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We study the properties of the integrated score estimator (ISE), which is the Laplace
version of Manski’s maximum score estimator (MMSE). The ISE belongs to a class
of estimators whose basic asymptotic properties were studied in Jun, Pinkse, and
Wan (2015, Journal of Econometrics 187(1), 201–216). Here, we establish that the
MMSE, or more precisely 3

√
n|θ̂M − θ0|, (locally first order) stochastically domi-

nates the ISE under the conditions necessary for the MMSE to attain its 3
√

n conver-
gence rate and that the ISE has the same convergence rate as Horowitz’s smoothed
maximum score estimator (SMSE) under somewhat weaker conditions. An implica-
tion of the stochastic dominance result is that the confidence intervals of the MMSE
are for any given coverage rate wider than those of the ISE, provided that the input
parameter αn is not chosen too large. Further, we introduce an inference procedure
that is not only rate adaptive as established in Jun et al. (2015), but also uniform in
the choice of αn. We propose three different first order bias elimination procedures
and we discuss the choice of input parameters. We develop a computational algo-
rithm for the ISE based on the Gibbs sampler and we examine implementational
issues in detail. We argue in favor of normalizing the norm of the parameter vector
as opposed to fixing one of the coefficients. Finally, we evaluate the computational
efficiency of the ISE and the performance of the ISE and the proposed inference
procedure in an extensive Monte Carlo study.

1. MOTIVATION

The MMSE proposed in Manski (1975, hereafter M75) is an intuitive and ap-
pealing estimator for the standard single equation binary choice model, which has
been extended to multinomial choice and fixed effects panel data models (Manski,
1987). Its principal attraction is that, unlike the probit estimator, it neither requires
the error in the latent variable equation to have a known distribution nor it to be
independent of the regressors: heteroskedasticity of unknown form is permitted.
This added level of generality comes at a cost, however: the MMSE converges at
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a 3
√

n rate, is set-valued,1 has a Chernoff rather than a normal limit distribution,
is difficult to compute (Pinkse, 1993; Florios and Skouras, 2008), and cannot be
bootstrapped in its standard form (Abrevaya and Huang, 2005).2

Horowitz (1992, hereafter H92) has shown that if the MMSE objective func-
tion, which is a step function, is smoothed out then under additional smoothness
conditions on the distributions of the model variables the convergence rate of the
SMSE can exceed that of the MMSE and the SMSE will have a normal limit
distribution. Readers are referred to Chen and Zhang (2014) for the local polyno-
mial analog and Hong, Mahajan, and Nekipelov (2010) for an alternative based
on numerical derivatives. However, as Chamberlain (1986) has shown, the (regu-
lar) parametric

√
n rate is not attainable unless additional restrictions are imposed

like the independence of errors and regressors (Powell, Stock, and Stoker, 1989;
Klein and Spady, 1993; Ichimura, 1993) or the availability of a ‘special regres-
sor’ (Lewbel, 1998, 2000). Moreover, Pollard (1993) has shown that 3

√
n is the

best rate achievable under the smoothness conditions required for the MMSE: the
SMSE converges more slowly than the MMSE if the additional conditions needed
for the SMSE are not satisfied.

The ISE uses the idea of Chernozhukov and Hong (2003, hereafter CH03),
pretends that the MMSE objective function (times an input parameter α2

n/n)
is a loglikelihood function, and computes a quasi-Bayesian posterior mean.
Jun, Pinkse, and Wan (2015, hereafter JPW15) provide generic results for 3

√
n-

consistent estimators that we here adapt to establish that, depending on the pseudo
prior π and the rate of αn, the ISE has the same convergence rate as the MMSE
or SMSE under similar conditions. Indeed, depending on the choice of αn and the
degree of smoothness (e.g., of the limit objective function), the limit distribution
can be (a) Chernoff, (b) a ratio of integrals over Gaussian processes, or (c) nor-
mal. This result thus bridges the gap between the Chernoff limit distribution of
the MMSE and the normal limit distribution of the SMSE, which is related with
Hong et al. (2010)’s finding that maximizing the MMSE objective function by
numerical derivative methods can also lead to a limit distribution that is a hybrid
of a normal and a Chernoff. After our discussion of asymptotics for fixed choices
of input parameters, we then conduct an in-depth analysis of various issues that
have not been studied before, including uniform inference and efficiency.

We propose an inference procedure for the ISE which (as mentioned before)
is not only rate-adaptive as established in JPW153 but also uniformly valid with
respect to the choice of the input parameter αn (provided that it does not diverge
too slowly), which is not available for other methods. This is an alternative to
first choosing between MMSE and SMSE and if one chooses the SMSE then
being careful to choose a bandwidth that is compatible with the limiting normal
distribution (assuming that the additional smoothness conditions are satisfied). In-
deed, we show that if one uses the SMSE asymptotic distribution for a bandwidth
that tends to zero for a fixed sample size n then both the size and the power of
(SMSE) t tests goes to zero. So with the ISE one has to guard against excessive
smoothing whereas with the SMSE one has to guard both against excessive and
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insufficient smoothing to get reliable inference results. Our procedure, however,
does not adapt to the degree of smoothness q of the limit objective function.4

The above discussion does not dictate a particular choice of input parameters
αn,π . In fact, as we will argue later, there does not exist a theoretically opti-
mal pair (αn,π) even if the degree of smoothness q is known. This is analogous
to the problem with the kernel regression estimator that if the unknown regres-
sion function is twice continuously differentiable then the optimal bandwidth can
be determined for a given second order kernel, but for higher order kernels no
optimal bandwidth exists. This issue arises equally for the MMSE and SMSE.
Fortunately, performance of the ISE appears to be fairly robust over a wide range
of input parameter choices and, unlike with the SMSE, the choice of αn does
not depend on the scaling of the regressors. We therefore make a simple specific
recommendation that is straightforward to implement: choose αn = 1.5 3

√
n and

choose π(θ )∝{1+‖θ‖2
}−(1+d)/2

, where d+1 is the dimension of the regressor
vector, and correct for the asymptotic bias in the inference procedure.

We further show that the ISE is stochastically dominated by the MMSE under
the conditions that Kim and Pollard (1990, hereafter KP90) spelled out to obtain
the 3
√

n-consistency of the MMSE. Under the KP90 conditions 3
√

n is the best
attainable rate, but we show here that the Chernoff limit distribution of the MMSE
is then not the best attainable limit distribution. This result complements the result
established in H92 (and shown here to be shared with the ISE) that the SMSE (and
the ISE) converge faster under additional conditions.

We compute our estimator using a simple Gibbs sampling procedure. Since
the ISE is the quasi posterior mean of a density function that is proportional to
the product of a (chosen) pseudo prior and the exponential of a step function, a
draw from the conditional quasi posterior distribution of one coefficient given the
remaining coefficients is simple and relatively inexpensive. Indeed, computing
the SMSE by simulated annealing was considerably slower in every scenario than
computing the ISE using the Gibbs algorithm.5 The uniform inference procedure
is also based on simulations and entails little more than taking draws from a mul-
tivariate normal and summing.

We provide simulation results to highlight a number of features. In Section 3
we complement our theoretical results by simulations that illustrate graphically
(see Figure 1) and powerfully how the choice of input parameter affects asymp-
totic efficiency (in terms of a comparison of the limit distribution functions) in the
case in which only the MMSE conditions are known to hold.

The remaining numerical results are contained in Section 7. There we study the
behavior of our estimators in three different designs: standard probit, probit with
heteroskedasticity, and a homoskedastic binary choice model in which the error
term follows a Laplace (symmetric exponential) distribution, i.e., one design in
which the probit estimator is consistent, one in which theory suggests that the
SMSE or the ISE with slowly increasing αn converge fastest, and one in which
the SMSE conditions (and the ISE conditions needed for faster convergence) are
violated. We conclude, as noted above, that performance is fairly stable over a
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FIGURE 1. Efficiency of our estimator; d = 1.

large range of αn values and that choosing αn = ∞ (or equivalently using the
MMSE) is indeed inefficient in every scenario.

We analyze how the choice of input parameters αn,π affects performance (see
e.g., Figure 3) and compare a measure of estimation error across estimators for
the three designs mentioned above. We consider three different sample sizes, five
and nine regressors, and two choices of priors. Our simulation results reported
in Table 1 demonstrate that the ISE with a t-based prior performs better than the
ISE with a uniform prior, whose performance compares favorably to that of the
SMSE. But, it should be pointed out that performance of the SMSE could likely
be improved with a different choice of kernel, or indeed by using the alternatives
proposed in Chen and Zhang (2014) and Hong et al. (2010).6

Finally, we document the behavior of our uniform inference procedure, which
appears to perform well for the t-based prior, as evidenced by the size and power
plots in Figures 4 and 5, and described in detail in Section 7.

The remainder of the paper is organized as follows. In Section 2 we present
the binary choice model and establish the asymptotic properties of the ISE, noting

TABLE 1. Estimation error (17) ×10,000 across estimators

probit hetero laplace︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
1,000 2,000 4,000 1,000 2,000 1,000 2000

Estimator d = 4 d = 8 d = 4 d = 8 d = 4 d = 4 d = 8 d = 4 d = 8 d = 4 d = 8 d = 4 d = 8

SMSE 950 1162 664 843 511 462 569 336 382 701 913 504 632
Uniform 969 1118 698 822 531 403 519 294 344 718 887 525 632
t 749 835 532 595 398 387 493 278 331 594 719 426 514
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that most of the results are implied by or follow quickly from those in JPW15.
Section 3 documents the inefficiency of the MMSE, compared with the ISE, under
the conditions needed for the MMSE to be 3

√
n-consistent. Section 4 discusses

the choice of input parameters. Section 5 proposes our uniform inference pro-
cedure and establishes its uniformity properties analytically. Finally, Section 6
documents our computation method and Section 7 contains the results of our
extensive simulation study.

2. ASYMPTOTICS

Consider the binary choice model

yi = 1
(
θ T

0 zi− ai+ui ≥ 0
)
, i = 1, . . . ,n,

where 1 denotes the indicator function, xi = [ai zT
i ]

T is a vector of regressors, ui
an unobservable error term, and θ0 ∈ Rd the parameter vector of interest. The
coefficient on ai is assumed to equal minus one in lieu of normalizing the norm
of the coefficients of zi to be one. The usual scale normalization is equivalent to
setting the absolute value of the coefficient of ai to be one, but we focus on the
case where it equals minus one for the sake of presentational simplicity.7 The
objective is to estimate θ0 using an i.i.d. sample {(yi,xi)}.

As in Manski (1985) we assume that

Med(u1|x1) = 0 a.s., (1)

and that the conditional distribution of a1 given z1 = z is at almost all z absolutely
continuous with respect to the Lebesgue measure with density function f (·|z).
These assumptions will be stated formally further down this section in a somewhat
different guise. We let p(a,z) = E

(
y1|x1 = [a,zT]T

)
such that (1) implies that

2p
(
θ T

0 z,z
)
= 1 at almost all z.

The regressor a1 resembles the special regressor of e.g., Lewbel (2000). How-
ever, Lewbel (2000) makes the additional assumption that a1 is independent of u1
given z1. If a1 is known to be independent of u1 given z1, then the special regressor
method can be preferable to ours; see Khan and Tamer (2010) for general results
on convergence rates and efficiency with the additional conditional independence
assumption.

The maximum score estimator (MMSE) proposed in M75 maximizes the
objective function8

Ln(θ ) =
1
n

n

∑
i=1

(2yi− 1)
{
1
(
ai ≤ θ Tzi

)−1
(
ai ≤ θ T

0 zi
)}

. (2)

H92 proposed replacing the indicator function in (2) with an integrated kernel to
obtain the smoothed maximum score estimator (SMSE) which features a faster
convergence rate and asymptotic normality under additional smoothness condi-
tions. Instead of smoothing, we follow CH03 and use a Laplace-type estimator,
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namely

θ̂ =

∫
θπ(θ )exp

{
α2

n Ln(θ )}dθ∫
π(θ )exp

{
α2

n Ln(θ )}dθ
,

where αn,π are input parameters. In CH03 αn was implicitly chosen to equal√
n under the assumption that the objective function Ln allows for a stochastic

quadratic expansion. However, their assumption is not satisfied in our case and
consequently the choices of αn and π affect the first order asymptotic properties
of our estimator.

