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Abstract
Accurate dynamic models are essential for high-performance control, both for trajectory tracking and physical
human–robot interaction involving collision detection, reaction, and force control. This work presents a compre-
hensive framework for dynamic modeling and identification of the KUKA LWR 4+ collaborative robot based
on two complementary approaches. The first exploits signals provided by the KUKA Fast Research Interface, com-
bined with nonlinear joint-friction identification to improve torque prediction. The second is a general methodology
applicable to collaborative robots with or without joint elasticity. We present the first complete identification and
experimental validation of the KUKA LWR 4+ dynamic model using our Penalty-Based Parameter Retrieval frame-
work, demonstrating its ability to retrieve a physically consistent model for a collaborative robot with elastic joints.
For the first time for this robot, the approach yields a complete physically consistent set of dynamic parameters
suitable for Newton–Euler algorithms, simulation, and internal wrench estimation. The resulting model is com-
pared with the KUKA LWR 4+ model available in CoppeliaSim, which relies on empirically estimated CAD-based
parameters. A procedure is also proposed to incorporate an unknown payload without complete re-identification.
Although the resulting model accurately captures the robot dynamics, its direct use in torque control requires
accounting for the low-level torque loop, which only partially compensates for joint elasticity. A novel recursive
least-squares algorithm is therefore proposed to compensate for this effect. Finally, the validated model is employed
in sensorless collision detection, isolation, and reaction experiments, demonstrating its suitability for real-time
interaction control.

1. Introduction
In order to design robot control laws with superior performance, the knowledge of a reliable
dynamic model is of paramount importance. Accurate dynamic models are essential for achieving
high-performance control, enabling improved trajectory tracking and enhancing robot responsiveness
and adaptability in tasks involving physical contact. This is particularly relevant in applications such
as sensorless collision detection and reaction [1], as well as in force regulation or for the implemen-
tation of impedance and admittance control strategies [2], where the control objectives rely directly
on the dynamic interaction between the robot and its surroundings [3]. Since many of the physical
parameters involved in robot dynamics – such as inertial properties, joint friction, and motor char-
acteristics – are difficult to measure directly or may vary over time due to wear or payload changes,
dynamic parameter identification emerges as a fundamental tool. By estimating these parameters from
experimental data, identification techniques allow for the refinement of dynamic models used in control
design, ensuring that model-based strategies such as computed torque control, model predictive control,
or observer-based control schemes remain robust and effective under real-world conditions.
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Typically, manufacturers do not release information about the dynamic models of their manipulators,
preventing the robotics community from employing a valuable tool for designing high-performance
tailored control algorithms. To overcome this issue, identification procedures are widely adopted
[3–5]. Comprehensive overviews of modern strategies can be found in refs. [6, 7]. Recent develop-
ments include quaternion-based parameter estimation [8], identification based on Lie-theory dynamic
modeling [9], sensitivity-driven identification for hybrid robots [10], friction-aware iterative approaches
for collaborative platforms [11], and a neural-network method based on backpropagation [12].

All these methods rely on the linear dependence of the robot dynamic equations on a reduced set
of dynamic coefficients π ∈R

r [13], also known as base parameters [14], which are in general linear
combinations of the standard dynamic parameters p of each rigid body composing the robot. More in
detail, each robot link has one parameter specifying the mass, three specifying the position of the center
of mass (CoM), and six for the symmetric inertia tensor. Thus, a robot with n rigid links has a total
of 10n dynamic parameters, or p ∈R

10n. Furthermore, a number of additional dynamic parameters may
be considered for modeling dissipative effects at the joints (e.g., viscous or Coulomb friction) and for
including the presence of motor inertias. Due to their physical nature, the dynamic parameters satisfy
some natural inequalities or constraints (e.g., link masses are positive and inertia tensors are symmetric).
In the context of identification, this has led to the use of constrained optimization techniques [15] for
obtaining feasible values of these parameters.

In general, not all dynamic parameters can be directly identified. In fact, there are some link param-
eters that do not influence the dynamics of a given robot and, as such, are never identifiable through
motion experiments. Knowledge of the exact value of these parameters is not relevant for motion con-
trol. Moreover, most of the times the remaining parameters are not isolated in the equations of motion
but will appear only in linear combinations with other parameters to form the abovementioned dynamic
coefficients in the model. As a result, the total number of dynamic coefficients π to be identified is
typically much smaller than the original number of dynamic parameters p, or r � 10n.

In many robotic problems, ranging from trajectory planning to motion control, the knowledge of
the dynamic coefficients π is all that is needed. However, there are cases that require the retrieval of
a complete set of feasible values for the dynamic parameters p. This happens at least in two situations
where high efficiency in numerical computations is critical: when performing dynamic simulations via
a CAD-based robotic simulator and when implementing torque-level control laws under hard real-time
constraints. In fact, when the number n of links becomes large, the Euler–Lagrange (EL) equations are
typically replaced by the recursive Newton–Euler (NE) equations. However, these require in principle the
knowledge of all dynamic parameters p of the links in the kinematic chain (not only of the dynamic coef-
ficients π , as instead for EL), motivating the resort to physically feasible parameter retrieval methods,
particularly in the context of collaborative robots [11, 16] and in payload identification [17].

When starting from a set of dynamic coefficients π that can be identified through motion experiments,
the determination of a corresponding set of dynamic parameters p is a nonlinear problem, which admits,
in general, an infinite number of solutions. Only some of these solutions will be physically feasible (e.g.,
with positive link masses or with the elements of the link inertia tensors satisfying a triangle inequality),
whereas there is indeed only one solution that corresponds to the real robot. However, any admissible
set of dynamic parameters p, that is, a solution that successfully reconstructs the robot dynamic motion
identified by the dynamic coefficients π , should be considered as valid, despite the numerical values of
the parameters are not the true ones.

In our previous work [18], we introduced a framework to extract a complete set of dynamic parameters
by combining classical identification techniques [3, 4] with a global optimization routine for constrained
problems. Available a priori information may be integrated as a set of constraints, even beyond the fea-
sibility conditions coming from the physics. Thus, this framework is able to retrieve a set of dynamic
parameters p that is both admissible and feasible. As a result, it can be used reliably also in NE routines
or in CAD-based simulators. The obtained set of feasible parameters can be expanded with known pay-
load parameters or, conversely, can be employed for estimating the additional parameters of a payload,
using identification techniques that exploit their structural contributions [19] or are based on parameter
difference [20].
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In the last few years, a new class of manipulators, named cobots (i.e., collaborative robots), has been
introduced in the industrial context. The intrinsic safety of cobots, due to their lightweight link structure
as well as the use of compliant transmission/actuation assembly, such as harmonic drives or VSA, has
been one of the reasons for their success, the other being the availability of sensorless model-based
control laws that can react promptly to accidental collisions occurring anywhere along the robot structure
and safely handle intentional physical human–robot interaction (HRI). Several works have addressed the
problem of identifying the dynamics of cobots, such as the KUKA LWR 4+ [21–23] (and its industrial
counterpart, the KUKA iiwa [24]), the Universal Robots UR10 [25], the Kinova Jaco Arm [26], and the
Franka Emika Panda [18].

The aim of this paper is to collect and expand the algorithms proposed by the authors for dynamic
identification and parameter retrieval (including payload) in a single integrated framework for collabo-
rative robots, as well as to present and validate their use for enhancing trajectory tracking and for safe
HRI control. The main original contributions of the paper and their relation with the state-of-the-art are
summarized as follows:

• A unified formulation is presented for the dynamic model identification problem of robots with
rigid or elastic joints, when the latter are equipped with joint torque sensors.

• We extend the preliminary results published in ref. [21], by reporting a complete feasible set of
dynamic parameters for the 7-dof KUKA LWR 4+, a popular lightweight robot widely adopted,
especially in research contexts. For this, we take advantage of our Penalty-Based Parameter
Retrieval algorithm (henceforth, PBPR) presented in ref. [18] for a different robot. It should
be noted that the dynamic identification results on the KUKA LWR 4+ robot published so far
[5, 23] do not provide such values, but only those of the dynamic coefficients (i.e., of combi-
nations of dynamic parameters) appearing in the model. On the other hand, the set of dynamic
parameters reported in ref. [24] refers to a different robot of the same manufacturer, namely, the
KUKA iiwa.

• We present a comparison between our identified dynamic coefficients of the KUKA LWR 4+
and the corresponding values reported in ref. [22]. The dynamic coefficients in ref. [22] were
found following the modified Denavit–Hartenberg (DH) convention [27], while we adopted the
classical DH convention [3], which is a more common choice for robot modeling and control.
In any event, the proposed identification framework is independent of the specific kinematic
parametrization and can be applied using either the classical or the modified DH convention.

• Another novel feature is the possible integration of the retrieved dynamic parameters within
the CoppeliaSim simulator [28]. The original CAD model of the KUKA LWR 4+ robot imple-
mented in this simulator was developed by the second author of this paper. It is based on a set of
dynamic parameters obtained empirically, using rough information about the material compo-
sition and mass distribution of the robot links. Here, we take advantage of the identification of
dynamic coefficients and the use of the PBPR algorithm to extract a set of dynamic parameters,
which can be directly included in the CoppeliaSim model. Being physically feasible, our new set
of dynamic parameters allows to generate in simulation the needed motion torques for inverse
dynamics as well as internal wrenches (i.e., forces and moments) that are closer to those that
would be obtained on the real robot.

• A nonlinear joint friction model has been added to the identification process, when this is per-
formed in a reverse engineering way, that is, by taking advantage of the available KUKA Fast
Research Interface (FRI). This separate estimation allows to better capture the experimental
results on inverse dynamics and can be used for improving the control performance in trajectory
tracking.

• A recursive algorithm is presented that generates online an additional torque to compensate for
the missing control action when a perfectly rigid robot and direct torque control is being assumed.
In fact, the KUKA LWR 4+ displays a non-negligible elasticity at the joints due to the use
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of harmonic drives. This effect is typically masked by the presence of a low-level joint torque
controller (not accessible to the user) that transfers the desired commanded torque from the motor
side to the link side of the elastic transmissions. The additional torque generated by our recursive
algorithm reduces the nonideal behaviors of such a low-level control loop.

• Finally, the obtained dynamic modeling results are illustrated through collision detection and
isolation experiments that use model-based residuals that monitor the generalized momentum of
the robot [1]. The sensitivity and performance obtained with such a sensorless method validate
the obtained dynamic identification results.

The paper is organized as follows. Section 2 describes the main features of the collaborative robot
under study, the KUKA LWR 4+, together with its control architecture. In Section 3, the dynamic
modeling for rigid robots and for elastic joint robots is recalled, and the corresponding dynamic identi-
fication problems are formulated and discussed. Section 4 addresses the problem of estimating the extra
dynamic parameters due to the presence of an unknown end-effector payload. In Section 5, we formu-
late the dynamic identification problem of the KUKA LWR 4+ robot through a reverse engineering
approach, namely taking advantage of the signals available through the FRI. In Section 6, the experi-
mental identification results are presented, obtained either by the reverse engineering approach or by
means of the PBPR algorithm. In the first approach, a nonlinear joint friction model is also introduced
and validated; in the second, the complete linearly parametrized model that includes the friction coef-
ficients is considered. Section 7 reports a comparison between the KUKA LWR 4+ dynamic model
identified in this paper and the model embedded in CoppeliaSim. Two control applications that use the
identified dynamic model are illustrated in Section 8. The first shows the performance improvement that
can be achieved on a trajectory tracking task when including correctly identified dynamic terms in the
feedforward action; it includes also the additional torque command that helps in reproducing a desired
user-commanded torque compensating for the low-level elastic joint torque loop present in the KUKA
robot. The second application is a model-based (thus, sensorless) collision detection experiment, pos-
sibly in the presence of an unknown payload, in which our results outperform those provided by the
manufacturer; moreover, the detection of a collision may be followed by a safe reaction strategy, again
through a reflex control law based on the identified dynamic model. Finally, Section 9 summarizes our
conclusions.

2. KUKA LWR 4+ robot
The KUKA LWR 4+ (or IV+) robot considered in this paper is a lightweight anthropomorphic manip-
ulator with 7 rotational joints actuated by brushless motors. Its total mass is about 16 kg, with a rated
payload of 7 kg (very high, if compared with its own mass). The robot is low powered, using less than
80 W; this makes it suitable to work with accumulators (useful, e.g., in mobile applications) and for safe
HRI tasks (according to ISO/TS 15066). Links are connected to motors by means of in-line harmonic
drives, which offer high reduction ratios (160 for all joints, except joint 5 with 100) and eliminate back-
lash. On the other hand, harmonic drives introduce non-negligible elasticity in the motion transmission
at the joint (with stiffness Ki = 10, 000 Nm/rad for i = 1, . . . , 5, and Ki = 7500 Nm/rad for i = 6, 7).
Each joint is equipped with a high-resolution encoder position sensor on the motor (input) side and with
a Hall position sensor and a torque sensor on the link (output) side of the harmonic drive. This (actu-
ally, redundant) combination of measurements allows to drive the robot links with position, velocity, or
torque commands through a suitable low-level feedback control loop.

To describe the robot kinematics, it is necessary to choose reference frames that allow to specify
the relative location of successive joint axes for the entire system. The most used approach is based on
the classical DH convention, but other choices are possible. In particular, an interesting alternative is
represented by the so-called modified DH convention, introduced first in ref. [29].

A benefit offered by the modified DH convention is in the implementation of the iterative numerical
NE algorithm for solving the inverse dynamics problem. It has been shown that, although equivalent,
the modified DH convention requires less computational steps and is thus faster than the classical DH
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Table I. Classical and modified DH parameters of the KUKA LWR 4+ robot.

