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Recently, Chen, Hsiau & Yang [1] proposed a new two-urn model with red and white balls
and showed that the fractions of red balls in both urns converge almost surely to the same
limit. We extend the results for the two-urn model to the g-urn model (¢ > 3) with similar
dynamics of drawing and adding balls. We use matrix forms and martingale theory to
show that the fractions of red balls in all urns converge almost surely to the same limit.

1. INTRODUCTION

The study of urn models has a long history. The Pélya urn model and the Ehrenfest urn
model are two examples of famous urn models. The Poélya urn model was introduced by
Eggenberger and Pélya [3], and described briefly as follows. There is an urn that initially
contains 7 red and w white balls. A ball is drawn at random and then replaced along with
¢ balls of the same color. Repeat the above procedure ad infinitum. It is a well-known fact
that the fraction of red balls converges almost surely to a beta distributed random variable
with parameters r/c and w/c. The Ehrenfest urn model was originally proposed as a model
for dissipation of heat. Briefly, there are m balls numbered 1 to m distributed between two
urns, say urn A and urn B. Randomly choose an integer between 1 to m and transfer the
ball with this number to the other urn. After n transferences, the probability distribution
of the number of balls in urn A is concerned; see Kac [4] and Takécs [7]. There are several
generalizations and applications of these two models can be found in the literature. For a
detailed review about urn models see, for example, Kotz and Balakrishnan [5] as well as
Mahmoud [6].

In 2005, Chen and Wei [2] proposed a generalization of Pélya urn, in which more than
one ball are drawn at each time step. They used martingale theory to show that the fraction
of red balls converges almost surely to an absolutely continuous random variable. In 2012,
Chen, Hsiau & Yang [1] proposed a two-urn model with red and white balls whose main
character is that we add balls to are the other urn, not the urn from which we drew balls.
More precisely, assume there are two urns, say urn A and urn B. At the beginning, urn A
contains r4 red and w4 white balls and urn B contains rg red and wg white balls. We

© Cambridge University Press 2014  0269-9648/15 $25.00 99

https://doi.org/10.1017/50269964814000230 Published online by Cambridge University Press


file:mayru@faculty.nsysu.edu.tw
file:srhsiau@cc.ncue.edu.tw
https://doi.org/10.1017/S0269964814000230

100 M.-R. Chen and S.-R. Hsiau

first draw m balls from urn A and note their colors, say i red and m — ¢ white balls. Then
return them into urn A and add bi red and b(m — ) white balls into urn B. Next, we draw
£ balls from urn B and note their colors, say j red and ¢ — j white balls. Then return them
into urn B and add aj red and a(¢ — j) white balls into urn A. Repeat the above action
n times and let X,, and Y}, be the respective fraction of red balls in each urn. They first
showed that £ X, and EY,, converge to the same limit and then used martingale theory to
show that X,, and Y,, converge to the same limit almost surely.

An interesting line of research would be to extend the results for the two-urn model to
a g-urn model (¢ > 3). The dynamics of the g-urn model are similar to the two-urn model.
For the g-urn model, we also want to get the results similar to those given in the two-urn
model. To study the limit of the fraction of red balls in each urn, it needs, like the two-urn
model, to construct recurrence relations among the fractions of red balls in ¢ urns. We find
it is suitable to express these recurrence relations in matrix form and take texicab norm for
derivations. For clarity of expression, we first consider the three-urn model in Section 2. In
this section, we first describe the dynamics of the model and introduce the notations. Next,
we show that the expectations of the fractions of red balls in every urn converge to the
same limit. In the final part of Section 2, we show that the fractions of red balls in every
urn converge almost surely to the same limit. The main tool we use is martingale theory.
Because we should deal with matrices, the derivation and estimate are more complicated
than the case of two-urn model. In Section 3, for ¢ > 4, the g-urn model is investigated but
the proofs are just outline because they are similar to the proofs of three-urn model.

