiency are given. By fix-
ing Ty and the number of covariates we obtain as a corollary that the asymptotic
distribution of the estimators of the nonzero coefficients is exactly the classical
fixed effects or random effects limit law.

If the set of potential explanatory variables is larger than the number of obser-
vations we show that the Marginal Bridge estimator of Huang et al. (2008) can
be used to distinguish between relevant and irrelevant variables in random and
fixed effects panel data models. A partial orthogonality condition restricting the
dependence between the relevant and the irrelevant variables of the same type as in
Huang et al. (2008) is imposed. Furthermore, the error terms must be Gaussian—a
price paid for letting the covariates be random. The random covariates assumption
implies that the number of irrelevant covariates cannot grow as fast as in Huang
et al. (2008). However, we shall see that they can still grow much faster than the
sample size, and so the practical implications are minimal. The number of rele-
vant variables may still be o(N'/%) (Ty is considered fixed for comparability to
the cross-sectional results).

Furthermore, the Marginal Bridge estimator is very fast to implement, which
also makes it useful as an initial screening device to weed out the most irrelevant
variables before initiating the actual modeling stage.

Because cross-section data can be viewed as panel data with only one observa-
tion per individual, all our results are also valid for cross-section data and hence
generalize the results for these.

The plan of the paper is as follows. Section 2 puts forward the general frame-
work. Section 3 introduces the Bridge estimator and its properties, and Section 4
discusses the Marginal Bridge estimator. Section 5 illustrates the results by simu-
lation, and Section 6 concludes. Section 7 contains proofs of the propositions.

2. SETUP AND ASSUMPTIONS

Consider the following linear panel data model:
Vit =X, Bo+ci + €, i=1,...,N, r=1,...,Ty. 2.1)

The term X;; is a py x 1 vector of covariates indicating that the number of co-
variates is allowed to increase with the sample size. The interpretation of (2.1) is
that N individuals are observed in 7 time periods, totaling N7y observations.
The ¢; indicate the unobserved heterogeneity, i.e., unobserved time invariant vari-
ables such as intelligence of an individual or start-up capital of a firm. The é;; are
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the idiosyncratic error terms. Some of the elements of Sy may be zero. It is our
objective to locate these while still estimating the nonzero coefficients consis-
tently.

Both N and Ty are allowed to tend to infinity. However, all results are valid
as long as N tends to infinity. Hence, the traditional large N, fixed Ty setting is
covered. Note that Ty is indexed by N. Some of our results put no restrictions on
how Ty depends on N.

Equation (2.1) can equivalently be written as

Yiv =Xinfo+cin +éins i=1,...,N, (2.2)
where Yiy = Gits ..., 5iry)s Xin = &ity-.. %ity)s &n = @ils-..» &1y
CiN =CiNITy, l/TN =(1,...,1), i = 1,...,N.

2.1. Fixed Effects
In the fixed effects setting one assumes

(FE1) Random sampling: (X,- N>CiN, € N)zN: 1 is independent and identically
distributed (i.i.d.)

(FE2) E (i), E(é}) <oo,i=1,...,N, t=1,....,Ty, [=1,...,py
(FE3) (a) E(&n|Xiy,cin) =0and
0) E@Einé yIXin,cin) =021z, i=1,...,N,

where X;; is the /th covariate of individual i in period ¢. For our proofs we may
replace (FE3) by E(& n|X;n) = 0 and E(& né| y|X;n) = o *I7,,, which is less re-
strictive, but because (FE3) is standard in the literature we stick to this. Next, we
carry out the forward orthogonal deviations transform of Arellano (2003, p. 17).
This transformation removes the unobserved heterogeneity while keeping the er-
ror terms uncorrelated. In particular, define the (T — 1) x Ty matrix

-110---00
0 —-11 00
D= . .
0 00---—11

and multiply (2.2) through by (DD/ ) Do get

Yin =XinBotein, i=1,...,N, (2.3)
N—1/2 N2 %

where Y,‘N = (DD ) DY,‘N, X,‘N = (DD ) DX,‘N and EIN =

(DD') "> Déy. Clearly, (FE3) implies

(FE3') (a) E(¢;n|1Xin) =0 and
(0) E(eine/yI1Xin) = 0 Iry—1,
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which is what will be used in the proofs. Arellano (2003) gives the specific form

of the entries of (DD’ ) ~'2D. The number of time series observations for each
individual is reduced from Ty to Ty — 1 by the forward orthogonal deviations
transform. However, for notational convenience, we will keep using T for the
number of time series observations in the transformed model. In a cross-section
setting this transform does not need to be carried out.

Assumption (FE3) (b) E(EiNE;leiN, CiN) = O‘ZITN restricts the €;; to be un-
correlated. This may be relaxed to E(EiNE;leiN, cin) = S where S is a known
covariance matrix. In this case the forward orthogonal deviations transform is
replaced by (DD’ ) ~12pg-1/2. 50 heteroskedasticity can be handled as long as
the structure of it is known—the applied transformation simply changes accord-
ingly. If the heteroskedasticity is ignored the situation is more subtle, and we will
discuss this in more detail in Section 3.

2.2. Random Effects

In the random effects setting (FE1)—(FE3) are maintained and

(RE4) @ E (civ Xy ) =0,
(b) E (CiNC;NDN(iN) = O'CZZTNZ/TN, and
(c) ¢ and o, are known and finite!

are added. Part (a) of this extra assumption restricts the dependence between X, x
and c;y sufficiently to allow merging the latter with the error term while still
being able to prove the desired results. Part (b) specifies the conditional covariance
structure of ¢;. RE4 (c) is needed to enable us to carry out the generalized least
squares (GLS) transform that follows. The gain from these stronger assumptions
is that they (as opposed to fixed effects) allow for the inclusion of a covariate that
is constant over time and only varies over individuals. Defining v,y = c¢;y +€;n,

(FE3) and (RE4) imply E (v,- VX N) —0and

acz-f-az a(.z 03
2 2, 2
S ~ ~ S [P A
E(vinviyIXin) =E(lciy +&nllciy +EnT1Xin) = ¢ ¢ =Q.
: . 062
2 2, 2
o; o +o

The presence of the unobserved heterogeneity renders the error terms correlated.
Because the structure of the correlation is known, the correlation is easily removed
by premultiplying (2.2) by?> 6 Q~!/? (GLS transform). This yields

Yivn=X;nypfo+e€in, i=1,...,N, 2.4)

where Y,y ZUQ_]/Z?,'N, XN = O'Q_I/ZX,‘N, and ¢; y =O'Q_l/2ViN. Hence,
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(RE3/) (a) E(G,’N|X,‘N) =(0and
(b) E(einel y1Xin) = 0?17y,

which is what will be used in the proofs. In a cross-section setting the random
effects transform does not need to be carried out. As was the case in the fixed
effects setting, any known heteroskedasticity structure can be handled in the ran-
dom effects setting also, as long as Q is known.

3. THE BRIDGE ESTIMATOR

The Bridge estimator estimates Sy by minimizing

N Ty ) PN
Ly(B) =YY (vie=xi,B) +in 2 1Bl 3.1)
i=1lr=1 k=1
NTy 2 PN
=Y (w=xp) +av ZIBI. 7 >0, (3.2)
Jj=1 k=1

where summation from 1 to N7y indicates summation over all time periods
for each individual. (So the first Ty terms in the sum correspond to all Ty
observations on individual 1, the next T terms to all observations on individual
2, and so on. This convention is adopted in what follows.) The Bridge estimator,
denoted ﬁN, may hence be seen as a sort of penalized/regularized least squares.
The objective function consists of two parts; the first part being the least squares
objective function and the second part penalizing parameters different from 0.
The larger Ay, the larger the penalty. For y = 1 the minimizer of (3.2) could be
called the LASSO panel estimator (Tibshirani, 1996). For y = 2 it could be called
the ridge regression estimator (Tikhonov regularization) for panel data models.
In a cross-sectional setting the ridge regression is frequently used to deal with
multicollinearity. The Tikhonov regularization is more generally used to solve
ill-conditioned (singular) overdetermined systems of linear equations.

Let fo denote the true value of  where the dependence on N is suppressed as
in Huang et al. (2008). Partition fo as fo = (B}, B5y)" Where S0 # 0 is ky x 1
and B0 = 0 is my x 1. Hence, the S are the coefficients corresponding to the
relevant variables denoted w;;. The S are the coefficients of the irrelevant vari-
ables denoted z;;. So x;, is partitioned as x;; = (W;t, z:.t)’ . Accordingly, we define
XN = (X]l,...,XNTN)/, WN = (W]],...,WNTN)/, and ZN = (Z]],...,ZNTN)/.
The terms Xy = (NTy) "' Xy Xy and =1y = (NTy) ' W), Wy are the scaled
Gram matrices of X and Wy, respectively. Let pyn and ppy be the smallest
and the largest eigenvalue of X . Similarly, define 7ix and 7oy as the smallest
and the largest eigenvalue of Zy. Set Wiy = (w1, ..., w,'TN)/ and for x € R?

Ix] =4/ 2,[::1 x,% denotes the euclidean norm on R” stemming from the dot prod-

uct. Finally, xx = (X1, ...,XnNTy.k)" is the vector containing all observations of
the kth explanatory variable.
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Next, we state and discuss the assumptions needed to establish consistency
and oracle efficiency of Bridge estimators in random and fixed effects panel data
models. Notice how N and Ty enter symmetrically, indicating that what matters is
their product, i.e., the total number of observations, and not whether it is N or Ty
that gets large (however, some theorems require further assumptions restricting
the rate at which T increases relative to N).

