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Abstract

We study a nonlinear branching diffusion process in the sense of McKean, i.e. where
particles are subjected to a mean-field interaction. We consider first a strong formulation
of the problem and we provide an existence and uniqueness result by using contraction
arguments. Then we consider the notion of weak solution and its equivalent martingale
problem formulation. In this setting, we provide a general weak existence result, as well
as a propagation of chaos property, i.e. the McKean–Vlasov branching diffusion is the
limit of a large-population branching diffusion process with mean-field interaction.
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1. Introduction

The McKean–Vlasov stochastic differential equation (SDE) has been introduced to describe
the limit of a large-population system, where each particle dynamic is ruled by an SDE whose
coefficient depends on an interaction term given by the empirical distribution induced by the
whole population. In the symmetric setting, where each particle SDE has the same coefficient
functions and is driven by an independent Brownian motion, the interaction term converges
to the distribution of a representative particle as the number of particles tends to infinity. Let
us mention the pioneering work of McKean [26] and Kac [21], and the pedagogical lecture
notes of Snitzman [30] for the early development of the subject. Recently, McKean–Vlasov
SDEs have drawn much attention, partially due to the development of mean-field game theory
introduced independently and simultaneously in [17, 25].

While standard McKean–Vlasov SDEs describe a large-population system, the population
size stays unchanged from the beginning to the end. In this paper we will study the McKean–
Vlasov SDE in a setting where the population size evolves according to a branching process.
The mathematical modelling of population dynamics has been intensively studied for more
than a century. In particular, the branching process theory has been greatly developed due
to its various applications in biology, ecology, medicine, etc., for which let us simply refer
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to [1]. We are particularly interested in the branching diffusion process, which is a branch-
ing process where each particle has a feature, such as its spatial position, whose dynamic is
ruled by a diffusion process. Such processes were first studied in [28] and [18] in the 1960s,
notably to represent a class of nonlinear partial differential equations (PDEs) as an extension
of the Feynman–Kac formula. It has also been extended to represent a larger class of semilin-
ear PDEs, and to serve within a Monte Carlo method to solve the corresponding PDEs; see,
e.g., [15, 16]. Additionally, the control of branching diffusion processes has been studied in a
context without mean-field interaction; see, e.g., [4, 22, 27, 31]. We also mention the recent
work in [6] where the authors study a controlled branching diffusion process with interaction
in a mean-field game setting.

In this paper we will study a class of McKean–Vlasov branching diffusion processes where
the coefficient functions depend on an interaction term given by the distribution of the process
itself. Equivalently, it is an extension of the McKean–Vlasov SDE, where the population size
dynamic is ruled by a branching process. Such processes have already been studied in [12, 13],
in a setting where the branching process is a birth–death process and the interaction is given
by a convolution type term. While a weak-convergence-type propagation of chaos result is
obtained in [12], a convergence rate result under the dual bounded-Lipschitz norm is given by
[13] using a coupling argument. In both [12, 13], the finite population branching processes
are constructed explicitly, while the limit McKean–Vlasov branching process is implicitly
described by the Fokker–Planck equation. Here we will describe the limit McKean–Vlasov
branching diffusion process by using a more explicit SDE formulation and then study its well-
posedness. Moreover, we will consider a branching diffusion with more general interaction
under a path-dependent setting, in the sense that the coefficient functions (drift, volatility, and
branching parameters) are general functions of the whole path of the process and the interaction
measure, and the interaction term is a measure on the path space as well. As in the classi-
cal SDE theory, we will first apply the contraction argument in order to obtain an existence
and uniqueness result for strong solutions. Next, we consider the notion of weak solution as
well as the related martingale problem formulation to obtain a general existence result. Based
on this well-posedness result, an optimal control problem of the McKean–Vlasov branching
diffusion processes is studied in [5], and the corresponding Hamilton–Jacobi–Bellman mas-
ter equation is studied in [10]. Moreover, we provide a propagation of chaos result, that is,
the McKean–Vlasov branching diffusion describes the limit of a large-population branching
diffusion process with interaction given by the empirical distribution induced by the whole
population. The result is based on the weak convergence technique and hence qualitative. Let
us also mention that a quantitative propagation of chaos result with convergence rate is further
obtained in [3] under additional regularity conditions.

The rest of the paper is organized as follows. In Section 2, we formulate the McKean–
Vlasov branching diffusion and then provide our main results, including strong existence and
uniqueness, weak existence, and propagation of chaos. In Section 3, we provide the proof of
strong existence and uniqueness by contraction arguments. Finally, the proofs of weak exis-
tence as well as a propagation of chaos result by a weak convergence technique are completed
in Section 4.

1.1. Notation

Let us first introduce some notation used in the rest of the paper.
First, let (X, ρ) be a non-empty metric space. We denote by P(X) (resp. M(X)) the space

of all Borel probability measures (resp. non-negative finite measures) on X. Given a measure
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McKean-Vlasov branching diffusion 3

μ ∈M(X) and a mapping f : E →R, we denote the integration by 〈μ, f 〉 := ∫
E f (x)μ(dx).

Further, for p ≥ 1, we denote by Pp(X) the space of probability measures on X with p-order
moment, i.e. Pp(X) := {

μ ∈P(X) :
∫

X ρ(x, x0)p μ(dx)<+∞}
for some (and thus all) fixed

point x0 ∈ X. Let us equip Pp(X) with the Wasserstein metric Wp given by

Wp(μ, ν) := inf
λ∈�(μ,ν)

( ∫
X×X

ρ(x, y)p λ(dx, dy)

)1/p

,

where �(μ, ν) is the collection of all Borel probability measures λ on X × X whose marginals
are μ and ν respectively.

Next, to describe the genealogy of the branching process, we use the classical Ulam–
Harris–Neveu notation. Let K := {∅} ∪⋃+∞

n=1 N
n be the set of labels. Given k, k′ ∈K with

k = k1 . . . kn and k′ = k′
1 . . . k

′
m, we define the concatenation of labels kk′ := k1 . . . knk′

1 . . . k
′
m,

and write k ≺ k′ if there exists k̃ such that k′ = kk̃, which means that k′ is a descendant of k. Let
us define

E :=
{∑

k∈K

δ(k,xk) : K ⊂K is finite, xk ∈Rd, for all k, k′ ∈ K, k ⊀ k′
}
,

where the Dirac measure δ(k,xk) corresponds to a particle identified by a label k and a posi-
tion xk. The condition on the set of labels K ensures consistency with the genealogy of
a population. Motivated by the study of superprocesses, it has become common to repre-
sent branching diffusions as measure-valued processes; see, e.g., [7, 11]. Let K be equipped
with the discrete topology; then E is a closed subspace of M(K×Rd) under the weak con-
vergence topology and thus E is a Polish space. We provide a metric dE on E which is
consistent with the weak convergence topology: for all e1, e2 ∈ E such that e1 =∑

k∈K1
δ(k,xk)

and e2 =∑
k∈K2

δ(k,yk),

dE(e1, e2) :=
∑

k∈K1∩K2

(|xk − yk| ∧ 1) + #(K1�K2), (1)

where K1�K2 := (K1 \ K2) ∪ (K2 \ K1) and #(K1�K2) is the number of elements in K1�K2.
Let f := ( f k)k∈K : K×Rd →R be a function and e := ∑

k∈K δ(k,xk) ∈ E; we write 〈e, f 〉 =∑
k∈K f k(xk). We also fix the reference point e0 ∈ E, the null measure, which means that the

associated set of particles is empty.
Finally, we fix a constant T > 0 and an integer d ≥ 1 throughout the paper, and denote by

Cd := C([0, T],Rd) the space of all Rd-valued continuous paths on [0, T] equipped with the
uniform convergence norm ‖ω‖ := sup0≤t≤T |ωt| ∧ 1. Next, we denote by DE := D([0, T], E)
the Skorokhod space of all E-valued càdlàg paths on [0, T]. For the weak formulation, we work
with the classical Skorokhod metric on DE, while, for the strong formulation, we consider the
uniform convergence metric on DE given by

d(ω1, ω2) := sup0≤t≤T dE(ω1
t , ω

2
t ) for all ω1, ω2 ∈DE, (2)

and the truncated metric dt(ω1, ω2) := d(ω1
t∧·, ω2

t∧·) for all ω1, ω2 ∈DE and t ∈ [0, T], so that

P1(DE) =
{
μ ∈P(DE) :

∫
DE

supt∈[0,T]〈ωt, 1〉μ(dω)<∞
}

(3)

since dE(ωt, e0) = 〈ωt, 1〉, where 1 : K×Rd −→R is the constant function defined by
1(k, x) = 1 for all k ∈K, x ∈Rd.
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Let us also define the stopping operator πt : Cd −→ Cd (resp. πt : DE −→DE) by πt(ω) :=
ωt∧· for all ω ∈ Cd (resp. ω ∈DE). Moreover, given a probability measure m ∈P(DE) and t ≥ 0,
we define the pushforward measure mt := m ◦ (πt)−1.

2. Main results

2.1. McKean–Vlasov branching diffusion

Let us introduce first the McKean–Vlasov branching diffusion process by means of a
pathwise description. We consider the coefficient functions(

b, σ, γ, (p�)�∈N
)

: [0, T] × Cd ×P(DE) −→Rd ×Rd×d × [0, γ̄ ] × [0, 1]N,

where γ̄ > 0 is a fixed constant. Namely, b and σ are the drift and diffusion coefficients for the
movement of each particle, γ is the death rate, and (p�)�∈N is the probability mass function of
the progeny distribution. In particular, p�(·) ∈ [0, 1] for each � ∈N, and

∑
�∈N p�(·) = 1. Let us

also define a partition (I�(·))�∈N of [0,1) by I�(·) := [∑�−1
i=0 pi(·),∑�

i=0 pi(·)
)

for each � ∈N.
Let (�,F , P) be a probability space with filtration F= (Ft)t≥0, equipped with an F0-

measurable E-valued random variable ξ , and a family of mutually independent, Rd-valued
Brownian motions (Wk)k∈K and Poisson random measures (Qk(ds, dz))k∈K on [0, T] ×
[0, γ̄ ] × [0, 1] with Lebesgue intensity measure ds, dz.

We consider first a branching diffusion process with a fixed environment measure μ ∈
P(DE) and initial state ξ . It corresponds to an E-valued process (Zt)t∈[0,T] given by

Zt :=
∑
k∈Kt

δ(k,Xk
t ), t ∈ [0, T], (4)

where Kt denotes the collection of all labels of particles alive at time t ∈ [0, T] and Xk
t corre-

sponds to the position of particle k ∈ Kt. In particular, we have Z0 = ξ =∑
k∈K0

δ(k,Xk
0). Then,

for each k ∈ Kt, the position Xk
t evolves as a diffusion process characterized by the SDE

dXk
t = b

(
t, Xk

t∧·, μt
)

dt + σ
(
t, Xk

t∧·, μt
)

dWk
t , (5)

where μt is the pushforward measure μt := μ ◦ π−1
t . We also denote by Sk the birth time of

particle k. In particular, Sk = 0 for each initial particle k ∈ K0. Then, each particle k runs a death
clock with intensity γ (t, Xk

t∧·, μt), i.e. its death time Tk is given by

Tk := inf
{
t> Sk : Qk({t} × [

0, γ
(
t, Xk

t∧·, μt
)]× [0, 1]

)= 1
}
.