2. THREE-URN MODEL

In this section, we first introduce a three-urn model. Then we show that the respective
limits of the expectations of the fraction of red balls in every urn converge to the same
limit. Finally, we use martingale theory to show that the respective limits of the fractions
of red ball in every urn converge almost surely to the same limit.

Assume that there are three urns, say urn A, urn B and urn C'. Suppose at the beginning,
there are zot 4,0 red and (1 — x)t4,0 white balls in urn A4; yotp o red and (1 — yo)tp,o white
balls in urn B; zotc,o red and (1 — zg)tc,o white balls in urn C, where ¢4, tp,0 and tc
are the respective number of balls in urns A, B and C, and xg, yo and 2y are the respective
fraction of red balls in urns A, B and C. First, draw my4 balls (ma <ta) from urn A
and note their colors, say i red and m 4 — ¢ white balls. Then return them into urn A and
add bi red and b(m4 — i) white balls into urn B. Next, draw mp balls (mp < tpo+ bma)
from urn B and note their colors, say j red balls and mp — j white balls. Then return them
into urn B and add ¢j red and ¢(mp — j) white balls into urn C. Next, draw m¢ balls
(me <tco+cmp) from urn C' and note their colors, say k red balls and mc — k white
balls. Then return them into urn C' and add ak red and a(m¢ — k) white balls into urn A.
Repeat the above action ad infinitum.

After the nth action, let Rs(n), Rp(n) and Rc(n) be the respective numbers of red
balls in urns A, B and C and X, Y, and Z, the respective fractions of red balls in
urns A, B and C. Then X,, = Rs(n)/tan, Y, = Rp(n)/tpn and Z, = Rc(n)/tc,n, where
tan =tao+amen, tpy, =tpo +bman and tc, = tco + cmpn are the respective total
number of balls in urns A, B and C'. Let F,, denote the o-field generated by Xg, X1, ..., X,,
Yo, Y1,...,Y, and Zy, Z1,...,Z,. Then (Ra(n), Rg(n), Rc(n)) is clearly a Markov chain.
For clarity, let

Ra(n+1) = Ra(n) + amcU,y1;
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Rp(n+1)=Rg(n) +bmaVyiq;
Re(n+1) = Re(n) + empWiiq,

where m AV, 11, mpW, 11 and mcU,, 41 are the respective numbers of red balls drawn from
urns A, B and C at the (n + 1)th action. Then, we have for any nonnegative integer n,

_ Ra(n+ 1) _ tan Xy +amceUpir

Xn+1 - - Xn + an+1(Un+1 - Xn)7 (21)
tA,n—i—l tA,n+1
R 1) _ tppYn +bmaV,
Yn+1 = B(n + ) == B +oma 1 = Yn + ﬁn—&-l(vn-&-l - Yn)7 (2'2)
tBnt1 IBn+1
R 1 tcnsn W
Zn+1 _ C(n + ) — C, + cmp +1 _ Zn + ’7n+1(Wn+1 _ Zn), (2‘3)
tC,n+1 tC,n+1

where @41 = amc/tant, Bns1 = bma/tp 1 and V41 = emp/tens1. Note that

1 1 1 1 1 1
an:+0<2>; ﬂn:+0<2); 77L2+O(2>-
n n n n n n

Since maV,+1 is the number of red balls drawn from urn A, we see that maV, 1
is (conditionally) hypergeometric random variable with parameters ta ,, tanXn, ma,

and so
1 1 matanXn
E(Vni1 | Fn) = —E(maVpyr | Fp) = — <“) = X,. (2.4)
ma ma tan
Similarly,
1 T
EWpi1 | FpyVogr) = — <mBBv+1+1> =Y
mp tB.nt1
and

1 mctc, 1Lyt
E(Uns1 | Fry Vi1, Woi1) = — (”*”* = Znt1.
mc tC,n+1

From the above identities, it is easy to derive that
E(Wp4a | ]:n) = E(E(WnJrl | ]:mVnJrl) | '7:71) = E(YnJrl I ]:n)3 (2'5)
E(Un+1 | fn) = E(E(Un+1 | men-&-lv Wn+1) ‘ fn) = E(Zn-H | fn) (2'6)

2.1. The Limits of the Expectations

As in the two-urn model, the expectations of the fractions of red balls in all urns converge
to the same limit.