(A1) 1/(NTypy)EN, 3/ 5PV %2, is bounded in L' i

TN PN In PN
sup ]E(NT pNZZZx”k>: sup ZZE(x],k>=K<oo.

1<N<oco i=li=1k= 1<N<<>0TNPNz 1k=

(A2) There exist constants 0 < 77 < 72 < 00 such that 71 < 71y < 1oy <
7o almost surely.

(A3) An(kn/(NTw)'? = 0.

(Ad) /lelNy (NTN)"7?p y/2 ' 50 almost surely.

(A5) There exist constants 0 < by < by < oo such that by <

min { |10, 11 < j < kn} <max{|B10; |1 < j <kn} <b1.

(A6) (py+Ankn)/(NTypin) — 0 almost surely.

(A7) (plezz/vz)/(lev/z) € Op(D).

Assumption (A1) may be dropped altogether if the covariates are normalized
as 1/(NTV)EY 2 = 1/(NTW) SN 3% 6%, =1 for all 1 <k < py. Al
ternatively, (A1) is satisfied if {x;;x} is bounded in L>—this is in turn satisfied
if, e.g., the covariates are uniformly bounded or if Ty and py are fixed con-
stants. If the covariates are identically distributed over time, then the assumption
reduces to boundedness of the Cesaro sum piNZ,fi E (x121k)' Finiteness of py
or convergence of {E (x7,,) }zil is sufficient for this. Finally, it may be noted
that convergence of 1 /(T pn) Z[T’:\’ 1 ZII; N E (x%t k) is also sufficient for the desired
boundedness in L'.

Huang et al. (2008) mention that Assumption (A2) is likely to be satisfied in
sparse systems, where ky is relatively small.

Regarding condition (A3) one notices that if the number of relevant covariates
ky stays fixed Ax /(NTy)"/? = 0. Hence, Ay € o((NTy)'/?).

Assumption (A4): Assume 0 < a; < piy < poy < az < oo for some constants
aj and a and that the number of covariates stays constant. Then it must be the
case that /IN(NTN)_V/2 — o00. This excludes y > 1 by (A3). Hence, 0 <y < 1,
and Ay € o((NTy)?) N ((NTy)?/?) where w(g(N)) is the set of functions that
diverge to infinity when divided by g(N) as N — o0.

https://doi.org/10.1017/50266466612000230 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466612000230

ORACLE EFFICIENT ESTIMATION IN PANELS 121

Assumption (A5) requires that the nonzero coefficients are uniformly bounded
away from 0O and infinity. This is trivially satisfied if the number of covariates is
finite. Also note that all results remain valid (with slight modifications) if b; is
replaced by a sequence by that is allowed to tend to infinity.

By Assumption (A3), Assumption (A6) is satisfied if 0 < a; < p1y < pan <
ar < oo for some constants aq and ap and the number of covariates is finite.
Because the Gramian Xy is positive semidefinite (A6) also implies that p;y > 0
for the condition to be well defined. This excludes py > N Ty because the rank
of £y can be no larger than NTy.

Assumption (A7) is satisfied if 0 < a; < piy < pay < az < oo for some con-
stants a1 and a;.

Assumptions (A2)—(A6) are identical® to assumptions made in Huang et al.
(2008). (A1) and (A7) are not made by Huang et al. (2008), but both these assump-
tions are redundant if the covariates are normalized as 1/(N Ty) ZjvalN szk =1 for
all I <k < py as done by these authors.

Our first theorem states that the Bridge estimator is consistent in the random
and the fixed effects setting. Throughout we will assume that (FE1)—(FE3) (fixed
effects setting) or (FE1)—(FE3) and (RE4) (random effects setting) are satisfied.

THEOREM 1. Let ﬁN denote the minimizer of (3.2). Suppose that y > 0
and that conditions (Al), (A3), (A5), and (A6) hold. Then ||fn — BNl € O,

(min(hy, ky)) where hy = piy(pn/(NTN)Y? and Iy = [(py +Ankn)/
(NTypin)1"/2.

Theorem 1 shows the consistency of the Bridge estimator by Assumption
(A6). By considering &y it follows that if there exists a constant a; such that
0 < a1 < p1n and py is constant the Bridge estimator converges at the same rate
as the least squares estimator. The faster the arrival rate of new explanatory vari-
ables (py increases) the slower the rate of convergence of the Bridge estimator
because /1y and h'y are increasing in py. If p1y tends to O (approaching a singu-
lar design) the convergence rate is also slowed down. It is also seen that N and
Tn enter symmetrically. This is not immediate on the outset because only inde-
pendence of {X;x}72, has been assumed, whereas the Ty rows of each X;y may
have any dependence structure between them. What provides the result is that
E(e; Ne{ NIXin) = cerTN , 1.e., the conditional uncorrelatedness of the error terms
of each individual. This underscores the importance of orthogonalizing (in L?) the
error terms prior to applying the Bridge estimator. In the presence of unknown
arbitrary heteroskedasticity, E(e;ne/ y|X;n) = S (which cannot be orthogonal-
ized), we were only able to prove that ||,bA’N —pBnll € Op(Wy + (Ty — 1)/p1n).
So even in the situation of fixed T, consistency requires pjy — 00, which is
impossible.

The next theorem reveals that the Bridge estimator performs variable selection
and gives the limiting law of the estimator of the nonzero coefficients.

Let U]N = a/ (E [(I/TN)W/INwlN])_l T1\71/2W/1N61N-
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THEOREM 2. Assume 0 <y < 1. Then, under (Al)—(A7),

(i) ﬁzN = 0 with probability converging to 1.

(ii) Let ky be a fixed number k, o. be a k x 1 vector, and sy = \/02(1’21_1\1,0(.
If{UIZN};)\,O:l is uniformly integrable,

maxi<r<Ty Var (w14 Wwism)

— 0 foralll <l,m <k,

N
and
. Y / . .
Nh_)moo NTv P2 E (ijj) = ngnoo]E <TN 1NW1N>

exists, then

(NTw)' 2551’ (Bin = Bro) > NO, ).

Part (i) states that not only does ﬁAzN — 0in probability (Theorem 1), the Bridge
estimator actually sets ﬁzN = 0 with probability converging to 1. The latter of
course implies the former whereas the converse is not true. The fact that ﬁzN
is set exactly equal to O with probability converging to 1 means that the Bridge
estimator performs variable selection.

Part (ii) of the theorem states that the asymptotic distribution of the estimators
of the nonzero coefficients is the same as if the true model had been known in
advance—i.e., as if an oracle had revealed which variables to include and which to
exclude. This is a very useful result in practice. One simply includes the whole set
of potential explanatory variables. The irrelevant ones will be kicked out (ﬁ’z N=0
with probability converging to 1), and the relevant ones are estimated with the
same asymptotic efficiency as if the irrelevant ones had been left out from the
outset. However, notice that the price paid for letting the covariates be random is
that ky must be fixed. Alternatively, one may continue to let ky increase in N
while conditioning on the covariates and establish the limiting law along the lines
of Huang et al. (2008).

Next we discuss conditions under which the requirements of part (ii) of The-
orem 2 hold. The following theorem gives sufficient conditions under which
{U%}%_, is uniformly integrable.

THEOREM 3. {Uf,\,}i/o=1 is uniformly integrable if either of the following
conditions is satisfied:

(i) Ty =T forafixed T.
(ii) The rows in Wy are identically distributed, and Wiy L €in, i =
1,...,N.

https://doi.org/10.1017/50266466612000230 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466612000230

ORACLE EFFICIENT ESTIMATION IN PANELS 123

The assumption max<;<7y Var (wiwis,) /N — 0forall 1 <I,m <k in part
(ii) of Theorem 2 is not restrictive. It is clearly satisfied if Ty is fixed. It
is also satisfied if max;<;<7y E ([wiwim]?) < M < oo for all Ty and 1 <
I,m < k (second moments uniformly bounded in #), which in turn is satis-
fied if the variables themselves are uniformly bounded in . The assumption is
also satisfied if wy, are identically distributed across ¢. If the variances are lin-
early increasing, i.e., Var (wywim) = ajy,t for some aj, > 0, it suffices that
Ty/N — 0.4

If Ty is fixed, limNﬁool/(NTN)ZszTlNE(ij}) — limyo oo E ((1/Ty)

W’l NWi N) exists. The same is true if wy, is identically distributed across 7.
Part (ii) of Theorem 2 is made more precise in the following corollary, which
considers the classical situation of fixed Tyy. Let W denote the matrix containing

the k untransformed relevant variables of individual 1 in all time periods and W,
its column demeaned version.

COROLLARY 1. Under the assumptions of Theorem 2, Ty fixed
(i) and (FE1)—(FE3) and the forward orthogonal deviations transform

N2 (Biy = o) S N (0,02 [E (Wgﬁl)}_l) 3.3)
(ii) and (FEI1)~(FE3), (RE4), and the GLS transform
N2 <ﬂA1N—ﬂ10) i>N<0,0'2 |:E (W/IQ_IW1)}_1>. 3.4

Note that the asymptotic distribution in (3.3) is the same as for a fixed effects
estimator with known sparsity pattern of fy. This underscores the oracle property
of the panel Bridge estimator. Similarly, (3.4) is the asymptotic distribution of the
random effects estimator with known sparsity pattern of fy.