Assumption.

A. θ0 is in the interior of a compact set Θ;

B. 2p(θ T
0 z,z) = 1 for almost all z, P(vTx1 = 0) < 1 for any v �= 0,

0 < p(a,z)< 1 for almost all a,z, and f (zTθ0|z)> 0 for almost all z;

C. for some q≥ 0, p is q+1 times continuously differentiable with respect to
a at (θ T

0 z,z) for almost all z;

D. f (·|z) is q times continuously differentiable at θ T
0 z for almost all z;

E. E{supa f (a|z1)‖z1‖}< ∞;

F. for some μ ≥ 2, E‖z1‖μ < ∞;

G. 0 < V =−2E
{

z1zT
1∂ap(θ T

0 z1,z1)f (θ T
0 z1|z1)

}
;

H. π is q times continuously differentiable at θ0;

I. π(θ )> 0 at all θ in the interior of Θ and π(θ ) = 0 at all θ �∈Θ.

We now compare our conditions to what is needed to establish a limit distri-
bution for the MMSE and SMSE. The MMSE conditions should be compared to
ours for the case q = 0 and the SMSE for q = 1.

Manski (1985) normalized the parameter space to be a unit circle so that
Assumption A was automatic. Assumption A was also used in H92.

Assumption B is equivalent to Assumption 2 in Manski (1985). Assumptions
C, D, F, and G with q = 0 are equivalent to KP90, condition (iv). Assumption E is
used to establish L2-continuity (see Lemma A.5) and is implied by condition (vii)
in KP90.9 Hong et al. (2010) assume the differentiability of the expectation of (2),
which roughly corresponds to Assumptions C and D. Assumptions H and I are
input parameters for our estimator and hence play no role in the comparison. Thus,
our assumptions are equivalent to those necessary to obtain a limit distribution of
the MMSE.

Compared to H92, Assumptions A, B, and G also appear in H92, Assump-
tions C to E are implied by Assumptions 8 and 9 of H92, and Assumption F is
weaker than Assumption 5.10 Again, Assumptions H and I are conditions on input
parameters which can be satisfied by their choice and are hence irrelevant for the
comparison of assumptions. Thus, our assumptions are weaker than those in H92.
To obtain normality, Hong et al. (2010) make the same assumptions as H92.
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We are now in a position to state the asymptotics of the Laplace version of the
MMSE under various assumptions. Let M(·) denote the (‘sample’) median of its
arguments,

H(t,s) = E
{

f (θ T
0 z1|z1)

∣∣M(tTz1,s
Tz1,0)

∣∣}, (3)

and let G be a zero mean Gaussian process with covariance kernel H.

THEOREM 1 (Asymptotic distribution).

(i) If Assumptions A to I are satisfied for q = 0 and μ = 2, and moreover
αn � 3

√
n then

3
√

n(θ̂−θ0)
d→ C,

where C is the Chernoff distribution, i.e., the distribution of
argmaxt

{
G(t)− tTVt/2

}
;

(ii) If Assumptions A to I are satisfied for q = 0 and μ = 2, and 0 <
limn→∞αn/ 3

√
n = c2

α < ∞ then

3
√

n(θ̂−θ0)
d→ 1

c2
α

∫
t exp{c3

αG(t)}φV(t)dt∫
exp{c3

αG(t)}φV(t)dt
,

where φV is the density of N(0,V−1).

(iii) If Assumptions A to I are satisfied for q = 1 and μ = 3, and
limn→∞αn/ 5

√
n = c2

α < ∞ then

n2/5(θ̂−θ0)
d→ N(c−4

α B,c2
αV ),

with V =
∫∫

tsTH(t,s)φV (t)φV (s)dtds and B =
∫ {Dπ1(t) + π0DQ3(t)}

tφV(t)dt/π0, where DQ3,Dπ1 are the third order term in a Taylor expan-
sion of Q(θ0 + t) around θ0 and the first order term in a Taylor expansion
of π(θ0+ t) around θ0,11 respectively, with π0 = π(θ0) and Q the expecta-
tion of Ln. �

Theorem 1 establishes a trichotomy in the limit distribution, where the limit
distribution and the convergence rate depend both on the rate of αn and on the
degree of smoothness. The limit distribution is one of a Chernoff distribution,
a ratio of Gaussian integrals, or a normal distribution.12 The n2/5 rate in the third
part of the theorem is the fastest achievable rate under the stated conditions; if αn

goes to zero more slowly then the bias will dominate unless more smoothness is
assumed.

The hard work for Theorem 1 was already done in JPW15, which contains
generic results for (originally) 3

√
n-consistent estimators. What is new here is the

specific application to the maximum score case.
In Theorem 1 we normalize the coefficient of the last regressor to be−1, which

is similar to H92. When a different normalization is used, the limit distributions
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described in Theorem 1 need to be adjusted accordingly. For example, under
Manski’s normalization (i.e., the norm of the d + 1 dimensional parameter vec-
tor equals one), the Delta method shows that the limit distribution of the first d
elements of the normalized estimator is characterized by(‖θ0‖2 + 1

)
I−θ0θ T

0(‖θ0‖2 + 1
)3/2

times the limit distributions indicated in Theorem 1.
The bias in the normality case needs to be dealt with when conducting infer-

ence. JPW15 discussed two possibilities: either directly estimating the bias or
using a bias-eliminating prior such as in a neighborhood of θ0

π∗(θ )∝
√
−det{∂θθTQ(θ )},

which we call the Jeffreys prior for its resemblance with the Jeffreys prior in
the Bayesian literature.13 In this paper we propose another simulation-based
approach, which we believe is preferable to the first two methods because compu-
tation is easier than if one uses the Jeffreys prior and performance is better than if
one subtracts out the bias; these issues are discussed in greater detail in Section 6
and the recommended choice of prior in Section 4.1.

The new idea is related with the fact that we do not choose a particular limiting
distribution to conduct inference but we simulate some random variables Ψ̂ such
that the limit distribution of Ψ̂ automatically adapts to the rate of αn. In fact, in
Section 5 we show that this approach is not only rate adaptive but also uniformly
valid within the class of all input parameters that satisfy a certain rate condition.
We will show there how to simulate Ψ̂ such that the bias in the normality case is
automatically incorporated into Ψ̂. For details, see Section 5.

3. EFFICIENCY

Theorem 1 demonstrates that the limit distribution of our estimator depends both
on the choice of input parameters and on the smoothness of f ,p. Under the weaker
set of assumptions (q = 0 and μ = 2) our estimator, under the same assumptions
as KP90 for the MMSE, has a 3

√
n convergence rate, which is known to be the

best rate attainable (Pollard, 1993). If αn � 3
√

n then the limit distributions of our
estimator and the MMSE coincide. If αn ∼ 3

√
n rate, however, the limit distribu-

tions differ. The main content of this section is an efficiency comparison in the
two cases, i.e., αn � 3

√
n (or, indeed the MMSE) and αn ∼ 3

√
n.

Indeed, the following theorems illustrate that the MMSE is generally subop-
timal. Let θ̂cα denote θ̂ using αn = c2

α
3
√

n with θ̂∞ as the special case with the
same limit distribution as the MMSE. We now compare the limit distributions
of θ̂cα and θ̂∞. We denote the distribution function of the limit distribution of∣∣ 3
√

nιT(θ̂cα −θ0)
∣∣ by Fcα , where ι is an arbitrary vector in Rd with ‖ι‖= 1.
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THEOREM 2 (Tail probabilities). For all 0 < K,Γ < ∞ there exists a c∗α > 0
such that

inf
0<cα<c∗α

Fcα (K)/F∞(K)> Γ. (4)

Further, F∞ locally first order stochastic dominates (LFOSD) Fcα in following
sense: for any K̄ > 0, there exists a c∗α > 0 such that for any 0≤ K ≤ K̄,

inf
0<cα<c∗α

{
Fcα (K)−F∞(K)

}≥ 0,

where the inequality is strict for some 0 < K < K̄.

Note first that being stochastically dominated is a good thing here since we
want small values for 3

√
n‖θ̂cα − θ0‖. Further, LFOSD is a weaker concept than

FOSD. Indeed, the proof of Theorem 2 does not generalize to FOSD, although
it does not rule it out either. In fact, the simulation results reported later in this
section do suggest the presence of a FOSD relationship, but we have failed to
prove it. We can establish second order stochastic dominance (SOSD), however,
as is asserted in Theorem 3 below.

Theorem 2 has implications for the width of confidence intervals. Indeed, it
can be interpreted as saying that for any given level of confidence, cα can be cho-
sen small enough to ensure that the ISE produces a narrower confidence interval
than MMSE.

THEOREM 3 (Stochastic dominance). There exists a c∗α > 0 such that for any
K∗ ≥ 0,

inf
0<cα<c∗α

∫ K∗

0
{Fcα (K)−F∞(K)}dK ≥ 0,

where the inequality is strict for all 0 < K∗ < K̄ for some K̄ > 0.

The key point of Theorem 3 is uniformity, i.e., c∗α does not depend on K∗.
Therefore, we can choose a sufficiently small cα such that θ̂∞ (and hence the
MMSE) is less efficient in the SOSD sense than θ̂cα for finite cα .

Note that, although it was established in H92 that the SMSE converges faster
under additional smoothness conditions, Pollard (1993) showed that the SMSE
converges more slowly than the MMSE if q = 0. So the results in H92 that estab-
lish that the SMSE converges faster under additional conditions neither imply nor
contradict Theorem 3.

Figure 1 provides further support to our claim that the MMSE is inefficient, even
if q = 0. Indeed, Figure 1 depicts how Fcα behaves as cα changes. We computed

∑J
j=1 tj(t2

j + 1)exp
{

c2
αG(tj)− c2

α t2
j /2− c2

αG(M)+ c2
αM2/2

}
∑J

j=1(t
2
j + 1)exp

{
c2

αG(tj)− c2
α t2

j /2− c2
αG(M)+ c2

αM2/2
} ,

with J = 106 (a million), tj = tan
{

π(2j− 1)/4J
}

, M = argmaxj=1,...,J{G(tj)−
t2
j /2} 167,400 times for sixteen different values of cα , ranging from

√
100 down
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by factors of 16
√

100.14 Here, G(t1), . . . ,G(tJ) are jointly normal random draws
consistent with a two-sided Brownian motion.

On the vertical axis is the value of Fcα

{
F−1

1 (p)
}

with p the value on the hori-
zontal axis. The 45 degree line then corresponds to cα = 1 and curves above the
45 degree line correspond to smaller values of cα and curves below the 45 degree
line to larger values of cα . The efficiency differences across limit distributions is
striking with the MMSE distribution being the least efficient of all. For instance,
the median of F1 corresponds to approximately the first quartile of F∞.

Figure 1 suggests that Fcα changes monotonically in cα , which implies that
F∞ first order stochastically dominates Fcα , recalling that the estimator with the
dominated limit distribution has greater asymptotic efficiency than the estimator
with the dominating limit distribution. This would be a far stronger result than
Theorem 2, but one for which (as noted earlier) we have no proof.

The above discussion may give the false impression that picking a small value
of cα (and hence of αn) is necessarily better. However, note that the above com-
parison analyzes the limit distribution Fcα , which is obtained by taking n→∞
first with a fixed cα . If one lets cα → 0 first then θ̂ converges to the mean of the
prior for any fixed sample size n. An informal way of describing what is happen-
ing is that choosing a finite cα introduces bias in the finite sample distribution of
θ̂ which vanishes as n→∞.

It is of course possible to make cα depend on n and let cα → 0 as n→∞. This
would be in line with Theorem 1(iii) of our estimator. However, as Pollard (1993)
has shown for the SMSE—and as is also the case here—if q = 0 then the MMSE
has a 3

√
n convergence rate but the SMSE may have a convergence rate that is

slower than 3
√

n and with a degenerate limit distribution. This happens because
oversmoothing causes the bias term to dominate.

With additional smoothness assumptions, of course, both our estimator for
αn = c2

α n2/5 (see Theorem 1(iii)) and the SMSE converge faster than the MMSE
and both have a more convenient normal limit distribution.