Classical DH Modified DH
Link ai αi di θi ai αi di θi

1 0 π/2 0 q1 0 0 0 q1

2 0 −π/2 0 q2 0 π/2 0 q2

3 0 −π/2 L1 q3 0 −π/2 L1 q3

4 0 π/2 0 q4 0 −π/2 0 q4

5 0 π/2 L2 q5 0 π/2 L2 q5

6 0 −π/2 0 q6 0 π/2 0 q6

7 0 0 0 q7 0 −π/2 0 q7

Figure 1. Classical [left] and modified [right] DH frames of the KUKA LWR 4+. All x-axes point
toward the viewer (frames are displaced sideways for better clarity). Note that the origins of the classical
and modified DH frames coincide for this robot.

convention for real-time control [30]. In this respect, we have carried out a comparison for the KUKA
LWR 4+ robot between the performance of a NE routine written according to the two different DH
conventions. While confirming the above result, the difference in execution times was found negligible
for our purposes.

Figure 1 shows the KUKA LWR 4+ robot in its zero configuration, together with the link frames
chosen according to the classical and the modified DH convention. The main difference is that in the
modified DH convention, and the link frame i has its zi-axis aligned with the axis of joint i. Table I
reports the DH parameters corresponding to the two conventions. For the purpose of dynamic analysis,
the origin of the base frame and of the end-effector frame, namely of frame 0 and frame 7 in the classical
DH convention, has been chosen at the intersection between the first and the second joint axis and,
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Table II. Angles representing the rotations about the xi-axis from the classical DH
reference frames to the modified DH reference frames.

Link i 1 2 3 4 5 6 7
ψi [rad] −π/2 π/2 π/2 −π/2 −π/2 π/2 0

Figure 2. Signal flows from/to the KUKA LWR 4+ robot and the KR C2 controller, including the FRI
(software interface to the user).

respectively, coincident with the origin of the sixth link frame. In this way, only the two link lengths
d3 = L1 = 0.4 m and d5 = L2 = 0.39 m are left as nonzero kinematic parameters. Finally, in Table II,
we provide for each joint the rotation angle ψi about the xi-axis needed to superpose the classical DH
reference frames to the modified DH reference frames.

The robot is commanded by means of a control unit (the KR C2 module) and a software interface (the
FRI [31, 32]). The control unit allows to read link positions q and elastic joint torques τ J at a maximum
sampling rate of 1 msec. The link position q is typically evaluated from the measurements of motor
position θ and elastic joint torque τ J . At each control step, it also allows to get numerical values of the
link inertia matrix Mnum(q), of the gravity vector gnum(q), and of the robot Jacobian matrix Jnum(q) at
the current configuration q (Figure 2). Through the FRI library, the user can give reference commands
that specify a desired joint position qd, velocity q̇d, or even a torque τ user for moving the robot links. The
control unit, thanks to low-level full state feedback controllers, transforms the input in the appropriate
link-level torque that realizes the desired user command τ user.

3. Dynamic model identification
3.1. Procedure for rigid robots
In this section, we recall the dynamic modeling of a general n-dof robot. We consider an open chain of
links �i, i = 1, . . . , n, with mass mi. Let

iri,ci =
⎛
⎝cix

ciy

ciz

⎞
⎠ iI�i =

⎛
⎝Iixx Iixy Iixz

Iixy Iiyy Iiyz

Iixz Iiyz Iizz

⎞
⎠, (1)

be, respectively, the position of the CoM and the inertia tensor relative to the CoM of the i-th link �i,
both expressed in the frame attached to link i. Thus, iri,ci and iI�i are both constant.

Once a set q ∈R
n of generalized coordinates is chosen, the equations of motion are obtained by

applying the Lagrange formulation, which is algorithmic and independent to the coordinate frames of
reference. This approach starts from the expressions of the potential and the kinetic energy of each link
and each motor in terms of the generalized coordinates.

The potential energy of the robot U (q) is

U =
n∑

i=1

U�i = −
n∑

i=1

miγ
Tr0,ci, (2)
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where γ = γ (g0) is the gravity vector expressed in the absolute reference frame (with the gravity accel-
eration g0 = 9.81 m/s2) and r0,ci is the absolute position of the center of mass of link i obtained from iri,ci

by applying the homogeneous transformation matrices.
The kinetic energy of the robot T (q, q̇) is the sum, for each link, of the translational and rotational

kinetic energy:

T =
n∑

i=1

T�i =
1

2

n∑
i=1

(
mi

ivT
ci

ivci + iωT
i

iI�i
iωi

)
, (3)

where ivci and iωi are, respectively, the linear and the angular velocity of link i, both referred to and
expressed in the local frame. The velocity ivci can also be expressed in terms of the linear velocity ivi of
the origin of frame i as

ivci = ivi + S
(

iωi

)
iri,ci = ivi + ST

(
iri,ci

)
iωi, (4)

where S(·) is the skew-symmetric operator representing the vector product. Finally, according to Steiner
theorem, the inertia tensor relative to the CoM can also be computed with respect to the origin of frame i,
still expressed in the corresponding frame:

iJ�i =
⎛
⎝ Jixx Jixy Jixz

Jixy Jiyy Jiyz

Jixz Jiyz Jizz

⎞
⎠= iI�i + mi ST

(
iri,ci

)
S
(

iri,ci

)
, (5)

where the second term on the right side considers the translation of the point with respect to which the
inertia tensor is evaluated (from the center of mass to the origin of frame i).

In conclusion, we can rewrite Eq. (3) as

T = 1

2

n∑
i=1

(
mi‖ivi‖2 + iωT

i
iJ�i

iωi + 2mi
irT

i,ci

(
ivi×, iωi

))
, (6)

and, in compact form, the robot dynamics as

M(q)q̈ + c(q, q̇) + g(q) = τ, (7)

where the inertia matrix M(q) and the gravity vector g(q) are obtained by symbolic differentiation of the
kinetic energy T and potential energy U as

M(q) = ∇2
q̇T (q, q̇) ∈R

n×n, g(q) = ∇q U (q) ∈R
n, (8)

c(q, q̇) contains the Coriolis and centrifugal terms, and τ ∈R
n is the vector of actuation (motor) torques.

The Coriolis and centrifugal terms are quadratic in the velocity q̇ and can be efficiently obtained in a
factorized form by analytic differentiation of the elements of M(q) [3] using the Christoffel’s symbols
as

c(q, q̇) = C(q, q̇)q̇, (9)

where the i-th row cT
i of the C matrix is given by

cT
i = 1

2
q̇T

((
∂mi

∂q

)
+
(
∂mi

∂q

)T

− ∂M
∂qi

)
, (10)

being mi the i-th column of the inertia matrix M.
It is well known [3] that by defining and collecting the (standard) dynamic parameters of all robot

links in the three vectors p1 ∈R
n, p2 ∈R

3n, and p3 ∈R
6n, with

p1 = (
m1 . . . mn

)T
,

p2 = (
m1c1x m1c1y m1c1z . . . mncnx mncny mncnz

)T
,

p3 = (
J T

1 . . . J T
n

)T
,

(11)
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where
Ji =

(
Jixx Jixy Jixz Jiyy Jiyz Jizz

)T
, (12)

the dynamic model (7) displays a linear dependence on the introduced vector of dynamic parameters
p = ( p1, p2, p3) ∈R

10n, that is,
Yp(q, q̇, q̈) p = τ, (13)

with the n × 10n regressor matrix Yp.
It should be noted, however, that many of the dynamic parameters defined in (11) may not actually

appear in the model (7). In addition, some of the remaining parameters will appear only in linear com-
binations, inducing a linear dependence of the corresponding columns of the regressor matrix Yp, for
all functional values (q, q̇, q̈), that is, along any possible trajectory q(t). Indeed, this limits the individual
identifiability of such dynamical parameters and would also cause numerical issues in any experimental
identification procedure. For this purpose, it is always possible to further rearrange (13) as

Y(q, q̇, q̈) π( p) = τ. (14)
Equation (14) is now linearly parametrized in terms of a vector π ∈R

r of dynamic coefficients multiplied
by the n × r regressor matrix Y of known time-varying functions and can be used to identify the vector
π of dynamic coefficients. Typically, the number r of dynamic coefficients π will be much smaller than
10n, the original number of dynamic parameters. The set of dynamic coefficients is not unique, depend-
ing on how recombination of dynamic parameters is performed, but its minimum number is unique. As
a matter of fact, only the set of dynamic coefficients π can be identified through robot motion experi-
ments, as illustrated in the following. Note that the obtained results hold whatever reference frames are
being used in the kinematic description of the robot, in particular also with the classical DH convention.

Assume a perfect knowledge of the kinematic parameters that appear in Y, that we know the torques
τ applied by the motors, and that reliable measurements of joint positions q are available. From the
latter, joint velocities q̇ and accelerations q̈ can be computed offline by numerical differentiation. In
principle, we could move from (13) to (14) by analyzing the symbolic structure of the regressor matrix
Yp and recognizing a minimum set of columns that are functionally independent so to obtain Y in (14)
and accordingly the combinations of parameters p. While deleting zero columns in Yp (i.e., those cor-
responding to dynamic parameters that are not involved in robot motion) is quite straightforward, the
remaining task becomes soon prohibitive when the number n of degrees of freedom is large. Therefore,
we will proceed numerically starting from the regressor Yp.

Collect a large number m of motor torque samples, as obtained from the commanded motor currents,
and of link position samples from a sufficiently exciting robot motion, and perform offline the required
numerical differentiation of the positions. For each retrieved sample (τ k, qk, q̇k, q̈k), we have

Yp,k

(
qk, q̇k, q̈k

)
p = τ k, k = 1, . . . , m, (15)

so that we can stack these quantities in vectors and matrices as
Yp p = τ , (16)

with τ ∈R
mn and Yp ∈R

mn×10n.
In Eq. (16), the linearly dependent columns in the regressor should be grouped to obtain a full column

rank matrix. The detection of linearly dependent columns in the stacked regressor matrix can be carried
out numerically through the computation of its Reduced Row Echelon Form, obtained via a Gauss–
Jordan elimination procedure. This allows to identify a maximal set of linearly independent columns
and consequently determine the combinations of dynamic parameters that should be grouped in the
vector of dynamic coefficients.

Following, for example, the procedure suggested in ref. [14], a generic parameter pj can be grouped
with other parameters pj1, . . . , pjs if the column D j of the regressor Yp is linearly dependent on
D j1, . . . , D js, or

D j = tj1D
j1 + . . .+ tjsD

js,
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where tjk are constants, for k = 1, . . . , s. In this case, the column D j and the dynamic parameter pj can
be eliminated, while the parameters pj1, . . . , pjs will be replaced by pR

j1, . . . , pR
js, where pR

jk = pjk + tjkpj,
for k = 1, . . . , s.

Applying this pruning, redundant rows may appear in the modified dynamic parameter vector pR

after the replacements because a modified parameter happens to be a multiple of another (or of others)
or vanishes. In that case, one should also prune the redundant rows and eliminate those that are actually
dependent (or, in particular, zero). Let pR

i be a generic modified dynamic parameter. If

pR
i = λi1p

R
i1 + . . .+ λilp

R
il , (17)

where λih are constants, for h = 1, . . . , l, then we eliminate the column Di of the regressor as well as
the coefficient pR

i , and replace the columns Di1, . . . , Dil by DR
i1, . . . , DR

il , where DR
ih = Dih + λihDi, for

h = 1, . . . , l.
At the end of this procedure, the final pruned regressor matrix Y

R

p , having r � 10n columns (and still
the same number mn of rows), and the final modified vector of dynamic parameters pR will continue
to satisfy (16). As a result, we conclude that the obtained quantities are the same that would have been
obtained by stacking the Eq. (14), and write

Y
R

p pR = Y π ( p) = τ ,

where the final modified vector of dynamic parameters is baptized as the vector of dynamic coefficients
π ∈R

r of the robot.
Therefore, choosing m in (15) large enough (say, with mn � 10n), it is possible in this way to obtain a

full column rank stacked regressor Y and estimate the dynamic coefficients π̂ by solving a least squares
problem via pseudoinversion

π̂ = Y
#
τ =

(
Y

T
Y
)−1

Y
T
τ . (18)

For validation purposes, the solution π̂ from (18) can be used to estimate the motor torques associated
to a new robot motion, both in experiments and in numerical simulations, as

τ̂ = Y (q, q̇, q̈) π̂ . (19)

So far, we have not considered the presence of dissipative phenomena at the robot joints. However, it
is straightforward to extend the previous formulation by including a decentralized joint friction model.
In particular, for the i-th joint, the friction torque can be modeled as

τfi(q̇i) = fvi q̇i + fci sign(q̇i) + foi, (20)

where fvi ≥ 0 and fci≥0 are the the viscous and Coulomb friction parameters, while the parameter foi

denotes an offset, that is, the friction torque present at q̇i = 0. This model is decentralized because the
friction acting at each joint depends only on the local joint velocity q̇i. Moreover, since (20) is linear
with respect to the three friction parameters and friction parameters do not recombine with any of the
previous dynamic coefficients π , the introduced friction parameters are treated directly as additional
dynamic coefficients within the identification procedure. More specifically, the vector of dynamic coef-
ficients π is augmented by a set of 3n coefficients π f , resulting in a total of rc = r + 3n coefficients to be
identified. Accordingly, the previously derived regressor matrix Y(q, q̇, q̈) is not altered but augmented
with additional 3n columns Yf (q̇) associated to the friction terms. By construction, Yf (q̇) consists of
three diagonal blocks. As a result, defining the friction torque vector

τ f (q̇) = (
τf 1(q̇1) . . . τfn(q̇n)

)T
,

the complete robot dynamics becomes

M(q)q̈ + c(q, q̇) + g(q) = τ − τ f (q̇), (21)
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and its linearly parametrized form is organized as

Yc(q, q̇, q̈) π c = (
Y(q, q̇, q̈) Yf (q̇)

) ( π

π f

)
= τ , (22)

where the complete regressor Yc is a n × rc matrix.
We note also that the previous pruning procedure for eliminating linearly dependent columns from

the stacked regressor needs to be applied only to the original matrix Yp in Eq. (16), without considering
friction. Stated differently, once the stacked regressor Y has full column rank equal to r, then the complete
stacked regressor Yc will also have full column rank equal to rc = r + 3n.