4. THE MARGINAL BRIDGE ESTIMATOR

Because the Bridge estimator is not applicable when py > N Ty (though it does
allow py — 00) a different approach is needed for this situation. As in Huang
et al. (2008) we will employ the Marginal Bridge estimator, which estimates S
by minimizing

pN NTn ) PN
UvB) =Y > (vi—xiuhe) +in 2 1Bl @.1)
k=1 j=1 k=1
pN [NTn )
= < (vj —xjxpx) +/1N|ﬂkly>~ 4.2)
k=1 \ j=1
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From (4.2) it is clear that the objective function is nothing else than the sum
of the marginal objective functions for each variable—hence the name Marginal
Bridge estimator. Let fy denote the minimizer of (4.2). We show that the
Marginal Bridge estimator is able to correctly distinguish between relevant and
irrelevant variables even when there are more explanatory variables than obser-
vations (py > NTy). Maintain (FE1), assume €; y is normally distributed for all
1 <i < N, and replace (FE2) and (FE3) by

(FE2MB) (X,» N G N) 1 &y, with &y ~ N(0,02I7,).5

(FE2MB) clearly implies (FE3), whereas the reverse need not be the case (for
an example, see Stoyanov, 1997). However, this strengthening is not likely to be of
any practical importance because it is hard to imagine practical examples where
(FE3) is satisfied while (FE2MB) is not. After carrying out either the fixed effects
or the random effects transform (FE2MB) implies that X;y 1L €y, €1, ..., €1y
isii.d. Gaussian forall 1 <i < N,E(e;;) =0, and E (¢3) = 0. The Gaussianity
assumption on the error terms is a price we must pay for working with L norms
instead of the exponential Orlicz norms in Huang et al. (2008) in the proofs.°
Working with exponential Orlicz norms did not turn out to be fruitful (even af-
ter conditioning arguments) because of the presence of random covariates that
rendered some otherwise useful maximal inequalities inapplicable.

Let Ky =(1,...,kyn) denote the active set, i.e., the set of indexes of the relevant
variables, and Jy = (ky +1, ..., py) the inactive set, i.e., the set of indexes of the
irrelevant variables. Standardize the covariates such that 1/(N TN)ZJ}.V:TlN xj2k =1
forall k =1,..., py. This implies that the covariates have moments of any order

NT, .
because |xji| < ijlN szk = (NTy)'/?. Because the Gaussian error terms also

have moments of any order, this is the real reason enabling us to refrain from any
moment assumptions like (FE2). Finally, define &y, = 1/(NTy) ZJZ.VZTIN W} Prox;i.
Make the following assumptions.

(B1) There exists a constant & > 0 such that minge g, |[Eni| > &o with proba-
bility approaching 1.

B2) An/(NTy) — O.
(B3)

kn
— 0.
— 1/2—

(i (NTy)=7/2) )

(B4)

my
(AN(NTN)*V/Z)q/(2_7') — 0 for some g > 1.

(B5) For all 6 > 0 there exist a co > 0 and a Ny € N such that
YN s
P<f="’ <cp, ke Ky, leJN) >1—dfor N > Np.

(NTy)!/2

(B6) There exists a constant 0 < by < 0o such that maxiek y [S1ok| < b1.
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Assumption (B1) is a technical assumption needed to prove that no variables
from the active set will be discarded by the Marginal Bridge. In a fixed regressor
setting it is similar to assuming that the covariance between the left-hand side
variable and the relevant covariates is bounded away from 0.

Assumption (B2) requires that Ay € o(NTy).

Assumption (B3) combined with assumption (B2) implies that ky €
o((NTy)'/?). In the classical case of fixed Ty this amounts to ky € o(N'/?).
This is in line with the results of Huang et al. (2008).

For0 <y <2, (B3) also implies that /11\/(NTN)_)’/2 — 00. Together with (B2)
this yields that A1y € o(NTy) N ((NTy)"/?).

Using (B2) in (B4) implies my € o ((NTN)’]/Z). Because ¢ is arbitrary this
indicates that the number of irrelevant variables must be asymptotically domi-
nated by some polynomial in the sample size. Note that the number of irrele-
vant variables cannot tend to infinity as fast as in Huang et al. (2008) where
mpy € exp(o(N)). As indicated previously the reason is that the exponential
Orlicz norms did not carry over straightforwardly to the random covariate setting
and so we had to settle with maximal inequalities based on L9 norms, which don’t
give us as sharp results as exponential Orlicz norms. However, my € o(N9/%) (Ty
fixed) is not very restrictive in practice because it still allows the number of irrel-
evant variables to increase at a much higher rate than the sample size as long as
this rate is polynomial.

Assumption (B5) is a partial orthogonality assumption limiting the dependence
between the variables in the active and the inactive sets. It rules out correlations
of —1 or 1.7 However, it is not too restrictive and as will be seen from the Monte
Carlo simulations in Section 5 the Marginal Bridge also works quite well even
when the covariates in the active and inactive sets are highly correlated.

Assumption (B6) requires a uniform bound on the size of the coefficients
belonging to the relevant variables. This assumption may be relaxed in the same
way as Assumption (AS5) for the Bridge estimator at the price of a lower growth
rate of the number of relevant variables.

Assumptions (B1)—(B6) are similar to the assumptions made in Huang et al.
(2008). However, we must assume Gaussianity of the error terms instead of sub-
Gaussianity as in Huang et al. (2008).® As indicated before, this is a price we pay
for letting the covariates be random. The properties of the Marginal Bridge are
given in the following theorem.

THEOREM 4. Under Assumptions (B1)—(B6) and if 0 <y < 1,

P(fn=0)>1 and P(fixi=0, keKy) 0. 4.3)

Hence, the Marginal Bridge estimator is able to screen out the irrelevant vari-
ables while retaining the relevant ones.

The nonzero coefficients are not estimated consistently. To obtain consistent
estimates the same two-step procedure as in Huang et al. (2008) can be applied.
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In the first step the Marginal Bridge estimator is applied to distinguish between
the relevant and irrelevant variables. In the second step, where only the relevant
variables are left, these may be estimated by any consistent estimator (e.g., least
squares or the Bridge estimator).

5. SIMULATIONS

In this section the finite-sample properties of the proposed estimators will be
investigated. The Bridge estimator will be implemented by means of the minorize-
maximize algorithm of Hunter and Li (2005), which in the present case reduces
to a series of ridge regressions.

Implementing the Marginal Bridge is very fast. Because Z;valN xj2k = NTy for
k=1,..., py it follows from Lemma A in Knight and Fu (2000) that f; = 0 iff

NTy -
i1 ViXjk

NTy

AN
NTy

, 5.1)

>Cy

where ¢, = (2/2—7))2(1—y)/2—y ))!~7 . Hence, variable selection is ex-
tremely fast® even in vast-dimensional models because the inclusion of a variable
is solely based on the criterion (5.1), which roughly amounts to checking whether
the correlation between the left-hand-side variable and the covariate is sufficiently
high to deem the latter relevant. Notice how only marginal information is used to
decide whether a variable is to be included or not. Having decided on the sparsity
pattern the second-step estimates of 1 are found by means of least squares.'”
The following issues will be investigated

1. How often the Bridge and the Marginal Bridge estimators select the correct
sparsity pattern, i.e., how good they are at distinguishing the active from
the inactive set. This is highly relevant in applied work investigating which
variables help explain the left-hand-side variable.

2. The median number of variables included, i.e., how well the Bridge and the
Marginal Bridge reduce the dimension of the problem. This median is ideally
equal to the cardinality of the active set.

3. The explanatory power of the Bridge and the Marginal Bridge. To investigate
this, the estimated parameters are used to fit values on a validation data set
drawn from the same distribution as the training set.

4. In connection to the explanatory power, how often the procedures retain all
relevant explanatory variables. As can be expected, retention of all relevant
explanatory variables is important for achieving a good fit. It is also highly
desirable if the procedures are to be used as initial screening devices in vast-
dimensional data sets.

. The precision of the parameter estimates using the mean square error of /)A’ .

6. The asymptotic distribution of the estimator of the nonzero fy’s. This is done
by comparing the standard deviation of S to the corresponding quantities for

9
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the least squares estimator with only the active set included. The latter (in
practice infeasible) estimator will be called the ordinary least squares (OLS)
Oracle henceforth.

7. In the py < NTy setting the coverage probabilities of 95% confidence
intervals are reported for the Bridge estimator and the OLS Oracle to as-
sess Theorem 2.!!

The Bridge and the Marginal Bridge estimators will be compared to the LASSO
of Tibshirani (1996) estimated by pathwise coordinate descent, the Schwarz
information criterion (Bayesian information criterion [BIC]), the OLS Oracle,
and OLS on the system including all covariates. Only the Marginal Bridge, the
LASSO, and the OLS Oracle are applied when py > NTy. To limit the compu-
tational burden, BIC is only applied for the designs with 15 or fewer covariates,
which implies a maximum of 25 — 1 = 32,767 regressions per Monte Carlo repli-
cation. All experiments are carried out with 1,000 replications.

The data are generated from equation (2.2). In all experiments 7y = 10. Initial
experiments indicated that y = 0.5 works quite well for both the Bridge and the
Marginal Bridge estimators, and this value will be used throughout. Larger val-
ues of y resulted in larger models. In light of the fact that the LASSO turns out
to select larger models than the Bridge estimator, it is no surprise that as y ap-
proaches 1 the median number of variables included by the Bridge estimator
increases too. In all experiments, €;; and ¢; are N (0, 1).