THEOREM 2.1: In the three-urn model, lim,, ... FX, =lim, .. FY, =lim, .., EZ,.
To prove Theorem 2.1, we use the texicab norm on vector space C? which is defined by
llv|l = |vi| + |va|, where v = (v1,vs) € C2.

With the texicab norm, it is natural to define a norm on 2 x 2 matrix space Ms(C) by

m m
| M| = |myi| + [maz| + |ma1| + |maa|, where M = { 11 12]_
ma1  M22

Furthermore, it is easy to derive that ||[MN| < ||M||[|N]| and ||Mv| < ||M]||v|| for any
M, N € M(C) and v € C2.
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Proof of Theorem 2.1: For all nonnegative integer n, let ¢,, = X,, —Y,, and ¥,, =Y,, — Z,,,
and let ¢, = E®,, and ¢, = EV,,. Using (2.2)-(2.6), we can derive that

EWVpi1 =Y | Fn) =X, = Y, = Oy (2.7)
E(UnJrl - Xn ‘ fn) - E(Zn+1 - Xn | fn) = _((I)n + \Ijn) +’7n+1\:[/n + /BnJrl’)/nJrl(I)na
(2.9)

which, combining with (2.1)-(2.3), imply that

E(Xn+1 | fn) =X, - anJrl((I)n +¥, — 'VnJrl‘I]n - ﬁn+17n+lq)n); (210)
E(Yn+1 | Fn) =Y, + ﬂn—&-lq)n; (2'11)
E(Zn+1 | fn) =Zn + ’)’n+1(\I}n + ﬁnJrl(I)n)’ (2'12)

Taking the expectation on both sides of (2.10)—(2.12), it is not difficult to get a recurrence
relation for {(én, ¥n)n>1,

b1 L—ani1 = Bnt1 + g 1Bni1 sl —Qnir + Qng1ns1| [4,
Ynt1] Un

ﬁnJrl - ﬁnJrl’VnJrl 1- Yn+1

= My [z:] : (2.13)

Here we define

1- Qo — ﬁn + anﬁn’Yn —Qp + AnYn
M, =

ﬁn - ﬁn’}/n 1- Tn

for n > 1. Because oy, = 1/n+ O(1/n?), B, = 1/n+ O(1/n?) and v,, = 1/n + O(1/n?), we
can represent M, as
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Then for n € ZT,

¢n _ ¢n71
|:'(/Jn:| N Mn |:wn—1:|

— (Mn _Nn) —d)n—l— +Nn |:¢7L—1:|

_'wnfl_ wnfl
_ o _¢n71_ _ _¢n72_ ¢n72
= (Mn Nn) _wn—l_ +Nn(Mn—1 Nn—l) _'(/Jn—Q_ + NN |:'(/}n—2:|

(M — N [8n1] _ (Gn—2] | ...
- (Mn Nn) _¢n—1_ +Nn(Mn71 anl) _wn—Q_ +

+ ﬁzNj (My — Ny) [Zﬂ“L ﬁNj {iﬂ (2.14)

By the definitions of ¢,, and ,, it is easy to see that |¢,| < 1 and [¢,| < 1. Hence, from
(2.14), we have

all [ [l
<||M, — N, + | Np ||| Mp—1 — Np— + -
5] < ot = 2| [ 2]+ vty = o [ G2
T i = | [22] |+ | T | [ 2]
L Yo 1 Yo
Jj=2 Jj=1
<2 1M = Nl + D TT Vo[ I1Me—1 = Necall + | TT V5| ). (215)
k=2 ||j=k j=1
Later we will show that there exists some constant p > 1 such that
p
M = Nell < - (2.16)
and
n k 3/2
N;|| < 2.17
H =7 <n + 1> (2.17)
j=k
hold for all n, k with n > k. Then, from (2.15),
3/2 3/2
bn ) 1 = k 1 1
<202 | —— ) S+ —
H|:¢n = (n+1)2+§2 n+1 2 \nr
2 n+1
< L
CESIEAVANE
4p?
< 7 2.18
< (2.18)
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which implies that |¢,| < 4p?/n and |1, < p?/n, and so ¢, — 0 and 1),, — 0. Moreover,
taking expectations on both sides of (2.11) yields that EY,, 11 = EY,, + 84165 and so

m4+n—1 m4+n—1 m+n—1 |¢‘
[BYmin = BYal = | 30 (BYi —BY)| < 3 finlsl < 30 20
j=n j=n j=n