Let Uk be a random variable satisfying Qk
({Tk} × [0, γ (Tk, Xk

Tk∧·, μTk )] × {Uk}
)= 1, and note

that Uk is uniformly distributed over the interval [0,1]. When Uk ∈ I�
(
Tk, Xk

Tk∧·, μTk

)
, at time

Tk the particle k dies and gives birth to � offspring particles {k1, . . . , k�}, so that

KTk = (KTk− \ {k}) ∪ {k1, . . . , k�}.
In particular, the birth time of the offspring particles corresponds to the death time of the
parent particle, i.e. Ski := Tk for i = 1, . . . , �. Further, the offspring particles start from the
position of the parent particle, i.e. Xki

Ski
= Xk

Tk− for i = 1, . . . , �. Moreover, for a path-dependent

treatment, we define Xki
t as its ancestor position before the birth time, i.e. Xki

t = Xk
t for t< Sk

and i = 1, . . . , �.
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McKean-Vlasov branching diffusion 5

Then the McKean–Vlasov branching diffusion corresponds to the situation where the
environment measure μ coincides with the law of the branching diffusion process Z, i.e.
μ= P ◦ Z−1, or equivalently, μt = P ◦ (Zt∧·)−1 for all t ∈ [0, T].

Alternatively, let us provide a characterization of the McKean–Vlasov branching diffusion
described above through a family of SDEs. Denote by L the infinitesimal generator of the
diffusion (b, σ ), i.e., for all (t, x,m) ∈ [0, T] × Cd ×P(DE) and f ∈ C2

b(Rd,R),

Lf (t, x,m) := 1

2
Tr (σσ�(t, x,m)D2f (xt)) + b(t, x,m) · Df (xt).

Then the McKean–Vlasov branching diffusion with initial condition ξ can be characterized as
the solution, for all f = (f k)k∈K ∈ C2

b(K×Rd,R), t ∈ [0, T], to the SDE

〈Zt, f 〉 = 〈ξ, f 〉 +
∫ t

0

∑
k∈Ks

Lf k(s, Xk
s∧·, μs

)
ds

+
∫ t

0

∑
k∈Ks

Df k(Xk
s )σ

(
s, Xk

s∧·, μs
)

dWk
s

×
∫

(0,t]×[0,γ̄ ]×[0,1]

∑
k∈Ks−

∑
�≥0

(
�∑

i=1

f ki − f k

)
(Xk

s )

× 1[0,γ (s,Xk
s∧·,μs)]×I�(s,Xk

s∧·,μs)(z) Qk(ds, dz) (6)

with the condition
μt = P ◦ (Zt∧·)−1 for all t ∈ [0, T]. (7)

Remark 1.

(i) In the SDE (6), the random processes Xk
s and the random set Ks act together as part of

the E-valued process Z via the relation (4). Conversely, we can represent Xk
s from Zs by

using the relation Xk
s = 〈Zs, Ik〉 with Ik(k̃, x) := x1{k̃=k} for all (k̃, x) ∈K×Rd.

(ii) When the environment measure μ ∈P(DE) is fixed, it becomes a classical branching
diffusion process, whose well-posedness is ensured by standard Lipschitz and bound-
edness conditions; see, e.g., [4, Proposition 2.1]. The crucial point here is therefore the
requirement in (7) that μ=L(Z).

(iii) It might be of interest to consider, as in [6], an interaction term of the form (νt)t∈[0,T],
νt ∈M(Rd), where, for all f : Rd →R bounded and measurable,∫

Rd
f (x) νt(dx) =E[〈Zt, f 〉] =E

[∑
k∈Kt

f (Xk
t )

]
.

This case is clearly encompassed in our setting.

(iv) It might be more natural to consider μt− instead of μt in the dynamic described above.
However, although the process Z has jumps in E, the mapping t �→μt = P ◦ (Zt∧·)−1 is
continuous on [0, T]. Indeed, since the death time Tk of each particle is generated by
the Poisson random measure Qk, we have P(Tk = t) = 0 and thus P(Zt = Zt−) = 1 for all
t ∈ [0, T].

https://doi.org/10.1017/jpr.2026.10097 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2026.10097
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2.2. Strong solution and well-posedness

Let us first consider the strong formulation of the McKean–Vlasov branching diffusion.

Definition 1. (Strong solution.) A strong solution to the McKean–Vlasov branching diffusion
SDE (6) with (7) in a given probability space (�,F , P) with respect to an initial condition ξ
and a fixed family of independent, Brownian motions (Wk)k∈K and Poisson random measures
(Qk)k∈K on [0, T] × [0, γ̄ ] × [0, 1] with Lebesgue intensity measure is an E-valued càdlàg pro-
cess Z = (Zt)t∈[0,T] adapted to the (augmented) natural filtration of (ξ, (Wk,Qk)k∈K) satisfying
the branching diffusion SDE (6) together with the McKean–Vlasov condition (7).

Under the following assumptions, we can show the existence and uniqueness of a McKean–
Vlasov branching diffusion in the strong sense. Recall that DE is equipped with the uniform
convergence metric defined in (2) so that the Wasserstein distance W1 on P1(DE) is defined
with respect to this metric.

Assumption 1.

(i) The coefficient functions (b, σ, γ, (p�)�≥0) are progressive in the sense that (b, σ, γ,
(p�)�≥0)(t, x,m) = (

b, σ, γ, (p�)�≥0
)
(t, xt∧·,mt) for all (t, x,m) ∈ [0, T] × Cd ×

P1(DE).

(ii) The coefficient functions (b, σ, γ, (p�)�≥0) are uniformly bounded. The same holds for
the function

∑
�≥0 �p� and we write M := ∥∥∑

�≥0 �p�
∥∥∞ <+∞.

Assumption 2.

(i) The coefficient functions b, σ, γ are Lipschitz in (x,m) in the sense that there exists a
constant L> 0 such that∣∣(b, σ, γ )(t, x,m) − (b, σ, γ )(t, x′,m′)

∣∣≤ L
(‖xt∧· − x′

t∧·‖ +W1(mt,m′
t)
)

for all (t, x, x′,m,m′) ∈ [0, T] × Cd × Cd ×P1(DE) ×P1(DE).

(ii) There exist positive constants (C�)�≥0 such that M′ := ∑
�∈N �C� <∞ and∣∣p�(t, x,m) − p�(t, x′,m′)

∣∣≤ C�
(‖xt∧· − x′

t∧·‖ +W1(mt,m′
t)
)

for all (t, x, x′,m,m′) ∈ [0, T] × Cd × Cd ×P1(DE) ×P1(DE) and � ∈N.

Remark 2. Let us provide a simple example of a Lipschitz function on P1(DE). Let f =
(f k)k∈K : K×Rd →R and assume that there exists C> 0 such that |f k(x)| ≤ C and |f k(x) −
f k(y)| ≤ C|x − y| for all k ∈K, x, y ∈Rd. Define F : [0, T] ×P1(DE) →R by

F(t,m) :=
∫
DE

〈z(t), f 〉 m(dz).

Then we can easily check that |F(t,m1) − F(t,m2)| ≤ CW1(m1
t ,m2

t ) for all m1,m2 ∈P1(DE).
Indeed, given Z1

t =∑
k∈Kt

δ(k,X1,k
t ) and Z2

t =∑
k∈K′

t
δ(k,X2,k

t ), two arbitrary càdlàg E-valued pro-

cesses with distributions m1 and m2 respectively, it follows by straightforward computation
that

|F(t,m1) − F(t,m2)| =
∣∣∣∣∣E
[ ∑

k∈K1
t

f k(X1,k
t ) −

∑
k∈K2

t

f k(X2,k
t )

]∣∣∣∣∣≤ CE[dE(Z1
t , Z2

t )].
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McKean-Vlasov branching diffusion 7

Theorem 1. Let Assumptions 1 and 2 hold, and assume further that the initial condition ξ
satisfies E[〈ξ, 1〉] =E[#K0]<∞. Then there exists a unique strong solution Z to the McKean–
Vlasov branching diffusion SDE (6) with (7) in the sense of Definition 1, and it satisfies
E
[
sup0≤t≤T〈Zt, 1〉]=E

[
sup0≤t≤T #Kt

]
<∞.

The proof of Theorem 1 relies on a contraction argument; it is postponed to Section 3.2.
Additionally, by using the estimates needed for this contraction argument, we can easily estab-
lish a companion stability property for McKean–Vlasov branching diffusion with respect to
the initial condition and the coefficient functions. See Appendix A for more details.

Remark 3. In contrast to the classical literature on McKean–Vlasov diffusion, where the
Lipschitz condition on the coefficients hold with respect to the metric W2 (see, e.g., [20, 30]),
we perform our analysis with the metric W1 in this setting. We refer to Remark 6 for more
details.

2.3. Weak solution and propagation of chaos

As in classical SDE theory, we can consider the notion of weak solution by letting the
probability space as well as the Brownian motions and the Poisson random measures be part
of the solution. This allows us to establish the existence of McKean–Vlasov branching diffu-
sion under relaxed conditions on the coefficients. Since there is no fixed probability space, we
are given a measure m0 ∈P(E) as an initial condition rather than a random variable ξ with
distribution m0.

Definition 2. A weak solution to the McKean–Vlasov branching diffusion SDE (6) and (7)
with initial condition m0 ∈P(E) is a term α= (�,F , F, P, Z, μ, (Wk,Qk)k∈K) satisfying the
following conditions:

(i) (�,F , F, P) is a filtered probability space, equipped with a family of mutually indepen-
dent Brownian motions (Wk)k∈K and Poisson random measures (Qk)k∈K with Lebesgue
intensity measure on [0, T] × [0, γ̄ ] × [0, 1].

(ii) Z is an E-valued, F-adapted càdlàg process such that P ◦ Z−1
0 = m0.

(iii) μ is a P(DE)-valued random variable independent of
(
Z0, (Wk,Qk)k∈K

)
such that μt =

L(Zt∧· |μt), t ∈ [0, T].

(iv) The process Zt =∑
k∈Kt

δ(k,Xk
t ) satisfies the following SDE: for all f ∈ C2

b(K×Rd,R),
t ∈ [0, T],

〈Zt, f 〉 = 〈Z0, f 〉 +
∫ t

0

∑
k∈Ks

Lf k(s, Xk
s∧·, μs

)
ds

+
∫ t

0

∑
k∈Ks

D f k(Xk
s )σ

(
s, Xk

s∧·, μs
)

dWk
s

+
∫

(0,t]×[0,γ̄ ]×[0,1]

∑
k∈Ks−

∑
�≥0

(
�∑

i=1

f ki − f k

)
(Xk

s )

× 1[0,γ (s,Xk
s∧·,μs)]×I�(s,Xk

s∧·,μs)(z) Qk(ds, dz). (8)
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Remark 4. Notice that μ is independent of Z0 in Definition 2. In particular, μ0 =L(Z0∧·) ∈
P(D(E)) is deterministic, completely characterized by m0 ∈P(E).