The regularization parameter 4y is usually chosen by 10-fold cross validation.
Here we try this and also the significantly faster BIC to determine Ay for the
Bridge, the Marginal Bridge, and the LASSO.

5.1. The Experiments

(A) N=10,89y=(1,1,1,1,1,0,0,0,0,0,0,0,0,0,0)’, and the covariates are
independent N (0,1) variables.

(B) po is asin (A). The correlation between the kth and /th covariates is p'k -
with p = 0.50.

(C) As (B) but with p =0.95.

(D) As (A) but with N = 100.

(E) As (B) but with N = 100.

(F) As (C) but with N = 100.

(G) N = 10 and five relevant explanatory variables with a coefficient of 1; 245
irrelevant variables. All covariates are independent.

(H) N = 10 and five relevant explanatory variables with a coefficient of 1; 495
irrelevant variables. All covariates are independent.

(I) N =10 and five relevant explanatory variables with a coefficient of 1; 2495

irrelevant variables. All covariates are independent.

Note that even though the covariates are independent in experiments G-I the max-
imum spurious sample correlation, i.e., the maximum observed sample correlation
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between covariates, may still be very high (for examples, see Fan and Lv, 2008).
In particular, if a relevant and irrelevant covariate are highly correlated it will be
difficult to distinguish between these.

5.2. Results

Table 1 contains the results for experiments A-F, where py < NTy.

Experiment A reveals that the Bridge, Marginal Bridge, and Schwarz informa-
tion criterion all perform quite well in the independent covariates setting. They
all detect the correct sparsity pattern in more than half of the cases irrespective
of whether cross validation or BIC is used to determine Ay . In all respects their
performance is comparable to the OLS Oracle.

As seen from experiment B making the covariates moderately correlated does
not cause the performance of the procedures to deteriorate with respect to the
fraction of times the right sparsity pattern is chosen or the fraction of times all
relevant covariates are retained. However, all procedures get more imprecise.
Because this is also the case for the OLS Oracle this is not a particular artifact
of the Bridge class of estimators.

Experiment C reveals that as the correlation gets very high the performance of
the Bridge and BIC deteriorates. On the other hand the Marginal Bridge contin-
ues to detect the right sparsity pattern in more than half of the cases. However,
even the latter fails to retain all relevant variables in all cases. The coverage prob-
abilities of the Bridge confidence intervals are significantly below 95%—this is
the case in particular when BIC is used to select 4. Taking into account that it
only retains all relevant variables in 3% of the simulations, this result is not too
surprising.

Experiments D-F illuminate the asymptotic properties of the Bridge and the
Marginal Bridge. In particular the Marginal Bridge with BIC used to determine
An detects the correct sparsity pattern in almost all cases irrespective of the cor-
relation structure imposed on the covariates. The performance of the Bridge also
gets significantly better as the sample size is increased, whereas the LASSO only
improves moderately. The loss of all procedures is reduced, and the parameters
are estimated more precisely. Finally, the coverage probabilities of the Bridge are
now close to the nominal rate of 95%.

Note that the Marginal Bridge performs quite well even in the high correlation
experiments C and F, indicating that the partial orthogonality assumption (BS) is
not overly restrictive.

It is seen that in general the BIC is a better way of determining 4, than cross
validation. BIC detects the correct sparsity pattern more often, and only in exper-
iment C does one find that cross validation is superior with respect to the number
of relevant variables retained and coverage probabilities.

Table 2 contains the results for experiments G-I, which investigate the per-
formance of the Marginal Bridge in the py > NTy case.'> As can be expected
the correct sparsity pattern is detected less frequently. However, all relevant
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TABLE 1. Results for experiments A—F where py < NTx

Cross Validation BIC
Marginal Marginal OLS OLS

Experiment Bridge Bridge LASSO Bridge Bridge LASSO BIC Oracle All

A (N =10)
Sparsity pattern 0.60 0.52 0.01 0.67 0.78 0.10 0.66 1.00 0.00
Median #Var 5.00 5.00 10.00 5.00 5.00 8.00 5.00 5.00 15.00
Loss 2.11 2.11 2.15 2.09 2.08 2.16 2.10 2.07 2.21
Relevant retained 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Median Beta MSE 0.08 0.07 0.10 0.07 0.06 0.10 0.07 0.06 0.11
Stdv 0.12 0.11 0.12 0.12 0.11 0.12 0.11 0.11 0.12
Cov. Prob. 0.91 0.92 0.94

B (N =10)
Sparsity pattern 0.66 0.65 0.05 0.72 0.92 0.29 0.69 1.00 0.00
Median #Var 5.00 5.00 8.00 5.00 5.00 6.00 5.00 5.00 15.00
Loss 2.10 2.10 2.13 2.09 2.07 2.14 2.10 2.07 2.21
Relevant retained 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Median Beta MSE 0.09 0.08 0.10 0.08 0.07 0.09 0.08 0.07 0.14
Stdv 0.14 0.13 0.14 0.14 0.13 0.14 0.13 0.13 0.14
Cov. Prob. 0.93 0.94 0.95

C(N=10)
Sparsity pattern 0.08 0.56 0.14 0.02 0.64 0.28 0.01 1.00 0.00
Median #Var 5.00 5.00 7.00 4.00 5.00 6.00 4.00 5.00 15.00
Loss 2.16 2.11 2.10 2.17 2.10 2.10 2.18 2.07 2.21
Relevant retained 0.32 0.89 0.90 0.03 0.69 0.88 0.01 1.00 1.00
Median Beta MSE 0.40 0.29 0.26 0.48 0.28 0.25 0.49 0.22 0.48
Stdv 0.50 0.41 0.35 0.60 0.51 0.36 0.61 0.35 0.37
Cov. Prob. 0.74 0.57 0.95

Table continues on overleaf
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TABLE 1. continued

Cross Validation BIC
Marginal Marginal OLS OLS
Experiment Bridge Bridge LASSO Bridge Bridge LASSO BIC Oracle All
D (N =100)
Sparsity pattern 0.76 0.66 0.02 0.94 0.99 0.46 0.91 1.00 0.00
Median #Var 5.00 5.00 10.00 5.00 5.00 6.00 5.00 5.00 15.00
Loss 2.01 2.01 2.01 2.01 2.01 2.02 2.01 2.01 2.02
Relevant retained 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Median Beta MSE 0.02 0.02 0.03 0.02 0.02 0.03 0.02 0.02 0.03
Stdv 0.03 0.03 0.03 0.03 0.03 0.04 0.03 0.03 0.03
Cov. Prob. 0.95 0.95 0.95
E (N =100)
Sparsity pattern 0.77 0.71 0.12 0.93 0.99 0.62 0.91 1.00 0.00
Median #Var 5.00 5.00 8.00 5.00 5.00 5.00 5.00 5.00 15.00
Loss 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.02
Relevant retained 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Median Beta MSE 0.02 0.02 0.03 0.02 0.02 0.03 0.02 0.02 0.04
Stdv 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04

Cov. Prob. 0.94 0.94 0.95
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F (N =100)

Sparsity pattern 0.70 0.70 0.16 0.93 0.99 0.47 0.92 1.00 0.00
Median #Var 5.00 5.00 7.00 5.00 5.00 6.00 5.00 5.00 15.00
Loss 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.02
Relevant retained 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Median Beta MSE 0.08 0.08 0.08 0.07 0.07 0.07 0.07 0.07 0.14
Stdv 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11
Cov. Prob. 0.93 0.94 0.95

Notes: Cross validation and BIC indicate which procedure was used to determine 4y . Sparsity pattern: The fraction of times the correct sparsity pattern is detected. Median #Var: The
median number of variables included. Loss: The mean square error (MSE) when using the estimated parameters on a validation data set drawn from the same distribution as the training
set. Relevant retained: The fraction of relevant variables retained in the model. Median Beta MSE: Mean square error of 4. Stdv: Standard deviation of the estimated coefficient of the first
variable (which is always in the active set). Cov. Prob.: Coverage probability of 95% confidence interval of the estimated coefficient of the first variable.
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TABLE 2. Results for experiments G-I where py > NTy

Cross Validation BIC
Marginal Marginal OLS OLS
Bridge Bridge LASSO Bridge Bridge LASSO BIC Oracle All
G
Sparsity pattern 0.14 0.00 0.34 0.04 1.00
Median #Var 9.00 20.00 6.00 9.00 5.00
Loss 2.33 2.47 2.23 2.62 2.08
Relevant retained 0.98 1.00 0.94 1.00 1.00
Median Beta MSE 0.03 0.04 0.02 0.04 0.01
Stdv 0.15 0.14 0.16 0.14 0.11
H
Sparsity pattern 0.07 0.00 0.23 0.03 1.00
Median #Var 12.00 23.50 7.00 10.00 5.00
Loss 2.52 2.58 2.36 2.76 2.09
Relevant retained 0.94 1.00 0.88 1.00 1.00
Median Beta MSE 0.03 0.03 0.02 0.04 0.01
Stdv 0.17 0.14 0.20 0.16 0.11
I
Sparsity pattern 0.01 0.00 0.05 0.01 1.00
Median #Var 19.00 35.00 9.00 11.00 5.00
Loss 3.14 2.87 2.85 3.23 2.03
Relevant retained 0.75 1.00 0.67 0.95 1.00
Median Beta MSE 0.02 0.02 0.01 0.02 0.00
Stdv 0.24 0.15 0.27 0.17 0.11

Notes: Cross validation and BIC indicate which procedure was used to determine 4y . Sparsity pattern: The fraction of times the correct sparsity pattern is detected. Median #Var: The
median number of variables included. Loss: The MSE when using the estimated parameters on a validation data set drawn from the same distribution as the training set. Relevant retained:
The fraction of relevant variables retained in the model. Median Beta MSE: Calculated as explained in the main text. Stdv: Standard deviation of the estimated coefficient of the first variable
(which is always in the active set).
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variables are retained very often, and only few irrelevant variables are kept in
the model. Hence, the Marginal Bridge is still a very effective tool for dimension
reduction.