As a last dynamic modeling step, one should consider also the presence of the (electrical) motors in
the robot structure. Each motor is an additional rigid body with its 10 dynamic parameters, as in (11).
However, the mass of the motors can always be incorporated in the mass of the links. In particular, due
to their positioning in the LWR 4+ open chain structure, the mass of the stator of the i-th motor is added
to the mass of link i − 1, while the mass of its rotor is added to the mass of link i. Accordingly, the
position of the CoM of each link will include also the motor presence. On the other hand, a standard
assumption [3] made for the kinetic energy of the motors is that the dominating effect for each motor is
due to the inertia Jmi,zz of the rotor around its spinning axis. This is particularly true when transmissions
with a large reduction ratios nri are used, since inertial coupling effects between the links and the rotors
of the motors are then scaled down.

As a result, the robot dynamic model (21) will contain extra scalar acceleration terms of the
form (Jmi,zzn2

ri) q̈i = Mmiq̈i for the i-th motor, with nri � 1. As such, also the motor parameters Mmi, for
i = 1, . . . , n, will appear linearly in the model in a decentralized way and not recombined with any other
term. Thus, the linear parametrization of the dynamic model can be further extended by including also
the motor inertias so to contain a total of r + 4n dynamic coefficients.

However, this extension will not pursued further here. In fact, in the KUKA LWR 4+ robot as well
as in other collaborative robots, the transmission between motors and links is achieved by means of har-
monic drives with large reduction ratios (100 : 1 for joint 5 and 160 : 1 for all the other six joints). These
devices introduce elasticity at the joints and actually decouple the motor inertias from the dynamics of
the links. This issue is further discussed more in general in the next section on robots with joint elasticity,
where it will become apparent why the inclusion of motor inertias can be neglected in the identification
problem when sensors of the elastic joint torques are available.

3.2. Unified formulation for robots with elastic joints
Flexibility in industrial robots is usually related to the intrinsic compliance of motion transmis-
sion/reduction elements, such as cables, belts, or harmonic drives. This is typically seen as a parasitic
effect in conventional industrial robots, with elasticity being typically modeled as concentrated at the
joints. On the other hand, in collaborative robots, joint elasticity is introduced intentionally in order to
obtain passive mechanical compliance, which is more suited to safe physical human–robot interaction.
This is also the case of the KUKA LWR 4+ robot.

Hereafter, we first describe briefly how it is possible to set up, under suitable assumptions, an iden-
tification procedure based on the standard dynamic model of robots with elastic joints (and rigid links),
illustrating similarities and differences with respect to the fully rigid case. Then, we point out when and
how the identification problem resumes to the one of the rigid case.

For dynamic modeling, two sets of generalized coordinates are introduced, one before and the other
after the deflection of the joint, which is assumed to be in the linear domain of elasticity. Let θ ∈R

n be the
motor positions after the reduction ratios and q ∈R

n the link positions. In this way, the robot kinematic
equations are functions of link variables only. Under the standard modeling assumptions introduced by
Spong [33], the dynamic equations take the form

M(q)q̈ + c(q, q̇) + g(q) = K(θ − q) − τ fl (23)

Mmθ̈ + K(θ − q) = τ − τ fm, (24)
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where M, c, and g are the same terms defined in (7) for rigid robots, Mm = diag {Mm1, . . . , Mmn}
is the diagonal, positive definite matrix of motor inertias (reflected through the gear ratios),
K = diag {K1, . . . , Kn} is the diagonal, positive definite matrix of joint stiffness, τ ∈R

n is the motor
torque, and τ fl and τ fm are dissipative torques, acting, respectively, on the link and on the motor side of the
transmissions. Usually, friction at the motor side is much higher than friction at the link side. In particu-
lar, in the KUKA LWR 4+ robot, τ fm is compensated by the low-level controller in the KRC2 hardware,
which implements a model-free compensation algorithm on the basis of a residual signal [34]. The
n-dimensional second-order differential Eqs. (23) and (24) are called the link and the motor equations.
The link and motor equations are coupled through the elastic joint torque (also called link-level torque)

τ J = K (θ − q), (25)
which is often directly measurable by joint torque sensors (as in the KUKA LWR 4+ and in other
collaborative robots).

It can be easily shown [35, 36] that the complete dynamic model (23)–(24) satisfies a linear
parametrization property similar to the case of rigid robots – compare with Eq. (14). In fact, neglecting
for the moment the dissipative terms, we can write

(
Y(q, q̇, q̈) On×n diag {q1 − θ1, . . . , qn − θn}

On×n diag
{
θ̈1, . . . , θ̈n

}
diag {θ1 − q1, . . . , θn − qn}

)
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

π⎛
⎜⎝

Mm1

...

Mmn

⎞
⎟⎠

⎛
⎜⎝

K1

...

Kn

⎞
⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
(

0
τ

)
, (26)

or

YEJ

(
q, θ , q̇, q̈, θ̈

)
πEJ =

(
0
τ

)
, (27)

with πEJ ∈R
r+2n, which is the property we were looking for. A similar situation holds in the presence of

a linear parametrized model for the dissipative terms τ fl and τ fm. In order to perform identification of the
extended set of dynamic coefficients π ∈R

r (the same as in the rigid case), and of the elements of the
diagonal matrices M and K (2n more dynamic coefficients), one needs to have at least measurements
of θ and q available, performing then offline numerical differentiation to obtain q̇, q̈ and θ̈ . Note that
measurements of motor position θ and of elastic joint torque τ J may also work, using the additional
knowledge of K to obtain the needed q from (25).

An interesting alternative is available when only a measure of the link position q is available.
Following the scheme of feedback linearization control, see, for example, Chapter 11 in [3], Eqs. (23)
and (24) can be rearranged eliminating the dependence from motor variables θ . Differentiating twice
in time the link equations and using the motor equations to substitute for θ̈ , one obtains after some
manipulation (and dropping dependencies)

MmK−1
(
M

....
q + 2Ṁ

...
q + M̈q̈ + n̈

)+ (M + Mm) q̈ + n + τ fl + τ fm + MmK−1τ̈ fl = τ , (28)
where n = n(q, q̇) = c(q, q̇) + g(q) for compactness. Neglecting dissipative terms as before for
simplicity, (28) can be written in the compact, linearly parametrized form

ỸEJ

(
q, q̇, q̈,

...
q,

....
q
)
π̃EJ = τ , (29)

i.e., in terms of a set of extended dynamic coefficients π̃EJ ∈R
r(n+1) and of a regressor matrix ỸEJ that

depends only on link position and its derivatives up to the fourth order. Using Eq. (29), one can proceed
in principle to dynamic identification as in the rigid case (with multiple offline differentiation of the
position measurements).
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At this stage, we note that, apart from the more complex regressor matrices or the larger number of
numerical differentiations needed for the measured positions, one should have access for identification
purposes to the motor torque τ that is actually being applied to the robot. In the case of the KUKA LWR
4+ robot, this information is not directly available. On the other hand, measurement of the elastic joint
torque τ J is provided by the joint torque sensors, together with a measure of the motor position θ and
knowledge of the joint stiffness K. Thus, the link position q can be obtained from (25) as

q = θ − K−1τ J . (30)

As a result, dynamic identification of the KUKA LWR 4+ robot can be performed directly using the
link Eq. (23) only, where the measured elastic joint torque τ J replaces the commanded motor torque τ

of the rigid case in the right-hand side of (14). Neglecting for the time being the (usually, small) friction
terms acting on the link side of the elastic transmission, Eq. (14) is simply replaced by

Y(q, q̇, q̈) π( p) = τ J . (31)

As for the friction torque τ fl acting on the link side, we can reintroduce and identify separately this term
using also a nonlinear model, as it will be shown in Section 6.3. Or we can use a linear parametrization
for these dissipative terms as in (22) and pursue then a complete identification approach using

Yc(q, q̇, q̈) π c = τ J , (32)

as it will be shown in Section 6.4.

4. Modified dynamic coefficients due to a payload
We briefly recall the problem of estimating the effect on the original robot dynamic coefficients of an
extra unknown payload rigidly attached to the end effector. The problem has been addressed in ref.
[19], where we proposed a model-based approach using two sets of experimental data, first without and
then with the payload. As shown in ref. [19], the original set of dynamic coefficients changes when a
payload is added, but the property of linearity of the parametrized dynamic equations is preserved and
is independent from the specific choice of kinematic reference frames.

Let mL be the mass of the payload, nrn,cL = ( cLx cLy cLz )T the position of its CoM with respect to the
origin of last robot frame n, and nJL its symmetric inertia tensor relative to the last frame n. The dynamic
parameters of the payload can be organized in a vector

pL = ( mL mLcLx mLcLy mLcLz JL )T ∈R
10, (33)

where JL ∈R
6 is defined similarly to (12) using the symmetry of the inertia tensor.

The problem is to identify the new set πL = πL( p, pL) of robot dynamic coefficients in the presence
of a payload. We assume that a reliable estimate π̂ of the robot dynamic coefficients is available in the
absence of the payload. Moreover, neglect for ease of presentation any dissipative effect. Define the
symbolic difference vector

ε( pL) = π L( p, pL) − π ( p), (34)

where the symbolic expression of the dynamic coefficient vector πL is obtained from π ( p) by applying
the following linear mapping:

mn → mn + mL

mncnx → mncnx + mLcLx

mncny → mncny + mLcLy

mncnz → mncnz + mLcLz

nJn → nJn + nJL =
⎛
⎝ Jnxx + JLxx Jnxy + JLxy Jnxz + JLxz

Jnxy + JLxy Jnyy + JLyy Jnyz + JLyz

Jnxz + JLxz Jnyz + JLyz Jnzz + JLzz

⎞
⎠.

(35)
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Thanks to (34), we can write the dynamics of the loaded robot as

YL(q, q̇, q̈) π ( p) + YL(q, q̇, q̈) ε( pL) = τ L, (36)

where YL(q, q̇, q̈) = Y(q, q̇, q̈) is the same regressor matrix of the unloaded case (after pruning), evaluated
under the action of the torque τ L (or, in view of the analysis of Section 3.2, of τ J,L) in the presence of
the payload.

The identification procedure for the modified robot coefficients πL is the same as for the unloaded
case, with the only difference that it takes advantage of the previously estimated dynamic coefficients
π̂ . The robot will execute a set of sufficiently exciting [37] trajectories, which may be the same or differ
from those of the unloaded case. We collect the joint torques τ L and the motion data, process them, and
organize a linear set of equations as

YL π L = τ L, (37)

where YL is the stacked regressor evaluated with the performed experiments. Then, the estimated
coefficients of the loaded case are computed again by pseudoinversion as

π̂L = Y
#

L τ L. (38)

Using (34), we also obtain the numerical difference vector ε̂ as

ε̂ = π̂L − π̂ . (39)

Note that in practice the estimation of π̂ L and π̂ will not change when using a different or just the same
sufficiently exciting trajectory in the two experiments. When the trajectory for the unloaded and the
loaded robot is the same, one has Y = YL and can compute then ε̂ equivalently as

ε̂ = Y
#
(τ L − τ ). (40)

The above analysis and the resulting value of vector ε̂ allows to obtain also an estimate for the 10
dynamic parameters pl of the payload in (33). Defining the payload Jacobian Jε as the matrix of symbolic
partial derivatives of ε( pL) with respect to vector pL, we have

Jε = ∂ε( pL)

∂pL

⇒ JεpL = ε, (41)

thanks to the linearity of (35). Therefore, the payload parameters can be estimated as

p̂L = J#
εε̂. (42)

The accuracy of such an estimation typically increases with the number r of dynamic coefficients of the
given robot, and thus implicitly with the number n of its degrees of freedom.

5. Dynamic identification via a reverse engineering approach
As mentioned in Section 2, the FRI software interface and the controller of the KUKA LWR 4+ manip-
ulator allow to perform the identification of all dynamic coefficients π that are present in the left-hand
side of the model (31) using only data collected at a sufficiently large set of robot configurations, without
the need to resort to numerical reconstruction of velocities and accelerations.

In fact, the FRI software provides the numerical values gnum(q) and Mnum(q) of the components of the
robot gravitational vector g(q) and, respectively, of the elements of the robot inertia matrix M(q) at any
current configuration q. Thus, a large amount of data can be acquired in a static way, avoiding the neces-
sity to execute exciting trajectories for the robot. Once the robot is brought to a desired configuration, the
numerical values of joint position, gravity vector, and inertia matrix are read and stored. Accordingly,
one can also read and store the elastic joint torque τ J measured in the same configurations. These mea-
surements are not needed in this identification approach, but are used later for validation purposes. Note
that the procedure is not influenced by friction nor by any other dynamic effects not considered in the
dynamic model.
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Since the numerical information provided is based on an internal dynamic model used by the robot
manufacturer and their engineers, this model is assumed to be sufficiently reliable for extracting the
actual dynamic coefficients of the robot. For this reason, we called this a reverse engineering approach
to dynamic identification. In a similar way, the approach described below can be applied also to other
robots that return the same data as the KUKA LWR 4+, for example, the Franka Emika Research 3
manipulator.

The starting point is that the linear parametrization of the whole model discussed in Section 3 holds
also for the single terms in the dynamic equations. The coefficients related to link masses and to positions
of the link centers of mass can be factored out from the gravity vector g(q). In particular, by exploiting
the linearity property and the fact that the LWR 4+ robot has only revolute joints, this can be done by
collecting and reorganizing all possible individual trigonometric functions (or products of functions)
present in the gradient of the symbolic expression of the potential energy. As a result, the gravity term
in the model can be written as

g(q) = Yg(q) π g. (43)

with a vector of gravity-related dynamic coefficients π g ∈R
rg to be estimated. In doing so, we assume

knowledge of the gravity acceleration g0, which will be included in the (known) symbolic expression of
the n × rg regressor matrix Yg.

The elements of the robot inertia matrix M(q) can be retrieved from a similar linear factorization.
First, we rearrange the lower-triangular elements Mij(q), with i = 1, . . . , n and j = 1, . . . , i, of this sym-
metric matrix in vector form, so to obtain a vector m(q) ∈R

n(n+1)/2. For the considered robot with n = 7
joints, this vectorization gives

m(q) = ( M11 M21 M22 M31 . . . M33 M41 . . . M44 . . . M61 . . . M66 M71 . . . M77 )T ∈R
28.