A comparison of the efficiency of the SMSE and our estimator is not fruitful.
As already noted, under the stated conditions the asymptotic bias can be made to
vanish by picking a suitable prior π for our estimator and a higher order kernel
for the SMSE. The asymptotic mean square error can then be made arbitrarily
small by picking a very small cα (or a large bandwidth for the SMSE). Since
the asymptotic mean square error can be made arbitrarily close to zero for both
estimators but the convergence rate cannot be improved without making stronger
assumptions, no meaningful efficiency comparison can be made between the two
estimators.

4. INPUT PARAMETERS

4.1. Prior

The choice of prior we recommend is a prior based on the d-variate Cauchy dis-
tribution, i.e., to choose (on a bounded set)
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π(θ )∝ 1

(1+ ‖θ‖2)(1+d)/2
, (5)

which is shown in Theorem 4 to be equivalent to imposing a uniform prior on
the unit half-sphere in R

d+1, i.e., an uninformative prior when the only informa-
tion imposed is the sign of the last coefficient. Since the Cauchy distribution is a
t distribution with one degree of freedom and the conditional distribution of one
element given the remaining elements is again a t distribution we will call this
choice of prior the t-based prior. Theorem 4 establishes this result; similar results
can be found in Phillips (1984, 1989).

THEOREM 4. Choosing π equal to the d-variate Cauchy density function (5)
is equivalent to imposing a uniform distribution on the unit half-sphere in Rd+1.

Further, if (ξ1, . . . ,ξd) is a draw from a d-variate Cauchy then ξ1
/√

∑d
i=2 ξ

2
i + 1

is (conditional on ξ2, . . . ,ξd) a draw from a t-distribution with d degrees of
freedom.

Normalizing the coefficient of the last regressor ai to equal−1 is equivalent to
restricting the parameter space to a half-sphere. Imposing a flat prior on the half-
sphere is more reasonable than imposing a flat prior on θ0 because the t-based
prior treats all elements of the parameter vector symmetrically while the flat prior
on a subset of Rd penalizes different deviations from θ0 differently. For instance,
if for d = 1 the true parameter vector equals [1,−1]T then with the simple uniform
prior [0,−1]T and [2,−1]T are equally far from the ‘truth.’ So an estimate that
suggests that the first coefficient is twice as large as the second (in absolute value)
is equally bad as an estimate that suggests that the second coefficient is infinitely
many times as large as the first. This does not seem reasonable.

The above choice of prior does not eliminate bias, and certainly not higher
order bias. However, based on our experience with the simulations reported in
Section 7, the efficiency improvements from substantial amounts of smoothing
(paired with complicated bias corrections) are unlikely to be realized in practice
unless sample sizes are unusually large.

4.2. Smoothing

The “optimal” choice of αn depends on the degree of smoothness q and the choice
of prior. In practice the degree of smoothness is unknown. In a different context
Kotlyarova and Zinde-Walsh (2006) proposed a procedure which automatically
adapts to the degree of smoothness, but found that the desirable theoretical prop-
erties were not reflected in their simulation results.

Alternatively, one can assume a degree of smoothness, choose a prior, and then
choose the value of αn that minimizes e.g., the asymptotic mean square error.15

This is the route followed by H92, who (if one assumes q = 1) minimizes the
sum of the squared norm of the bias and the trace of the variance. The analogous
choice in our case would be
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αn =

(
4‖B‖2n

tr(V )

)1/5

, (6)

or indeed an estimator thereof.
However, if it is known that q = 1 then one can choose a bias-eliminating

prior (or higher order kernel for the SMSE) and there is then no (asymptotically)
optimal choice of cα in αn = c2

α
5
√

n because the optimal convergence rate is n2/5

which requires that αn ∼ 5
√

n but the asymptotic mean square error is increas-
ing in cα ; the same issue arises with the SMSE or indeed nonparametric kernel
estimation more generally.16

Prediction optimality via (e.g., k-fold) cross validation is another possibility.
The idea of maximum score is to estimate the parameter vector by optimizing the
median-based prediction. This suggests choosing the input parameter value that
performs the best in multi-fold cross validation. To be more specific, recall that
the model in (1) implies that

Med(y1|x1) = 1(z1
Tθ0− a1 ≥ 0).

Therefore, for a candidate value αn, we can compute predictions

ŷi(αn) = 1{zi
Tθ̂(αn)− ai ≥ 0},

which can be cross-validated using e.g., the mean absolute deviation criterion.
Since αn is a scalar, it is easy to minimize the prediction error criterion. Further,
although the values of αn that minimize the prediction error criterion are not nec-
essarily unique, it is reasonable to choose the largest minimizer. This approach
is computationally the most expensive but it requires no prior information about
degrees of smoothness and other unknown model primitives.

In view of the discussion above and in view of the fact that our inference pro-
cedure proposed in the following section is adaptive to the rate of αn, we do not
pursue an automatic (or optimal) choice of input parameter αn. Our procedure
does, however, have one fortuitous feature: αn multiplies the objective function
but does not scale the regressors, as it does with the SMSE.

Our simulation results suggest that αn = 1.5 3
√

n is a reasonable choice for all
designs considered and yields 3

√
n-consistent estimators regardless of the actual

degree of smoothness q. More slowly increasing choices of αn work better in
theory if it is known that q ≥ 1 and worse if q = 0, but the potential efficiency
gain promised by asymptotic theory does not appear to be substantial, certainly
not in comparison with the efficiency gain and computational simplicity of our
estimator relative to the MMSE. Indeed, under the SMSE assumptions (q= 1) our
estimator using αn ∼ 5

√
n converges at a faster rate, and is hence infinitely more

efficient, than our estimator using the suggested choice of αn, but such efficiency
gains are not borne out by the simulations.

5. UNIFORM INFERENCE

We now present theoretical results supporting a simulation-based inference
method that does not require assumptions on the choice (including the rate) of
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the input parameter sequence other than it lying between two diverging bounds.
Unlike JPW15 the proposed method is shown to be not only rate-adaptive but also
uniformly valid for any such sequence of the input parameter. Unlike JPW15 we
do not require that the bias be removed in the estimator itself. This is an advantage
because using the Jeffreys prior can be expensive in terms of computer time,
because implementing the Gibbs sampler to draw from the quasi-posterior
requires inverting the distribution function corresponding to the Jeffreys prior.
See Section 6 for more details. Instead of removing the bias from the estimator
we incorporate the bias correction into the simulation of the limit distribution.

For the purpose of inference we propose drawing random numbers by

Ψ̂=
1

3
√

n

∫
tλ
(
θ̂+ t/ 3

√
n
)

exp
[
β 4/3

n
{
Ĝ(t)− tTV̂t/2

}]
dt∫

λ
(
θ̂+ t/ 3

√
n
)

exp
[
β 4/3

n
{
Ĝ(t)− tTV̂t/2

}]
dt

, (7)

to mimic the behavior of θ̂−θ0, where βn =
√

α3
n/n, V̂ is a consistent estimator of

V , and the prior λ need not be the same as the prior π used for estimation. Indeed,
the choice of λ can be used to address the bias issue in the faster convergence
case. We will assume that Ĝ is constructed by using an estimated H that satisfies
e.g., Assumptions O, P, Q in JPW15. Possible choices for Ĝ, V̂,λ are discussed
in Section 6.2.

The discussion below focuses on the case q = 1, but other values of q can be
accommodated analogously. However, the analysis below presumes that a mini-
mum value of q is known, so the procedure does not adapt when the degree of
(minimal) smoothness is unknown.

We make the following assumptions.

Assumption J. αn satisfies c2/3
β

5
√

n≤αn ≤C2
β

3
√

n for 0< cβ ≤Cβ <∞ which

implies that cβ n−1/5 ≤ βn ≤ Cβ .

Assumption J restricts the sequences of input parameters that are allowed.
Note that Assumption J does not fix any specific rate of αn (as in Theorem 1).
Indeed, it allows for any sequence whose elements fall within the specified
bounds: e.g., βn = 2+ sinn is allowed, as is βn = n−1/51(n odd) + 1(n even).
So the results in this section are uniform within the class of input parameters sat-
isfying Assumption J.

Assumption J covers the case αn ∼ 5
√

n (i.e., case (iii) in Theorem 1) and the
case αn ∼ 3

√
n (i.e., case (ii) in Theorem 1). The case of αn � 3

√
n (i.e., case (i)

in Theorem 1) is omitted. Note that there is no discontinuity between cases (i)
and (ii) in Theorem 1 in that as cα →∞, the limit distribution of case (ii) con-
verges to that of case (i). Discontinuity between cases (ii) and (iii) is the inferential
difficulty we address.

Assumption K. The function λ used in (7) satisfies ∂θ logλ (θ0) =
∂θ logπ(θ0)− ∂θ logπ∗(θ0), with λ0 = λ (θ0),π0 = π(θ0),π∗0 = π∗(θ0), where
π∗ is a first order bias-eliminating prior (e.g., the Jeffreys prior) bounded away
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from zero on Θ. Further, there exists a ρ > 1 such that

lim
δ↓0

sup
‖θ−θ0‖<δ

∣∣λ (θ )−λ0− ∂θTλ (θ0)(θ −θ0)
∣∣

δ ρ = 0. (8)

The second part of Assumption K is a smoothness condition on λ , which is
implied by twice differentiability. The first part of Assumption K ensures that Ψ̂
has the same bias as the estimator, even if αn ∼ 5

√
n. An example of a function λ

that satisfies the above conditions is any function λ for which

λ (θ ) =
π(θ )
π∗(θ )

, (9)

for θ near θ0.
To see how the proposed method works, consider√
n/αnΨ̂
 1

βn

∫
t
{

λ0 + tT∂θ λ (θ0)/αn
}

exp{βnĜ(t)}φV (t)dt

λ0
∫

exp{βnĜ(t)}φV(t)dt


 m1(Ĝ,βn)+ (αnβn)
−1 ∫ t{Dλ 1(t)/λ0}φV(t)dt

1+βnm3(Ĝ,βn)
, (10)

where Dλ 1 is the natural analog to Dπ1, and where m1 and m3 are continuous
functionals of G using e.g., a sup norm on compacta such that they are con-
tinuous in βn, also. The precise definitions of the m-functions can be found in
(A.2) in Appendix B; Appendix B also contains a rigorous justification for this
expansion. The expansion in section 5 should be compared with the asymptotic
expansion of the estimator. Indeed, it is shown in Appendix B that (as a byproduct
of Theorem 1) under Assumptions J and K we have the expansion

√
n/αn(θ̂−θ0)
 m1(S̃n,βn)+ (αnβn)

−1 ∫ t{Dπ1(t)/π0 +DQ3(t)}φV (t)dt

1+βnm3(S̃n,βn)
,

(11)

where S̃n is a stochastic process defined in (A.4) (in an appendix) that converges
weakly to G.

The stochastic terms in section 5 and (11) determine the shape of the (limit)
distributions: they depend on the rate of αn. The nonstochastic terms in the
numerators of section 5 and (11) account for the bias if αn ∼ 5

√
n and they

are asymptotically negligible if αn � 5
√

n. The choice of λ by Assumption K
ensures that the two nonstochastic terms coincide. Indeed, recall that π∗ satisfies∫

t{Dπ∗1(t)/π∗0 +DQ3(t)}φV(t)dt = 0. Therefore, by Assumption K,∫
t{Dλ 1(t)/λ0}φV(t)dt =

∫
t{Dπ1(t)/π0−Dπ∗1(t)/π∗0}φV(t)dt

=

∫
t{Dπ1(t)/π0 +DQ3(t)}φV(t)dt,

which is exactly the bias term in (11).
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Since Assumption J is all that is needed for the expansions in section 5 and (11),
the intuitive arguments above suggest that the inference based on Ψ̂ is uniformly
valid among the class of all αn sequences that satisfy Assumption J. We now
formalize this result. Let A be the collection of all sequences {αn} that satisfy
Assumption J.

THEOREM 5. Suppose that the assumptions of Theorem 1 and Assumptions J
and K are satisfied and that q = 1. For any x ∈ R and w ∈Rd,

sup
{αn}∈A

∣∣P(wT
√

n/αnΨ̂≤ x)−P{wT
√

n/αn(θ̂−θ0)≤ x}∣∣→ 0.