The LASSO and the Marginal Bridge perform equally well in experiments
G and H (slight advantage for the LASSO), whereas the LASSO is superior in
experiment I. However, the LASSO also takes much longer to compute, and the
models it chooses are bigger. The following idea that builds on the thoughts of Fan
and Lv (2008) could potentially improve the performance of the Marginal Bridge:
estimate the Marginal Bridge one or several times more using the residuals from
the first (previous) step as left-hand-side variables. This will lower the priority of
those irrelevant variables that seemed relevant only through their high correlation
with some of the relevant variables already included.

6. CONCLUSIONS

This paper introduces the Bridge and Marginal Bridge estimators in a linear panel
data setting allowing for both random and fixed effects. When p < NTy it is
shown that the Bridge estimator (and Marginal Bridge) has the oracle property.
It sets all coefficients that are truly O to 0, and the asymptotic distribution of
the estimator of the nonzero coefficients is the same as if the sparsity pattern
had been known. Monte Carlo experiments underscore this conclusion and are
used to investigate the finite-sample properties of the procedures. They also reveal
that the Schwarz information criterion is more useful than 10-fold cross valida-
tion for selecting 4. This is encouraging because BIC is also faster than cross
validation.

When p > NTy it is shown that the Marginal Bridge estimator still detects
the correct sparsity pattern with probability converging to 1. This is true in the
random and the fixed effects settings under a partial orthogonality assumption on
the covariates. However, the Marginal Bridge works well even when the relevant
and irrelevant covariates are highly correlated. Furthermore, the Marginal Bridge
estimates are extremely fast to compute because only marginal information is used
to decide whether a variable is relevant or not. The Marginal Bridge is also shown
to perform well in the py < N Ty setting. In the py > N Ty setting the Marginal
Bridge does not always retain all relevant variables. An iterative procedure was
proposed to solve this problem. Working out the properties of this procedure is
left for future research.

7. PROOFS
LEMMA 1. Let u be a py x 1 vector. Then
E(sup ]\%Nexu XN><50(NTNpN)1/2< g“%\:pﬁx )1/2.
i<s| 5 NTvpy S 550"
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Proof.
NTy 2 NTy 2
E| sup Z ¢xjul | Xy | <E| sup ||u||2 Z €X; Xy
lull<d| ;=1 lull<é j=1

< &FE

NTn NTyn
2 GjX} 2 Gij ’XN ,
j=1 j=l1

where the first inequality follows from the Cauchy—Schwarz inequality. Because

E (eirx) €is%is | Xn) = E( fxis€ir€is| Xin ) = x, x5 E (€i€i5|1Xin) =0, t#s,

E (eiix},€j5xjs|Xn) = E (E [€ix], €)% XN, €] 1Xn)

=E (Ettxltxjs [fjslxNa Eit} IXN)
=E (eltxl[xjs [EjslxjN} |XN) =0, i # ],

E (fttxlteztxlt|XN) =E [ thfitfitlxiN} =x,x;;Elei€ir|Xin] = szétxn-

Hence,

NTy 2
E| sup zgjxju XN <52 ZZXX =& 222x1[x,,
lull<d| ;=1 j=1 i=lt=1
=0"0"NTypN —— xltk’

NTnpn (S50

and the result follows from the conditional Jensen inequality. u

LEMMA 2. Let {Xp}nen and {Y,}nen be sequences of nonnegative random
variables. If there exist an integer Ny and a constant C such that for n > Ny

(3
Y,
then

X, € 0,(Yy).

Proof. It suffices to show that forany € > 0 P ({X,,/Y, > C/€}) < € forn > Ny.
Assume the opposite is true for some € > 0 to reach a contradiction. Then

X X X C
E <”> = [ 24P > / “2ap > / —dp
Y, Yy, (Xu/Ya>C/e} Y {(Xu/Ya>C/e) €

X
€ Y, €

which is the desired contradiction. u
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R ) 172
Proof of Theorem 1. We first show that ||fy — foll € O, ([W} )
Because [;’N minimizes (3.2)

NTn N2 PN NTy 2 PN
D (yj—x}ﬂN) +in X, 1Bkl < Y, (y,;—%ﬁo) +n X, 1Bol” .
k=1 j=1 k=1

j=1
Defining v = An S5~ |fox|? this implies

NTy 5 NIy

= ; (yj—X}l?N) —Z,l (yj—X}ﬂo)2
([ =] = s =] ) (s =i |+ [ =50 )

NTy

[x (bo— )] +2 3 o i (Bo—hv).

30
=

IM3S T

.
I

Now define dy = (NTy)" /22 Y2(By = fo). Dy = (NTy)~/2£5">X),, and

en = (€1,...,enTy) . With these definitions

NTy NTy .

Y [ — )] +2 T ox (BB ) = oo —2(Dyen)'on
j=l1

= |l6y —Dwen|l* —IDnenll,
which implies
|loy —Dyenll* — [IDyenll* —ny <0
and by the subadditivity of x > x!/2 yields ||6y — Dyey|| < [[Dyenl|+ 7y . By
subadditivity of the norm ||-|| this implies ||[dx]|] < ||[0y —Dnyenl|+||Dyen|| <

2||Dyenll+ 77 2. Because (x 4+ y)? < 2x242y? for x, y € R by the convexity
of x > x? one has

168 11* < 4D yen] > + 2.
Letting d; denote the jth column of Dy we may write Dyey = ZJILT]N dje;.
Using that Dy is measurable with respect to X, conclude
E (dj,€idis€is) =E (dj,disE[€ir€is| X n])
=E (d},d;;E[eir€is|Xin]) =0, s#t,
E (dj,€iidjsE [€j51Xn, €ir])
E (dj;€idjs [¢js1X;n]) =0, L],
E (d},diEleireir|Xin1) = E (dfydir) = oE (Ildil?)

E (dEZGirdjsfjs)

E(dﬁ,éndnfn)

https://doi.org/10.1017/50266466612000230 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466612000230

136 ANDERS BREDAHL KOCK

Hence,

NTy

dej
j=

(£oe) (204

=0’E (é [H ) o’E (ir (DyDy)) = ¢E (tr (DyDYy))

= )—Usz-

E(IDyex ) =

And so, E (||oy][?) < 40’2pN +27y. Hence,

(NTy)E ((ﬁN —ﬁo)/ Iy (ﬁN —ﬁo)) E@yon) =E(llon]1?) <40?py +2ny.

Because the number of nonzero coefficients is kp,
PN kn .
v =An 2 1Bojl” =2n D, 1Bojl” < Anknbi,
k=1 k=1

where the inequality is a consequence of Assumption (AS). Because pjy is the
smallest eigenvalue of Xy,

pillfy = ol = pix (B — o) (B —po) < (Bv—Po) = (B —Fo)
Hence,
E (PlNIIﬁN —ﬁollz) < %E ((ﬁN —ﬂ0>/ Y (ﬁAN —,30)>

_ 40 pn+2ny _ 40 py +2Anknb]
- NTy - NTy
PN+ ANknb]

NTy

<C
for C = max (402, Zbi’ ) This implies

Ao 2
Ay =poll* | _
(PN+iNkN) -
NTnpin
By Lemma 2 this establishes ||y — foll € O, ([(pn + Ankn)/(NTy pin)1"?).

Next we show that ||[By — foll € 0, (plN(pN/(NTN))l/Z). Like Huang

et al. (2008) we use the idea from the proof of Theorem 3.2.5 in Van der
Vaart and Wellner (1996). Let ry = pl_,\} (pn/(NTy)Y/?. For every

E
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N partition the parameter space (excluding fp) into the disjoint shells
Siv={p: 27V <[1B=Poll/rn < 2'} wherel € Z. T 2 < HﬁN—/}O‘

a given integer M then ﬁN € Uj>m Si,n- For the shell that ﬁN belongs to, the
infimum of the map # — Ly (8) — Ly (fo) is nonpositive. Hence, for any § > 03

/ry for

P (|| By = o7 > 21)
< 3 P(ﬂéng(LN(ﬁ)—LN(ﬁo)>50)+P(H/9N—/foH>5). (7.1)

>M
2=l <6/ry

The last term in (7.1) converges to O by the consistency of /?N shown in the
first part of the theorem. The theorem is established by proving that the first term
on the right-hand side can be made arbitrarily small by choosing M sufficiently
large. To this end let § € S,y for an arbitrary / summed over and note that

NTy 2 kn my
Ly(B)—Ln(Bo)= Y, (y/‘ —X}ﬁ) +An 2Bl + AN Y 1Bl
j=1 k=1 k=1
NTy

2 ky
=3 (y-xh) —in 3 lowl
j=1 k=1

NTy

2 Ijév (yf— }ﬁ)z-l-iN:gN,l Bil” =Y, (Yj—X}ﬁo)z

J=1

kn
—in X 1Bowl”
k=1

NTy 2 NTN

=Y (x18-pol) =2 3 & (B fo)
Jj=1 j=1
kn
+in Y, (IBl” = 1Bowcl”) - (7.2)
k=1

Regarding the first term in (7.2),

NTyN 2 NTn
Y (18— pol) =18=Pol 3, %} 18— fol = NTw [ — ol v 18 = fo]
j=1

j=1
> NTy[B—pol*pin > NTN22"Dr3 pin.