Under the following assumption, we can show the existence of a weak solution to the
McKean–Vlasov branching diffusion SDE. Recall that DE is equipped with the classical
Skorokhod metric so that the continuity below has to be understood witb respect to this metric.

Assumption 3. The coefficient functions (b, σ, γ, (p�)�≥0) and
∑
�≥0 �p� are continuous in

(x,m).

Theorem 2. Let Assumptions 1 and 3 hold, and m0 ∈P1(E). There exists a weak solution to
the McKean–Vlasov branching diffusion SDE (6) and (7) in the sense of Definition 2.

Theorem 2 is an immediate consequence of a propagation of chaos property established in
Theorem 3. Namely, we consider a large number n of branching diffusion processes interacting
through their empirical distribution in the sense of Definition 3, and we show that, when n goes
to infinity, it converges to a McKean–Vlasov branching diffusion in the weak sense.

Definition 3. For each n ≥ 1, a weak notion of n interacting branching diffusions with ini-
tial condition m0 ∈P(E) is a term αn = (

�n,Fn, Fn, Pn, (Zi)i=1,...,n, (Wi,k,Qi,k)k∈K,i=1,...,n
)

satisfying the following conditions:

(i) (�n,Fn, Fn, Pn) is a filtered probability space, equipped with a family of mutu-
ally independent Brownian motions (Wi,k)k∈K,i=1,...,n and Poisson random measures
(Qi,k)k∈K,i=1,...,n with Lebesgue intensity measure on [0, T] × [0, γ̄ ] × [0, 1].

(ii) For each i = 1, . . . , n, Zi is an E-valued, Fn-adapted càdlàg process such that
Z1

0 , . . . , Zn
0 are independent and identically distributed with distribution m0.

(iii) For each i = 1, . . . , n, the process Zi
t =∑

k∈Ki
t
δ(k,Xi,k

t ) satisfies the following SDE: for

all f ∈ C2
b(K×Rd,R), t ∈ [0, T],

〈Zi
t , f 〉 = 〈Zi

0, f 〉 +
∫ t

0

∑
k∈Ki

s

Lf k(s, Xi,k
s∧·, μn

s

)
ds

+
∫ t

0

∑
k∈Ki

s

Df k(Xi,k
s )σ

(
s, Xi,k

s∧·, μn
s

)
dWi,k

s

+
∫

(0,t]×[0,γ̄ ]×[0,1]

∑
k∈Ki

s−

∑
�≥0

(
�∑

j=1

f kj − f k

)
(Xi,k

s )

× 1I�(s,X
i,k
s∧·,μn

s−)×[0,γ (s,Xi,k
s∧·,μn

s−)](z) Qi,k(ds, dz), (9)

where μn
t corresponds to the empirical measure μn

t := (1/n)
∑n

i=1 δZi
t∧· .

Theorem 3. Let Assumptions 1 and 3 hold, and m0 ∈P1(E). Then any sequence of distribu-
tions (Pn ◦ (μn)−1)n≥1 of n interacting branching diffusions in the sense of Definition 3 admits
a converging subsequence in P(P1(DE)), and the limit identifies as the distribution P ◦μ−1 of
a McKean–Vlasov branching diffusion in the sense of Definition 2.

The proof of Theorem 3 is postponed to Section 4.3. It relies on the weak convergence of
solutions to appropriate martingale problems, equivalent to the notion of weak solutions.
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McKean-Vlasov branching diffusion 9

Remark 5. Under Assumptions 1 and 2, there exists a unique strong solution Z and so, by a
Yamada–Watanabe-like theorem, weak uniqueness holds and Theorem 3 reduces to μn −→
P ◦ Z−1 in distribution.

3. Strong formulation and well-posedness

We consider in this section the strong formulation of the McKean–Vlasov branching diffu-
sion processes. More precisely, we provide the proof of the strong existence and uniqueness
result, Theorem 1 in Section 3.2. To this end, we start with a series of preliminary techni-
cal lemmas in Section 3.1. Throughout this section, we consider a fixed probability space
(�,F , P) equipped with an initial condition ξ and a family of independent Brownian motions
(Wk)k∈K and Poisson random measures (Qk)k∈K on [0, T] × [0, γ̄ ] × [0, 1] with Lebesgue
intensity measure. We assume that Assumptions 1 and 2 hold, and further that E[〈ξ, 1〉] =
E[#K0]<+∞.

3.1. Technical lemmas

We start by studying the solution to SDE (6) when the environment measure is fixed. More
precisely, assume that we are given a deterministicμ ∈P1(DE) and consider Zt =∑

k∈Kt
δ(k,Xk

t )

satisfying, for all f ∈ C2
b(K×Rd,R), t ∈ [0, T],

〈Zt, f 〉 = 〈ξ, f 〉 +
∫ t

0

∑
k∈Ks

Lf k(s, Xk
s∧·, μs) ds

+
∫ t

0

∑
k∈Ks

D f k(Xk
s )σ (s, Xk

s∧·, μs) dWk
s

+
∫

(0,t]×[0,γ̄ ]×[0,1]

∑
k∈Ks−

∑
�≥0

(
�∑

i=1

f ki − f k

)
(Xk

s )

× 1[0,γ (s,Xk
s∧·,μs)]×I�(s,Xk

s∧·,μs)(z) Qk(ds, dz). (10)

By a simple extension of [4, Proposition 2.1], existence and uniqueness of the strong
solution holds for the above SDE.

Lemma 1. Let μ ∈P1(DE). Then there exists a unique E-valued càdlàg process Z adapted to
the (augmented) natural filtration of

(
ξ, (Wk,Qk)k∈K

)
satisfying the branching diffusion SDE

(10). In addition, E
[∑

k∈K sup0≤t≤T 1k∈Kt

]≤E[#K0]eγ̄MT.

Proof. The proof of existence and uniqueness relies on the fact that the Lipschitz assumption
on b and σ ensures the existence and uniqueness of the strong solution to SDE (5) charac-
terizing the movement of each particle. Then we can construct the process step by step by
considering the successive branching times. It remains to rule out explosion: this follows from
the boundedness assumption on γ and

∑
�≥0 �p�, which ensures that the population size has

finite moments (see below) and thus remains finite. We refer to [4, Proposition 2.1] for more
details.

Let us turn now to the moment estimate. Denote by N̄t := ∑
k∈K sup0≤t≤T 1k∈Kt the total

number of particles having been alive in the time interval [0, T], and observe that it can
be viewed as a modified branching process where particles give birth to new ones without
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dying. Then

N̄t = #K0 +
∫

(0,t]×[0,γ̄ ]×[0,1]

∑
k∈Ks−

∑
�≥0

�1I�(s,Xk
s∧·,μs)×[0,γ (s,Xk

s∧·,μs)](z) Qk(ds, dz).

We introduce the stopping times τn := inf{t ≥ 0: N̄t ≥ n}. Then

E[N̄T∧τn] =E[#K0] +E

[ ∫ T∧τn

0

∑
k∈Kt

∑
�≥0

�p�
(
t, Xk

t∧·, μt
)
γ
(
t, Xk

t∧·, μt
)

t.

]

≤E[#K0] + γ̄ME

[ ∫ T∧τn

0
#Kt dt

]
≤E[#K0] + γ̄ME

[ ∫ T

0
N̄t∧τn dt

]
.

By Grönwall’s lemma, we deduce that E[N̄T∧τn] ≤E[#K0]eγ̄MT . The conclusion follows
immediately from Fatou’s lemma. �

We now provide a stability result for the branching diffusion solution to SDE (10) with
respect to the environment measure. It is the key to the contraction argument used in the proof
of Theorem 1 and the main technical difficulty. As a preliminary result, we first establish the
following technical lemma.

Lemma 2. Let Assumption 1 hold. For any (t, x, x′,m,m′) ∈ [0, T] × Cd × Cd ×P1(DE) ×
P1(DE),

∫ 1
0

∑
�,�′≥0 |�− �′|1I�(t,x,m)∩I�′ (t,x′,m′)(u) du ≤∑�≥0 �|p�(t, x,m) − p�(t, x′,m′)|.

Proof. Fix (t, x, x′,m,m′) ∈ [0, T] × Cd × Cd ×P1(DE) ×P1(DE) and consider the two
probability measures P := (p�(t, x,m))�∈N and P′ := (p�(t, x′,m′))�∈N, which belong to P1(N)
in view of Assumption 1. Denote the cumulative distribution functions of P and P′ as F and F′
respectively, and observe that the generalized inverses are given, for all u ∈ [0, 1], as F−1(u) =∑
�≥0 �1I�(u) and (F′)−1(u) =∑

�≥0 �1I′� (u), where I� := I�(t, x,m) and I′
� := I�(t, x′,m′)

for � ∈N. Using the well-known representation of Wasserstein metric for one-dimensional
distributions, we have

W1(P, P′) =
∫ 1

0
|F−1(u) − (F′)−1(u)| du =

∫ 1

0

∑
�,�′≥0

|�− �′|1I�∩I′
�′

(u) du.

In addition, by a change of variable, we also have that

W1(P, P′) =
∑
j≥0

|F(j) − F′(j)| =
∑
j≥0

∣∣∣∣∑
�≤j

p�(t, x,m) −
∑
�≤j

p�(t, x′,m′)
∣∣∣∣

≤
∑
j≥0

∑
�>j

|p�(t, x,m) − p�(t, x′,m′)|

=
∑
�≥0

�|p�(t, x,m) − p�(t, x′,m′)|.

The conclusion follows immediately. �

Lemma 3. Let μ1, μ2 ∈P1(DE). Denote by Zi the solution to SDE (10) given μi, Zi
0 = ξ for

i = 1, 2 respectively. Then there exist constants cd > 0, cw > 0 depending on L, γ̄ , M, and M′
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such that, for all T ′ ∈ [0, T] satisfying T ′ + √
T ′ < 1/cd,

E[dT ′ (Z1, Z2)] ≤ cw(T ′ + √
T ′)

1 − cd(T ′ + √
T ′)

E[#K0]eγ̄MT ′W1
(
μ1

T ′ , μ2
T ′
)
.