The trichotomy of Theorem 1 suggests that inferential uncertainty is a prac-
tical issue, because what is chosen in practice is the value of αn, not its rate.
Theorem 5 shows that this problem can be resolved by simulating quantiles of
Ψ̂ for the purpose of inference. If αn has a specific rate, then Theorem 5 shows
that inference based on Ψ̂ will be automatically adaptive. However, Theorem 5 is
a stronger result than rate-adaptive inference, because Theorem 5 does not pre-
sume the convergence of the distribution functions. For instance, Assumption J
allows for the possibility that αn oscillates between 3

√
n and 5

√
n. Therefore, sim-

ulating quantiles of Ψ̂ for the purpose of inference is not only rate-adaptive but
also uniform within the class of all input parameters that satisfy Assumption J.

Finally, note that there are at least two alternative methods for making the bias
in the limit distribution reflect that in the estimator to the one proposed above.
Indeed, one can replace (7) with either one of

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
3
√

n

∫
t
{

π(θ̂+ t/ 3
√

n)−π(θ̂)∂θT logπ∗(θ̂)t/ 3
√

n
}

exp
[
β 4/3

n
{
Ĝ(t)− tTV̂t/2

}]
dt∫ {

π(θ̂+ t/ 3
√

n)−π(θ̂)∂θT logπ∗(θ̂)t/ 3
√

n
}

exp
[
β 4/3

n
{
Ĝ(t)− tTV̂t/2

}]
dt

,

1
3
√

n

∫
tπ(θ̂+ t/ 3

√
n)exp

[
β 4/3

n
{
Ĝ(t)− tTV̂t/2

}]
dt∫

π(θ̂+ t/ 3
√

n)exp
[
β 4/3

n
{
Ĝ(t)− tTV̂t/2

}]
dt
− 1

α2
n

V̂
−1∂θ logπ∗(θ̂).

(12)

(13)

The advantage of both (12) and (13) over (9) is computational simplicity and that
they obviate the need to deal with the problem of figuring out where to apply trun-
cation to prevent small π∗ values. Note that (13) is equivalent to estimating and
subtracting the bias from the estimator itself and not applying a bias correction in
the limit experiment. Our simulation results (not tabulated in this paper) suggest
that (12) performs somewhat better than (9) and (13) in practice.

6. COMPUTATION

6.1. Estimates

We now describe the Gibbs sampling scheme used to obtain our estimates: a more
general Metropolis-Hasting algorithm is possible but we focus on the Gibbs
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sampler here. With the Gibbs sampler from a given starting value one repeatedly
draws θ j from the conditional posterior of θ j conditional on the values of
the remaining coefficients θ−j, iterating over j, until convergence. Below we
explain how to obtain a random draw θ∗j from the conditional (pseudo) poste-
rior of θ j given θ−j. As will become apparent, this procedure is straightforward
to implement.

The conditional (pseudo) posterior of θ j given θ−j is

r̃(θ j|θ−j) =
π(θ j|θ−j)exp

{
α2

n Ln(θ )}∫
π(θ j|θ−j)exp

{
α2

n Ln(θ )}dθ j
.

Therefore, we can obtain a random draw from r̃(θ j|θ−j) by computing

θ∗j = R̃−1(ζ|θ−j), (14)

where ζ ∼ U(0,1), R̃(θ ∗j |θ−j) =
∫ θ∗j
−∞ r̃(θ j|θ−j)dθ j is the distribution function of

the conditional posterior, and R̃−1 is the (generalized) inverse of R̃. We now ad-
dress the question how best to do this.

The key insight is that Ln is a simple step function in each dimension. Indeed,
let zij denote the j-th element of zi and zi,−j the vector zi without its j-th element.
For zij �= 0 define

Bi =
ai−θ T−jzi,−j

zij
,

ignoring observation i if zij = 0.17 Assume that the Bi’s are sorted in ascend-
ing order, that the Bi’s outside the support of the conditional prior π(·|θ−j) are
omitted,18 and that the observations are indexed 0, . . . ,n− 1 instead of 1, . . . ,n.
Set B−1 =−∞ and Bn = ∞.

Then

Ln(θ ) =
1
n

n−1

∑
i=0

(2yi− 1)1(zT
i θ ≥ ai)

=
1
n

n−1

∑
i=0

(2yi− 1)sgn(zij)1(θ j ≥ Bi)+
1
n

n−1

∑
i=0

(2yi− 1)1(zij < 0), (15)

where sgn(s) = 1(s > 0)−1(s < 0). Note that the second right hand side term in
(15) does not depend on θ . Define

Ti = exp

{
α2

n

n

i

∑
s=0

(2ys− 1)sgn(zsj)

}
, Ri =

i

∑
s=1

Ts−1(Πs−Πs−1),

where Πi =Π(Bi−1|θ−j) is the conditional distribution function of the prior.
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For given θ ∗j , let i be such that Bi−1 ≤ θ ∗j < Bi. Then

R̃(θ ∗j |θ−j) ∝
∫ θ∗j

π(θ j|θ−j)exp
{

α2
n Ln(θ )

}
dθ j

=
i−1

∑
s=0

∫ Bs

Bs−1

π(θ j|θ−j)exp
{

α2
n Ln(θ )

}
dθ j

+
∫ θ∗j

Bi−1

π(θ j|θ−j)exp
{

α2
n Ln(θ )

}
dθ j

∝
i

∑
s=1

(Πs−Πs−1)Ts−1 +
{
Π(θ ∗j |θ−j)−Πi

}
Ti

= Ri +
{
Π(θ ∗j |θ−j)−Πi

}
Ti,

where the constant of proportionality in the ∝ relations equals Rn+1 and hence
does not depend on θ ∗j . Thus,

R̃(θ ∗j |θ−j) =
Ri +

{
Π(θ ∗j |θ−j)−Πi

}
Ti

Rn+1
, (16)

which for a uniform prior is drawn in Figure 2.
Let ζ be as in (14) and let i∗ be the largest integer for which Ri∗ ≤ ζRn+1. Then

it follows from (14) and (16) that

θ∗j = R̃−1(ζ|θ−j) = Π−1
(

Rn+1ζ−Ri

Ti
+Πi∗|θ−j

)
is a draw from the desired conditional posterior.

6.2. Limit Distribution

We now describe the method we used to obtain draws from the limit distribution
in Section 7. The method described here is likely inefficient and better methods
can be found in various sources, e.g., Stroud (1971).

FIGURE 2. The conditional posterior of θ j given θ−j for n = 5 and a constant prior on
compact support.
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For some large T, draw i.i.d. t1, . . . , tT from a multivariate normal with mean

zero and variance 2V̂
−1

. Then compute weights χ1, . . . ,χT with
χj = exp

(−tT
j V̂tj/4

)
. Then compute Ĥ with j, � element

n−1 ∑n
i=1

∣∣M(tT
j zi, tT

�zi,0)
∣∣̂f(θ̂T

zi|zi). Examples of V̂, f̂ are the Hessian of the
SMS objective function and a kernel density estimator, respectively, albeit that
some care should be taken if zi has unbounded support.

Now, for each replication, draw Ĝ1, . . . ,ĜT from a multivariate normal with
mean zero and variance Ĥ and compute e.g.,

∑T
j=1 t j

[{
π(θ̂+ tj/αn)−π(θ̂)tT

j γ̂/αn
}

exp(βnĜj)χj
]

∑T
j=1

[{
π(θ̂+ tj/αn)−π(θ̂)γ̂/αn

}
exp(βnĜj)χj

] ,

if (12) is desired and similarly for (9) and (13), where γ̂ = ∂θ logπ∗(θ̂).

7. SIMULATIONS

7.1. Design

We have implemented our methodology using three designs. Each of the designs
features a constant term and a number of mutually independent standard normal
regressors. The first design is a standard probit model, and the second design
has ui =

{|u∗i |−Φ−1(0.75)
}

x2
i2, where u∗i is standard normal and independent of

xi, and xi2 is the first slope regressor. The third design is like a standard probit
model albeit that the errors are drawn from a Laplace distribution instead of a
normal distribution. We will refer to these designs as probit, hetero, and laplace,
respectively. In all three designs the errors have zero median conditional on the
regressors. The second distribution features both an asymmetric error distribution
and heteroskedasticity and the third nondifferentiability of the error distribution
at zero.

We computed SMSE estimates using an adapted version of a simulated an-
nealing algorithm kindly provided to us by Yulia Kotlyarova and using a nor-
mal kernel and a range of bandwidths.19 For the Laplace estimators we used the
Gibbs sampling scheme described in Section 6 with a single chain using a burn-in
period of 10,000 draws and an average taken over 5,000 subsequent draws. These
numbers are arbitrary and suboptimal in multiple ways: it is probably best to
run multiple chains simultaneously and to make the length of the burn-in period
depend on certain convergence criteria; see, e.g., Cowles and Carlin (1996). Since
we were doing these computations for three designs, using two different pri-
ors, for two sample sizes, with five and nine regressors, with sixteen different
smoothing parameters, using 1,000 replications, budgetary constraints precluded
a deeper investigation into the optimal chain design or convergence criteria.20 In
all cases probit estimates were taken as the starting values.

The SMSE search was restricted to [−50,50]d. The two priors that we used
for the Laplace estimator are a constant prior on [−50,50]d and the t-based prior
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proposed in Section 4.1 on the same support.21 Because of computing time lim-
itations we did not use the bias-eliminating Jeffreys prior. We used sample sizes
of both 1,000 and 2,000 and five and nine regressors (including an intercept and
the regressor whose coefficient is normalized). We used a large number of input
parameters differing by a factor of 1.25 each (for all three estimators) in order to
study the effect of the choice of the input parameter on performance. In all cases
θ0 = [1, . . . ,1]T. We sometimes include the normalized coefficient in the parame-
ter vector, in which case we refer to the extended parameter vector.

If αn is chosen too small then the Laplace estimator will be close to the
mean of the prior, i.e., zero. Likewise, if the SMSE bandwidth is chosen
too large then the SMSE is approximately equal to a large constant times
E{(2y1− 1)z1} (if nonzero).22 In probit the SMSE extended parameter vector
estimates (once normalized to have norm one) these come out to be approximately
[0.527,0.493, . . . ,0.493,−0.000]T, and [0.365,0.352, . . .,0.352,−0.000]T,23 for
five and nine regressors, respectively, which is closer to [θ T

0 ,−1]T/
√

d+ 1 than
the prior used for the Laplace estimator. As will become apparent, it does not
seem to matter much in practice: if one oversmooths, performance is poor for
both estimators as expected and improves as αn increases or h decreases. We have
therefore not developed designs that do not favor the SMSE in this way.

7.2. Dependence on the Input Parameter

To investigate the dependence on the input parameter αn of the Laplace estimator,
we have graphed the quantity

1
R

R

∑
r=1

‖θ̂∗r −θ ∗0‖, (17)

where θ̂
∗
r = [θ̂

T

r ,−1]T/(‖θ̂r‖2 +1)1/2 and θ ∗0 = [θ T
0 ,−1]T/(‖θ0‖2 +1)1/2 with θ̂r

the Laplace estimator in replication r, as a function of αn for several designs and
input parameter choices.24 Figure 3 contains the results which we only depict for
the t-based prior since the pictures for the uniform prior are qualitatively the same.

Each row corresponds to a single design with the right graph providing an
amplified detail of the left graph with the smaller values of αn omitted. There are
four curves in each graph corresponding to a sample size, number of regressors
pair where dots indicate the value at which the minimum is achieved.

Larger samples and fewer regressors result in less estimation error, which is not
surprising. The fact that the minimizing value of αn does not always vary with n
can be attributed in part to the coarseness of the grid of input parameters used.
Going from n = 1,000 to n = 2,000 doubles the sample size, which (since we do
not use a bias-eliminating prior) means that the optimal αn increases by a factor
of 21/5 = 1.15 in the first two graphs and a factor 21/3 = 1.26 in the last graph
where the grid points are a factor 1.25 apart.