Regarding the third term in (7.2) we note that § € S; v and 201 < 6/ry im-
plies that || 5 — foll/ry < 2' < 25/ry. Hence, it suffices to consider /3’s satisfying
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Il — Poll <20.Because J > 0 is arbitrary and the entries of Sy are bounded uni-
formly away from the O by by the mean value theorem may be applied to conclude
that for some (i between 1 and foix

kn
an Y, (1Bl” = 1Bow!”)
k=1

kn
=|iny Y, lcel” " sign(&) (Bix — Boik)
k=1

ky 1/2 1/2
<cin X, Bk —Pol < cinky I —Boll < cAnky 2'ry,
k=1

where ¢ = y (bo — 20)” ~! and the second to last estimate follows from Jensen’s

inequality. Hence, on S; v, An ZIZZI Bl —1Bowkl”) = —ciNkllV/zZ[rN. There-
fore, on §; v,

NTn

2261 (8= Po)

j=

Ln(B)—Ln(fo) > — +p1NNTN22(l Dy 2 c/lNkZIV/ZZIrN.

Hence, by the conditional Markov inequality and Lemma 1,

P ( it (L (B)~ Ly (o) < O‘XN>

NTy
<P( sup |2Y &%, (B—po)| 2 pinNTW22I"Dr3 —canky*2'ry [ Xy
BeSin| j=1
NTn /
E<SupﬁESI,N 2Xi1 6% (ﬁ_ﬁO)HXN>

plNNTNZZ(l_l)rjzv — C)LNkll\,/zzer

1/2
o(NTypn)'/?2'ry (NT;lva XD HID YAlE: nk)
plNNTN22(l_l)r12\,—ClNk]1V/ 21}”1\/

IA

1 N 12
B 20 (NTNpN 2:’:12 Dy 1xnk)
22—y (kn/(pyNTy))'?

By Assumption (A3) Ay (ky/(pxNTy))'/? — 0, and so 272 — ciy (ky/
(NTy))'/? > 2!73 for N sufficiently large. Hence, by iterated expectations and
Assumption (A1)

P (ﬁglfN (Ln(B)—Ln(Bo)) < 0) < sz-
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Finally, this implies that

VK

ol—4 >

> P ( inf (Ly(f)—Ln(po)) < 0) <y
I>M BeSin I>M
2=1<g/ry

which is convergent, and so the tail can be made arbitrarily small by choosing M
sufficiently large. [ |

LEMMA 3. Suppose 0 <y < 1. Let fy = (ﬁm, /§2N). Then fan = 0 with
probability converging to 1 under Assumptions (Al)—(A7).

Proof. By Theorem 1 ||,5’N Poll € Op (hy) with hy = piy (pN/(NTN))l/2
and so for all € > 0 there exists a constant C such that for N sufﬁ01ently large

P (118 = poll/ > €) < e P Iy —foll = Chy ) 2 1—e.

Put differently, ﬁN €{B 11 — Poll < Chy} with probability converging to 1. Let
Bin = Bro+hyuy and fay = a0+ hyua = hyuy. Choosing ,BN is then equiv-
alent to choosing u; and u,. For u = (u/, u})’ one has ||u|| = ||,b’N Poll/ hn,
which is bounded by C with probability approaching 1. Hence, we may assume
Ilull> = llur||* + [luz|* < C* and define

Vn(u,w) = Ly (Bin, fon) = Ly (Bro+hyui, hyua).

To establish the lemma it now suffices to show that for any u with ||u| <
C, Vy(uy,u) — Vy(ug, 0) > 0 with probability converging to 1 if u # 0. Now,

NTy
2
Vy(up,up) —Vy(ug,0)= Y (y;j— By wj —hyujw; —hyu)z))
=1
kn
+in 2 1Botk +hnuikl” + Ay 2 |hnuokl”
k=1 k=1
NTy kn
- 2 (vj —Borw;j — hNUﬁW,) —in X, Boik +hnuikl”
k=1
NTN
=Y —hy(uhz) 20 = Boyw) — hadyw)) — hythz;]
j=1

my
+in Y, Ihyuogl”
k=1

5 NTy NTn
=hy 2 (z u2) +2hN Z(W ul)(z u2)
J=1 j=
NTy my
—2hy Y, (djw)ej+inhy Y, lugjl’.
j=1 k=1
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Regarding the sum of the first two terms, because 2xy > —(x2 + y2),

NTy

hy 2 (Zw)* +213, z (CAICA 2 (Zw)> —hy Y, [(w;u1)2+(z}u2)2]

Jj=1 Jj=1 j=1 Jj=1

= —hyNTyu|Ziyug > —p e pnaC?,

where the last inequality follows from Assumption (A2) and the fact that [[u|| <

C. Hence,
hizV NTN V(2] u)? +2h NTN Y(wiup)(zjuy) 5
> —1C".
PNPN

Regarding the third term, it follows from Jensen’s inequality (conditional version)
that

NTy NTy 2 i NTy 1
E z (Ziw)ej| | Xy | < |E Z (Ziw)e ) |X = |g? Z (z}uz)

j=1 j=1 j=1

NT 12

v 172
2 u/zzjz}uzl =o(NTy)'? () Zonuy)
j=

<a(NTw)' 2 pyiC,

where the last inequality used that

/

u'Xyu (0’,u/2) EN(O’,u’z) u’'oyuz

pay = max ——— > max =2 = max —————.
ueR’N  Uu'u weR”N (()’, u/z) (()” u/z) wmeR"N WUy

Hence, because &y is measurable with respect to o (Xy),

NTy
E|([-2hn Y, (zu2)e;

Jj=1

XN> < 20hn(NTN)' 2 py5 C,

and so

‘—ZhNZJ i Nz uz)e]‘
hn(NTy )1/2 1/2

<20C,

which by Lemma 2 shows that =2k X1 (/)¢ is 0, (i (NTw) ' 2p37 ) =

-1 1/2 1/2
0, (piwpsk PN’ Hence,

‘—21“,2 Y (g uz)Ej’ 112 1 12
€0, PiNP2N PN =0, PIN PN C Op(l)

-2 1/2
pNP]/\/ PNPIN PN/
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by Assumption (A7). Regarding the fourth term, because u; # 0 we have
ANI’lN/(PNplN) =y [PU\J(PN/NTN)I/2 /(PNPlN) = lelNy (NTn)™ y/2 }/2 : — 00

by Assumption (A4), and so the fourth term diverges to infinity. Because py pl_lg €
Q,, (1) this completes the proof. u

Proof of Theorem 2. The first part has been established in Lemma 3. Because
[ 1is consistent it follows from Assumption (AS5) that for an arbitrary € > 0

P ({min{lﬁw,’l <y gk}+€ <b0})
=P O{Iﬁwjl‘i‘f <b0}>

i—1

—p U {Bo—1B1ns1 > e}) <P QJI{|[}10,-|—|/§1NJ~| > E}>

I/\
ﬂ—:? i

U {1810, =1~ e}) < P (10— hunjll > €) = 0.

Choosing € = bp/2 shows that with probability converging to 1 min{|ﬁ’1 Njll
1<j< k} > bo/2, and so ﬁlN is bounded away from 0. Hence Ly is differ-
entiable at 3y with probability converging to 1. And so P satisfies

0

i § —
% N(Bin, fon) =
That is,

NTy
-2 (yj —W;fin —Z}/J’zN) wj+Any yn =0
j=1

with probability converging to 1 where yy is a k x 1 vector with /th entry given
by w1 = |f1n1]” ~'sign(B1n1). This can be rewritten as

NTy . .
=D (Ej —w;(fin = B1o) — Z}ﬂw) wi+Anyyn =0

j=1

NTy NTy NTy

=2 wi+2 Y wiw(Bin—p)+2 Y, Zfavwj+iny yy =0
j=I1 j=1 j=1
. NTy 2 Yy NTy
& Ziv(Biv —Pio) = NTv 2 €jWj — ZNNTN NIy Z z) fanwj.
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Hence, for any k x 1 vector a,
(NTy)'2a’ (Biv —ﬁ'lo)

= (NTy)™'? 2 o« Eiyewi—(1/2)y (NTN) ™ ana T wn
]_1

—(NTN) 1/2 2 a ElNZJ,BZNWj-
j=l1

Because PQBAQ ~ = 0) — 1 the last term equals 0 with probability converging to 1.
From the Cauchy—Schwarz inequality in RF it follows that

> Nl//NI <’ IIIIV/NII
Because

-2 2 -2 2
lle' STullP =/ ST Siva = a'S1a < tipllal? < o2 lal|

by Assumption (A2), we get with probability converging to 1
I(1/2)(NTN) ™2y dva’ Siywn] < /2 (NTW) ™2y e Hlall yw ]

< (/NN 2y Ay k2 (bo/2) ~

= (1/2)y 17 lallbo/2) VT PN 2K 5 0
by Assumption (A3). Hence,

NTy
(NTW)' e’ (Biv — Pro) € (NTy) ™2 D a'Eneiw;+o,(1).
=1

Because sy' = 1/1/02a’S74a < 1,/%/(a]la|]) by Assumption (A2) it is also

true that

NTy
(NTW)' sy e’ (Biv — Bro) € (NTw) ™25y, z Tvewi+o,().  (1.3)

Now, defining W; v = (Wi1,...,w;ry)" and € ny = (€i1,...,€iNTy) One first

notices that!*

1 NTN 1 NTy 1 ,
— — lim —— E = lim E{ —W W ,
NTy j; wiWj Noo NTy & (wjwj) = Jim_ (TN I “")

7.4

https://doi.org/10.1017/50266466612000230 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466612000230

ORACLE EFFICIENT ESTIMATION IN PANELS 143

where the first limit is in probability. To see why (7.4) is true let Z; be a fixed
entry in w; w}, j=1,...,NTy. Letting n > 0 be arbitrary and using the Markov

inequality,
. n)

2 2
E(S S 120 —B@Z0l) SN E (S 12 —E@Z0))
(NTyn)? - (NTyn)?