Proceeding as before by collecting and reorganizing all trigonometric functions present in the hessian
of the symbolic expression of the kinetic energy, we can write

m(q) = Ym(q) πm, (44)

with a vector of inertia-related dynamic coefficients πm ∈R
rm to be estimated and a corresponding

n × rm regressor matrix Ym. Vector πm contains in general linear combinations of all link parameters
p ∈R

10n, that is, their masses, the positions of their centers of mass, as well as the elements of their
inertia tensors. We also note that, in this approach, the required separate treatment of the gravity vector
and of the (stacked) inertia matrix gives rise to a number of dynamic coefficients rg + rm, which may
be (and typically is) larger than the minimum number r that is obtained when following the classical
procedure presented in Section 3.1 for the dynamic model as a whole.

The identification experiment consists in collecting FRI data and measurements in a sufficiently large
number m of different configurations. For a generic configuration qk, k = 1, . . . , m, we can write

Yg,k(qk) π g = gnum,k Ym,k(qk) πm = mnum,k, (45)

where the numerical terms on the right-hand sides are both retrieved from the FRI (vectorizing Mnum to
mnum, like it was done with M(q)). Then, we stack these equations as

Ygπ g = gnum Ymπm = mnum. (46)

For the n = 7 joints of the KUKA LWR 4+ robot, the regressor matrices Yg and Ym are, respectively, of
dimensions 7m × rg and 28m × rm. Accordingly, gnum ∈R

7m and mnum ∈R
28m.

Under the condition that m � rg + rm, if both regressors have full column rank, the two overcon-
strained linear equations in (46) can be solved in a least squares sense by using the pseudoinverse of the
corresponding regressors as

π̂ g = Y
#

g gnum =
(

Y
T

g Yg

)−1

Y
T

g gnum (47)
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and

π̂m = Y
#

m mnum =
(

Y
T

mYm

)−1

Y
T

m mnum. (48)

Using (43) and (44), we obtain from (47) to (48) the estimates of ĝ(q) and M̂(q). Using Eqs. (9) and
(10), we can compute also the estimate of the remaining velocity terms in the dynamic model (7). Note
in fact that the dynamic coefficients that appear in c(q, q̇) are always a subset of πm. Finally, for a generic
triple (q, q̇, q̈), given in symbolic or numerical form, the expression

τ̂ J = M̂(q)q̈ + ĉ(q, q̇) + ĝ(q) (49)

provides also an estimate of the vector of elastic joint torques according to (31). For validation, this
estimate should be compared with the τ J measured in the same robot conditions.

6. Experimental results
6.1. Identification via reverse engineering
In ref. [21], we presented preliminary results from static experimental sessions performed via the reverse
engineering approach on the KUKA LWR 4+ robot, concerning the identification of the coefficients π g

via (47). Here, we provide more complete results including the identification of πm via (48), together
with a further experimental validation using dynamic trajectories as well as with the addition of a tip
payload.

First, we make two basic observations:

1. Since the supporting base of the LWR 4+ available in our DIAG Robotics Laboratory is a hori-
zontal table, the first element of the robot gravity vector (acting on the vertical joint axis 1) should
be identically zero. However, the numerical data provided by the FRI contain some very small
values, possibly because the table is not perfectly horizontal. We decided to simply eliminate
this element from the estimation procedure, reducing to 6 the number of rows in Yg(q).

2. The values of the robot inertia matrix element M76 = M67 retrieved with the FRI function
GetCurrentMassMatrix are always zero, independently from the current link position q. So,
also this element is not considered further. Moreover, since its symbolic expression is

M76(q) = m7c7xc7z sin q7 + m7c7yc7z cos q7 − I7xz sin q7 − I7yz cos q7 = 0, (50)

we can set

I7xz = m7c7xc7z I7yz = m7c7yc7z (51)

as additional relations among the involved dynamic parameters.

As training set (TS) for identification, we performed data acquisition on a set of m = 1000 static joint
configurations. For each data sample, a random value was extracted from a uniform distribution within
the joint ranges of the robot joints (the upper and lower limits are ±170◦ for joints 1, 3, 5, and 7, while
±120◦ for the remaining joints 2, 4, and 6). Figure 3 shows the cloud of Cartesian positions reached by
the robot end effector during the procedure, while some of these static configurations can be observed
also in a segment of the video accompanying the paper. This acquisition of random samples guarantees
that the two regressors Yg and Ym can both achieve, after pruning, full column rank.

Using some simple analytical inspection and the procedure illustrated in Section 3.1, we have found
that the stacked gravity regressor Yg has rg = 12 independent columns, with associated dynamic coeffi-
cients that are combinations of the original 28 dynamic coefficients p1 and p2 in (11). On the other hand,
the stacked inertia regressor Ym was reduced by the procedure to 52 linearly independent columns, with
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Figure 3. The m = 1000 Cartesian static positions reached by the KUKA LWR 4+ end-effector during
the training procedure [blue dots]. The red line represents the robot in the zero configuration (candle
position). The robot is placed at the center of a horizontal supporting table [green plane].

the corresponding number of dynamic coefficients, as a result of combinations from the total of 70 ini-
tial dynamic parameters p in (11). Moreover, after this grouping, we discarded the coefficients whose
estimated value was found to be below 10−6. Accordingly, the corresponding columns of the stacked
regressor Ym were then deleted. At the end of the procedure, we retained rm = 30 dynamic coefficients
in the parametrization (44) of the elements of the robot inertia matrix.

The symbolic structure of the vector π g ∈R
12 of dynamic coefficients that factorize g(q) is

π g =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

m7c7y

m7c7x

m6c6x

m6c6z + m7c7z

m5c5z − m6c6y

m5c5x

m4c4z + m5c5y + L2 (m5 + m6 + m7)

m4c4x

m4c4y + m3c3z

m2c2x

m3c3x

m2c2z − m3c3y + L1 (m3 + m4 + m5 + m6 + m7)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (52)
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Table III. Componentwise mean squared errors of the estimate
of the elements of the gravity vector g(q) obtained by reverse
engineering in the training set (TS), in the validation set (VS),
and in the torque validation experiment (TVE). Only 6 elements
are present since g1 is identically zero.

TS VS TVE
g1 – – –
g2 9.3 × 10−9 4.2 × 10−7 0.0332
g3 9.1 × 10−10 3.9 × 10−9 0.0026
g4 3.3 × 10−9 3.1 × 10−8 6.3 × 10−4

g5 7.3 × 10−12 7.3 × 10−11 2.9 × 10−6

g6 6.4 × 10−12 2.3 × 10−10 7.1 × 10−7

g7 7.4 × 10−13 6.02 × 10−13 8.6 × 10−10

From the identification via, the resulting numerical values are (expressed in [kg · m])

π̂ g =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

9.5457 × 10−4

−2.9826 × 10−4

8.3524 × 10−4

0.0286
−0.0407

−6.5637 × 10−4

1.3340
−0.0035

−4.7258 × 10−4

0.0014
9.4532 × 10−4

3.4568

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (53)

Some of the values in (53), for example, those in the order of 10−4, provide only a minor contribution to
the robot dynamics and could thus be approximated to zero, thereby simplifying the use of the dynamic
model.

The identification results for the vector πm of dynamic coefficients that factorize the inertial terms
m(q) were obtained in a similar way. The symbolic expressions of πm as well as the numerical values of
π̂m are available at http://www.diag.uniroma1.it/labrob/lwrdyn.

A different set of mv = 200 static configurations belonging to the joint range was chosen in a similar
randomized way as validation set (VS) to test the identified model. Using the identified values (53) of the
dynamic coefficients π g, the gravity vector ĝ(q) was reconstructed according to (43). Table III reports the
mean squared errors on each component of the estimated gravity vector ĝ(q) with respect to the nominal
values gnum(q) obtained from the FRI. The first column refers to the TS, while the second column refers
to the VS. Similarly, Table IV gives the corresponding maximum absolute errors. The same comparison
is reported in Tables V and VI, respectively, for the mean squared errors and the maximum absolute
errors on the 28 different components of the 7 × 7 robot inertia matrix M̂(q), as reconstructed according
to (44) using the estimated values π̂m, with respect to the nominal values Mnum(q) obtained from the FRI.
Note that the first component of g(q) in Tables III and IV and the element M76 in Tables V and VI do
not need to be estimated. Moreover, the third column in these four tables refers to the torque validation
experiment (TVE) described later in Section 6.2.

A second validation experiment has been performed in order to evaluate during dynamic motion,
rather than in static conditions, each element of the estimated gravity vector ĝ(q) and of the symmetric
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Table IV. Componentwise maximum absolute errors of the estimates of the
elements of the gravity vector g(q) obtained by reverse engineering in the
training set (TS), in the validation set (VS), and in the torque validation
experiment (TVE). Only 6 elements are present since g1 is identically zero.

TS VS TVE
g1 – – –
g2 6.2202 × 10−4 0.0019 1.0653
g3 5.3553 × 10−4 1.6959 × 10−4 0.33334
g4 5.6154 × 10−4 4.7839 × 10−4 0.20455
g5 2.1393 × 10−5 2.3266 × 10−5 0.01067
g6 1.2362 × 10−5 3.2970 × 10−5 6.4 × 10−3

g7 1.5917 × 10−6 2.0801 × 10−6 2.3 × 10−4

Table V. Componentwise mean squared errors of the estimates of the 28 lower-triangular
elements of the symmetric robot inertia matrix M(q) obtained by reverse engineering in
the training set (TS), in the validation set (VS), and in the torque validation experiment
(TVE). The element M76 is identically zero.

TS VS TVE
M11 6.4206 × 10−11 1.4388 × 10−9 6.1155 × 10−5

M21 3.0289 × 10−12 1.5986 × 10−11 9.8501 × 10−6

M22 8.0762 × 10−11 3.3778 × 10−11 2.5409 × 10−5

M31 2.2076 × 10−12 4.52 × 10−11 1.233 × 10−6

M32 2.7287 × 10−12 1.2412 × 10−11 1.012 × 10−5

M33 1.118 × 10−12 6.8125 × 10−12 3.0619 × 10−6

M41 1.9841 × 10−12 5.3998 × 10−11 9.7621 × 10−6

M42 5.3039 × 10−12 1.4093 × 10−11 9.9596 × 10−6

M43 3.8831 × 10−15 4.3678 × 10−14 1.6653 × 10−9

M44 7.9938 × 10−13 3.5493 × 10−13 3.841 × 10−8

M51 1.3445 × 10−14 2.6754 × 10−13 8.9686 × 10−9

M52 2.297 × 10−14 2.6337 × 10−13 2.3368 × 10−8

M53 4.3061 × 10−15 4.305 × 10−14 2.7641 × 10−9

M54 4.2033 × 10−15 5.4716 × 10−14 2.6447 × 10−9

M55 1.5735 × 10−14 1.2953 × 10−14 3.3812 × 10−11

M61 1.431 × 10−14 6.7021 × 10−14 2.5513 × 10−9

M62 2.2611 × 10−14 1.8611 × 10−13 9.0845 × 10−9

M63 4.3212 × 10−15 9.5974 × 10−15 1.1792 × 10−9

M64 5.0111 × 10−15 5.0154 × 10−14 1.5513 × 10−9

M65 3.8186 × 10−15 4.7557 × 10−15 4.4196 × 10−15

M66 3.4983 × 10−15 4.4649 × 10−15 3.3446 × 10−11

M71 5.1255 × 10−19 3.3537 × 10−17 7.2973 × 10−15

M72 4.7664 × 10−19 2.1183 × 10−17 6.0829 × 10−14

M73 4.0719 × 10−19 2.866 × 10−17 1.7153 × 10−13

M74 2.2251 × 10−19 1.53 × 10−17 2.5884 × 10−13

M75 6.987 × 10−19 2.2077 × 10−17 1.6503 × 10−13

M76 – – –
M77 6.5331 × 10−22 6.5331 × 10−22 6.5331 × 10−22
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Table VI. Componentwise maximum absolute errors of the estimates of
the 28 lower-triangular elements of the symmetric robot inertia matrix
M(q) obtained by reverse engineering in the training set (TS), in the
validation set (VS), and in the torque validation experiment (TVE). The
element M76 is identically zero.

TS VS TVE
M11 6.0912 × 10−5 0.0001118 0.056539
M21 2.8211 × 10−5 1.187 × 10−5 0.020985
M22 5.251 × 10−5 1.596 × 10−5 0.02933
M31 1.1892 × 10−5 1.7354 × 10−5 0.0060167
M32 2.9601 × 10−5 8.4152 × 10−6 0.021633
M33 6.9012 × 10−6 6.441 × 10−6 0.010558
M41 8.9449 × 10−6 2.5137 × 10−5 0.022015
M42 2.0753 × 10−5 1.0303 × 10−5 0.012439
M43 3.8969 × 10−7 5.0266 × 10−7 0.00025384
M44 5.1781 × 10−6 1.4432 × 10−6 0.00033512
M51 5.9962 × 10−7 1.261 × 10−6 0.00049674
M52 6.5591 × 10−7 1.2951 × 10−6 0.00071411
M53 4.9521 × 10−7 5.5753 × 10−7 0.00031472
M54 6.0824 × 10−7 5.4682 × 10−7 0.00025567
M55 2.8475 × 10−7 1.9333 × 10−7 2.9245 × 10−5

M61 6.7802 × 10−7 1.1243 × 10−6 0.00025527
M62 6.7132 × 10−7 1.1402 × 10−6 0.00050575
M63 2.5675 × 10−7 2.9203 × 10−7 0.00023661
M64 4.9377 × 10−7 5.0941 × 10−7 0.00016151
M65 1.0616 × 10−7 9.7117 × 10−8 1.985 × 10−7

M66 1.3463 × 10−7 1.0745 × 10−7 5.884 × 10−6

M71 6.0946 × 10−9 1.7379 × 10−8 5.2647 × 10−7

M72 7.2314 × 10−9 1.0878 × 10−8 1.2626 × 10−6

M73 6.2308 × 10−9 1.2787 × 10−8 2.7686 × 10−6

M74 5.0455 × 10−9 7.6132 × 10−9 2.8964 × 10−6

M75 6.4935 × 10−9 8.4772 × 10−9 2.3354 × 10−6

M76 – – –
M77 2.556 × 10−11 2.556 × 10−11 2.556 × 10−11

inertia matrix M̂(q). For this purpose, sinusoidal reference trajectories q(t) with different frequencies
and amplitudes were chosen for each joint during a time interval of 60 s, as shown in Figure 4. The
numerical values of the current link position, inertia matrix, and gravity vector were retrieved from FRI
every 120 ms. At the end of the data acquisition, the estimated dynamic coefficients π̂ g and π̂m were
used to compute each term of the gravity vector ĝ(q) and of the inertia stack vector m̂(q) for each sample
of the retrieved link positions q.