Proof. Fix some T ′ ∈ [0, T] to be determined later. For t ∈ [0, T ′], consider the repre-
sentations Z1

t =∑
k∈K1

t
δ(k,X1,k

t ) and Z2
t =∑

k∈K2
t
δ(k,X2,k

t ). Let us write K1∩2
t := K1

t ∩ K2
t and

K1�2
t := K1

t �K2
t . Recall that

dT ′ (Z1, Z2) = sup0≤t≤T ′

{
#K1�2

t +
∑

k∈K1∩2
t

∣∣X1,k
t − X2,k

t

∣∣∧ 1

}
. (11)

Step 1. We start by estimating the first term in (11), counting the number of particles with
distinct labels in Z1 and Z2. For simplicity, for i = 1, 2, k ∈K, and t ∈ [0, T], we write γ i,k

t :=
γ (t, Xi,k

t∧·, μi
t), Ii,k

�,t := I�(t, Xi,k
t∧·, μi

t), and pi,k
�,t := p�(t, Xi,k

t∧·, μi
t). We begin with the following

observation:

#K1�2
t ≤ J1

t + J2
t + J3

t + J4
t + J5

t , (12)

where

J1
t =

∫
(0,t]×[0,γ̄ ]×[0,1]

∑
k∈K1

s−\K2
s−

∑
�≥0

�1I1,k
�,s ×[0,γ 1,k

s ](z) Qk(ds, dz),

J2
t =

∫
(0,t]×[0,γ̄ ]×[0,1]

∑
k∈K2

s−\K1
s−

∑
�≥0

�1I2,k
�,s ×[0,γ 2,k

s ](z) Qk(ds, dz),

J3
t =

∫
(0,t]×[0,γ̄ ]×[0,1]

∑
k∈K1∩2

s−

1
γ

1,k
s >γ

2,k
s

∑
�≥0

(�+ 1)1I1,k
�,s ×(γ 2,k

s ,γ
1,k
s ](z) Qk(ds, dz),

J4
t =

∫
(0,t]×[0,γ̄ ]×[0,1]

∑
k∈K1∩2

s−

1
γ

1,k
s <γ

2,k
s

∑
�≥0

(�+ 1)1I2,k
�,s ×(γ 1,k

s ,γ
2,k
s ](z) Qk(ds, dz),

J5
t =

∫
(0,t]×[0,γ̄ ]×[0,1]

∑
k∈K1∩2

s−

∑
�,�′≥0

|�− �′|1I1,k
�,s ∩I2,k

�′,s×[0,γ 1,k
s ∧γ 2,k

s ](z) Qk(ds, dz).

To obtain this estimate, we distinguish between particles born from a parent in the common set
K1∩2

t or not. In the latter case, we assume that all newly born particles also lie in the set K1�2
t .

Then J1
t and J2

t correspond to the case when parents are from K1
t \ K2

t and K2
t \ K1

t respectively.
In the former case, when parents are from K1∩2

t , the terms J3
t and J4

t take care of the case when
a particle in one tree branches while the other particle sharing the same label does not. The last
term J5

t concerns particles in two trees sharing a common label branching simultaneously, but
giving birth to different numbers of progeny.
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Let us deal with each term in (12) separately. Firstly, we have

E
[
sup0≤t≤T ′ J1

t

]=E

[ ∫
(0,T ′]×[0,γ̄ ]×[0,1]

∑
k∈K1

t−\K2
t−

∑
�≥0

�1I1,k
�,t ×[0,γ 1,k

t ](z) Qk(dt, dz)

]

=E

[ ∫ T ′

0

∑
k∈K1

t \K2
t

γ
1,k
t

∑
�≥0

�p1,k
�,t dt

]
≤ γ̄ME

[ ∫ T ′

0
#(K1

t \ K2
t ) dt

]
.

Similarly, we have E
[
sup0≤t≤T ′ J2

t

]≤ γ̄ME
[ ∫ T ′

0 #(K2
t \ K1

t ) dt
]
. We deduce that

E
[
sup0≤t≤T ′ {J1

t + J2
t }]≤ γ̄ME

[ ∫ T ′

0
#K1�2

t dt

]
. (13)

In addition, using the same approach,

E
[
sup0≤t≤T ′ {J3

t + J4
t }]≤ (M + 1)E

[ ∫ T ′

0

∑
k∈K1∩2

t

∣∣γ 1,k
t − γ

2,k
t

∣∣ dt

]
. (14)

By the Lipschitz condition on γ from Assumption 2, it follows that

E
[
sup0≤t≤T ′ {J3

t + J4
t }]≤ L(M + 1)E

[ ∫ T ′

0

∑
k∈K1∩2

t

(∥∥X1,k
t∧· − X2,k

t∧·
∥∥+W1(μ1

t , μ
2
t )
)

dt

]
. (15)

Finally, using Lemma 2, we obtain that

E
[
sup0≤t≤T ′ J5

t

]≤ γ̄E
[ ∫ T ′

0

∑
k∈K1∩2

t

∫ 1

0

∑
�,�′≥0

|�− �′|1I1,k
�,t ∩I2,k

�′,t
(u) du dt

]

≤ γ̄E
[ ∫ T ′

0

∑
k∈K1∩2

t

∑
�≥0

�
∣∣p1,k
�,t − p2,k

�,t

∣∣ dt

]
. (16)

Thus, by the Lipschitz assumption on (p�)�∈N from Assumption 2, we deduce as above that

E
[
sup0≤t≤T ′ J5

t

]≤ γ̄M′E
[ ∫ T ′

0

∑
k∈K1∩2

t

(∥∥X1,k
t∧· − X2,k

t∧·
∥∥+W1(μ1

t , μ
2
t )
)

dt

]
. (17)

We finish this step by combining (12), (13), (15), and (17) to obtain

E
[
sup0≤t≤T ′ #K1�2

t
]≤ CE

[ ∫ T ′

0

(
#K1�2

t +
∑

k∈K1∩2
t

(∥∥X1,k
t∧· − X2,k

t∧·
∥∥+W1(μ1

t , μ
2
t )
))

dt

]
,

(18)
where the constant C> 0 depends on (γ̄ , L,M,M′).
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Step 2. Now we turn to the second term in (11) measuring the distance between particles with
common labels in Z1

t and Z2
t . For simplicity, for i = 1, 2, k ∈K, and t ∈ [0, T] we write bi,k

t :=
b(t, Xi,k

t∧·, μi
t) and σ i,k

t := σ (t, Xi,k
t∧·, μi

t). We observe first that, for any k ∈ K1∩2
t ,

X1,k
t − X2,k

t = X1,k
S̄k − X2,k

S̄k +
∫ t

0
1k∈K1∩2

s

(
b1,k

s − b2,k
s

)
ds +

∫ t

0
1k∈K1∩2

s

(
σ 1,k

s − σ 2,k
s

)
dWk

s ,

where S̄k = max (S1,k, S2,k) is the maximum of both times of birth of particle k, so that k ∈ K1∩2
s

whenever s ∈ [S̄k, t]. It follows that

1k∈K1∩2
t

∥∥X1,k
t∧· − X2,k

t∧·
∥∥≤ 1k∈K1∩2

t

∥∥X1,k
S̄k∧· − X2,k

S̄k∧·
∥∥+

∫ t

0
1k∈K1∩2

s

∣∣b1,k
s − b2,k

s

∣∣ ds

+ sup0≤r≤t

∣∣∣∣
∫ r

0
1k∈K1∩2

s

(
σ 1,k

s − σ 2,k
s

)
dWk

s

∣∣∣∣. (19)

Let us deal first with the last two terms on the right-hand side of (19). By using the Lipschitz
condition on b and σ from Assumption 2, we have, for all k ∈K,

E

[ ∫ t

0
1k∈K1∩2

s

∣∣b1,k
s − b2,k

s

∣∣ ds

]
≤ LE

[ ∫ t

0
1k∈K1∩2

s

(∥∥X1,k
s∧· − X2,k

s∧·
∥∥+W1(μ1

s , μ
2
s )
)

ds

]
,

as well as

E

[
sup0≤r≤t

∣∣∣∣
∫ r

0
1k∈K1∩2

s

(
σ 1,k

s − σ 2,k
s

)
dWk

s

∣∣∣∣
]

≤ C1E

[( ∫ t

0
1k∈K1∩2

s

∣∣σ 1,k
s − σ 2,k

s

∣∣2 ds

)1/2]

≤ C1
√

tE
[
sup0≤s≤t 1k∈K1∩2

s

∣∣σ 1,k
s − σ 2,k

s

∣∣]
≤ C1L

√
tE
[
sup0≤s≤t 1k∈K1∩2

s

(∥∥X1,k
s∧· − X2,k

s∧·
∥∥+W1(μ1

s , μ
2
s )
)]
,

where the first inequality follows from the Burkholder–Davis–Gundy inequality. Regarding the
first term on the right-hand side of (19), we distinguish between particles whose parents are in
the common set or not. In the latter case, we use the fact that

∥∥X1,k
S̄k∧· − X2,k

S̄k∧·
∥∥≤ 1 so that

E

[∑
k∈K

sup0≤t≤T ′ 1
k∈K1∩2

t ,k−∈K1�2
S̄k−

∥∥X1,k
S̄k∧· − X2,k

S̄k∧·
∥∥]≤E

[∑
k∈K

sup0≤t≤T ′ 1
k∈K1

t ∪K2
t ,k−∈K1�2

S̄k−

]

=E
[
J1

T ′ + J2
T ′
]≤ γ̄ME

[ ∫ T ′

0
#K1�2

t dt

]
,

where k− denotes the parent of particle k, and the last inequality follows from (13). Note that∑
k∈K sup0≤t≤T ′ 1

k∈K1
t ∪K2

t ,k−∈K1�2
S̄k−

corresponds to the total number of particles born from a

parent in the distinct set K1�2 before time T ′. Alternatively, when the parent belongs to the
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common set, we have

E

[∑
k∈K

sup0≤t≤T ′ 1k∈K1∩2
t ,k−∈K1∩2

S̄k−

∥∥X1,k
S̄k∧· − X2,k

S̄k∧·
∥∥]

=E

[ ∫
(0,T ′]×[0,γ̄ ]×[0,1]

∑
k∈K1∩2

t−

∑
�,�′≥0

(�∧ �′)1I1,k
�,t ∩I2,k

�′,t×[0,γ 1,k
t ∧γ 2,k

t ](z)
∥∥X1,k

t∧· − X2,k
t∧·
∥∥Qk(dt, dz)

]

≤ γ̄E
[ ∫ T ′

0

∑
k∈K1∩2

t

∑
�,�′≥0

�
∣∣I1,k
�,t ∩ I2,k

�′,t
∣∣∥∥X1,k

t∧· − X2,k
t∧·
∥∥ dt

]

= γ̄E

[ ∫ T ′

0

∑
k∈K1∩2

t

∑
�≥0

�p1,k
�,t

∥∥X1,k
t∧· − X2,k

t∧·
∥∥ dt

]

≤ γ̄ME

[ ∫ T ′

0

∑
k∈K1∩2

t

∥∥X1,k
t∧· − X2,k

t∧·
∥∥].

Taking the supremum successively over t ∈ [0, T ′], the sum over k ∈K, and the expectation in
(19), we conclude by combining the inequalities above that

E

[∑
k∈K

sup0≤t≤T ′ 1k∈K1∩2
t

∥∥X1,k
t∧· − X2,k

t∧·
∥∥]

≤ C
√

T ′E
[∑

k∈K
sup0≤t≤T ′ 1k∈K1∩2

t

(∥∥X1,k
t∧· − X2,k

t∧·
∥∥+W1(μ1

t , μ
2
t )
)]

+ CE

[ ∫ T ′

0

(
#K1�2

t +
∑

k∈K1∩2
t

(∥∥X1,k
t∧· − X2,k

t∧·
∥∥+W1

(
μ1

t , μ
2
t

)))
dt

]
, (20)

where the constant C> 0 depends on (γ̄ , L,M).