As expected, the estimation error (17) for small values of αn is large since
the mean of the prior (zero) is different from θ0. As αn increases, the estimation
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FIGURE 3. How (17) varies with the choice of αn, sample size, and number of regressors,
for the t-distribution-based prior and design 0,2,4. The right graphs provide amplified de-
tails of the left. The legend numbers show the sample size and the number of regressors,
respectively.

error drops rapidly and then increases more slowly in all three cases, again as
our theoretical results would indicate. There is a small fluctuation in the mid-
dle in all three designs. In an early working paper Jun, Pinkse, and Wan (2009)
we found a similar pattern in a different design where the prior bias (due to the
fact that θ0 �= 0) is partially offset by the asymptotic bias, before the asymp-
totic bias disappears also. In other designs the asymptotic bias may amplify the
prior bias.
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The gain from using our estimator over the MMSE (αn = ∞) appears to be
especially large in probit because the graphs in the other two cases are flatter for
large values of αn. This may in part be attributable to the difficulty of computing
the MMSE, i.e., we may not achieve the true maximum using a single chain and
the chain length used in our simulations.

Perhaps the main conclusion that can be drawn from these graphs is that while
it is clearly suboptimal to choose αn =∞ one should be careful not to pick αn too
small; αn = 1.5 3

√
n appears to be a reasonable choice for the estimator with the

t prior, as mentioned in Section 4.2. These choices are 15 and 18.9 for n = 1,000
and n= 2,000, respectively, whereas the choices of αn suggested by (6) in the pro-
bit case are 11.5, 13.2, 12.3, and 14.2 for the (1,000,5), (2,000,5), (1,000,9),
and (2,000,9) cases, respectively;25 see Table 2 for more information. These
numbers are all in the range of near-optimal performance.

7.3. Estimator Performance

The quantity defined in (17) can be compared across both designs and estimators.
For each estimator/design combination we picked the value of the input param-
eter that minimized (17) as is illustrated in Figure 3; the results are displayed in
Table 1 and the actual minimizing input parameter values are in Table 2. As the
results of Section 7.2 indicate, estimation error is fairly flat over a large range and
although the entries in the table would vary a bit, the choice of only presenting
the minimized values is immaterial for the qualitative conclusions.

As one would expect estimation error is less in larger samples and greater if
there are more regressors. The estimation error decreases by approximately a
factor 1.4 if one goes from 1,000 to 2,000 observations. Since 1.4 ≈ √2 this
constitutes a more sizable improvement than first order asymptotics would sug-
gest (a factor 22/5 = 1.32 for probit and hetero and 21/3 = 1.26 for laplace).
We expect the rate of improvement of the estimation error to level off to that

TABLE 2. Input parameters corresponding to Table 1 in the paper, ×1,000 for
SMSE, ×10 for the others and in italics below the line the corresponding asymp-
totically optimal values

probit hetero laplace︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
1,000 2,000 4,000 1,000 2,000 1,000 2,000

Estimator d = 4 d = 8 d = 4 d = 8 d = 4 d = 4 d = 8 d = 4 d = 8 d = 4 d = 8 d = 4 d = 8

SMSE 288 309 250 269 218 147 158 103 138 230 309 200 269
uniform 244 305 246 384 310 244 305 246 384 244 305 246 384
t 125 156 126 157 159 195 244 197 308 156 156 157 197

SMSE 262 278 228 242 199 }
asymptotically optimal valuesuniform 241 340 277 391 318

t 115 123 132 142 152
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suggested by asymptotic theory as the sample size increases and this is indeed
borne out by the results going from 2,000 to 4,000 observations for probit.

Throughout, it appears that the t-based prior does a bit better than the uniform
prior and the SMSE. This may be due to the form of the loss function (17) since
both the SMSE and the Laplace estimator with a uniform prior penalize deviations
in some directions less than others, but first order asymptotics suggest that the
choice of loss function would not affect the ranking of estimators. Alternatively,
and more plausibly, the t-based prior may result in less bias than the other two
estimators.26

Whatever the explanation, it should be noted that the choice of prior is asymp-
totically immaterial in laplace because 3

√
n is the best achievable rate. In the other

two cases, one can in principle bring up the convergence rate very close to
√

n by
eliminating higher order bias and choosing a small αn or large h. In theory once
one fixes the choice of αn and prior (or h and kernel) for one method one can
improve over the asymptotic properties of that estimator by choosing the input
parameters of another estimator.

Nevertheless, the results in Table 1 suggest that using a Laplace estimator with
a t-based prior beats using SMSE with a normal kernel.

The (minimizing) input parameters used in Table 1 are in Table 2, along with
the (infeasible) asymptotically optimal input parameter choices for the probit
case.27 The differences between the input parameter values that minimize (17) and
the corresponding asymptotically optimal ones seem reasonable, especially when
taking into account the coarseness of the grid used in the simulations, the distinc-
tion between finite sample and asymptotic behavior, the fact that the asymptoti-
cally optimal values are based on a first order mean square error criterion and the
finite sample ones on (17), and the flatness of (17) over a range of input parameter
values.

We now turn our discussion to the issue of computation times, which are re-
ported in Table 3 for the estimates of Table 1. The programs are written in C.
To provide an idea of the magnitudes reported here, to compute the SMSE for the
probit case with 2,000 observations and nine regressors using sixteen different
bandwidth values in 1,000 replications takes approximately 200× 16× 1,000=
3,200,000 seconds (37 days) of CPU time. Thankfully, parallel processing and a
large cluster made this feasible.

TABLE 3. Time in seconds to compute an estimate

probit hetero laplace︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
1,000 2,000 4,000 1,000 2,000 1,000 2,000

Estimator d = 4 d = 8 d = 4 d = 8 d = 4 d = 4 d = 8 d = 4 d = 8 d = 4 d = 8 d = 4 d = 8

SMSE 47.8 94.8 96.7 200.0 189.0 39.7 84.8 73.3 167.1 45.2 96.6 92.0 195.9
Uniform 9.0 16.5 19.5 35.9 42.6 9.1 17.6 19.5 37.6 9.0 16.9 19.9 37.0
t 14.9 28.8 31.7 59.9 67.2 15.0 30.0 31.4 62.1 14.9 29.1 32.2 61.5
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Computation times appear to be approximately linear in the number of un-
known coefficients and the number of observations, albeit that our use of the
same parameters for the routines across designs, sample sizes, and number of
coefficients, is unlikely to be optimal.

That said, in our simulations the Laplace estimator with a uniform prior was
on average about five times faster than the SMSE and significantly faster than
the Laplace estimator with a t-based prior. Using the t prior is slower because
inverting the distribution function of a t distribution is more time-consuming than
inverting the distribution function of a uniform distribution.

7.4. Inference

We now turn to an evaluation of our uniform inference procedure of Section 5.
In our evaluations we use the limit distribution described in H92 to obtain crit-
ical values for the SMSE and use the bias expansion-based uniform inference

FIGURE 4. Size (left) and power (right) plots for n = 1,000 (top) and n = 2,000 (bottom)
for probit with five regressors and a moderate amount of smoothing for the SMSE (red)
and the Laplace estimator with uniform prior (black) and t prior (green).
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procedure described in equation (12) of Section 5 to produce ones for ours. Be-
cause of computing time feasibility constraints we had to use the true rather than
the estimated limit distribution in all cases, which is less than ideal. Nevertheless,
the simulations provide a clear picture of some important features.

First consider Figures 4 and 5, both of which correspond to the probit design
with five regressors. In each figure the top two graphs correspond to n = 1,000
and the bottom two graphs to n = 2,000 with the left graphs depicting size and
the right graphs depicting power for hypotheses about the first slope coefficient.
The difference between Figures 4 and 5 is in the choice of input parameter. What
constitutes a ‘moderate amount’ of smoothing (i.e., smaller values of αn and larger
values of bandwidth) or ‘little smoothing’ (i.e., larger values of αn and smaller
values of bandwidth) is somewhat arbitrary and the curves are hence not directly
comparable, but it does not matter for the overall conclusions.28

The size of all estimators exceeds nominal size (indicated by the dashed 45 de-
gree line) for n = 1,000, which appears to be mostly due to bias for the uniform
prior case except for the SMSE and little smoothing for reasons that will become

FIGURE 5. Size (left) and power (right) plots for n = 1,000 (top) and n = 2,000 (bottom)
for probit with five regressors and little smoothing for the SMSE (red) and the Laplace
estimator with uniform prior (black) and t prior (green).
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apparent below. For 2,000 observations the size is noticeably better in the mod-
erate smoothing case. With little smoothing actual size still exceeds nominal size
for the Laplace estimators which we attribute to the fact that with little smoothing
one is essentially trying to compute the MMSE. Since the objective function has a
less regular shape, it would take more and longer chains for the Gibbs sampler to
achieve actual convergence. Note that there is no method that can confirm conver-
gence of the chains. The opposite happens for the SMSE, which is natural since
its rejection probability tends to zero as the bandwidth goes to zero for fixed n.29

So if one would further reduce the bandwidth then the size and power curves for
the SMSE (for fixed n) would eventually get arbitrarily close to the horizontal
axis. As anticipated the influence of the prior diminishes as αn increases, which
is borne out by the fact that the size and powers curves of the Laplace estimators
for large αn almost coincide.

The way to interpret the power graphs is as follows. Zero on the horizontal axis
corresponds to the null hypothesis where we would hope to see a vertical axis
value equal to the nominal rejection probability 0.05. With little smoothing the
graph is approximately symmetric. When one introduces smoothing bias becomes
an issue, especially for the uniform prior estimator.

The power improves as the sample size increases, which can be seen by compar-
ing the power values for a given deviation from H0 in the top and bottom graphs.

8. CONCLUDING REMARKS

We have proposed a Laplace estimator for a semiparametric binary choice model
which, depending on the choice of input parameters and smoothness conditions,
has one of three limit distributions and is either 3

√
n-convergent or converges faster

than that. We show that our estimator is more efficient than Manski’s maximum
score estimator under the same conditions. Further, when extra smoothness con-
ditions are satisfied, our estimator and Horowitz’s smoothed maximum score es-
timator have the same convergence rate, but the estimators cannot be ranked in
terms of asymptotic efficiency. Our estimator is easier to compute than both the
original and the smoothed maximum score estimators; computation of our esti-
mator is based on the Gibbs sampler. We provide an inference procedure that is
uniform in the choice of input parameter: no analogous procedure is available for
maximum score-type estimators. Finally, our estimator appears to work well in a
simulation study.

NOTES

1. The MMSE objective function is not smooth: it consists of polytope-shaped plateaus. Since the
parameter of interest is point identified, all maximizers are asymptotically equivalent and the theory
does not provide guidance about which one to use. However, in finite samples, the set of maximizers
is a union of polytopes.

2. Although there are bootstrap procedures modified for the MMSE (e.g., Lee and Pun, 2006; Patra,
Seijo, and Sen, 2015), their practical applicability is limited because of the computational challenges
of the MMSE.
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3. Readers are also referred to an early working paper version Jun et al. (2009).
4. Kotlyarova and Zinde-Walsh (2006) propose a smoothness-adaptive estimation procedure for a

different estimation problem, which we discuss later.
5. We should point out that the simulated annealing routine that we use to compute the SMSE may

not be optimal, but the same is true for our Gibbs sampling routine to compute the ISE. All computing
times increase roughly linearly both in the sample size and in the number of unknowns. See Table 3
for more details.

6. We did not include further comparisons since the computer time demands of our current exper-
iments were already substantial and most of these experiments predate our awareness of Chen and
Zhang (2014).

7. Since the sign of the coefficient can be estimated super-efficiently, taking the sign to be known
is innocuous.

8. We are subtracting out a constant for convenience.
9. Letting g1(θ ) = (2y1 − 1){1(a1 ≤ θ Tz1)−1(a1 ≤ θ T

0 z1)}, note that {g1(θ )− g1(θ̃ )}2 =

|g1(θ )−g1(θ̃ )|.
10. Denoting Horowitz’s p and F on page 510 by pH and FH , we have pH(s|z) = f (θ ′0z− s|z),

FH(−s|s,z) = 1−p(θ ′0z− s,z).
11. For scalar-valued θ , DQ3(t/αn) = Q′′′(θ0)t3/6α3

n .
12. Since the SMSE with a small bandwidth behaves like the MMSE, the SMSE’s asymptotic be-

havior can possibly be analyzed like we analyze the behavior of the ISE in Theorem 1. However, since
our focus is on the ISE, we do not pursue this question here.