Figure 5 shows in particular the comparison between the values of the elements gnum,2(q) (gravity
acting on joint 2) and Mnum,11(q) (first diagonal element of the link inertia matrix) retrived with FRI and
their estimated values ĝ2(q) and M̂11(q) using 500 samples of the performed trajectory q(t). The perfect
agreement is confirmed also by the behavior of other dynamic elements, as reported in the web page at
http://www.diag.uniroma1.it/labrob/lwrdyn. Note that the element M11(q) was chosen because it is the
richest in terms of number of involved dynamic coefficients (it contains 19 out of the total of rm = 30
inertial coefficients).
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Figure 4. Sinusoidal joint trajectories for dynamic validation of the reverse engineering approach.
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Figure 5. Comparison between the values retrieved from FRI [blue lines] and the estimated values
[green lines] of the gravity vector element g2(q) (left) and of the inertia matrix element M11(q) (right)
along the joint trajectories in Figure 4. No differences are noticeable.

Finally, we performed another static identification experiment by mounting on the robot flange a
symmetric steel tip with mass mL = 0.25 kg as payload. According to the analysis of Section 4 and from
the inspection of the symbolic expressions in (52), the components of π g that are affected by the presence
of a tip payload are only πg1, πg2, πg4, πg7, and πg12. Moreover, if the payload center of mass is placed
on the local z-axis (i.e., c7x = c7y = 0), as in our experiment, the affected set of coefficients reduces to
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πg4, πg7, and πg12. This expected outcome is confirmed by the obtained numerical estimate π̂ g,L

π̂ g,L =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

9.5486 × 10−4

−2.9823 × 10−4

8.3534 × 10−4

0.0507
−0.0407

−6.5618 × 10−4

1.4320
−0.0035

−4.7317 × 10−4

0.0014
9.4555 × 10−4

3.5580

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (54)

in which only the estimates π̂g4, π̂g7, and π̂g12 have changed with respect to (53).
In the present case, the addition of a balanced payload affects only two dynamic parameters of the last

robot link, namely the mass m7 and the z-coordinate c7z of its CoM. Considering the known kinematic
parameters L1 = 0.4 m and L2 = 0.39 m, one can directly compute from the obtained data the two relevant
parameters of this tip payload. One has

mL = m7,L − m7 = ε7

L2

� ε̂7

L2

= π̂g7,L − π̂g7

L2

= m̂L = 0.251 kg, (55)

that is, a very good estimate of the mass mL of payload (a similar result is obtained when using ε12).
Moreover, from

m7,Lc7z,L − m7c7z = ε4 � ε̂4 = π̂g4,L − π̂g4 = 0.0221 kg·m, (56)
we can also extract an estimate of the z-coordinate of the center of mass of the payload as

ĉLz = ε̂4

ε̂1

= 0.087 m.

6.2. Torque validation experiment
In this further validation experiment, we evaluated the joint torque reproduction capability when using
the dynamic coefficients π̂g and π̂m estimated via the reverse engineering approach. For this, we have
imposed a new desired joint trajectory to the robot by means of the routine JointPositionController
of the FRI library. In particular, the robot should track a sequence of seven cubic interpolating trajectories
(plus a constant position at the end) whose generic form is qd(t) = at3 + bt2 + ct + d, with zero velocity
at the two boundaries of each subinterval. The i-th cubic polynomial in the sequence interpolates the two
knots qi and qi+1 in a specified time interval [ti, ti+1], for i = 1, . . . , 7. The last configuration q8 is kept
for the last time interval. The entire reference trajectory is defined by the knots and timings as follows:

⎧⎨
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π
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π
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,
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,
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,
π
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)
q2 = (0, 0, 0, 0, 0, 0, 0)

for t ∈ [0, 5]

⎧⎨
⎩
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) for t ∈ [15, 22]
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Figure 6. Filtered joint positions [top row], velocities [center row], and accelerations [bottom row]
retrieved when imposing the sequence of cubic trajectories (57), for t ∈ [0, 30] s. The trajectories are
the same for all joints until t = 22 s; they split then in two different motions, one in common for joints
1, 3, 5, and 7 [first column], the other in common for joints 2, 4, and 6 [second column].
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) for t ∈ [25.5, 27] q(t) = q8 for t ∈ [27, 30].

(57)

We collected the measured joint positions and elastic joint torques τ J , see Eq. (25), by means of the
FRI routines GetMeasuredJointPositions and GetMeasuredJointTorques.

The position data were numerically differentiated offline twice, in order to derive joint velocities and
accelerations, and then filtered through a 4-th order zero-phase digital Butterworth filter with a cutoff
frequency of 1 Hz. The obtained joint positions, velocities, and acceleration are shown in Figure 6. Note
that in order to make the robot reach the relatively high joint velocities toward the end of this trajectory,
we had to remove the 80 W power limitation (by plugging the X15 connector, as described in the LWR
4+ Controller manual [38]).
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Figure 7. Measured elastic joint torques τ J after filtering [dashed, green] and estimated torques
evaluated according to Eq. (49) [solid, blue] for the robot motion shown in Figure 6.

For this experiment, we used again the reverse engineering identification approach (47)–(48) to obtain
new estimates π̂ g and π̂m. The accuracy in returning the numerical output values of the elements of
gnum(q) and Mnum(q) provided by the FRI is summarized by the mean squared errors and maximum
absolute errors reported in the third columns (TVE) of Tables III–VI.

The obtained joint motion profiles were substituted in Eq. (49), using the estimates of the dynamic
coefficients π̂m for evaluating M̂(q) and also ĉ(q, q̇), according to Eqs. (9) and (10), whereas the estimates
π̂ g were used in the evaluation of ĝ(q). This provides the estimation of the elastic joint torque τ̂ J . Figure 7
compares the time evolution of the torque τ J(t) (dashed, green), as measured by the joint torque sensor
and then filtered to remove noise, with the estimated elastic joint torque τ̂ J(t) (solid, blue) for all seven
robot joints. While a good estimation was obtained for joints 2, 3, 4, and 5, the small errors at the
remaining joints 1, 6, and 7, although never exceeding at most 1.5 Nm in absolute value, suggest the
presence of some unmodeled dynamics beside minor numerical identification errors.

6.3. Friction estimation
We attribute the differences found in Figure 7 between the prediction of the joint torques (49) needed to
perform a given trajectory and those measured by the joint torque sensors mainly to missing dissipative
terms. In fact, friction was not included in the reverse engineering identification approach. However,
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Table VII. Estimated parameters of the sigmoidal functions τfl,i used in
friction model (59).

Joint i ki Ai β i ν i

1 −0.664 0.921 267.9 −0.00359
2 −0.0964 0.759 65.35 0.0110
3 −0.501 0.573 28.42 −0.0304
4 −0.735 0.675 800.3 0.000102
5 −0.388 0.413 53.59 0.0161
6 −0.758 0.752 12.63 −0.0715
7 −0.521 0.633 30.34 0.0454

having already validated at this stage the estimation of the dynamic coefficients related to the kinetic
energy and the gravitational potential energy of the robot, we can use the torque differences to estimate
static and dynamic friction effects acting on the link side of the transmissions, that is,

τ̃ J = τ J − τ̂ J = τ fl. (58)

Since friction is mainly dependent on joint velocities, in order to perform a parametric estimation of
τ fl, we have collected a set of values for τ̃ J retrieved using the following procedure. A number of joint
trajectories have been designed that excites the joints at different velocities and then imposed to the robot
by means of the routine JointPositionController of the FRI library. The joint positions measured
by the encoders were collected and then numerically differentiated offline to obtain the joint velocities q̇.
At the same time instants, the values measured by the joint torque sensors were collected and the torque
estimation error τ̃ J built with the elastic joint torque prediction (49) based on the estimated dynamic
coefficients.

Using a total of 6000 samples for each joint, these values have been placed on (q̇i, τ̃J,i) planes, for
i = 1, . . . , 7. We fit then such 2D clouds of data points with parametrized sigmoidal functions (one per
joint, each independent from the others) of the form

τ fl,i = ki + Ai

1 + e−βi(q̇i+νi)
, (59)

with the friction parameter vector

π fl,i =
(

ki Ai βi νi

)T
, (60)

for i = 1, . . . , 7. Since friction effects appeared to be asymmetric with respect to the zero velocity (see,
e.g., the torque of joint 1 in the neighborhood of t = 15 s in Figure 7), a vertical offset ki is also present
in the assumed nonlinear friction model (59). As a result, a total of 7 × 4 = 28 parameters had to be
estimated. The seven sigmoids obtained by fitting the data by means of a nonlinear least squares algo-
rithm are shown in Figure 8, with the estimated values of the parameters given in Table VII. Being the
estimated joint friction different from zero also in the vicinity of q̇ = 0, we have described with a single
function for each joint both static and dynamic (viscous and Coulomb) dissipative effects.

Having obtained an estimate τ̂ fl(q̇) of the friction acting on the link side of the robot dynamics, the
expression (49) for the estimated joint torque becomes then

τ̂ J = M̂(q)q̈ + ĉ(q, q̇) + ĝ(q) + τ̂ fl(q̇). (61)

Figure 9 shows the new estimates of the joint torques when using Eq. (61) for the same validation exper-
iment presented in Section 6.2. As apparent from the plots, the new estimate τ̂ J is dramatically improved
with respect to Figure 7, especially for the motion of the last three joints. While more complex friction
models have been considered in refs. [9] and [11] for other types of collaborative robots, we found that
the improvements obtained using the model (59) do not justify in our case additional modifications.
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Figure 8. Estimated nonlinear friction τ fl for the 7 joints of the KUKA LWR 4+, as function of the
corresponding joint velocity. Each profile is supposed to be independent from the others. The multiple
lines [dotted, green] are differences between measured elastic joint torques τ J and their model-based
prediction τ̂ J , as acquired at the various velocities during motion. The sigmoidal profile [blue line] fits
the data by using a least squares cost function.

6.4. Identification via PBPR algorithm
In the previous experiments, we showed how to retrieve the dynamic model of a robot and how to identify
the dynamic coefficients by exploiting the information possibly supplied by the robot controller unit. In
particular, for the KUKA LWR 4+, one may take advantage of the numerical values of the gravity vector
and of the mass matrix offered by the KRC2 unit at each time step during robot motion. However, it is
also possible to exploit the measures of the joint positions q read by the robot encoders and of the torques
τ J provided by the joint torque sensors, to obtain an estimation of the dynamic coefficients by means of
Eq. (31), where τ J replaces τ as explained in Section 3.2.

When using the classical identification procedure described in Section 3.1, static positioning is no
longer sufficient and the robot must execute sufficiently exciting trajectories in order to allow a reliable
estimation of the dynamic coefficients. In particular, following [39], we designed the reference trajectory
for the i-th joint, i = 1, . . . , 7, as

qi(t) =
L∑

l=1

al,i

lωf

sin (lωf t) − bl,i

lωf

cos (lωf t) + q0,i, (62)

where L = 5 is the number of used harmonics and the ωf = 0.15π rad/s is the base angular frequency.
These trajectories were executed by the robot for 21 s, collecting a total of 20, 544 samples of positions
qi and torques τJ,i per joint.
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Figure 9. Measured elastic joint torques τ J after filtering [dashed, green] and estimated torques τ̂ J

evaluated according to Eq. (61) [solid, blue], that is, including the nonlinear friction model (59), for
the robot motion in Figure 6 (compare with Figure 7).

Once all the experimental data have been stored and processed, we took advantage of the PBPR opti-
mization algorithm presented in [18] for the identification of the dynamic parameters. In the formulation
of this optimization problem, we impose also constraints on link masses, CoM locations, elements of the
inertia tensors, as well as inertia triangle inequalities [40]), in order to obtain a feasible set of dynamic
parameters pc (including also a linear parametrization of friction terms). From these parameters, a set
of dynamic coefficients π c follows that in turn automatically fulfill physical feasibility.

Although we have originally introduced the PBPR algorithm for the Franka Emika Panda robot, so
far its applicability to other collaborative manipulators with elastic joints has not been demonstrated.
In this section, the algorithm is applied for the first time to the KUKA LWR 4+, providing a complete
identification and experimental validation of its dynamic model and yielding also a physically consistent
set of inertial parameters for further use.

It is worth noting that, compared with LMI/SDP-based approaches [39, 40], which rely on a convex
formulation and provide thus global minima, the PBPR framework offers greater flexibility in incorpo-
rating additional robot-specific and also nonconvex constraints, including global constraints coupling
multiple links and geometric constraints on individual links derived from CAD design.

In the initialization step of the PBPR algorithm (see lines 1–2 of Algorithm 1), the starting point
pc = p0 is randomly chosen between the lower and upper (vector) bounds LB and UB set on each dynamic
parameter using a uniform distribution, while the penalty ξ1 is set to zero. Lines 3–6 of the algorithm
consist in solving the constrained nonlinear optimization problem κ times: at a given step k = 1, . . . , κ ,
the initial guess is the optimal solution found at step k − 1. The objective function contains two com-
ponents: the squared norm of the complete regressor Eq. (32), where the functional expressions π c( pc)
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of the dynamic coefficients π c in terms of the dynamic parameters πc are used; and an exterior penalty
function g(·) that returns a measure of violation of the considered constraints, with a penalty coefficient
ξk ≥ 0. The first component of the objective function guarantees admissibility of the dynamic parameters
π c, namely that they will provide values of the dynamic coefficients π c that comply with the measure-
ments of the joint torque τ J . On the other hand, the function g(·) provides an additive penalization when
any of the s scalar constraints hj( pk) ≤ 0, j = 1, . . . , s, is violated. In particular, the constraints that we
considered in the penalization were the triangle inequalities on the elements of the link inertia tensors
and an assigned range to the total sum of the link masses. Together with the explicit lower and upper
bounds on pc, this scheme will force (physical or user-defined) feasibility to the estimates of the dynamic
parameters of the robot. Finally, the penalty ξk is progressively increased by 10 at the end of each step
of the algorithm.