Step 3. We write d̄T ′ (Z1, Z2) := sup0≤t≤T ′ #K1�2
t +∑

k∈K sup0≤t≤T ′ 1k∈K1∩2
t

∥∥X1,k
t∧· − X2,k

t∧·
∥∥.

Observe that

E

[ ∫ T ′

0

(
#K1�2

t +
∑

k∈K1∩2
t

∥∥X1,k
t∧· − X2,k

t∧·
∥∥) dt

]
≤ T ′E[d̄T ′(Z1, Z2)],

and

E

[ ∫ T ′

0

∑
k∈K1∩2

t

W1
(
μ1

t , μ
2
t

)
dt

]
≤ T ′E

[∑
k∈K

sup0≤t≤T ′ 1k∈K1∩2
t

W1
(
μ1

t , μ
2
t

)]

≤ T ′E[#K0]eγ̄MT ′W1
(
μ1

T ′ , μ2
T ′
)
,

where the last inequality follows from Lemma 1 and W1(μ1
t , μ

2
t ) ≤W1(μ1

T ′, μ2
T ′ ) for t ∈

[0, T ′]. Combining (18) and (20) and using both inequalities above, we can find some positive
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constants cd > 0 and cw > 0 depending on (γ̄ , L,M,M′) such that

E[d̄T ′ (Z1, Z2)] ≤ cd(T ′ + √
T ′)E[d̄T ′(Z1, Z2)] + cw(T ′ + √

T ′)E[#K0]eγ̄MT ′W1(μ1
T ′ , μ2

T ′ ).

Choosing T ′ > 0 small enough to have 1 − cd(T ′ + √
T ′)> 0, we deduce that

E[d̄T ′ (Z1, Z2)] ≤ cw(T ′ + √
T ′)

1 − cd(T ′ + √
T ′)

E[#K0]eγ̄MT ′W1
(
μ1

T ′ , μ2
T ′
)
.

The conclusion follows immediately by observing that dT ′ (Z1, Z2) ≤ d̄T ′ (Z1, Z2). �

3.2. Proof of Theorem 1

Proof of Theorem 1. We first outline the strategy of the proof. We initially establish the
existence and uniqueness of the SDE (6) with (7) on a small interval [0, T ′] by constructing a
contraction mapping. We then shift the time window to [T ′, 2T ′] and so forth to establish the
global well-posedness.

Step 1. To establish existence and uniqueness on a small interval, we construct a mapping
�t : P1(DE) →P1(DE) for each t ∈ [0, T], to which we aim to apply a Picard fixed point iter-
ation. Fix μ ∈P1(DE) and denote by Z the solution to the branching diffusion SDE (10),
which is well defined by Lemma 1. Then we define the map �t on P1(DE) onto itself
as �t : μ ∈P1(DE) �→L(Zt∧·). Notice that �t(μ) ∈P1(DE) by Lemma 1 in view of (3).
Therefore, the existence and uniqueness of a solution to the SDE (6) with (7) is equivalent to
the existence and uniqueness of a fixed point μ=�T (μ). Actually, we would rather consider
the localized version μt =�t(μt), where μt := μ ◦ (πt)−1 ∈P1(DE).

Step 2. In this step, we prove that there exists T ′ ∈ [0, T] such that the equation μT ′ =�T ′(μT ′ )
admits a unique solution. To this end, we aim to show that �T ′ is a contraction mapping when
T’ is sufficiently small. Let us arbitrarily pick μ1

T ′ , μ2
T ′ ∈P1(DE). Denote by Zi the unique

solution to the SDE (10) given μi
T ′ for i = 1, 2. Notice first that

W1
(
�T ′

(
μ1

T ′
)
, �T ′

(
μ2

T ′
))≤E

[
d
(
Z1

T ′∧·, Z2
T ′∧·

)]=E[dT ′(Z1, Z2)].

In view of Lemma 3, there exist constants cd, cw > 0 such that, for any T ′ > 0 small enough to
have 1 − cd(T ′ + √

T ′)> 0,

E[dT ′(Z1, Z2)] ≤ cw(T ′ + √
T ′)

1 − cd(T ′ + √
T ′)

E[#K0]eγ̄MTW1
(
μ1

T ′ , μ2
T ′
)
,

where we also used the trivial inequality eγ̄MT ′ ≤ eγ̄MT . Without loss of generality, we can take
T’ even smaller to ensure that

T ′ + √
T ′ < 1

cd + cwE[#K0]eγ̄MT
,

so that

0< κ := cw(T ′ + √
T ′)

1 − cd(T ′ + √
T ′)

E[#K0]eγ̄MT < 1. (21)

It follows that W1
(
�T ′

(
μ1

T ′
)
, �T ′

(
μ2

T ′
))≤ κW1

(
μ1

T ′, μ2
T ′
)
. In other words,�T ′ is a contraction

mapping on (P1(DE),W1). In particular, the uniqueness of the solution to the SDE (6) with (7)
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on [0, T ′] follows immediately. Regarding existence, it suffices to observe that the sequence of
iterations (�(n)

T ′ (μT ′))n∈N converges as a Cauchy sequence in (P1(DE),W1), which is complete
since DE equipped with the uniform topology is complete (though not separable).

Step 3. After establishing existence and uniqueness on [0, T ′] in Step 2, we now aim to extend
these properties to a larger interval [0, T ′ + δT] for some δT > 0 to be determined. We write
T ′′ := T ′ + δT with δT ≤ T − T ′. Fix μ1

T ′′ , μ2
T ′′ ∈P1(DE) such that μ1

T ′ =μ2
T ′ =μT ′ , where

μT ′ is the unique solution to�T ′ (μT ′ ) =μT ′ constructed in Step 2. Let us denote by Zi ∈DE the
solution to (10) given μi

T ′′ for i = 1, 2. In particular, it holds that Z1
T ′∧· = Z2

T ′∧· by uniqueness
in Lemma 1. It follows that

W1
(
�T ′′

(
μ1

T ′′
)
, �T ′′

(
μ2

T ′′
))≤E

[
d
(
Z1

T ′′∧·, Z2
T ′′∧·

)]=E
[
supT ′≤t≤T ′′ dE(Z1

t , Z2
t )
]
.

By a straightforward extension of Lemma 3, shifting the origin of time from 0 to T ′, we deduce
that, for any δT ∈ (0, T − T ′] such that 1 − cd(δT + √

δT)> 0,

W1
(
�T ′′

(
μ1

T ′′
)
, �T ′′

(
μ2

T ′′
))≤ cw(δT + √

δT)

1 − cd(δT + √
δT)

E[#KT ′ ]eγ̄MδTW1
(
μ1

T ′′ , μ2
T ′′
)
,

where #KT ′ = 〈Z1
T ′ , 1〉 = 〈Z2

T ′ , 1〉. In addition, Lemma 1 ensures that E[#KT ′ ] ≤E[#K0]eγ̄MT ′
.

It follows that

W1
(
�T ′′

(
μ1

T ′′
)
, �T ′′

(
μ2

T ′′
))≤ cw(δT + √

δT)

1 − cd(δT + √
δT)

E[#K0]eγ̄MTW1
(
μ1

T ′′ , μ2
T ′′
)
,

where we used the trivial inequality eγ̄MT ′′ ≤ eγ̄MT . Thus we can repeat the calcula-
tion from Step 2 and choose δT = min (T ′, T − T ′) so that W1

(
�T ′′

(
μ1

T ′′
)
, �T ′′

(
μ2

T ′′
))≤

κW1
(
μ1

T ′′ , μ2
T ′′
)
, where 0< κ < 1 is given by (21). It follows that the SDE (6) with (7) admits

a unique solution on [0, T ′ + δT]. We conclude the proof by repeating the above procedure
finitely many times in order to cover the whole interval [0, T]. �
Remark 6. We use a classical contraction argument to obtain the existence and uniqueness
of the McKean–Vlasov branching diffusion. However, unlike most of the literature, we work
with the metric W1 instead of W2 and it appears that our contraction argument fails other-
wise. Indeed, working along the lines of Lemma 3 to dominate E[dT (Z1, Z2)2], we come by
a term proportional to W2

(
μ1

T , μ
2
T

)
on the right-hand side which cannot be dominated by

W2
(
μ1

T , μ
2
T

)2.

4. Weak formulation and propagation of chaos

We provide here the proof of the propagation of chaos property established in Theorem 3,
which induces the existence of weak solutions to the McKean–Vlasov branching diffusion
SDE. The main idea is to consider the convergence of the martingale problem associated
with the n interacting branching diffusions toward the martingale problem associated with the
McKean–Vlasov branching diffusion. Similar techniques have been used in [9, 24] in the con-
text of optimal control of McKean–Vlasov diffusion, and in [14] for the corresponding optimal
stopping problem.

4.1. Martingale problem formulation

As in classical SDE theory, the notion of a weak solution can be equivalently formulated by
means of an appropriate martingale problem defined on the canonical space.
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4.1.1. Martingale problem for n interacting branching diffusions. Let us first consider the
n interacting branching diffusion processes given in Definition 3. We introduce the cor-
responding canonical space �̄n := Dn

E, equipped with the canonical process (Z1, . . . , Zn)
and the canonical filtration F̄n = (F̄n

t )t∈[0,T] defined by F̄n
t := σ (Z1

s , . . . , Zn
s , s ≤ t). Let us

also consider the empirical measure μn
t := (1/n)

∑n
i=1 δZi

t∧· . Further, given �n ∈ C2
b(Rn,R)

and ϕ̄ = (ϕ1, . . . , ϕn), where ϕi = (ϕk
i )k∈K ∈ C2

b(K×Rd,R) for each i = 1, . . . , n, we define
�n
ϕ̄ : En −→R by �n

ϕ̄(e1, . . . , en) := �n(〈e1, ϕ1〉, . . . , 〈en, ϕn〉), as well as, for all t ∈ [0, T],

i = 1, . . . , n, and ω̄= (ω1, . . . , ωn) ∈ �̄n with ωi
t =∑

k∈Ki
t
δ(k,xi,k

t ),

Hn
i �

n
ϕ̄(t, ω̄) := 1

2
∂2

ii�
n
ϕ̄(ω̄t)

∑
k∈Ki

t

∣∣Dϕk
i

(
xi,k

t
)
σ
(
t, xi,k

t∧·,mn
t

)∣∣2

+ ∂i�
n
ϕ̄(ω̄t)

∑
k∈Ki

t

Lϕk
i

(
t, xi,k

t∧·,mn
t

)

+
∑
k∈Ki

t

γ
(
t, xi,k

t∧·,mn
t

)(∑
�≥0

�n
ϕ̄

(
ω1

t , . . . , ω
i
t− − δ(k,xi,k

t−)

+
�∑

j=1

δ(kj,xi,k
t−), . . . , ω

n
t

)
p�
(
t, xi,k

t∧·,mn
t

)−�n
ϕ̄(ω̄t−)

)
,

where mn
t := (1/n)

∑n
j=1 δωj

t∧·
and ∂i�

n (resp. ∂2
ii�

n) respresents the first (resp. second) partial

derivative of �n with respect to the ith coordinate. Let us also define the process M�n
ϕ̄ =(

M
�n
ϕ̄

t
)

t∈[0,T] on �̄n by M
�n
ϕ̄

t := �n
ϕ̄

(
Z1

t , . . . , Zn
t

)− ∫ t
0

∑n
i=1 Hn

i �
n
ϕ̄

(
s, Z1

s∧·, . . . , Zn
s∧·
)

ds.