Here the last inequality holds since §;41 =bma/[tpo+bma(j+1)] <1/(j+1). Using
(2.18),

+
Z pr_ Ayt At _Ap?
—|—1 n n+m - n

)

m+n—1

j=n j=n

which leads to |EY,4n — EY,| < 4p?/n, and so {EY, },>1 is a Cauchy sequence. Conse-
quently, lim,, .., FY,, exists, and so do lim,,_., FX,, and lim,,_.., £ Z, since lim,_., ¢, =

lim,, o0 ¥ = 0.
It remains to prove (2.16) and (2.17). Because M,, — N,, = €, and €, = (€;;(n))2x2 is a
2 x 2 matrix with €;;(n) = O(1/n?), (2.16) holds. To prove (2.17), let

Since the eigenvalues of L are 1 — w and 1 — w? with w = exp(27i/3), there exists Q € M(C)
such that L = Q™' DQ, where D = F Bw 1 _Ow2] . This leads to

L +
Nj=I-5=@ (I—>Q Q! [ /\}Q,

where

Thus,

>\+
||NnNn71 ...NkH B HQ_I |: ] ) ' :| QH
0 H] =k J

< 1 H[ j=k ] N ]‘
ol H] |1
" 3 3\Y?
=2||Q—1|||Q||H<1—j+j2) . (2.19)
=k
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<

2\ 1/2
Here the last identity holds since [A[|=[\|=AIA] = (1 -3+ %) . Using
l—z <e™™ x€R, and the fact 3 77, j72 = 7*/6, we have

This inequality and (2.19) imply that (2.17) holds, and hence the proof is complete. |

Remark 2.1: In the three-urn model, if xy = yg = zg, then ¢g = 19 = 0 and so by repeatedly
using (2.13), ¢, = 1, =0 for all n € N. Hence from the definitions of ¢, and v, we see
that £ X,, = EY,, = EZ, = x.

Remark 2.2: Applying (2.13) repeatedly yields that for a positive integer 7,

-

b0
Yo
tation of Y;, can be derived by repeatedly applying (2.11),

and consequently we get ¢; = v(M;M;_1--- M) [ ] , where v = [1 0]. Then the expec-

EY, 11 =y + Zﬁj+1¢j =90 + B1do + Zﬁjﬂv(Mijq - My) [ZZ] ; (2.20)

j=0 j=1
and so by Theorem 2.1
. L L - - bo
lim EX, = lim EZ, = lim EY, =y + B1¢o + Zﬂj_,_lv(Mij_l - My) )

n—00 n— 00 - ’L/J()
Jj=1

For example, if t4 0 = tp,o = tc,o and ame = bmy = cmp, thenty,, =tp,, = tc,, and
Qp = Brn = pn for n € N. These lead to for all positive integer k,

1—ak—az —aQyg tB b
o 1 B,k

where tp 1 =tpo — bma and Ly, is defined by

Ly =

1— oy —oz% —ak]

AL 1
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and consequently

T t
M;M;_y-- My = <H Bk 1) LiLj 1Ly = ( B’?) LiLj 1---Ly. (2.21)

Therefore, if t40 =tp,0 = tco and ame = bma = emp, then from (2.20), (2.21) and the
definition of Gy,

n—1
EY, =yo + Bi¢o + Z Bit1v(M;M;_y --- My) L(Zz]
j=1
n—1
bmA 1 ¢0
—yo+ [ —2 ) o+ bmat — = wL;Lj_,---L ,
Yo <t3,1 ) $o + bma B,O; (tB,th,jJrl) vljlj— 1 Lﬁo

where L;jL;_;--- Ly is defined as the identity matrix if j = 0. Thus, by Theorem 2.1

lim FX, = lim FZ, = lim EY,

+<bmA>¢ + bt i( L ) L.L L [%}
_ bma . S _
Yo tp.1 0 ATB0 = tB,itB,j+1 IRt ! o

Using mathematical software Maple 16, we have the following numerical result for T4(0) =
Tp(0) =Tc(0) =2 and bma = emp = ame = 1.