13. For issues of using an estimated prior, see JPW15.
14. We subtract c2

α{G(M)−M2} to reduce rounding error and use the specified nodes tj based on
(the quantile function of) the Cauchy distribution to ensure that the tails receive sufficient weight. We
ran a job for 23 hours on a cluster and 167,400 is the number of times these computations could be
made within that time span.

15. For q = 0 the limit distribution is not normal so other loss functions may be preferable.
16. For the SMSE the asymptotic bias is zero if a higher order kernel is used. Hence the asymptotic

mean square error is decreasing in the choice of bandwidth.
17. We use Bi instead of Bij to simplify notation; there is little scope for ambiguity.
18. We do not account for such omissions in the notation and continue to use n to denote the number

of observations (remaining).
19. We used sixteen different bandwidths, separated by a factor of 2, and centered at n−1/5.
20. It would perhaps be possible to conduct a more expansive simulation study with fewer observa-

tions and only a couple of regressors, but we aim to appeal to empiricists, for whom large numbers of
observations and regressors are often the norm.

21. Therefore, the t-based prior has mean zero.
22. Note that the SMSE maximizes n−1 ∑n

i=1(2yi − 1)K{(zT
i θ − ai)/h} ≈ K(0)E(2yi − 1) +

k(0)E{(2yi −1)(zT
i θ −ai)}/h, which is maximized at the largest value of θ proportional to E{(2yi−

1)zi} in the parameter space if one abstracts away from parameter space shape issues. In other
words, the SMSE converges in probability to [θ̄1, θ̄2, . . . , θ̄2,−1]T where θ̄1 = CE(2yi − 1) and
θ̄2 =CE

{
(2yi−1)zi2

}
for some large C whose value depends on the size of the parameter space. After

normalization, the probability limit becomes [θ̄1, θ̄2, . . . , θ̄2,−1/C]T/{θ̄ 2
1 +(d−2)θ̄ 2

2 +1/C2}1/2.
23. The last elements are negative numbers that are small in absolute value. See footnote 22.
24. We impose the renormalization to treat all regression coefficients equally: without the normal-

ization, one would be giving infinite weight to the coefficient that is normalized to equal −1.
25. In the heteroskedastic case, Q′′(θ0) is not finite, which violates our assumptions. In the Laplace

estimator case, 3
√

n is the best achievable rate.
26. As we discussed in Section 4.1, the t-based prior treats all coefficients symmetrically, whereas

the uniform prior places infinite weight on the last element.
27. We have no procedure for determining the optimal input parameters for hetero and laplace, since

the conditions for n2/5 convergence are not met. See footnote-25.
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28. In Figure 4 the bandwidths used for the SMSE were 0.449 and 0.391 and the values for αn were
12.5 and 15.75. For Figure 5, they were 0.118 and 0.102 versus 38.15 and 48.06.

29. Inference for the SMSE is based on an approximate normal distribution with mean proportional
to h2 and variance proportional to 1/nh. Since for ξ ∼ N(0,1) and any finite b,C > 0, P(ξ/

√
nh−

h2b > C)→ 0 as h→ 0, both size and power tend to zero.
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APPENDIX

A. Technical Lemmas

Let ξi = [yi,xT
i ]

T. Let g(ξi,θ ) = gi(θ ) = (2yi − 1){1(ai ≤ θ Tzi)−1(ai ≤ θ T
0 zi)} such

that θ0 is the maximizer of Egi(θ ). Let further I (A ) be the Vapnik–C̆ernovenkis (VC̆)
index of a given function class A . Further, for some sequence α̃n with 1/α̃n = o(1) and
α̃n = o(n), let Fn =

{√
α̃ng(·,θ0 + t/α̃n)/ct

}
t∈Rd , where ct = 1+ ‖t‖. Note that Fn has

an envelope function Fn(ξ ) =
√

α̃n‖z‖/(‖z‖+ α̃n|a−zTθ0|). We will write Fni for Fn(ξi).

LEMMA A.1. ∂θθTE gi(θ ) = 2E
[
zizT

i ∂ap(zT
i θ0,zi)f (zT

i θ0|zi)
]
=−V < 0.

Proof. The left hand side of the lemma statement equals

∂θθTE

{∫ zT
i θ

−∞
(
2p(a,zi)−1

)
f (a|zi)da

}
= ∂θTE

{
zi
(
2p(zT

i θ ,zi)−1
)
f (zT

i θ |zi)
}

= 2E
{

ziz
T
i ∂ap(zT

i θ ,zi)f (z
T
i θ |zi)

}
+E

{
ziz

T
i
(
2p(zT

i θ ,zi)−1
)
f ′(zT

i θ |zi)
}
. (A.1)

The second right hand side term in (A.1) equals zero at θ0. To see that V > 0, recall that
p(a,z) = P(yi = 1|ai = a,zi = z) = P(ui ≥ a− θ T

0 z|ai = a,zi = z), which equals 0.5 if
a = θ T

0 z. �

LEMMA A.2. limα→∞αE{g1(θ0 + t/α)g1(θ0 + s/α)} = E
{∣∣M(zT

i t,zT
i s,0)

∣∣
f (zT

i θ0|zi)
}
= H(t,s).

Proof. Let

H (t,s) = lim
α→∞E

{
α
∫ zT

i θ0+min(zT
i t,zT

i s)/α

zT
i θ0

f (a|zi)da

}
= E

{
min(zT

i t,zT
i s)f (zT

i θ0|zi)
}
,

https://doi.org/10.1017/S0266466616000463 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466616000463


1446 SUNG JAE JUN ET AL.

where the second equality holds by the dominated convergence theorem. Thus, noting that
(2yi−1)2 = 1, the left hand side of the lemma statement equals

H (t,s)−H (t,0)−H (0,s)+H (0,0) = E
[{

min(zT
i t,zT

i s)

−min(zT
i t,0)−min(zT

i s,0)
}

f (zT
i θ0|zi)

]
= E

[∣∣M(zT
i t,zT

i s,0)
∣∣f (zT

i θ0|zi)
]
. �

LEMMA A.3. E F2
ni = O(1).

Proof. Take n large enough to ensure that α̃n ≥ 1. Then for z �= 0,

E
(
F2

ni|zi = z
)
= α̃n

∫
f (a|z)(

1+ α̃n
|a−zTθ0|
‖z‖

)2 da≤ sup
a

f (a|z)‖z‖
∫

db

(1+ |b|)2 ≤ 2 sup
a

f (a|z)‖z‖,

noting that the left and right hand side expressions are equal if z = 0. Apply
Assumption E. �

LEMMA A.4. For all ε > 0, E
{

F2
ni1

(
Fni > ε

√
n
)}

= o(1).

Proof. It follows from n/α̃n→∞. �

LEMMA A.5. For every εn ↓ 0, sup‖s−t‖<εn
E
[
α̃n
{

gi(θ0 + t/α̃n)/ct − gi(θ0 +

s/α̃n)/cs
}2]

= o(1).

Proof. Note that

E

[
α̃n

{
gi

(
θ0 +

t
α̃n

)/
ct−gi

(
θ0 +

s
α̃n

)/
cs

}2]

≤ 2α̃n

c2
t
E

{
gi

(
θ0 +

t
α̃n

)
−gi

(
θ0 +

s
α̃n

)}2

+2α̃n

( 1
ct
− 1

cs

)2
E g2

i

(
θ0 +

s
α̃n

)

≤ 2‖t− s‖E
{

sup
a

f (a|zi)‖zi‖
}
+

2‖s‖(cs−ct)
2

c2
s c2

t
E

{
sup

a
f (a|zi)‖zi‖

}
≤ {2‖t− s‖(1+‖t− s‖)}E{sup

a
f (a|zi)‖zi‖

}
,

which tends to zero as ‖t− s‖ tends to zero. �

Let C be a class of sets and let A be an arbitrary set. Let G =
{
1(· ∈ C)−1(· ∈ A) :

C ∈ C
}

and G̃ =
{

κ{1(· ∈ C)−1(· ∈ A)} : C ∈ C ,κ > 0
}

.

LEMMA A.6. I (G) = I (G̃).

Proof. For any (fixed) κ > 0 and C ∈ C and any (x̆, y̆),{
0≤ y̆≤ κ{1(x̆ ∈ C)−1(x̆ ∈ A)}⇐⇒ 0≤ y̆≤ 1(x̆ ∈ C)−1(x̆ ∈ A),

κ{1(x̆ ∈ C)−1(x̆ ∈ A)} ≤ y̆≤ 0⇐⇒ 1(x̆ ∈ C)−1(x̆ ∈ A)≤ y̆≤ 0,
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because 1(x̆ ∈ C)−1(x̆ ∈ A) ∈ {−1,0,1}. Therefore, {(x̆1, y̆1), . . . ,(x̆n, y̆n)} is shattered
by the between-graphs of G if and only if it is shattered by those of G̃ . �

LEMMA A.7. I (Fn)≤ 2d+5.

Proof. Let F̃n =
{{υn(·; t)−υn(·;0)}/ct

}
t∈Rd , where υn(ξ , t)=1

(
zT(θ0+ t/α̃n)≥ a

)
.

Further let F̄ = {ψ(·; t,s)}(t,s)∈Rd+1 , where ψ(ξ ; t,s) = 1(zTt + as ≥ 0). Since every

element of Fn has the form
√

α̃n(2y−1){υn(·; t)−υn(·;0)}/ct , it follows from Kosorok
(2008, Lemma 9.12) and Lemma A.6 that

I (Fn)≤ 2I (F̃n)−1 ≤ 2I (F̄ )−1.

Therefore, the lemma assertion follows from the fact that I (F̄ ) ≤ d + 3 by Kosorok
(2008, Lemma 9.12). �

LEMMA A.8. The pair (Fn,Fn) satisfies

lim sup
n

sup
Q

∫ 1

0

√
logN

{
ε‖Fn‖Q,2,Fn,L2(Q)

}
dε < ∞,

where the supremum is taken over all (finitely) discrete probability measures Q with
‖Fn‖Q,2 > 0.

Proof. By Lemma A.7, Fn has a finite VC̆ index that does not depend on n. Therefore,
the lemma follows from Kosorok (2008, Lemma 11.21). �

LEMMA A.9.

E

[∫ ‖tG(t)‖exp{|G(t)|}φV(t)dt∫
exp{−|G(t)|}φV(t)dt

]
< ∞.

Proof. By the Jensen inequality,

1∫
exp{−|G(t)|}φV(t)dt

≤
∫

exp{|G(t)|}φV(t)dt.

So it suffices to show that

E

[∫
‖tG(t)‖exp{|G(t)|+ |G(s)|}φV(t)φV(s)dtds

]
< ∞.

Repeated application of the Schwarz inequality reduces the problem to showing that for
any fixed and finite C,∫

E exp{C|G(t)|}φV(t)dt <∞.

But by the properties of the lognormal distribution,∫
E exp{C|G(t)|}φV (t)dt≤ 2

∫
E exp{CG(t)}φV(t)dt = 2

∫
exp

{
C2H(t, t)

}
φV(t)dt <∞,

as desired. �

https://doi.org/10.1017/S0266466616000463 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466616000463


1448 SUNG JAE JUN ET AL.

B. Lemmas for Uniform Inference

We will be using the mapping

mj(s,β ) =

{
β−1Mj{exp(β s)−1}, β > 0,

Mjs, β = 0,
j = 1,2, (A.2)

where

Mja =
∫

ηj(t)a(t)φV(t)dt,

with η1(t) = t, η2(t) = tDπ1(t)/π0, and η3(t) = 1. Note that

∂β mj(s,β ) =

{
β−1Mj[s{exp(β s)−1}]−β−2Mj{exp(β s)−1−β s}, β > 0,

Mjs2/2, β = 0.
(A.3)

Below we establish the expansions in section 5 and (11) under, among others, Assump-
tions J and K. Letting α̃n =αn, recall that gi(θ )= (2yi−1)

{
1(ai ≤ θ Tzi)−1(ai ≤ θ T

0 zi)
}

,
and define30⎧⎪⎪⎨
⎪⎪⎩

S̃n(t) =
√

nα̃n
{

Ln(θ0 + t/α̃n)−Q(θ0 + t/α̃n)
}
,

Qn(t) = α̃2
n Q(θ0 + t/α̃n),

πn(t) = π(θ0 + t/α̃n).