Definition 4. A solution to the martingale problem for n interacting branching diffusions with
initial condition m0 ∈P(E) is a probability measure P̄n on �̄n satisfying

(i) P̄n ◦ (Z1
0 , . . . , Zn

0

)−1 = m0 × · · · × m0;

(ii) M�n
ϕ̄ is a (P̄n, F̄n)-martingale for all �n ∈ C2

b(Rn,R) and ϕ̄ = (ϕ1, . . . , ϕn) such that
ϕi ∈ C2

b(K×Rd,R) for each i = 1, . . . , n.

Proposition 1. Let Assumption 1 hold and m0 ∈P1(E). Then the following assertions hold:

(i) Let αn = (�n,Fn, Fn, Pn, (Zi)i=1,...,n, (Wi,k,Qi,k)k∈K,i=1,...,n) be a weak solution in
the sense of Definition 3. Then the probability P̄n := Pn ◦ (Z1, . . . , Zn)−1 solves the
corresponding martingale problem for n interacting branching diffusions.

(ii) Let P̄n be a solution to the martingale problem for n interacting branching diffusions.
Then there exist, in a possibly enlarged space, Brownian motions and Poisson ran-
dom measures which, together with the canonical space

(
�̄n, F̄n

T , F̄
n, P̄n

)
, give a weak

solution in the sense of Definition 3.

(iii) If we assume further that Assumption 3 holds, then there exists a solution to the
martingale problem for n interacting branching diffusions in the sense of Definition 4.

Proof. The arguments are rather classical. Let us provide a sketch of the proof for com-
pleteness. First, to construct a solution to the martingale problem from a weak solution, it
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suffices to apply Itô’s formula as in [4, Proposition 3.2]. Next, given a solution to the mar-
tingale problem P̄n, it is also classical to construct, in a possibly enlarged space, Brownian
motions and Poisson random measures to represent the process by stochastic integrations; see,
e.g., [23, Theorem 2.3]. This provides a weak solution. Finally, notice that the n-interacting-
branching-diffusions solution to (9) is actually a standard branching diffusion process, in the
sense that it does not exhibit nonlinearity in the sense of McKean. As a consequence, we can
apply classical weak convergence techniques as in [29, Chapter 6.1] to deduce existence of a
weak solution provided that the coefficients are bounded continuous. �

4.1.2. Martingale problem for McKean–Vlasov branching diffusion. Let us now consider
McKean–Vlasov branching diffusion in the sense of Definition 2. In this setting, we intro-
duce two canonical spaces �̃ := DE and �̄ := DE ×P(DE). Let us denote by Z̃ the canonical
process on �̃ and by F̃= (F̃t)t∈[0,T], F̃t = σ (Z̃s, s ≤ t), the corresponding canonical filtration.
Similarly, the canonical process on �̄ is denoted by (Z̄, μ̄) and the corresponding canonical
filtration F̄= (F̄t)t∈[0,T] is defined by F̄t := σ (Z̄s, μ̄s, s ≤ t). Further, given� ∈ C2

b(R,R) and
ϕ = (ϕk)k∈K ∈ C2

b(K×Rd,R), let us define

�ϕ(e) := �(〈e, ϕ〉) =�

(∑
k∈K

ϕk(xk)

)
for all e :=

∑
k∈K

δ(k,xk) ∈ E,

as well as, for ω̃ ∈ �̃ with ω̃t =∑
k∈Kt

δ(k,xk
t ) and m̃ ∈P(�̃),

H�ϕ(t, ω̃, m̃) := 1

2
�′′
ϕ(ω̃t)

∑
k∈Kt

∣∣Dϕk(xk
t

)
σ
(
t, xk

t∧·, m̃t
)∣∣2

+�′
ϕ(ω̃t)

∑
k∈Kt

Lϕk(t, xk
t∧·, m̃t)

+
∑
k∈Kt

γ
(
t, xk

t∧·, m̃t
)(∑

�≥0

�ϕ

(
ω̃t− − δ(k,xk

t−) +
�∑

j=1

δ(kj,xk
t−)

)

× p�
(
t, xk

t∧·, m̃t
)−�ϕ(ω̃t−)

)
.

Let us also define the process M̃�ϕ,m̃ = (
M̃�ϕ,m̃

t
)

t∈[0,T] on �̃ by

M̃�ϕ,m̃
t := �ϕ(Z̃t) −

∫ t

0
H�ϕ

(
s, Z̃s∧·, m̃s

)
ds.

Definition 5. A solution to the martingale problem for McKean–Vlasov branching diffusion
with initial condition m0 ∈P(E) is a probability measure P̄ on the canonical space �̄ such that

(i) P̄ ◦ Z̄−1
0 = m0;

(ii) μ̄t =LP̄(Z̄t∧· | μ̄t) for all t ∈ [0, T];

(iii) for P̄-almost every ω̄ ∈ �̄, the process M̃�ϕ,μ̄(ω̄) is a (μ̄(ω̄), F̃)-martingale for all � ∈
C2

b(R,R) and ϕ = (ϕk)k∈K ∈ C2
b(K×Rd,R).
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Proposition 2. Let Assumption 1 hold and m0 ∈P1(E). The following assertions hold:

(i) Given a weak solution α= (
�,F , F, P, Z, μ, (Wk,Qk)k∈K

)
to the McKean–Vlasov

branching diffusion SDE in the sense of Definition 2, the probability P̄ := P ◦ (Z, μ)−1

provides a solution to the corresponding martingale problem in the sense of Definition 5.

(ii) Given a solution P̄ to the martingale problem for McKean–Vlasov branching diffusion
in the sense of Definition 5, there exist, in a possibly enlarged space, Brownian motions
and Poisson random measures which, together with the canonical space (�̄, F̄T , F̄, P̄),
give a weak solution in the sense of Definition 2.

Proof. The proof is similar to [8, Lemma 4.4]. Let α be a weak solution defined as above, and
P̄ := P ◦ (Z, μ)−1. We aim to prove that P̄ solves the martingale problem for McKean–Vlasov
branching diffusion. It is straightforward to check that P̄ ◦ Z̄−1

0 = m0 and μ̄t =LP̄(Z̄t∧· | μ̄t).
Then, given h : DE →R and g : P(DE) →R arbitrary bounded measurable maps, we observe
that, for any 0 ≤ s ≤ t ≤ T ,

EP
[
h(Zs∧·)g(μ)

(
M̃�ϕ,μ

t − M̃�ϕ,μ
s

)
(Z)
]=EP̄

[
h(Z̄s∧·)g(μ̄)

(
M̃�ϕ,μ̄

t − M̃�ϕ,μ̄
s

)
(Z̄)
]

=EP̄
[
EP̄
[
h(Z̄s∧·)

(
M̃�ϕ,μ̄

t − M̃�ϕ,μ̄
s

)
(Z̄) | μ̄]g(μ̄)

]
=EP̄

[
Eμ̄
[
h(Z̃s∧·)

(
M̃�ϕ,μ̄

t − M̃�ϕ,μ̄
s

)]
g(μ̄)

]
,

where the last equality comes from μ̄=LP̄(Z̄ | μ̄). In addition, it follows easily from Itô’s

formula that EP
[
h(Zs∧·)g(μ)

(
M̃�ϕ,μ

t − M̃�ϕ,μ
s

)
(Z)
]= 0. By the arbitrariness of g, we deduce

that Eμ̄(ω̄)
[
h(Z̃s∧·)

(
M̃�ϕ,μ̄(ω̄)

t − M̃�ϕ,μ̄(ω̄)
s

)]= 0, P̄-almost surely (a.s.). We conclude, by the

arbitrariness of h, that M̃�ϕ,μ(ω̄) is a (μ̄(ω̄), F̃)-martingale for P̄-almost every ω̄ ∈ �̄.
Conversely, by similar arguments to Proposition 1, if we have a solution to the mar-

tingale problem, we can construct, in a possibly enlarged space, Brownian motions and
Poisson random measures to obtain a weak solution to the McKean–Vlasov branching
diffusion SDE. �

4.2. Tightness of n interacting branching diffusions

Let (αn)n≥1 be a sequence of n interacting branching diffusions in the sense of Definition 3,
i.e. αn = (

�n,Fn, Fn, Pn, (Zi)i=1,...,n, (Wi,k,Qi,k)k∈K,i=1,...,n
)

is a weak solution to the SDE
(9) with initial condition m0 ∈P(E). We consider the corresponding sequence of probability
measures (P̄n)n≥1 on the canonical space �̄=DE ×P(DE), given by

P̄n := 1

n

n∑
i=1

Pn ◦ (Zi, μn)−1, where μn := 1

n

n∑
i=1

δZi .

The goal of this section is to establish the tightness of this sequence. To this end, we first
provide an estimate for the number of particles in each of the n branching diffusion processes.

Lemma 4. Let Assumption 1 hold, and m0 ∈P1(E). Then supn≥1 E
P

n
[ sup0≤t≤T{#K1

t }]<∞.

Proof. By similar arguments to Lemma 1, we have EP
n
[ sup0≤t≤T{#K1

t }] ≤EP
n
[#K1

0]eγ̄MT .
The conclusion then follows from the fact that EP

n
[#K1

0] = ∫
E〈e, 1〉 m0(de)<+∞. �
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Proposition 3. Let Assumptions 1 and 3 hold, and m0 ∈P1(E). Then the sequence (P̄n)n≥1 is
tight in P(�̄).

Proof. In view of [30, Proposition 2.2(ii)], the tightness of (P̄n)n≥1 is equivalent to the
tightness of (EP

n
[μn])n≥1, where, for all ϕ : DE →R measurable bounded,

〈
EP

n
[μn], ϕ

〉
:= EP

n
[〈μn, ϕ〉] = 1

n

n∑
i=1

EP
n
[ϕ(Zi)] =EP

n
[ϕ(Z1)].

Therefore, it suffices to prove the tightness of (Pn ◦ (Z1)−1)n≥1 in P(DE).
Recall that the process Z1

t =∑
k∈K1

t
δ(k,X1,k

t ) takes values in E equipped with the distance
dE defined in (1), and that we consider the associated Skorokhod topology on DE. We aim to
apply Aldous’ criterion of tightness (see, e.g., [2, Theorem 16.10]). Namely, we have to prove
the following assertions:

• For all ε > 0, there exist n0 ∈N and K > 0 such that

for all n ≥ n0, P
n(sup0≤t≤T dE(Z1

t , e0) ≥ K
)≤ ε, (22)

where e0 is the null measure on K×Rd.

• For all ε > 0,

lim
δ→0

supn≥1 supτ∈T n Pn(dE(Z1
τ , Z1

(τ+δ)∧T )> ε
)= 0, (23)

where T n is the collection of all [0, T]-valued stopping times on (�n,Fn, Fn).