The constrained nonlinear optimization has been solved using the simulated annealing (SA) algo-
rithm, with an interior-point Nelder–Mead local optimization running at the end of each SA iteration
[41]. Including the violation-dependent penalty function and iteratively running the algorithm several
times (with up to 100 random initializations) by using as starting point the solution found at the previous
iteration, helps in avoiding to be stuck in local minima. Any obtained set of dynamic parameters hav-
ing the lowest value for the cost function f ( p) can be used as solution of the constrained identification
problem.

The symbolic expressions π c( pc) of the 64 dynamic coefficients (including friction) of the KUKA
LWR 4+ robot, as obtained by the reduction procedure described in Section 3.1, are reported in
Table VIII. The numerical values π̂ c of the dynamic coefficients obtained from the application of
Algorithm 1 are reported in the second column of Table IX. For comparison, the third column of this
table shows the dynamic coefficients for the same robot as given in ref. [42], where only the coeffi-
cients with a value above some small threshold were reported by the authors. Note also that only the
Coulomb friction coefficients fci were considered (in their model B). Moreover, their dynamic coeffi-
cients have been obtained according to the modified DH convention. Thus, in order to make the two sets
of coefficients comparable, we had to perform a change of coordinates.

In particular, the mapping between dynamic parameters expressed according to the classical and the
modified DH conventions for the KUKA LWR 4+ robot (see Figure 1) can be derived by noting that
the frame RFMOD

i attached to link i with the modified DH convention is obtained by a single rotation by
an angle ψi about the xi axis of the corresponding frame RFCLS

i of the classical DH convention. Table II
reports the angle ψi for each link, with i = 1, . . . , 7. As a result, the relationships for the link CoMs and
their inertia tensors can be written as

irMOD
i,ci = Rx(ψi) irCLS

i,ci

iJMOD
i = Rx(ψi) iJCLS

i RT
x (ψi),

(63)

where Rx(ψi) denotes the rotation matrix by an angle ψ about the current x-axis.
The output of the PBPR algorithm is a set of numerical values for the robot dynamic parameters,

as reported in Table X. Note that we list here the link parameters mi, cij, and Iihk (the elements of the
barycentric link inertia) directly obtained by the algorithm. These can be used to compute the standard
dynamic parameters in (11). Moreover, in this table, we denote as set A the most relevant feasible set of
dynamic parameters p̂A obtained when considering all physical constraints in the optimization problem
solved with the PBPR algorithm.

Figure 10 shows a comparison between the elastic joint torque τ J (blue lines) measured during a new
trajectory of 12 s and the estimated joint torque τ̂ J (red lines). The estimated torque was evaluated by
an NE routine, using the set A of dynamic parameters computed by the PBPR algorithm. The torque
mismatches are very small, that is, in the order of 0.1 (for joint 7) to 1.5 Nm (for joint 2, the most loaded
by gravity). These figures are well below 1% of the maximum nominal torque available at each joint, so
that we can conclude that the identification method was successful and reliable.
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Table VIII. Symbolic expression of the 64 dynamic coefficients π c( pc) (including
friction).

Dynamic coefficient Dynamic coefficient
π1 = J1yy + J2zz

π2 = J2xx − J2zz + J3zz + L2
1 (m3 + m4 + m5 + m6 + m7) − 2L1m3c3y

π3 = J2xy

π4 = J2xz

π5 = J2yy + J3zz + L2
1 (m3 + m4 + m5 + m6 + m7) − 2L1m3c3y

π6 = J2yz π38 = m5c5x

π7 = J3xx − J3zz + J4zz π39 = m5c5,z − m6c6y

π8 = J3xy π40 = m6c6x

π9 = J3xz π41 = m6c6z + m7c7z

π10 = J3yy + J4zz π42 = m7c7x

π11 = J3yz π43 = m7c7y

π12 = J4xx − J4zz + J5zz + L2
2 (m5 + m6 + m7) + 2L2m5c5y π44 = fv1

π13 = J4xy π45 = fv2

π14 = J4xz π46 = fv3

π15 = J4yy + J5zz + L2
2 (m5 + m6 + m7) + 2L2m5c5y π47 = fv4

π16 = J4yz π48 = fv5

π17 = J5xx − J5zz + J6zz π49 = fv6

π18 = J5xy π50 = fv7

π19 = J5xz π51 = fc1

π20 = J5yy + J6zz π52 = fc2

π21 = J5yz π53 = fc3

π22 = J6xx + J7yy − J6zz π54 = fc4

π23 = J6xy π55 = fc5

π24 = J6xz π56 = fc6

π25 = J6yy + J7yy π57 = fc7

π26 = J6yz π58 = fo1

π27 = J7xx − J7yy π59 = fo2

π28 = J7xy π60 = fo3

π29 = J7xz π61 = fo4

π30 = J7yz π62 = fo5

π31 = J7zz π63 = fo6

π32 = m2c2x π64 = fo7

π33 = m2c2z − m3c3y + L1 (m3 + m4 + m5 + m6 + m7)
π34 = m3c3x

π35 = m3c3z + m4c4y

π36 = m4c4x

π37 = m4c4z + m5c5y + L2 (m5 + m6 + m7)

6.5. Analysis of feasible and unfeasible dynamic parameter sets
We remark that the joint torque profiles associated to a desired trajectory can be generated using just the
estimated dynamic coefficients of a robot, without necessarily retrieving the dynamic parameters. Stated
differently, multiple sets of admissible dynamic parameters can yield the same set of estimated dynamic
coefficients. In order to better understand the role of different sets of dynamic parameters retrieved by the
PBPR algorithm, we have generated two further sets of admissible dynamic parameters. The first one,
denoted as p̂B, is a feasible set that yields the same value of the cost function φ( p) in (1) as the previous
p̂A, under the same optimization constraints (this set of dynamic parameters is not reported in Table X).
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Algorithm 1. PBPR algorithm

1 p0 ← LB + (UB − LB) u, with u ∼ U(0, 1);
2 ξ1 ← 0;
3 for k = 1, . . . , κ do
4 // Start the optimization from the solution of the previous step: pk,init ← pk−1;
5 // Solve the following optimization problem:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

min
pk

f (pk ) = φ(pk ) + ξkγ(pk ) = Ycπ(pk ) − τJ
2
+ ξk

s

j=1

g(hj (pk ))

s.t. LB ≤ pk ≤ UB
ξk+1 ← 10k

6 end

Table IX. Estimated numerical values of the 64 elements of the vector of dynamic coefficients π c.

Coefficient Value Value in ref. [42] Coefficient Value Value in ref. [42]
π1 0.13305 – π33 3.4653 3.460
π2 1.0796 1.290 π34 −0.002349 –
π3 0.02938 – π35 −0.001679 –
π4 −0.01595 – π36 0.00955 –
π5 1.13408 1.280 π37 1.3465 1.350
π6 0.109616 – π38 −0.00321 –
π7 0.0391 – π39 −0.04524 −0.040
π8 −0.0081 – π40 5.35484 × 10−4 –
π9 −0.004118 – π41 0.032 0.036
π10 0.04312 – π42 −8.7219 × 10−4 –
π11 −0.04186 – π43 −3.1117 × 10−4 0.006
π12 0.4085 0.441 π44 0.15005 –
π13 −0.002 – π45 0.13682 –
π14 0.00286 – π46 0.08233 –
π15 0.41713 0.440 π47 0.14219 –
π16 0.02618 – π48 0.07512 –
π17 0.01422 – π49 0.15217 –
π18 −0.00134 – π50 0.09732 –
π19 −4.9632 × 10−4 – π51 0.20908 0.384
π20 0.0146 – π52 0.17934 0.522
π21 −0.01581 – π53 0.18455 0.452
π22 0.00405 – π54 0.11657 0.317
π23 −0.001017 – π55 0.10678 0.861
π24 0.00144 – π56 0.28666 –
π25 0.00634 – π57 0.21735 0.080
π26 0.00143 – π58 0.37959 –
π27 0.00164 – π59 −0.04357 –
π28 −0.00232 – π60 −0.08011 –
π29 5.31487 × 10−4 – π61 −0.01290 –
π30 6.40299 × 10−4 – π62 −0.11648 –
π31 0.00496 – π63 −0.09236 –
π32 0.04432 – π64 −0.12381 –

The second set, denoted as p̂C, reported in Table X corresponds instead to an unfeasible solution obtained
by relaxing all the physical constraints in the PBPR algorithm, thus allowing unrealistic parameter values
(e.g., negative masses).
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Table X. Estimated numerical values of the 91 dynamic parameters pc (including friction) retrieved
by the PBPR algorithm with different sets of constraints. For i = 1, . . . , 7, mass mi is expressed in
[kg], coordinates cij (j = x, y, z) of the center of mass in [m], and elements Iijk (j = x, y, z, k = x, y, z)
of the link inertia tensor in [kg·m2]. Joint friction parameters fv,i are expressed in [Nm·s/rad], while
fc,i and fo,i are expressed in [Nm].

Dynamic Feasible Unfeasible Dynamic Feasible Unfeasible
parameters set A set C parameters set A set C

m1 4.327412 3.1546 I4xx 0.012593 3.157
m2 6.990093 −0.17404 I4xy −0.002378 −0.0062304
m3 1.453501 −0.19281 I4xz 0.005175 0.082859
m4 2.495117 −0.39041 I4yy 0.013977 0.10922
m5 1.463685 0.0023914 I4yz 0.002782 −1.7899
m6 0.535484 −0.53459 I4zz 0.007174 3.122
m7 0.414342 6.3359 I5xx 0.024067 2.1747
c1x −0.000237 0.23584 I5xy −0.000901 −0.041698
c1y 0.027464 −9.1993 I5xz −0.000411 −0.0037184
c1z −0.000510 −0.012407 I5yy 0.006554 0.57038
c2x 0.006341 −0.29394 I5yz −0.010511 −0.013552
c2y −0.078281 3.7298 I5zz 0.017884 1.5445
c2z 0.181806 −2.8913 I6xx 0.007701 1.2983
c3x −0.001616 0.0095629 I6xy −0.001011 −0.0085683
c3y 0.241064 4.5335 I6xz 0.001449 0.010678
c3z 0.065227 −3.9152 I6yy 0.003049 1.8833
c4x 0.003828 −0.036735 I6yz 0.001540 −0.17501
c4y −0.038670 1.9407 I6zz 0.006941 −0.58838
c4z 0.242516 2.3558 I7xx 0.003495 3.9953
c5x −0.002197 −2.2155 I7xy −0.002318 −0.0051922
c5y −0.136560 2.6425 I7xz 0.000483 5.5906 × 10−4

c5z −0.026532 1.2837 I7yy 0.001854 3.9926
c6x 0.001000 −0.00117 I7yz 0.000623 0.001943
c6y 0.011957 −0.093436 I7zz 0.004954 −0.0048478
c6z 0.016761 −3.4625 fv1 0.150054 0.20741
c7x −0.002105 4.7188 × 10−5 fv2 0.136829 0.16284
c7y −0.000751 −3.1132 × 10−4 fv3 0.082333 0.049379
c7z 0.055592 −0.28707 fv4 0.142194 0.14838
I1xx 0.598562 −7.8771 fv5 0.075120 0.066366
I1xy −0.001049 1.9236 fv6 0.152169 0.20549
I1xz 0.004288 8.373 fv7 0.097318 0.089792
I1yy 0.035545 −0.81661 fc1 0.209084 0.18576
I1yz −0.099545 7.2318 fc2 0.179344 0.15558
I1zz 0.565422 8.6895 fc3 0.184555 0.19752
I2xx 0.041663 9.4262 fc4 0.116567 0.10782
I2xy 0.025914 0.15786 fc5 0.106777 0.11284
I2xz −0.007890 −0.17811 fc6 0.286661 0.26874
I2yy 0.041160 6.2538 fc7 0.217348 0.22358
I2yz 0.010133 2.0427 fo1 0.379595 0.37973
I2zz 0.054390 3.1733 fo2 −0.043570 −0.11525
I3xx 0.061423 0.15147 fo3 −0.080112 −0.073935
I3xy −0.008671 −0.041003 fo4 −0.012901 0.015036
I3xz −0.004271 0.083891 fo5 −0.116478 −0.11574
I3yy 0.025989 1.3681 fo6 −0.092363 −0.08638
I3yz −0.019005 3.3306 fo7 −0.123808 −0.11875
I3zz 0.039490 −1.3475
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Figure 10. Validation of the estimated inverse dynamics elastic torque for the KUKA LWR 4+ using
the dynamic parameters p̂c = p̂A obtained with the PBPR algorithm and reported as set A in Table X.
Measured elastic joint torques τ J after filtering [blue lines] and their estimation τ̂ J [red lines]. Note the
different scale of the plots for the different joints.

These three admissible parameter sets are equally able to reconstruct the acquired robot trajectory,
since they all correspond to the same identified dynamic coefficients π̂ c, the only that matter for robot
motion. However, differences arise when the internal wrenches acting on the robot joints are of interest.
A wrench

w =
(

f
μ

)
∈R

6

with a force f ∈R
3 and a moment μ ∈R

3 is computed, for instance, at each joint in a backward step of
the recursive NE inverse dynamics algorithm. From the wi ∈R

6 at joint i, the active motion torque τi ∈R

is extracted by a suitable projection. The remaining part of the wrench wi is an internal stress between
the two links connected by the i-th joint. In particular, the force fi does never produce motion in a robot
with revolute joints, like the KUKA LWR 4+.