1 NTy 1 NTN
P(NTN Z/—NTZE(Z/)

j=1 N j=1
2
E(wy 20 [2-E(2))])
< 7

N (2 Var(Zi) +252, 51, Cov (2, 219))
(NTnn)?

- N (TN maxi<s<7y Var(Zy;) + 2Ty (Ty — 1)/2max<;<7y Var(le))
- (NTyn)?

_ maxi</<7y var(Zy;) S0
Ny?

Hence,

NT,

NT)=1/2=1 Y sl

(NTN)™<sy Za INEWj
j=

-1
—1/2<~NTn 1 NTN —
(NTy) '3 a (NTN Il ij,) €W,

ot (o 5 wiw)

N-1/2

oo (B[ Wi win]) e

N 1 -1 15
xZa’ (E |:TN /INW1N:|) TNI/ WI/-NG,'N—}-OP(I).
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by iterated expectations and

2
N 1 —1 3
i i=E ([ Yo (E| Wi yWin| ] Ty Wiyen
i=1 Iy

1 -
= ZE (0(/ <]E |:TNW/1NW1N:|> Ty 1/2W;N€iN€;N

_ 1 -
x WinTy'"? <IE {TW’INWWD a>
N

| -1
=0°Na/ <]E [W’INW1N}> a.
Y

Finally, let U;y = a’(]E [(1/TN)W/1NW1N])_1TJI/ZW;NE,'N. Because
E(UizN) = aza’(]E [(I/TN)W’INWW])_la is convergent it is bounded.
Furthermore,

1 1
E{ —W/|yW =E(a
* (TN v IN) * (a N

T W}\,WNa> € [d'ar,d'ats],
N

and so the eigenvalues of E [(1 / TN)W’l NW1N} are also contained in [z, 72].

This implies 13 = o2Na' (E [(1/Ty)W)yWin]) ™ @ > 62Na'a/z;. Hence,
the Lindeberg condition is satisfied because, for all 6 > 0,

N
lim < rg? / U2,dP
N%oo{ N El (Winlzory)

. 2
< lim

“ Nowa'ac? /{|U1N|>a‘«/(a’a02)/rz\FN}
because for any p > 0 (let 1/ (a/ac?) /12 = K)

. 2 .
yim P <U1N1{|U1N|>Kﬁ} ” p) < Jim P ({lU“"l ~ K‘/ﬁ})

2
< lim MZO
N—oo KZN

UydP =0

and {U 12N }Iovozl is uniformly integrable.'> Hence,

N™!/2 Ay | ! 12k

o (5[ wWiwin]) e =

4 N, 1).
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And so, by (7.3),
_ A d
(NTV)' 253 o (Biv — Bro) = N(O, 1),
or, equivalently,

—1
(NTN>”2</91N—1310)$N(o,az(nmE[Tl iNWm]) ) (1.5)
N

N—>oo

]
Proof of Theorem 3.

(1) If Ty =T for a fixed T, Uy = U; for all N where U, is defined in the
obvious way does not depend on N and belongs to L2. Hence,

lim  sup / U2ydP = lim U2dP =0
{IlUin]>K}

K—001<N <00 K—o00 J{|U|> K}

by Lebesgue’s dominated convergence theorem.
(i) By the Cauchy—Schwarz inequality

1 -1
(<[ winwn])

o’ (E [(1/T1\/)W’1NW1N])_1 H is convergent it is bounded by a

constant C. Hence,

—12
|[Uin| < HTN / /1NE]NH~

Because ’

) k T, G \2
=C ZFZ (W{NE{N) )
1= =

where W1, is the jth row in the ith column of W y. Because the rows of
Wy are identically distributed and W7}, L €/, one has (calculate the char-
acteristic functions and notice they are identical) W{ ;\,e{ N~ WM\,EI  Where

] oo 2 In
Wiiely ~ Z; for some Z; e L% Hence, {{(W{;\,e{N) } }
J=1) N=1
is uniformly integrable for all 1 <i < k because

N2
lim sup  sup / 2 (W” €l ) dP
i INCIN
K500 12 boo 1< 19Ty {(w{lNe{N) >K}
= lim sup sup / X2dPy i (%)
K=001<n<oo1<j<ty J{x?>K} Wikein

= lim sup sup / xzdPZ,.(x)
(x2>K)

K—001<N<ool<j<Ty

= lim x2d Pz (x) =0

K—o0 {x2>K}
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by Lebesgue’s dominated convergence theorem. By Hoffmann-Jgrgensen

(1994, p. 338)'° this implies that {(1/Tx) 5, (w{jve{N)z};o s

uniformly integrable, which in turn implies that {Zi»‘zl(l / TN)ZJ-Ti |

(W{;\,ef N)Z}NZ1 is uniformly integrable by Hoffmann-Jgrgensen (1994,

L \2)®
p. 337).!7 Because {C2 /TS, (WﬁvefN> } dominates
’ N=1
{U}y} this yields the desired result. |

Proof of Corollary 1. For fixed T (7.5) reads
N2 (B = pio) 5 N (0,07 (B [WiW]) 7).
where absence of subscript N indicates that the matrices no longer depend on Ty .
In the fixed effects setting W = (DD’) ~2DW,, and so
E(WiW)) =E (WD’ (DD)""*(DD) ™" DW))
=E(W{D'(DD') "' DW, ) =E (W[ W),
where the last equality used that D’ (DD’) ~''D is symmetric and idempotent and

that premultiplication of it corresponds to columnwise demeaning.
The proof of part (ii) is similar using W = Q™ 1/2W . u

Next we turn to the properties of the Marginal Bridge estimator.

LEMMA 4. For g even and any wy > 0,

NT /2
Km(NTy)4
P | wy > max Z)cjkej 21—(7(11\]).
1<k<m i=1 Wy

Proof. By the Markov inequality,
NTy

=1—P | max Xik€i| > wn
) 1<k<m jg‘l I =

NT, q
E(ma)qgkgm ’2j=]N xjkfj‘ )

q
Wy

NT

> xjkej
j=I

1<k<m

P (u)N > max

>1—

Because for any sequence of random variables {Z;};' | € LY

m
E( max z,g) gE(E zg) <m max E(20)

1<k<m =1 1<k<m
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it suffices to show that [E (Z _Tl x]ke]) < K(NTy)??forallk € {1,...,m). By
the multinomial theorem

(o) (O )

where we have used the multi-index convention a = (ay,...,ayr) and |a| =g
means 2 1 aj = q. The sum is taken over all such vectors a whose en-
tries add up to g. Because (X;y,€;n) is i.i.d. and X;y L ¢y it follows that
Xin,€1n,---» XNN,€nn) are independent (calculate the characteristic function
and observe that it factorizes). This implies Xy L €y. Finally, it is seen that
€11,...,€NTy are independent (again calculate the characteristic function and ob-
serve that it factorizes by using (X;y, €; ) is i.i.d. since uncorrelated Gaussian
variables are independent). From these observations it follows that all summands
including an a; = 1 for some j =1,..., NTy equal 0 because E(e;) = 0 for all
j=1,..., NTy. It remains to be shown that no other term is of greater order than
0] ((NTN)‘I/Z). So assume minj<;<ny7y @ > 2.18 Consider the set A of all vec-
tors a with s entries different from O and larger than or equal to 2 with nonzero
values ay,...,a; anda; +---+a; =q.