The first condition (22) follows directly from Lemma 4 and Markov’s inequality by observ-
ing that dE(Z1

t , e0) = #K1
t . Regarding the second condition (23), given δ > 0, n ≥ 1, and

τ ∈ T n, we write τ ′ := (τ + δ) ∧ T and observe that

dE(Z1
τ , Z1

τ ′ )

≤
∑
k∈K1

τ

∣∣X1,k
τ ′ − X1,k

τ

∣∣∧ 1

+
∫

(τ,τ ′]×[0,γ̄ ]×[0,1]

∑
k∈K1

s−

∑
�≥0

(�+ 1)1I�(s,X
1,k
s∧·,μn

s−)×[0,γ (s,X1,k
s∧·,μn

s−)](z) Q1,k(ds, dz). (24)

The second term corresponds to the number of particles in ∪τ≤s≤τ ′K1
s �K1

τ ′ as it counts the
total number of particles born or dead between τ and τ ′. As for the first term, it provides an
upper bound for the contribution of particles in the common set K1

τ ∩ K1
τ ′ to the distance dE by

neglecting the potential death of particles. Here there is a slight abuse of notation as we need
to extend the path of particles who have died before time τ ′ as solution to SDE (5).

We start by dealing with the first term on the right-hand side of (24). Notice that

EP
n

[ ∑
k∈K1

τ

∣∣X1,k
τ ′ − X1,k

τ

∣∣]≤EP
n

[ ∑
k∈K1

τ

( ∫ τ ′

τ

∣∣b(s, X1,k
s∧·, μn

s

)∣∣ ds +
∣∣∣∣
∫ τ ′

τ

σ
(
s, X1,k

s∧·, μn
s

)
dW1,k

s

∣∣)].
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On the one hand, we have EP
n[∑

k∈K1
τ

∫ τ ′
τ

∣∣b(s, X1,k
s∧·, μn

s )
∣∣ ds

]≤ ‖b‖∞δ EP
n
[#K1

τ ]. On the
other hand, it follows from the Burkholder–Davis–Gundy inequality that

EP
n

[ ∑
k∈K1

τ

∣∣∣∣
∫ τ ′

τ

σ
(
s, X1,k

s∧·, μn
s

)
dW1,k

s

∣∣∣∣
]

=
∑
k∈K

EP
n
[∣∣∣∣
∫ τ ′

τ

1k∈K1
τ
σ
(
s, X1,k

s∧·, μn
s

)
dW1,k

s

∣∣∣∣
]

≤
∑
k∈K

C1E
P

n
[( ∫ τ ′

τ

1k∈K1
τ
σ
(
s, X1,k

s∧·, μn
s

)2 ds

)1/2]

≤ C1‖σ‖∞
√
δ EP

n
[#K1

τ ].

Combining both the above estimates, we deduce that

EP
n

[ ∑
k∈K1

τ

∣∣X1,k
τ ′ − X1,k

τ

∣∣]≤ C(δ + √
δ)EP

n
[sup0≤t≤T #K1

t ].

As for the second term on the right-hand side of (24), direct computation yields

EP
n

[ ∫
(τ,τ ′]×[0,γ̄ ]×[0,1]

∑
k∈K1

s−

∑
�≥0

(�+ 1)1I�(s,X
1,k
s∧·,μn

s−)×[0,γ (s,X1,k
s∧·,μn

s−)](z) Q1,k(ds, dz)

]

=EP
n

[ ∫ τ ′

τ

∑
k∈K1

s

γ
(
s, X1,k

s∧·, μn
s

)∑
�≥0

(�+ 1)p�
(
s, X1,k

s∧·, μn
s

)
ds

]

≤ γ̄ (M + 1)δ EP
n
[ sup0≤t≤T #K1

t ].

It follows that EP
n[

dE
(
Z1
τ , Z1

(τ+δ)∧T

)]≤ C(δ + √
δ)EP

n
[ sup0≤t≤T #K1

t ]. In light of Lemma 4,
we deduce that the second condition (23) holds by Markov’s inequality. �

4.3. Proof of Theorem 3

Proof of Theorem 3. Recall that the tightness of (Pn ◦ (μn)−1)n≥1 was established in

Proposition 3. More precisely, it was proved that the sequence P̄n := (1/n)
∑n

i=1 P
n ◦

(Zi, μn)−1 is tight in P(�̄). Let us consider a subsequence, still denoted by (P̄n)n≥1, converging
weakly to P̄. We aim to prove that P̄ is a solution to the martingale problem for McKean–
Vlasov branching diffusion in the sense of Definition 5. The conclusion then follows from
Proposition 2.

First, it is easy to check that P̄ ◦ Z̄−1
0 = m0. Indeed, we have Pn ◦ (Zi

0)−1 = m0 for each
i = 1, . . . , n, and so P̄n ◦ Z̄−1

0 = m0. Then we can pass to the limit as Z̄0 is continuous for the
Skorokhod topology.

Next, by the definition of P̄n, it is easy to see that LP̄
n
(Z̄t∧· | μ̄t) = μ̄t, P̄n-a.s. for all t ∈

[0, T]. Indeed, for all φ ∈ Cb(P(�̃),R) and ψ ∈ Cb(DE,R),

EP̄
n
[ψ(Z̄t∧·)φ(μ̄t)] = 1

n

n∑
i=1

EP
n
[ψ(Zi

t∧·)φ(μn
t )] =EP̄

n
[〈μ̄t, ψ〉φ(μ̄t)].

It follows by passing to the limit that EP̄[ψ(Z̄t∧·)φ(μ̄t)] =EP̄[〈μ̄t, ψ〉φ(μ̄t)]. We conclude that
LP̄(Z̄t∧· | μ̄t) = μ̄t, P̄-almost everywhere for all t ∈ [0, T].
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It remains to prove that M̃�ϕ,μ̄(ω̄) is a (μ̄(ω̄), F̃)-martingale for P̄-almost every (a.e.) ω̄ ∈ �̄.
Equivalently, we aim to show that, for all 0 ≤ s ≤ t ≤ T and h : �̃→R bounded continuous and

F̃s–measurable, EP̄
[〈
μ̄,
(
M̃�ϕ,μ̄

t − M̃�ϕ,μ̄
s

)
h
〉2]= 0. We start by observing that M̃�ϕ,μ

n

t (Zi)
is a martingale under Pn with representation

M̃�ϕ,μ
n

t (Zi) =�ϕ(Zi
0) +

∫ t

0
�′
ϕ(Zi

s)
∑
k∈Ki

s

Dϕk(Xi,k
s )σ

(
s, Xi,k

s∧·, μn
s

)
dWi,k

s

+
∫

(0,t]×[0,γ̄ ]×[0,1]

∑
k∈Ki

s−

Gi,k
s (z) Q̄i,k(ds, dz),

where Q̄i,k(ds, dz) := Qi,k(ds, dz) − ds dz is the compensated Poisson random measure, and

Gi,k
s (z) :=

∑
�≥0

(
�ϕ

(
Zi

s− +
�∑

j=1

δ(kj,Xi,k
s )

)
−�ϕ(Zi

s−)

)
1I�(s,X

i,k
s∧·,μn

s−)×[0,γ (s,Xi,k
s∧·,μn

s−)](z).

Since (Wi,k,Qi,k)k∈K,i=1...,n are independent Brownian motions and Poisson random measures,

the martingales
(
M̃�ϕ,μ

n

t (Zi)
)

i=1,...,n are orthogonal under Pn. It follows that

EP̄
n[〈
μ̄,
(
M̃�ϕ,μ̄

t − M̃�ϕ,μ̄
s

)
h
〉2]=EP

n

[(
1

n

n∑
i=1

h(Zi)
(
M̃�ϕ,μ

n

t (Zi) − M̃�ϕ,μ
n

s (Zi)
))2]

= 1

n2

n∑
i=1

EP
n[

h(Zi)2(M̃�ϕ,μ
n

t (Zi) − M̃�ϕ,μ
n

s (Zi)
)2]

= 1

n
EP

n[
h(Z1)2(M̃�ϕ,μ

n

t (Z1) − M̃�ϕ,μ
n

s (Z1)
)2].

In addition, the increment M̃�ϕ,μ
n

t (Z1) − M̃�ϕ,μ
n

s (Z1) admits the following quadratic varia-
tion:

∫ t

s
�′
ϕ(Z1

r )2
∑
k∈K1

r

∣∣Dϕk(X1,k
r )σ (r, X1,k

r∧·, μn
r )
∣∣2 dr +

∫ t

s

∫
[0,γ̄ ]×[0,1]

∑
k∈K1

r

G1,k
r (z)2 dz dr.

By Assumption 1, together with the fact that � ∈ C2
b(R) and ϕ ∈ C2

b(K×Rd), there exists a
constant C> 0, which may vary from line to line, such that

∫ t

s
�′
ϕ(Z1

r )2
∑
k∈K1

r

∣∣Dϕk(X1,k
r )σ

(
r, X1,k

r∧·, μn
r

)∣∣2 dr ≤ C
∫ t

s
#K1

r dr
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and∫ t

s

∫
[0,γ̄ ]×[0,1]

∑
k∈K1

r

G1,k
r (z)2 dz dr

=
∫ t

s

∑
k∈K1

r

γ
(
r, X1,k

r∧·, μn
r

)∑
�≥0

(
�ϕ

(
Z1

r +
�∑

j=1

δ(kj,X1,k
r )

)
−�ϕ(Z1

r )

)2

p�
(
r, X1,k

r∧·, μn
r

)
dr

≤ C
∫ t

s
#K1

r dr.

Along with Lemma 4, it follows that

EP̄
n[〈
μ,
(
M̃�ϕ,μ

t − M̃�ϕ,μ
s

)
h
〉2]≤ C‖h‖2(t − s)

n
EP

n
[ sups≤r≤t #K1

r ] −−−→
n→∞ 0.

Finally, following the arguments in the proof of [6, Lemma 4.14], we can prove, up to the
localizing sequence τ̃ñ := inf{r ≥ 0; 〈Z̃r, 1〉 ≥ ñ}, that the following convergence holds: for all
s, t /∈ D

P̄
, a countable subset of [0, T], such that s ≤ t,

EP̄
n[〈
μ̄,
(
M̃�ϕ,μ̄

t∧τ̃ñ
− M̃�ϕ,μ̄

s∧τ̃ñ

)
h
〉2]−−−→

n→∞ EP̄
[〈
μ̄,
(
M̃�ϕ,μ̄

t∧τ̃ñ
− M̃�ϕ,μ̄

s∧τ̃ñ

)
h
〉2].

Note that τ̃ñ is continuous for the Skorokhod topology in view of [19, Proposition VI.2.7].