(A.4)

We first show that
√

n/αn(θ̂−θ0) is for βn =
√

α3
n/n equal to

1
βn

∫
tπn(t) exp

{
βnS̃n(t)+α2

n Q(θ0 + t/αn)
}

dt∫
πn(t) exp

{
βnS̃n(t)+α2

n Q(θ0 + t/αn)
}

dt


 1
βn

∫
t{1+Dπ1(t)/π0αn}{1+DQ3(t)/αn}exp

{
βnS̃n(t)}φV(t)dt∫

exp
{

βnS̃n(t)
}

φV(t)dt


 m1(S̃n,βn)+α−1
n m2(S̃n,βn)+α−1

n β−1
n

∫ {tDπ1(t)/π0 +DQ3(t)}φV (t)dt

1+βnm3(S̃n,βn)


 m1(S̃n,βn)+α−1
n β−1

n
∫ {tDπ1(t)/π0 +DQ3(t)}φV(t)dt

1+βnm3(S̃n,βn)
. (A.5)

We then show that when we simulate Ψ̂ as in (7) we get exactly the same object as (A.5)

with Ĝ in lieu of S̃n. In particular, after substitution of t ← β 2/3
n t in (7),

√
n/αnΨ̂ is

equal to

1
βn

∫
tλ
(
θ̂+ t/αn

)
exp{βnĜ(t)}φV(t)dt∫

λ
(
θ̂+ t/αn

)
exp{βnĜ(t)}φV(t)dt

,

which will be shown to be approximated by

1
βn

∫
t
{

1+α−1
n tT∂θ logλ (θ0)

}
exp{βnĜ(t)}φV(t)dt∫

exp{βnĜ(t)}φV(t)dt


 m1(Ĝ,βn)+(αnβn)
−1 ∫ t{Dλ1(t)/λ0}φV (t)dt

1+m3(Ĝ,βn)
.
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LEMMA B.1. For j = 0,1 and Rn(t) = πn(t)exp
[
α2

n{Qn(t) + tTVt/2}] − {π0 +
Dπ1(t)/αn}{1+DQ3(t)/αn},∥∥∥∫ t j exp{βnS̃n(t)}Rn(t)exp(−tTVt/2)

]
dt
∥∥∥= op(βn).

Proof. It suffices to show that⎧⎪⎪⎨
⎪⎪⎩
∥∥∥∫ t j[exp{βnS̃n(t)}−1]Rn(t)exp(−tTVt/2)dt

∥∥∥= op(βn),∥∥∥∫ t jRn(t)exp(−tTVt/2)dt
∥∥∥= op(βn).

(A.6)

(A.7)

Since (A.7) follows from the fact that π satisfies (8), we focus on (A.6). Because for an
arbitrary polynomial P,

∥∥P(t)
[
exp{βnS̃n(t)}−1

]∥∥ ≤ βn‖P(t)‖exp{|S̃n(t)|}, it suffices to
show that∫
‖P(t)‖exp{|S̃n(t)|}‖Rn(t)‖exp(−tTVt/2)dt = op(1),

which follows from JPW15, Lemma B12, because exp{|S̃n(t)|} ≤ exp{S̃n(t)} +
exp{−S̃n(t)}. �

LEMMA B.2. (α2
n βn)

−1 ∫ tDπ1(t)DQ3(t)exp{βnS̃n(t)}φV(t)dt = op(1).

Proof. Since by JPW15, Lemma B3,

(α2
n βn)

−1
∫
‖tDπ1(t)DQ3(t)‖

∣∣exp{βnS̃n(t)}−1
∣∣φV(t)dt

≤ α−2
n

∫
‖tDπ1(t)DQ3(t)‖exp{|S̃n(t)|}φV(t)dt

the lemma statement follows from JPW15, Lemma B6. �

LEMMA B.3. (αnβn)
−1 ∫ t{Dπ1(t)+DQ3(t)}[exp{βnS̃n(t)}−1]φV (t)dt = op(1).

Proof. Letting P(t) = t{Dπ1(t)+DQ3(t)}, note that by JPW15, Lemma B3,∥∥P(t)[exp{βnS̃n(t)}−1]
∥∥ ≤ βn‖P(t)‖exp{|S̃n(t)|}.

Therefore, it suffices to show that
∫ ‖P(t)‖exp{|S̃n(t)|}φV(t)dt = Op(1), which follows

from JPW15, Lemma B6. �

LEMMA B.4. For j = 0,1,∥∥∥∫ t j{λ (θ̂+ t/αn)−λ0−Dλ1(t)/αn}exp{βnĜ(t)}φV̂(t)dt
∥∥∥= op(βn).

Proof. It suffices to show that⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∥∥∥∥∫ t j{λ (θ̂+ t/αn)−λ0−Dλ1(t)/αn}
[
exp{βnĜ(t)}−1

]
φV̂(t)dt

∥∥∥∥= op(βn),∥∥∥∥∫ tj{λ (θ̂+ t/αn)−λ0−Dλ1(t)/αn}φV̂(t)dt

∥∥∥∥= op(βn).

(A.8)

(A.9)
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Because (A.9) follows from Assumption K we focus on (A.8). Since for an arbitrary
polynomial P,∥∥P(t)

[
exp{βnĜ(t)}−1

]∥∥≤ βn‖P(t)‖exp{|Ĝ(t)|}, it suffices to show that

∫
‖tj{λ (θ̂+ t/αn)−λ0−Dλ1(t)/αn}exp{|Ĝ(t)|}φV̂(t)dt = op(1). (A.10)

By JPW15, Lemma H4,∫
‖P(t)‖exp{|Ĝ(t)|}φV̂(t)dt = Op(1), (A.11)

which implies that∫
t jλ (θ̂+ t/αn)exp{|Ĝ(t)|}φV̂(t)dt

=
∫

t j{λ (θ̂)+ tT∂θ λ (θ̂)/αn}exp{|Ĝ(t)|}φV̂(t)dt+op(1). (A.12)

Finally, (A.10) follows from (A.11) and (A.12), the continuity of λ and ∂θ λ , and the
consistency of θ̂. �

LEMMA B.5. For any polynomial P,∫
P(t)exp{βnĜ(t)}φV̂(t)dt =

∫
P(t)exp{βnĜ(t)}φV(t)dt+op(1).

Proof. Note first that∫
‖P(t)‖exp{βnĜ(t)}∣∣φV̂(t)−φV (t)

∣∣dt

≤
√∫

‖P(t)‖2 exp{2βnĜ(t)}φV(t)dt
∫ ∥∥φV̂(t)

/
φV(t)−1

∥∥2φV(t)dt,

where
∫ ‖P(t)‖2 exp{2βnĜ(t)}φV(t)dt = Op(1) by JPW15, Lemma H2. Moreover,∫ ∣∣φV̂(t)
/

φV(t)−1−1
∣∣2φV(t)dt = op(1) by the dominated convergence theorem. �

LEMMA B.6. For any polynomial P,∫
P(t)

[
exp{βnĜ(t)}−1

]
φV̂(t)dt =

∫
P(t)

[
exp{βnĜ(t)}−1

]
φV(t)dt+op(βn).

Proof. Note that
∥∥P(t)

[
exp{βnĜ(t)}−1

]∥∥≤ βn‖P(t)‖exp{Ĝ(t)} and follow the same
logic as Lemma B.5. �

LEMMA B.7.

√
n/αnΨ̂=

m1(Ĝ,βn)+(αnβn)
−1 ∫ t{Dλ1(t)/λ0}φV(t)dt

1+m3(Ĝ,βn)
+op(1).
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Proof. By substitution of t← β 2/3
n t and by Lemmas B.4 to B.6,

√
n/αnΨ̂=

1
βn

∫
t{1+Dλ1(t)/λ0αn}exp{βnĜ(t)}φV (t)dt∫

exp{βnĜ(t)}φV(t)dt
+op(1)

=
m1(Ĝ,βn)+(αnβn)

−1 ∫ t{Dλ1(t)/λ0}φV(t)dt

1+m3(Ĝ,βn)
+op(1). �

Below let B = [0,Cβ ] and let m(s,β ) =
[
m1(s,β ),m2(s,β ),βm3(s,β )

]T.

LEMMA B.8.
{

m(S̃n, ·)
}

and
{

m(Ĝ, ·)} are stochastically equicontinuous.

Proof. Noting that by (A.3) and JPW15, Lemma B2, maxβ∈B

∥∥∂β m(S̃n,β )
∥∥ = Op(1),

the stated result follows from Theorem 21.10 in Davidson (1994). The case with Ĝ in lieu
of S̃n can be similarly dealt with by using JPW15, Lemma H2. �

LEMMA B.9. For any continuous function ω with |ω| ≤ 1/2 and for S being either
S̃n or Ĝ,

lim
δ↓0

E sup
|β−β̃ |<δ

∣∣ω{m(S,β )}−ω{m(S, β̃ )}∣∣= 0, (A.13)

where β , β̃ are implicitly assumed to belong to B.

Proof. Consider S= S̃n first. Choose ε > 0. For C,ν > 0, define the events

AC =

{
max
β∈B

∥∥m(S̃n,β )
∥∥≤ C

}
, Bν =

{
sup

|β−β̃ |<δ

∥∥m(S̃n,β )−m(S̃n, β̃ )
∥∥≤ ν

}
.

By Boole’s inequality the left hand side in (A.13) is bounded above by

P
(
Ac

C

)
+P

(
Bc

ν
)
+E

[
1
(
AC
)
1
(
Bν
)

sup
|β−β̃ |<δ

∣∣ω{m(S̃n,β )}−ω{m(S̃n, β̃ )}
∣∣]. (A.14)

Since ω is continuous, it is uniformly continuous on {m : ‖m‖≤C}. So there exists a ν > 0
for which the expectation in (A.14) is bounded by ε . Further, by Lemma B.8, P

(
Bc

ν
)

can
be made less than ε by choosing δ sufficiently small. Finally, P

(
Ac

C

)
can be made smaller

than ε by choosing a sufficiently large C, because

max
β∈B

∥∥m(S̃n,β )
∥∥≤ ∫ ∥∥η(t)S̃n(t)

∥∥exp
{

Cβ |S̃n(t)|}φV(t)dt = Op(1)

by JPW15, Lemma B2. Hence (A.14) is bounded by 3ε for a sufficiently small δ . The case
of S= Ĝ can be similarly dealt with by using JPW15, Lemma H2. �

LEMMA B.10. For any continuous bounded function ω and for S being either S̃n or Ĝ,

max
β∈B

∣∣Eω{m(S,β )}−Eω{m(G,β )}∣∣= o(1). (A.15)
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Proof. Consider S= S̃n first. Let ω∗n (β )=Eω{m(S̃n,β )} and ω∗(β )=Eω{m(G,β )}.
Divide B up into T intervals of length δ =Cβ/T and let β(t) denote an element of interval t.
By the triangle inequality, the left hand side in (A.15) is bounded by

sup
|β−β̃ |<δ

∣∣ω∗n (β )−ω∗n (β̃ )
∣∣+ sup
|β−β̃ |<δ

∣∣ω∗(β )−ω∗(β̃ )
∣∣+ max

t=1,...,T

∣∣ω∗n (β(t))−ω∗(β(t))
∣∣.

(A.16)

The last term in (A.16) is o(1) by JPW15, Lemma B2. Further, the second term in (A.16)
is arbitrarily small when δ is sufficiently small, because ω∗ is continuous on a compact
set. The first term in (A.16) is o(1) by Lemma B.9. The case of S = Ĝ can be similarly
dealt with by using JPW15, Lemma H2, instead of JPW15, Lemma B2. �

LEMMA B.11. m(G,β ) has a density with respect to the Lebesgue measure that is
continuous in β .