Figure 11 shows the norm of the force vectors f i in the wrenches acting at the robot joints during
an exciting motion, obtained using in the NE routine the three different sets of dynamic parameters p̂A,
p̂B, and p̂C. It can be seen that the two feasible sets p̂A and p̂B yield internal wrench magnitudes that are
consistent with each other. Similar results (not reported here) were obtained with other feasible sets of
dynamic parameters. In contrast, the unfeasible parameter set p̂C (as well as the others tested) tend to
produce more significant discrepancies. This is particularly evident for joints 1, 2, and 5–7.

Although this behavior suggests that the use of physically feasible sets of dynamic parameters may be
important for obtaining reliable estimation of the internal wrenches at the joints, a thorough investigation
of this aspect was beyond the scope of the present work and will be addressed in future research.

7. CoppeliaSim simulation model
Starting from the performed modeling and identification of dynamic parameters and coefficients, we
have realized a new more realistic dynamic model of the KUKA LWR 4+ robot ready to be used in
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Figure 11. Norm of the linear forces fi in the wrenches acting at the seven robot joints computed through
a NE routine, when using different sets of dynamic parameters. Set A [blue lines] is given by the feasible
values in Table X, while set C [yellow lines] corresponds to the unfeasible values in the same table.
A further third set B [red lines] of feasible values was also used for comparison. All considered sets of
dynamic parameters are admissible, that is, they provide the same identified dynamic coefficients.

CoppeliaSim [28], a simulation environment (evolution of the former V-REP) largely used by robotic
researchers and in the industrial automation world. CoppeliaSim is a versatile software environment
for generic robotic applications, featuring kinematic or dynamic behaviors, path planning, sensor-based
control, collision detection, and multi-robot scenarios. Thanks to its flexibility and to the continuous
expansion of its robot model library, CoppeliaSim can be used as a reference platform for prototyping
and developing robotics applications. Moreover, its functionalities can be expanded with programming
plugins and add-ons written in different programming languages, such as Java, C++ and Python, or inte-
grated in customized algorithms implemented in Matlab or Simulink. As far as the dynamic simulation
engine is concerned, CoppeliaSim supports five different numerical solvers, namely Bullet, ODE (Open
Dynamics Engine), Newton, Vortex, and MuJoCo, which can be selected and interchanged at simulation
time without altering the rest of the model. In particular, besides the three open-source engines (Bullet,
ODE, and Newton) already commonly adopted in robotic simulation, CoppeliaSim also integrates
Vortex, a commercial physics engine widely employed in industry for high-fidelity real-time mechanical
simulation, and MuJoCo, which is particularly effective in the accurate simulation of contact forces and
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constraint-based interactions. This variety of available solvers makes CoppeliaSim an extremely versa-
tile platform, suitable for a broad range of simulation scenarios and accuracy requirements, from fast
prototyping to high-fidelity dynamic analysis.

For high-performance simulation of serial robot manipulators with a large number n of degrees of
freedom, the robot dynamics should be available numerically within a NE formulation rather than in
the analytic EL form. In this way, it is possible to write a recursive and fast algorithm that efficiently
solves the direct dynamics problem, that is, the problem of computing the joint acceleration of the robot
in a given state (q, q̇), using the actuating joint torques and the generalized forces possibly acting on
the end-effector. However, in the NE formulation for a generic robot manipulator, without a complex
dedicated customization, the full set of dynamic parameters p ∈R

10n in (11) is needed in principle, and
not just reduced set of dynamic coefficients π ∈R

r.
For this reason, the obtained results on the identification of a set of physically feasible dynamic

parameters, possibly satisfying also some additional user-defined constraints, lend themselves naturally
to be used within a CoppeliaSim simulation model (and beyond). Note that in CoppeliaSim one can use
either classical or modified DH frames to describe the robot kinematics, whereas the dynamic model
in analytical form is typically derived using external symbolic robotics tools based on the kinematic
and inertial parameters defined in the simulator. For dynamic simulations, however, the physical engine
of CoppeliaSim uses link frames that are automatically placed at the center of the bounding box of
each link. As a result, the set of dynamic data (either assumed or experimentally identified) should be
transformed in the format compatible with this software. In particular, each link inertia matrix is divided
by the link mass and, together with its center of mass, referred to an absolute reference frame (the world
frame).

We have performed a qualitative torque comparison between the experimental data coming from
filtered measures of the joint torque sensors mounted on the robot, the (frictionless) model obtained with
our PBPR identification approach, and a dynamic model of the KUKA LWR 4+ previously developed
in V-REP by the second author of this paper.

This V-REP dynamic model of the KUKA LWR 4+ manipulator is widely used in the research com-
munity and is still currently available within the robot library of the standard CoppeliaSim distribution.
It was obtained on the basis of some empirical considerations concerning the link mass distribution,
starting from the total mass of the manipulator and the CAD drawings of each link (publicly available
within the scientific community). In particular, the mass of each link, considered without motors and
cables, was estimated by assuming a material density of raw aluminum (2.7 g/cm3) and a link surface
thickness of a few mm (the links are in fact hollow inside, housing the passage of electrical cables). The
aluminum walls of the shell housing the electronics, motors, and wiring have an average thickness of
approximately 3 mm. Near the kinematic joints and the bearing seats for the Harmonic Drives, the alu-
minum thickness increases locally to 8−12 mm. Then, the volume of the motors including the harmonic
drives was estimated and their mass guessed by assuming the density of high-strength steel (7.85 g/cm3).
The difference between the known total mass of the manipulator and the sum of the masses assigned to
the links and motors was attributed to the cabling. Finally, the CoM and the moments of inertia of each
link were computed using MeshLab, an open-source software for processing and editing 3D triangular
meshes that allows the user to load the CAD model of various rigid bodies and to estimate their geometric
and mass properties. In particular, once a uniform material density is assigned to a mesh (or to a subset
of its faces/volume), MeshLab computes the corresponding volume, the position of the center of mass,
and the inertia tensor of the resulting solid with respect to a reference frame centered on it, exploiting
standard closed-form formulas for the geometric integrals over the tessellated surface. This procedure
was applied separately to the mesh of each link (associated with the density of raw aluminum) and to
the mesh approximating the corresponding motor/harmonic drive group (associated with the density of
steel), so to obtain, for every rigid body of the kinematic chain, an estimated mass, CoM, and inertia
matrix consistent with the CAD geometry, later used to populate the empirical V-REP dynamic model.
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The obtained final set of dynamic parameters of the KUKA LWR 4+ robot can be found by inspect-
ing the ‘rigid body dynamic properties’ of each link of the CoppeliaSim model. In order to obtain a
significant comparison, we decided to move the manipulator along a sufficiently rich joint trajectory,
sending joint position commands to the controller of the physical robot and collecting the correspond-
ing torques measured by the joint torque sensors. For this test, we have chosen again the multiple cubic
trajectory defined in Eq. (57) (see also Figure 6), which was used in the validation experiment (TVE)
of Section 6.2 but not for training. In the simulations, where either the model identified with the PBPR
approach or the V-REP model (both without dissipative terms) was used, we tried also different numer-
ical solvers, as well as different approaches to emulate the sending of position commands to the robot
so to verify the possible numerical impact of the simulation settings.

Figure 12 shows the obtained results in terms of torque comparison. Taking into account that the
two simulation models do not consider friction, all joints show a very good correspondence between
the numerical simulations and the experimental behavior of the robot, except for the plots referring to
joints 6 and 7, for which the torques are very low (less than 1 Nm) and friction becomes dominant.
Nevertheless, one can appreciate for all joints a consistently better performance of the model identified
using the PBPR algorithm with respect to the V-REP empirical model, in particular in correspondence
to local torque peaks.

8. Uses of the dynamic model
8.1. Model-based control
This section presents a comparison between two motion control laws, showing that the use of a refined
dynamic model improves the performance in a trajectory tracking task. The second control law extends
the first one by including additional model information. In both cases, the desired trajectory qd(t) is
defined in (57), for a total motion of T = 30 s. The analytic expressions of the first and second time
derivatives q̇d(t) and q̈d(t) are also available.

The first control law is a simple PD feedback on the joint position error e = qd − q, with a feedforward
term with the inertia matrix M̂ computed offline by the identification of the dynamic coefficients π̂m in
this matrix. Although the gravity vector ĝ has also been estimated, this term is not explicitly included in
the feedforward action since the KUKA LWR 4+ low-level controller already implements an internal
gravity compensation torque that cannot be bypassed by the user. The commanded motor torque is then

τ I
comm = τ I

FF + τ FB, (64)

where the feedforward term is

τ I
FF = M̂(qd)q̈d (65)

and the feedback term is

τ FB = KPe + KDė, (66)

being KP > 0 and KD > 0 the proportional and derivative gain matrices. To implement the control law
(64) in torque mode, we used the routine JointImpedanceController of the FRI library, setting both
the damping and the stiffness parameters to zero. The PD gains have been chosen (without a specific
tuning) as

KP = diag
(

50 50 50 50 50 50 50
)

[Nm] (67)

KD = diag
(

8 8 8 8 8 8 8
)

[Nm s]. (68)

Figure 13 shows the time evolution of the position errors ei for each joint, together with the norm of e,
while the (decentralized) feedback torque efforts τFB,i for each joint and the norm of τ FB are reported in
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Figure 12. Torque comparison with experimental data of the new dynamic model identified with the
PBPR algorithm and of the empirical V-REP dynamic model, both used in a CoppeliaSim simulation
along the trajectory of Figure 6.

Figure 14. The largest errors are experienced by the first and second joint, especially when the desired
velocity and acceleration are larger (i.e., first in the interval t ∈ [5, 10] s and then around t = 22 s).
Moreover, the largest position error in absolute value (around 7−8◦) occurs on joint 2, which is the one
carrying the heaviest gravity load probably not perfectly compensated by the low-level control loop.
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Figure 13. Joint position errors ei = qdi − qi for i = 1, . . . , 7 while executing the trajectory (57) by
means of the first control law (64)–(66). The last panel shows the time evolution of ‖e‖.

The actual trajectories executed in this experiment are those shown previously in Figure 6. Comparing
then the feedback torque effort in Figure 14 with the total torque of one of the previously estimated
inverse dynamics experiment for this trajectory, for example, with the torque in Figure 9, we note that
the feedback control effort covers almost all of the applied torque for the last small joints 5–7, whereas
it ranges in the domain of 10−20% of the total applied torque for the first joints 1–4. This is most likely
due to the fact that setting equal proportional control gains for all joints is not a good choice, since the
inertia seen at the distal joints is much smaller and the corresponding gains KPi should then be reduced
accordingly.

The second control law uses more model information provided by the performed identification,
including friction, and is defined as

τ II
comm = τ II

FF + τ FB, (69)

where the feedback term is the same as in Eq. (66), while the feedforward component is now designed as

τ II
FF = M̂(qd)q̈d + ĉ(qd, q̇d) + τ̂ fl(q̇d), (70)
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Figure 14. Feedback torque efforts τFB,i for i = 1, . . . , 7 while executing the trajectory (57) by means
of the first control law (64)–(66). The last panel shows the time evolution of ‖τ FB‖.

exploiting thus all the identified terms of the dynamic model according to Eq. (61), though neglecting
as before the gravitational term for the same reason. The position errors and the feedback efforts are
reported, respectively, in Figures 15 and 16. Comparing the results of this second control law with those
of the first one, we can see an approximate 50% reduction of errors and feedback efforts, clearly due to
the additional contribution of the identified model-based terms.

8.2. A recursive least-squares algorithm for torque compensation
We have implemented also a third control law in the form

τ III
comm = τ II

FF + τ FB + τ�, (71)

where the feedback and feedforward terms are the same as in (66) and, respectively, in (70), while a new
torque component τ� is present.

The rationale for this additional control action is to reduce the discrepancy between the commanded
motor torque and the elastic joint torque transferred to each robot link and measured as τ J by the
joint torque sensors. This small discrepancy can be appreciated for instance in Figure 17. Here, we
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Figure 15. Joint position errors ei = qdi − qi for i = 1, . . . , 7 while executing the trajectory (57) by
means of the second control law (69) and (70). The last panel shows the time evolution of ‖e‖.

compare the commanded torque (64), which is actually a software command sent to the robot via
the FRI, with the torque τ J measured by the joint torque sensors and acquired with the FRI routine
GetMeasuredJointTorques. In order to better compare the two torque evolutions, the estimated grav-
ity torque ĝ(qd) has been added to the commanded torque (64). It is clear from the comparison of the
two torque profiles that the elastic joint torque τ J being applied to the robot links (i.e., beyond the elastic
transmissions) is always smaller in magnitude than the commanded motor torque τ I

comm. In particular,
τ I

comm stays above or below τ J when the joint velocity is respectively positive or negative.
In principle, the term τ�(q̇) should compensate online the missing (and yet unknown) torque

contribution so that

τ� � τ comm − τ J , (72)

for any torque τ comm commanded by the user. This compensation is necessary because the KUKA
low-level controller interprets any commanded motor torque τ comm as the reference to be imposed and
transmitted to the links across the elastic joint transmission, effectively masking the presence of joint
elasticity to the user and realizing in this way an ideal torque-controlled robot. However, this con-
trol action is not perfect and, consequently, the transmitted torque differs from the commanded value.
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Figure 16. Feedback torque efforts τFB,i for i = 1, . . . , 7 while executing the trajectory (57) by means
of the second control law (69) and (70). The last panel shows the time evolution of ‖τ FB‖.

A similar behavior is observed also in other collaborative robots, such as the Franka Emika Panda [43].
Therefore, the following algorithm may be effectively transferred also to other robotic platforms.

We design the term τ� componentwise, with a time-varying scalar parameter weighted with the sign
of corresponding joint velocity. Thus, the i-th component is

τ�,i(q̇i) = δisign(q̇i), (73)

In order to update online the parameters δi, for i = 1, . . . , 7, a standard recursive least squares (RLS)
algorithm (see, e.g., [44] and [45]) has been chosen, with a discrete-time implementation. In fact, the sig-
nals δi are supposed to be statistically independent between different joints; thus, they can be separately
computed during robot motion.