This proves that, for all s, t /∈ D
P̄

, P̄-a.e. ω̄,
〈
μ̄(ω̄),

(
M̃�ϕ,μ̄(ω̄)

t∧τ̃ñ
− M̃�ϕ,μ̄(ω̄)

s∧τ̃ñ

)
h
〉= 0. Using the

right-continuity of M̃�ϕ,μ̄(ω̄), we obtain that this equality actually holds for all 0 ≤ s ≤ t ≤
T , and thus the stopped process M̃�ϕ,μ̄(ω̄)

τ̃ñ∧· is a (μ̄(ω̄), F̃)-martingale for P̄–a.e. ω̄. Finally,

we observe that, by arguments similar to Lemma 4, Eμ̄(ω̄)[ sup0≤t≤T 〈Z̃t, 1〉]<∞, P̄-a.s., so

that the process M̃�ϕ,μ̄(ω̄) is uniformly integrable and thus is a (μ̄(ω̄), F̃)-martingale. This
concludes the proof of Theorem 3. �

Appendix A. Stability of McKean–Vlasov branching diffusion

Let b̃, σ̃ , γ̃ , (p̃�)�≥0 be respectively the drift, diffusion coefficient, death rate, and progeny
distribution satisfying Assumptions 1 and 2. Let ξ̃ be an E-valued F0-random variable such
that E[〈ξ̃ , 1〉]<+∞. Denote by Z̃t := ∑

k∈K̃t
δ(k,X̃k

t ) the unique solution to the SDE (6) and

(7) with coefficients b̃, σ̃ , γ̃ , (p̃�)�≥0 and initial condition ξ̃ instead of b, σ , γ , (p�)�≥0, and ξ .

Proposition 4. (Stability of SDE). Let Assumptions 1 and 2 hold, and assume that E[〈ξ, 1〉]<
+∞. Let Z be the unique solution to the SDE (6) with (7), and Z̃ be defined as above. Then
there exists a constant C> 0 such that

E[d(Z, Z̃)] ≤ C

(
E[dE(ξ, ξ̃ )] + ‖b − b̃‖∞ + ‖σ − σ̃‖∞ + ‖γ − γ̃ ‖∞ +

∥∥∥∥∥
∑
�≥0

�|p� − p̃�|
∥∥∥∥∥∞

)
.

Proof. Most of the proof follows from the estimates established in Lemma 3. Write K�
t :=

Kt�K̃t and K∩
t = Kt ∩ K̃t, and recall that dT (Z, Z̃) = sup0≤t≤T dE(Zt, Z̃t), where dE(Zt, Z̃t) =

#K�
t +∑

k∈K∩
t

∣∣Xk
t − X̃k

t

∣∣∧ 1. By using similar arguments to Step 1 of the proof of Lemma 3,
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namely, combining (12) with (13), (14), and (16), that

E[ sup0≤t≤T #K�
t ] ≤E[#K�

0 ] + γ̄ME

[ ∫ T

0
#K�

t dt

]

+
(

(M + 1)‖γ − γ̃ ‖∞ + γ̄

∥∥∥∥∑
�≥0

�|p� − p̃�|
∥∥∥∥∞

)
E

[ ∫ T

0
#K∩

t dt

]
.

In addition, it follows from similar arguments to Step 2 of the proof of Lemma 3 that

E

[
sup0≤t≤T

∑
k∈K∩

t

∣∣Xk
t − X̃k

t

∣∣∧ 1

]
≤E

[ ∑
k∈K∩

0

∣∣Xk
0 − X̃k

0

∣∣∧ 1

]
+ ‖b − b̃‖∞E

[ ∫ T

0
#K∩

t dt

]

+ C1
√

T‖σ − σ̃‖∞E

[∑
k∈K

sup0≤t≤T 1k∈K∩
t

]

+ γ̄ME

[ ∫ T

0

(
#K�

t +
∑

k∈K∩
t

∥∥Xk
t∧· − X̃k

t∧·
∥∥) dt

]
.

Combining both the above inequalities together with the following consequence of Lemma 1,

E

[ ∫ T

0
#K∩

t dt

]
≤ TE

[∑
k∈K

sup0≤t≤T 1k∈K∩
t

]
≤ C0Teγ̄MT ,

where C0 := max(E[#K0],E[#K̃0]), we deduce that

E[dT (Z, Z̃)] ≤E[dE(Z0, Z̃0)] + 2γ̄M
∫ T

0
E[dt(Z, Z̃)] dt

+ C

(
‖b − b̃‖∞ + ‖σ − σ̃‖∞ + ‖γ − γ̃ ‖∞ +

∥∥∥∥∥
∑
�≥0

�|p� − p̃�|
∥∥∥∥∥∞

)

for some constant C> 0. The conclusion follows immediately by Grönwall’s lemma. �

Funding information

Xiaolu Tan’s research is partially supported by the Hong Kong RGC General Research Fund
(projects 14302921).

Competing interests

There were no competing interests to declare which arose during the preparation or
publication process of this article.

References

[1] BANSAYE, V. AND MÉLÉARD, S. (2015). Stochastic Models for Structured Populations. Springer, Berlin.
[2] BILLINGSLEY, P. (2013). Convergence of Probability Measures. John Wiley, Chichester.
[3] CAO, W., REN, Z. AND TAN, X. (2026). Quantitative weak propagation of chaos for McKean–Vlasov branching

diffusion processes. Preprint, arXiv:2601.08330.

https://doi.org/10.1017/jpr.2026.10097 Published online by Cambridge University Press

https://arxiv.org/abs/2601.08330
https://doi.org/10.1017/jpr.2026.10097


McKean-Vlasov branching diffusion 25

[4] CLAISSE, J. (2018) Optimal control of branching diffusion processes: A finite horizon problem. Ann. Appl.
Prob. 28, 1–34.

[5] CLAISSE, J., KANG, J., LAN, T. AND TAN, X. (2025). Optimal control of McKean–Vlasov branching diffusion
processes. Preprint, arXiv:2512.00633.

[6] CLAISSE, J, REN, Z. AND TAN, X. (2023) Mean field games with branching. Ann. Appl. Prob. 33, 1034–1075.
[7] DAWSON, D. A., MAISONNEUVE, B., SPENCER, J. AND DAWSON, D. (1993). Measure-Valued Markov

Processes. Springer, Berlin.
[8] DJETE, M. F., POSSAMA, D. AND TAN, X. (2022). McKean–Vlasov optimal control: The dynamic program-

ming principle. Ann. Prob. 50, 791–833.
[9] DJETE, M. F., POSSAMA, D. AND TAN, X. (2022). McKean–Vlasov optimal control: Limit theory and

equivalence between different formulations. Math. Operat. Res. 47, 2891–2930.
[10] EKREN, I., HE, X., LAN, T. AND TAN, X. (2026) Comparison of viscosity solutions for a class of non-linear

PDEs on the space of finite nonnegative measures. Preprint, arXiv:2601.10586.
[11] Etheridge, A. (2000). An Introduction to Superprocesses. American Mathematical Society, Providence, RI.
[12] FONTBONA, J. AND MÉLÉARD, S. (2015). Non-local Lotka–Volterra system with cross-diffusion in an

heterogeneous medium. J. Math. Biol. 70, 829–854.
[13] FONTBONA, J. AND MUÑOZ-HERNÁNDEZ, F. (2022). Quantitative mean-field limit for interacting branching

diffusions. Electron. J. Prob. 27, 1–32.
[14] HE, X. (2025). On the limit theory of mean field optimal stopping with non-Markov dynamics and common

noise. Stoch. Process. Appl. 188, 104681.
[15] HENRY-LABORDERE, P., OUDJANE, N., TAN, X., TOUZI, N. AND WARIN, X. (2019). Branching diffusion

representation of semilinear PDEs and Monte Carlo approximation. Ann. Inst. H. Poincaré Prob. Statist. 55,
184–210.

[16] HENRY-LABORDERE, P., TAN, X. AND TOUZI, N. (2014). A numerical algorithm for a class of BSDEs via the
branching process. Stoch. Process. Appl. 124, 1112–1140.

[17] HUANG, M., MALHAMÉ, R. P. AND CAINES, P. E. (2006). Large population stochastic dynamic games:
Closed-loop McKean–Vlasov systems and the Nash certainty equivalence principle. Commun. Inf. Syst. 6,
221–252.

[18] IKEDA, N., NAGASAWA, M. AND WATANABE, S. (1968). Branching Markov processes I. J. Math. Kyoto U. 8,
233–278.

[19] JACOD, J. AND SHIRYAEV, A. N. (2003). Limit Theorems for Stochastic Processes (Grundlehren der
mathematischen Wissenschaften 288). Springer, Berlin.

[20] JOURDAIN, B., MÉLÉARD, S. AND WOYCZYNSKI, W. (2008). Nonlinear SDEs driven by Lévy processes and
related PDEs. ALEA 4, 1–29.

[21] KAC, M. (1956). Foundations of kinetic theory. In Proc. 3rd Berkeley Symp. Math. Statist. Prob. Vol. 3.
Berkeley, CA: University of California Press, pp. 171–197.

[22] KHARROUBI, I. AND OCELLO, A. (2024). A stochastic target problem for branching diffusion processes. Stoch.
Process. Appl. 170, 104278.

[23] KURTZ, TG. (2010). Equivalence of stochastic equations and martingale problems. Stoch. Anal. 2011, 113–130.
[24] LACKER, D. (2017). Limit theory for controlled McKean–Vlasov dynamics. SIAM J. Control Optim. 55, 1641–

1672.
[25] LASRY, J. M. AND LIONS, P. L. (2007). Mean field games. Japanese J. Math. 2, 229–260.
[26] MCKEAN, H. P. (1967). Propagation of chaos for a class of non-linear parabolic equations. In Stochastic

Differential Equations (Lect. Ser. Differential Equations, Session 7). Catholic University, Washington, DC,
pp. 41–57.

[27] NISIO, M. (1985). Stochastic control related to branching diffusion processes. J. Math. Kyoto U. 25, 549–575.
[28] SKOROKHOD, A. V. (1964). Branching diffusion processes. Theory Prob. Appl. 9, 445–449.
[29] STROOCK, D. W. AND VARADHAN, S. S. (1997). Multidimensional Diffusion Processes. Springer, New York.
[30] SZNITMAN, A. S. (1991). Topics in propagation of chaos. In Ecole d’été de probabilités de Saint-Flour XIX –

1989. Springer, Berlin, pp. 165–251.
[31] USTUNEL, S. (1981) Construction of branching diffusion processes and their optimal stochastic control. Appl.

Math. Optim. 7, 11–33.

https://doi.org/10.1017/jpr.2026.10097 Published online by Cambridge University Press

https://arxiv.org/abs/2512.00633
https://arxiv.org/abs/2601.10586
https://doi.org/10.1017/jpr.2026.10097

	Introduction
	Notation

	Main results
	McKean"2013`Vlasov branching diffusion
	Strong solution and well-posedness
	Weak solution and propagation of chaos

	Strong formulation and well-posedness
	Technical lemmas
	Proof of Theorem 1

	Weak formulation and propagation of chaos
	Martingale problem formulation
	Martingale problem for n interacting branching diffusions.
	Martingale problem for McKean"2013`Vlasov branching diffusion.

	Tightness of n interacting branching diffusions
	Proof of Theorem 3

	Stability of McKean"2013`Vlasov branching diffusion
	Funding information
	Competing interests
	References