(2 Hower )

a€cA j=

=17 sl is-1}

NTn NTy NTy
=E[ Y X . Y )" (k€)™ (k€)™

NTy NTy NTy
=KE| Y ¥ .. Y )M ) (xj,6)%"

=lp#j js¢{itjs-1}

NTy NTy NTy 2 ]HPT 2 qer? 2 e
< K(NTy)"’E ik /LN sk
<KWNTWE| X X 2 \wnryl ¥ty NTy

A=1p#h je@{jiejs—1}

NTy [ 42 a/2 NTy 2 a/2 NTy 12 as/2
= K(NTy)?*E 2 ik 2 2L 2 Kk
A NI | 5z [N TN iy LNTN

< K(NTw)??,
where the second equality used Xy L €y and K :=E(e}") -+ E(e}*). The first
estimate follows from the nonnegativity of all terms on the right-hand side. The
ai/2
last estimate uses that for any subset S of {1,..., NTn}, ¥jcs [szk/(NTN)}

a,-/2
NI [szk/(NTN)} <V [szk/(NTN)} — 1 because [x}k/(NTN)} <1

a,’/2
and so [szk/(NTN)} < {xjk/(NTN)} for a; > 2. Because s was arbitrary

<
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and there are only finitely many terms of the preceding kind this establishes the
lemma. u

Proof of Theorem 4. Let eN = (€1,...,€nTy) and recall that, as stated in
Section 4, &y =1/ (NTw) 2 N w', ﬂloxjk Then,

UN</>’>—2 ( —xiehi)’ +AN2|ﬁk|y
k=
)4

N NT NTN
=2 | X i+ NTWE =2 Y vixikhi| +An 2 1Bl
k=11j=1 j=1 =
PN |NTy NTy NTy
2 €+ 2 (W) Bo1)* +2 Z (W} po)ej + NTw Bt
k=1 j= =
NTy
—2 Y (& + W} fo)xjfi| +An 2 |Bel”
Jj=1 k=1
PN |NTy NTyn NTy
& 241 6]‘2+ z,l (W}ﬁ01)2+2 241 (W},B()l)fj +NTN,8]3
=1 |j= Jj= j=

PN
—2(eyxk +NTNka)ﬂk] +an X, 1B

So minimizing Uy(B) is equivalent to minimizing Y~ [NTyBE —2(€)xk
+NTN§Nk)ﬂk+/1N|ﬁk|V]. Because 0 < y < 1 it follows from Lemma A of
Knight and Fu (2000) that f; = 0 if and only if

AN/(NTN) > leyxi/(NTN) +Enel* 7 ¢y,

where ¢, = (2/(2—7))((2Q2=7))/2 =)'~ Defining wy = c; /@)
(An/(NTy)?/?)1/C=7) the preceding inequality is equivalent to

wy > (NTN) ™2l xi + (NTw)Enkl-

So to prove the theorem it is enough to show

P (u)N > (NTN)—I/len%x ‘E;VXk+(NTN)§Nk|> — 1 (7.6)
ey
and
P (U)N > (NTN)_I/zkrgligl |6;\/Xk+(NTN)§Nk|> - 0. 7.7)
N
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We first prove (7.6). On Ay = { Z;VZTlN xjkle‘/((NTN)l/z) <cp, ke Ky,
leJy }, and under Assumption (B6)

1/2 1 NTN kN
NT, —max — _ _
g%( )il ;IEI?])V( (NTy)1/2 j; glxjkﬂmkx/l

1 kn NTn
=max ————— | > Biok D, XjkXjI
lesy (NTy)1/2 ,Z‘l j; Y

NTy
< bicokpn.

kn
<max ) |fiokl| =75 Q. XjrXji
zeJN,Z'l (NTy)!/2 ng TR

Hence,

P (wN > (NTy)~'/? lgn3x|e;VXk+(NTN)¢Nk|>
eJn
-1/2 / 1/2
>P (wN > (NTn) max |€yxx|+ (NTy)"/“ max [Enil, AN)
kEJN kGJN
> P (wN > (NTy)~!/2 max efxel +bicokn, AN>
eJn

>P (u)N > (NTN)_I/ZIICI;;}X |e§vxk|+b1c0k1v> +P(Ayn)—1,
N

where the last estimate follows from the inclusion-exclusion principle. By Lemma
4 for every even ¢,

Kmy(NTy)?/?
((NTw)!2[wy = bicokn]1)*

P((NTN)‘/Z (wn —bicokn) > inz}xle;vka >1—
€JN

- KmN/w?V .
(I =bicokn/wn)?

Furthermore, by Assumption (B4) we may choose ¢ sufficiently large such
that

my

my/wl € O(1 -
N/wy € O( )(AN(NTN)_V/Z)q/(z_y)

0,

and by Assumption (B3)

ky .
(An(NTy)—7/2)" /G

b1C0kN/wN (S 0(1) 0.
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Finally, P(Ay) can be made arbitrarily close to 1 by Assumption (B5), which
establishes (7.6). Next we verify (7.7).

P (u)N > (NTN)_]/ZkrS[i(n |e;\,xk + (NTN)fNH) (7.8)
N

=P< U {U)N > |(NTN)_1/2€;VXI<+(NTN)I/ZfNU})

keKy

< 2P ({wzv > I(NTN)“/Ze;va(NTN)‘/ZafNu}). (7.9)
keKy

Because mingek, [Envk| = &o > 0 by Assumption (B1) we may write
P ({wn > INTw) ™ e+ (NTw) el } )

< P ({wn > W) éwl = VT el )

< P ({ww > WT)' 26— T leyxil })

= P ({WVT) ™ Pleyxel > (NTw) 20— wy })

—1-P ({(NTN)1/2§0 —wy > (NTN)—1/2|E;ka|})

<1-pP ({vtn) 2o —wy > VT eyl ).

By Lemma 4,
, K (NTy)?/?
P ({2 (W) 20— 0y) > lehxal }) = 1- ((NTN)1/2[(NTNA;1/2§O—wN])"
K

—1- _ .
((NTn)2& —wy)?

And so forall k € Ky
K
< 172 :
((NTn)V2E0 —wn )4

P ({wN > |(NTy) ™ e x +(NTN)1/2§N1<|})

Inserting this into (7.9) yields

Kky
P NTy)™"? min |¢, NT <
(U)N>( N) gmlfzvxk+( N)éNkl)_((NTN)l/zfo—wN)q
Kky/(NTy)?/?

(G~ wn/(NTW)2)T
By Assumption (B2),

1/2=7)
T2 <NTN><2_W2) = 0() G/ (NTw) @77 C o).
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Furthermore, for any ¢ > 1, ky /(N TN)‘f/2 — 0 by (B3). Hence,

P (u)N > (NTN)_I/ZkrSIi(n |E;vxk+(NTN)ka|) — 0.
N

NOTES

1. In principle it suffices for most purposes that ratio o./c is known, but it is hard to imagine a
situation where the ratio is known whereas o, and o are not. I thank the co-editor for pointing this
out.

2. The sole reason for multiplying Q~!/2 by ¢ is that (FE3’) and (RE3) become identical except
for the dimension of the covariance matrix. Because (FE3’) and (RE3') are the assumptions used in
the proofs this indicates that the proofs only have to be carried out in either the fixed or the random
effects setting.

3. Because we allow for random covariates some of our assumptions must hold in an almost sure
sense and the equivalent assumptions in Huang et al. (2008) must hold surely.

4. More generally, if Var(wi;;w1s,) € O (g(t)) for all 1 <1,m < k for some positive increasing
function g it suffices that g(Tx)/N — 0.

5. It is sufficient to assume )NC,-N 1 €y forall 1 <i < N but for comparison with (FE3) we
refrain from this (see also the comment after (FE3)). Furthermore, as was the case in the py < NTy
setting in Sections 2 and 3 (€1, ..., €7, ) may have any covariance structure as long as it is known
so that it can be handled by an appropriate transformation. The most common choice is a diagonal
matrix.

6. Let w(x) be a nondecreasing, convex function with w(0) = 0. Then for a random variable X,

the Orlicz norm is defined as inf {C >0:Ey (%) < 1}. For more details on Orlicz norms and

maximal inequalities based on these see Van der Vaart and Wellner (1996).

7. If xj1 and x;; are perfectly correlated and (assume for simplicity) have an empirical mean
of 0 xj2 = bx;1 almost surely for some constant b. Then (ZJI.V:TIN x_,-lsz) /(NTN)I/2 = b(NTN)l/z,
which violates (B5).

8. A random variable X is said to be sub-Gaussian if there exist positive constants C and K such
that P (|X| > x) < Cexp(—Kx2).

9. A model with 100 observations and 2,500 potential explanatory variables takes between 0.2 and
0.3 seconds to estimate on a 2.66 GHz i7 processor.

10. The Bridge estimator was also tried in the second-step but did not outperform least squares and
was considerably slower.

11. The author thanks an anonymous referee for suggesting this.

12. The presence of empty columns is due to the fact that the oracle results of the Bridge Estimator
are not applicable in the py > N Ty setting. BIC and OLS including all variables are not applicable
either because no more than N7 variables can be included at a time.

13. Note that

{18 = Boll/ru > 2M}

c U { inf (LN([f)—LN([)’o))SO}

I>M Besin

c ( U {ﬂeig{N (LB =Ly (o) < 0} {1y —poll < a‘}) {1y —poll > 5}

I>M
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< U { S0 (LN (B =Ly (fo) < 0} {1y = poll/rw < 6/rN}> {18 = oll > o}

I>M

N

U {/feing/v (Ly (B =Ly (b)) < o} U {1y = poll > o}
21—i><A§/rN ’

and conclude using the subadditivity of P.
14. All limits are taken elementwise in the matrices.

o]
o]
15. The uniform integrability of {U%N}N . implies that {Ulle{W |>Kﬁ}} is uni-
= IN
N=1

formly integrable, which is what is needed to utilize the well-known fact that convergence in measure
plus uniform integrability is equivalent to convergence in L L

16. The partial averages of a uniformly integrable sequence are themselves uniformly integrable.

17. Finite sums of uniformly integrable sequences are themselves uniformly integrable.

18. Here we follow the convention of setting 19 =1 even when 7 = 0, and so we only have to
consider the case minj < j< N7, @j > 2.
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