Let τcomm,i(j) be the j-th discrete torque sample for the i-th joint of any commanded control law (includ-
ing (71)) and τJ,i(j) the j-th sample of the i-th component of the measured τ J . For the online minimization
of the sum of the squares of the estimation errors relative to δi up to k-th sample (i.e., from t0 = 0 to
tk = kTc, being Tc the sampling time)

Ei(k) =
k∑

j=1

((
τcomm,i(j) − τJ,i(j)

)− ∂τ�,i(j)

∂δi

δi

)2

, (74)
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Figure 17. Motor torque τ I
comm commanded via FRI [dashed, blue] and elastic joint torque τ J measured

by the joint torque sensors [solid-green] while executing the trajectory (57). For a better comparison,
the estimated gravity torque ĝ(qd) has been added to the commanded torque (64)–(66) since a gravity
compensation action is already embedded in the KUKA low-level controller.

the RLS algorithm provides the current estimate δ̂i(k) as follows:

εi(k) = (
τcomm,i(k) − τJ,i(k)

)− sign(q̇i(k)) δ̂i(k − 1)

Ki(k) = Pi(k − 1) sign(q̇i(k))

1 + Pi(k − 1)

δ̂i(k) = δ̂i(k − 1) + Ki(k) εi(k)

Pi(k) = Pi(k − 1) − Ki(k)Pi(k − 1) sign(q̇i(k)). (75)

The algorithm is initialized with an a priori estimate δ̂i(0) for joint i and a covariance value Pi(0)> 0;
in particular, we chose δ̂i(0) = 0 and Pi(0) = 100, for i = 1, . . . , 7. The estimation at the previous step is
updated based on the current error εi(k) between the value τ�,i(q̇i) computed according to Eq. (72) and
the predicted torque computed according to Eq. (73). The covariance terms Pi are initialized with large
values to reflect the poor a priori knowledge about the parameters δi. The evolution of the estimated
parameters δ̂i during the control experiment of tracking the trajectory (57) is reported in Figure 18.
It should be noted that all seven parameters stabilize to a constant value, which is in the range 0.4 ÷
0.6 Nm.

, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0263574726104044
Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 06:31:24, subject to the Cambridge Core terms of use

https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0263574726104044
https://www.cambridge.org/core


Robotica 41

Figure 18. Time evolution of δi for i = 1, . . . , 7 while executing the trajectory (57) by means of the
control law τ III

comm in (71), using (73) with the RLS update (75). The + and − in red indicate the sign of
the joint velocity q̇i in the corresponding trajectory segment.

The position errors and the feedback efforts obtained with the control law (71) are reported, respec-
tively, in Figures 19 and 20. It can be seen that the performance was further improved with respect to the
previous control laws at a minor computational cost, reducing the maximum tracking error well below
1 degree everywhere except when the acceleration of the reference trajectory was too large.

8.3. Sensorless collision detection and isolation
In recent years, considerable attention has been devoted to collision detection strategies aimed at ensur-
ing safer HRI. Beside improving model-based control laws, the identified dynamic model can be also
exploited for efficient collision detection and robot reaction strategies during physical interaction tasks.

A physically based quantity that provides information about a possible collision between the manip-
ulator and an obstacle, including a human operator, is the so-called residual vector r ∈R

n that monitors
online the evolution of the robot generalized momentum M(q)q̇ during motion [1]. For a robot with
elastic joints mounting a joint torque sensor, the residual is computed from the dynamic model terms as
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Figure 19. Joint position errors ei = qdi − qi for i = 1, . . . , 7 while executing the trajectory (57) by
means of the third control law (71), using (73) with the RLS update (75). The last panel shows the time
evolution of ‖e‖.

r = KI

(
M(q)q̇ −

∫ t

0

(
τ J − τ fl + CT(q, q̇) q̇ − g(q) + r

)
ds

)
, (76)

where C is given by (10) and KI > 0 is a diagonal gain matrix. The residual is initialized with r(0) = 0.
The main property of the residual is that it provides a good approximation of an unknown external

joint torque τ ext resulting from a collision that may occur anywhere along the robot arm, with r � τ ext

for sufficiently large KI . More precisely, the residual behaves as a stable first-order filtered version of
the external torque

ṙ = KI (τext − r) . (77)

This allows automatic collision detection during robot motion without requiring acceleration measure-
ments or estimates, nor inversion of the inertia matrix. Moreover, it can be shown that the largest index
of the components of r that are being affected by τ ext identifies also the link in the serial chain that
underwent the collision (isolation property).
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Figure 20. Feedback torque efforts τFB,i for i = 1, . . . , 7 while executing the trajectory (57) by means of
the third control law (71), using (73) with the RLS update (75). The last panel shows the time evolution
of ‖τ FB‖.

Using the identified dynamic model, we are able to compute the residual vector as

r̂ = KI

(
M̂(q)q̇ −

∫ t

0

(
τ J − τ̂ fl + Ĉ

T
(q, q̇) q̇ − ĝ(q) + r̂

)
ds

)
. (78)

In the KUKA LWR 4+ manipulator (and, similarly, also in Franka Emika robots), this same information
is returned by the FRI library by means of the function GetExternalJointTorques, based on the
internal dynamic model of the robot developed by the manufacturer. As a final validation of our identified
model, we evaluated the residual in (78), while the robot performs a rest-to-rest motion in free space for
about 13 s and compared the results with those provided by the FRI. Since no external torque is being
applied to the robot, a zero constant signal is expected (modulo noise effects and uncertainties that are
left over). From the comparison in Figure 21, one can see that the estimated signal in (78) is always
closer to zero than the FRI signal, showing that our estimation improves the KUKA residual during free
motion.
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Figure 21. Comparison between the residuals returned by the KUKA controller through the FRI (blue
line) and the residuals computed with (78) (red line) during a rest-to-rest motion with no external torque
applied to the robot. Our estimated residuals are always closer to zero (as they should) than the FRI
residuals.

8.4. Collision detection and isolation with an added payload
The residual (78) remains nominally at zero during free robot motion. When one or more components of
r(t) exceed some predefined small threshold, a collision is detected and the robot can react, for example,
by halting its motion. The residual returns exponentially to zero as soon as there is no contact anymore,
so that the robot can restart its motion task.

However, these desirable properties are affected by the presence of an unknown payload, which mod-
ifies the robot dynamic model and consequently drives the residual away from zero even in the absence
of external contacts. This may generate false positives, that is, a contact is detected when there is none,
or false negatives, disregarding a contact because of the large threshold used to handle possible model
uncertainties.

To overcome these critical issues, the proposed payload estimation method can be directly integrated
in the evaluation of the estimated residual r̂(t), for example, as

r̂ = KI

(
M̂(q)q̇ −

∫ t

0

(
τ J − τ̂ fl + Ĉ

T
(q, q̇) q̇ − ĝL(q) + r̂

)
ds

)
, (79)
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Figure 22. Monitoring three human–robot collisions (at t = 1.5, 8, and 17 s) during robot motion in the
presence of a payload of 3 kg: residuals from the KUKA FRI (blue) and our residuals evaluated with (78),
using the estimated mass and CoM position of the payload (green). All three collisions are detected by
our residual, as soon as at least one component exceeds the threshold set at 6 Nm. Conversely, collisions
are hardly detectable by the KUKA FRI signals, which most often exceed this threshold also during free
motion.

where the estimates of M, C, and τ fl are obtained without taking into account the added payload, while
only the gravity term ĝL uses the payload parameters p̂g,L estimated as in Section 4.

Figure 22 shows an experiment in which a payload of 3 kg has been added to the end-effector and
identified with our method. Then, three human–robot contacts that occur around the time instants tc1 =
1.5, tc2 = 8, and tc3 = 17 seconds are detected using (79), with a residual threshold of 6 Nm. Each time a
collision is detected, the robot stops for 2 s and then resumes motion. The plots also confirm the superior
collision detection performance obtained with our residual, as compared to the external torque estimate
provided by the KUKA FRI (used without any modification). Though the latter is sensitive to the three
contacts, it exceeds almost permanently the chosen threshold – even when there is no contact at all.

Note that in the evaluation of the residual (79), we limited ourselves to the use of an estimate only
of the payload parameters related to gravity, still obtaining satisfactory results. Indeed, payload inertial
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terms could have also been included in M̂(q) and Ĉ
T
(q, q̇), but this would have required a longer identifi-

cation phase. Instead, few small displacements of the robot end-effector carrying the unknown payload
were sufficient in this case. This is clearly illustrated in the video accompanying the paper, where both
the identification procedure of the used payload dynamic parameters and two collision detection and
isolation experiments are presented (for two different payloads).

8.5. Collision reaction with an added payload
Collaborative robots are being more and more adopted in robotic cells sharing their tasks with human
operators. Moreover, it is quite common for the robot to hold different and unknown payloads, which tem-
porarily modify the robot dynamic characteristics. When collision is detected, different prompt reactions
can be assigned to the robot so to avoid (or minimize) damage to the components and, more important,
reduce the discomfort or the severity of possible harm to a human operator who is working in a shared
workspace.

In general, it would be desirable not to stop completely the current task, but to take temporary
countermeasures to bring the robot to a safe condition and then resume the previous task typi-
cally from the reached configuration. In order to achieve this goal, a possible strategy is to drive
the KUKA LWR 4+ robot in impedance mode when performing the desired task, using the routine
JointImpedanceController of the FRI library (setting the stiffness and damping to zero, as already
done in Section 8.1), and then switch to a reflex control strategy [46] as soon as a collision is detected.
Such law can be implemented as

τ r = Kr r̂ − KD q̇ + τ�, (80)
made up by three contributions and with Kr > 0 and KD > 0, both diagonal matrices. The first term is the
reflex torque driven by the residual signal r̂, which acts as a human muscular reflex that abruptly moves
the robot arm away from the point where the collision has occurred (it can be shown that the apparent
robot inertia at the contact point is being reduced in this way); the second term is simply a damping
action in the joint space; the last term is the torque compensation τ�, as in the control law (71), whose
aim is to reduce the difference between the commanded and the executed torque.

In Figures 23 and 24, we report the results of an experiment in which the reflex control strategy is
used. A sinusoidal trajectory is imposed to each joint, with the robot holding a 3-kg payload attached
to the end-effector. The residuals in Figure 23 remain silent, until the fourth link collides with a human
at time t = 29 s. We remark that we can isolate the link that undergoes a collision by observing that the
residual r̂4(t) is the highest component that exceeds the small chosen threshold at the collision instant.
As it can be seen from Figure 24, the robot moves first according to the reference sinusoidal trajectory
and then reacts being quickly pushed away from the collision area by the reflex term in (80). The robot
reaches finally a rest position, since the residual r returns to zero after the contact is lost and the damping
term helps in stopping motion.

9. Conclusions
We have presented a single framework for the solution to the problem of identification of coefficients
and parameters in the dynamic model of collaborative robots, with special emphasis on the 7-dof KUKA
LWR 4+ manipulator.

Based on the KUKA Fast Research Interface (FRI) available for this robot, we have detailed a spe-
cific reverse engineering approach to the identification of the dynamic coefficients appearing in the robot
inertia matrix and in the gravity vector, validating their accuracy on different joint trajectories and pro-
viding a comparison with the dynamic coefficients reported in the literature (where the modified DH
convention was used, as opposed to the classical one adopted here).
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Figure 23. Joint residuals r̂(t) evaluated with (79) during an experiment in which the robot holds a 3-kg
payload. The robot collides with a human at t = 29 s, and it reacts by exploiting a reflex strategy (80).

Moreover, we have shown that a further identification step focusing on a nonlinear model of joint
friction significantly improves the accuracy of torque prediction, enhancing the reliability of dynamic
simulations and the performance of model-based control laws. In this respect, we also proposed a sys-
tematic procedure to efficiently include the effect of an unknown payload, added after having performed
robot identification without payload. This allows a fast update of the dynamic parameters, avoiding the
need to run again the full identification process.

We tackled then the identification problem from scratch with a second approach, considering the
lack of a FRI system for the collaborative robot at hand. Taking advantage of the obtained symbolic
expressions of the dynamic coefficients, we have used our PBPR optimization algorithm to extract a
complete set of feasible dynamic parameters for the KUKA LWR 4+ robot, including those related
to a linearly parametrized model of friction. In the constrained optimization problem, we may include
all available a priori information and consider physical constraints, such as positive link mass, center of
mass inside link volume whose surfaces are defined by nonlinear equations, or triangle inequalities on the
elements of the link inertia tensor. With the retrieved set of dynamic parameters, one can reconstructs not
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Figure 24. Joint positions q(t) during an experiment in which the robot holds a payload. The robot
collides with a human at t = 29 s, detects the event, and reacts with the reflex control strategy (80).

only the dynamic motion of the robot but also infer in a more realistic way the internal wrenches acting in
the structure. As such, the estimated dynamic parameters can be directly used in NE inverse dynamics
routines or in CAD-based cross-platform simulators. In particular, the identified parameters could be
used to improve the KUKA LWR 4+ model available in the standard distribution of the CoppeliaSim
simulation software.

In the analysis and validation of the two presented identification approaches, we have explicitly
considered the characteristics of the LWR 4+ control software (in torque/impedance mode), which is
intentionally designed to mask the joint elasticity due to the harmonic drives, by means of a low-level
control loop based on the available joint torque sensors. However, the reference torque commanded in
this way by the user is only approximately realized on the link side. Thus, an online torque compensa-
tion based on a RLS algorithm has been presented so to provide the missing dynamic torque needed
for a more accurate execution of a desired trajectory at the link level (i.e., beyond the elastic joints).
Furthermore, the identified dynamic model has been tested in collision detection and isolation experi-
ments. Our model-based residual, generated by monitoring the robot momentum, yields better results
than the built-in residual signal available through the FRI.

In summary, this work contributes a unified formulation of dynamic identification for collaborative
robots with elastic joints, the first complete identification and experimental validation of the KUKA
LWR 4+ using the PBPR framework, including both a reduced set of dynamic coefficients and a
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complete physically consistent set of dynamic parameters, a recursive least-squares torque compen-
sation algorithm for accurate link-level torque control, and a comprehensive experimentally validated
framework integrating identification, payload estimation, collision detection, isolation, and reaction.

Supplementary material. The supplementary material for this article can be found at https://doi.org/10.1017/
S0263574726104044.
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