Proof. By the Karhunen–Loève theorem G(t) can be written as ∑∞
i=1 ziϕi(t) (on com-

pacta), where {zi} is i.i.d. N(0,1). This convergence is in L2 and uniform in t, and
therefore m(G,β ) and m

{
∑∞

i=1 ziϕ,β
}

are distributionally equivalent. Consider mN(β ) =
m
{

∑N
i=1 ziϕi,β

}
. Then mN(β ) has a density (of bounded variation) fN(·;β ) which is con-

tinuous in both arguments; fN can be deduced from the density of z1, . . . ,zN . By Helly’s
selection theorem, there exists a subsequence

{
fNk (·;β )

}
that converges a.e. to some

f(·;β ). Note that m
{

∑∞
i=1 ziϕ,β

}
is a continuous random variable, because the derivative

of m
{

∑∞
i=1 ziϕ,β

}
with respect to any zi is nonzero. Therefore, the distribution function

of mN(β ) converges uniformly to that of m(G,β ), which leads to

P{m(G,β )≤ a}−P{m(G,β )≤ b}= lim
k→∞

[
P{mNk (β )≤ a}−P{mNk (β )≤ b}]

= lim
k→∞

∫ a

b
fNk (m;β )dm =

∫ a

b
f(m;β )dm.

Hence f(·;β ) is the density of m(G,β ). The continuity of f(m;β ) in β for every m follows
from the convergence and continuity of fNk . �

LEMMA B.12. Let h : R3 → R be a continuous function such that h{m(G,β )} is a
continuous random variable. Further, letB be the collection of sequences {βn}with βn ∈B.
Then, for any t,

sup
{βn}∈B

∣∣P[h{m(S̃n,βn)} ≤ t]−P[h{m(Ĝ,βn)} ≤ t]
∣∣= o(1).

Proof. It suffices to show that

⎧⎪⎪⎨
⎪⎪⎩

sup
βn∈B

∣∣P[h{m(S̃n,βn)} ≤ t]−P[h{m(G,βn)} ≤ t]
∣∣= o(1),

sup
βn∈B

∣∣P[h{m(Ĝ,βn)} ≤ t]−P[h{m(G,βn)} ≤ t]
∣∣= o(1).

(A.17)

(A.18)
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Since (A.17) and (A.18) are similar, we only show (A.17) here. Fix t ∈ R and ε > 0. We
will use Lemma B.10 choosing the convenient continuous and bounded functions

ω̄ε t(r) =

⎧⎪⎨
⎪⎩

1, r ≤ t,

1− (r− t)/ε, t < m≤ t+ ε,
0, r > t+ ε.

ω̃ε t(r) =

⎧⎪⎨
⎪⎩

1, r ≤ t− ε,
(t− r)/ε, t− ε < r ≤ t,

0, r > t.

Then, letting ω̄∗ε t = ω̄ε t ◦h and ω̃∗ε t = ω̃ε t ◦h,

E ω̃∗ε t{m(S̃n,βn)}−E ω̄∗ε t{m(G,βn)} ≤ P[h{m(S̃n,βn)} ≤ t]−P[h{m(G,βn)} ≤ t]

≤ E ω̄∗ε t{m(S̃n,βn)}−E ω̃∗ε t{m(G,βn)}. (A.19)

The majorant side in (A.19) is for Gε t = ω̄∗ε t− ω̃∗ε t bounded by

sup
β∈B

∣∣E ω̄∗ε t{m(S̃n,β )}−E ω̄∗ε t{m(G,β )}∣∣+ sup
β∈B

EGε t[h{m(G,β )}]. (A.20)

The first term in (A.20) converges to zero by Lemma B.10. We now show that
limε↓0 supβ∈BEGε t[h{m(G,β )}] = 0. Note that by Lemma B.11 h{m(G,β )} has den-
sity (with respect to the Lebesgue measure) fβ , which is continuous in β . Therefore,
f̄(x) = maxβ∈Bfβ (x) is a real-valued function, and we have

sup
β

EGε t[h{m(G,β )}] ≤ sup
β

P[|h{m(G,β )}− t| ≤ ε]≤
∫ t+ε

t−ε
f̄(x)dx,

which converges to zero as ε ↓ 0. �

C. Lemmas for the Efficiency Results

LEMMA C.1. For all cα > 0, Fcα has a density that is continuous in cα and that is
positive at K = 0.

Proof. Recall that Fcα is the distribution function of the absolute value of∫
ιTt exp

{
c2

αG(t)−c2
α tTVt/2

}
dt∫

exp
{

c2
αG(t)−c2

α tTVt/2
}

dt
. (A.21)

We will work with (A.21) since its density at zero is half of F′cα
(0). First, (A.21) can for

implicitly defined N,N∗,D, and D
∗ be written as

N−N
∗

D+D∗
=

∫∞
0 ιTt exp

{
c2

αG(t)−c2
α tTVt/2

}
dt− ∫∞

0 ιTt exp
{

c2
αG
∗(t)−c2

α tTVt/2
}

dt∫∞
0 exp

{
c2

αG(t)−c2
α tTVt/2

}
dt+

∫∞
0 exp

{
c2

αG
∗(t)−c2

α tTVt/2
}

dt
,

(A.22)

where G∗ is an independent copy of G which implies that (N∗,D∗) is an independent copy
of (N,D). Note that N,D,N∗,D∗ are all positive (nonzero) with probability one and have
density functions. By a change-of-variables, the density of (A.22) is hence equal to

2
∫ ∞

0
E(D|N= t)f 2

N(t)dt, (A.23)
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where fN is the density of N. Now, (A.23) is positive unless E(D|N= t) is zero for almost
all t, which will occur only if the distribution of D given N = t is degenerate at zero. But
D is a.s. positive. �

LEMMA C.2. For any cα > 0, the object in (A.21) has infinitely many finite moments.

Proof. Let N,D be the numerator and denominator in (A.21), respectively. Let τ(t) =
exp

(−c2
α tTVt/2

)
. Then, by the Jensen inequality, Tonelli’s theorem, properties of the log-

normal distribution, and the fact that H(t, t) is linear in t (see (3)),

E|N|δ{∫
τ(t)dt

}δ−1
≤ E

[∫
‖t‖δ exp

{
δ c2

αG(t)
}

τ(t)dt

]

=

∫
‖t‖δ

E exp
{

δ c2
αG(t)

}
τ(t)dt =

∫
‖t‖δ exp

{
δ 2c4

α H(t, t)/2
}

τ(t)dt <∞.

Therefore, it suffices to show that for any δ > 1, ED1−δ <∞, for which by integration by
parts it is sufficient to establish that

lim
K↓0

P(D≤ K)

Kδ = 0.

Now, since D≥ ∫
‖t‖≤1 exp

{
c2

αG(t)}τ(t)dt, it follows that for C = 1
/∫
‖t‖≤1 τ(t)dt > 0,

P(D≤ K)≤ P

[
min
‖t‖≤1

exp{c2
αG(t)} ≤ CK

]
= P

{
min
‖t‖≤1

G(t)≤ log(CK)

c2
α

}

= P

{
max
‖t‖≤1

G(t)≥− log(CK)

c2
α

}
, (A.24)

by symmetry. The right hand side in (A.24) is for K < 1/C bounded by

P

{
max
‖t‖≤1

|G(t)| ≥ − log(CK)

c2
α

}
≤ 2exp

{
− log 2(CK)

8c4
αEmax
‖t‖≤1

G
2(t)

}
(A.25)

by Borell’s inequality,31 where E max‖t‖≤1G
2(t) < ∞ by van der Vaart and Wellner

(1996, Prop. A.2.3) because sup‖t‖≤1H(t, t) < ∞. Finally, substituting K̃ for −log(CK)

and taking K̃→∞ shows that the right hand side in (A.25) goes to zero faster than any
power of K. �

D. Proofs of Theorems

In this appendix we will use F̄ to denote the survivor function corresponding to F, i.e.,
F̄ = 1−F, and likewise for other symbols.

Proof of Theorem 1. By Lemmas A.1 to A.5 and A.8, Assumptions A through G in
JPW15 are satisfied. Therefore, the assertions follow from Theorem 1 of JPW15 by letting
α̃n = αn in cases ii and iii, and letting α̃n = 3

√
n in case i. �

Proof of Theorem 2. Fix 0 < K <∞ and define

Υ=

∫ ‖tG(t)‖exp{|G(t)|}φV(t)dt∫
exp{−|G(t)|}φV(t)dt

.

The limit of the numerator in (4) does not depend on cα and is nonzero. So we show that
the denominator in (4) can be made arbitrarily small. We will pick cα ≤ 1; the upper bound
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is immaterial as long as it is fixed and finite. Now, by substitution of t← cα t and a simple
application of the mean value theorem,32

lim
n→∞P

{
3
√

n
∥∥θ̂cα −θ0

∥∥> K
}
= P

[∥∥∥∥∥
∫

t exp
{

c2
αG(t)−c2

α tTVt/2
}

dt∫
exp

{
c2

αG(t)−c2
α tTVt/2

}
dt

∥∥∥∥∥> K

]

= P

[∥∥∥∥∥
∫

t exp
{

c3/2
α G(t)

}
φV(t)dt

cα
∫

exp
{

c3/2
α G(t)

}
φV(t)dt

∥∥∥∥∥> K

]

≤ P

[∫ ‖tG(t)‖exp
{

c3/2
α |G(t)|}φV(t)dt∫

exp
{−c3/2

α |G(t)|}φV(t)dt
>

K√
cα

]

≤ P
(
Υ> K/

√
cα
)≤ P

(
Υ> K/

√
c∗α
)
.

Now, pick c∗α small enough to satisfy (4).
The above argument also establishes the second half of the theorem with the exception

of an area near K = 0. However, because

lim
K↓0

F̄∞(K)− F̄cα (K)

K
= F′cα (0)−F′∞(0)

and F′∞(0)<∞, it follows from Lemma C.1 that F′cα
(0)> 0 and F′cα

(0)> F′∞(0) for all
sufficiently small cα . �

Proof of Theorem 3. Since by Lemma C.2 (A.21) has a finite mean,
∫∞

0 F̄cα (K)dK <
∞. By Theorem 2 there exist K̆,ε > 0 such that for some c∗α = c∗α (K̆,ε)⎧⎪⎨
⎪⎩

sup
cα∈[0,1]

∫ ∞̆
K

F̄cα (K)dK < ε,

inf
0<cα<c∗α

∫ K̆
0

{
F̄∞(K)− F̄cα (K)

}
dK > ε.

We now show that for any K∗ ≥ 0,

inf
0<cα<c∗α

∫ K∗

0

{
F̄∞(K)− F̄cα (K)

}
dK ≥ 0.

For K∗ ≤ K̆ this result is implied by Theorem 2. For K∗ > K̆,

inf
0<cα<c∗α

∫ K∗

0

{
F̄∞(K)− F̄cα (K)

}
dK

≥ inf
0<cα<c∗α

∫ K̆

0

{
F̄∞(K)− F̄cα (K)

}
dK− sup

cα∈[0,1]

∫ K̆

0
F̄cα (K)dK ≥ ε− ε ≥ 0. �

Proof of Theorem 4. By Müller (1959) if ζ ∼ N(0, Id+1) then ζ/‖ζ‖ has a uniform
distribution on the sphere. The current normalization, however, normalizes the last element

to equal one so the corresponding quantity is ζ∗ = ζ̃/|ζd+1| where ζ = [ζ̃
T
,ζd+1]

T. Let

Λ=
√
‖ζ ∗‖2 +1. Then a simple change of variables argument reveals the density of ζ∗ at

ζ ∗ to be

2

(2π)(d+1)/2

∫ ∞
0

tdexp
(−t2Λ2/2

)
dt∝Λ−d−1,
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which is the density of a d-variate Cauchy distribution. To obtain the conditional density

in the theorem statement observe that for Λ∗ =
√

∑d
j=2 ζ ∗2j +1 the conditional density is

proportional to

(Λ∗)d

Λd+1 =
1

Λ∗
{
(t/Λ∗)2 +1

}(d+1)/2
,

which after a scale adjustment to remove Λ∗ indeed leads to a t distribution with d degrees
of freedom. �

Proof of Theorem 5. It follows from Lemma B.12. �
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