ZTo | Yo | 20 EYs5000 o | Yo | %0 EY5000

1 1 0.5 | 0.8569722334 0510 1 0.4901373901
1 051 0.8471054099 0 1 0.5 | 0.4488032023
051 1 0.7959223560 0 051 0.4389405929
1 0.5 ] 0.5 | 0.7040854010 0510510 0.3569740039
051 0.5 | 0.6528886058 0510 0.5 | 0.3471113942
05051 0.6430259961 0 0.5 | 0.5 | 0.2959145990
1 0510 0.5610594071 0510 0 0.2040854010
1 0 0.5 | 0.5511967977 0 0510 0.1528886058
051 0 0.5098626099 0 0 0.5 | 0.1430259961

Remark 2.3 In a three-urn model, assume t4 0 = tgo = tc,0 and ame = bmy = cmp = k.
Let w,, be the vector

wi =[ERa(n) ERp(n) ERc(n) ER%(n) ER%(n) ERE(n)
ERs(n)Rp(n) ERAs(n)Rc(n) ERp(n)Rc(n)],
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where w! is the transport of w,,. Then from the dynamics of three-urn model, it follows
that wy,+1 = K, 11wy, here K, is defined by

Kn+1 =
14" w ~ 0 0 0 0 0 o |
tt+r)2 (t+r)2 t+k
% 1 0 0 0 0 0 0 0
KZQ K
1 0 0 0 0 0 0
t(t + k) t+k
K4 K3 K2 14 2k3 0 0 2k2 2K 0
tt+r)2  (t+r)2 (t+kK)? t(t+ K)? (t + k)2 t+ K
K2 2K
0 0 0 1 0 — 0 0
t t ’
K3 K2 2k 2K
0 0 1 0
t(t+ k) t+k t(t+ k) t+k
K4 0 0 K K2 0 14 253 K2 K
t(t + k)2 t (t+ k)2 tt+r)2  tlt+r) t+r
t4 K3 0 K2 0 K K " 23 2k2
tt+rK)2  (t+ k)2 t(t+ k) t+k t+ K tt+ k)2 (t+ k)2
K3 K 2k2 K
0 0 0 0 - 1
L t(t+ k) t+k tt+ k) t _

where t = t 4 ,. Repeatedly using the recurrent relation of w,,, one can get w,, = H;.Lzl Kjwg
and so the variances of X,,, Y,, and Z,, can be derived.

2.2. Strong Convergence
Next, we further study the long-term behavior of the processes {X,}n>1, {Yn}n>1 and
{Zn}nZI

THEOREM 2.2: In the three-urn model, the fractions of red balls in urns A, B and C' converge
almost surely to the same limit.

To prove Theorem 2.2, we first need to prove the following theorem. Recall that &, =
Xp—Y,and ¥, =Y, — Z,.

THEOREM 2.3: In the three-urn model, {X, +Y, + Z, — Z;é Ay tn>1 is a bounded
martingale and X, +Y, + Z, converges almost surely, where A, = (Bpn+1 — Qnt1 +

an+1ﬁn+1’7n+l + ﬁnJrl’YnJrl)(Pn + (’YnJrl — Op41 + an+17n+1)\11n-
PRrROOF: From (2.10)—(2.12), we see that for any positive integer n,

E[Xn1+ Yo + Znya | Fol

=Xn + Yo+ Zn — ang1(Pn + ¥ — 11 %0 — Brt1Vn+1Pn) + Bot1®n
+ Y1 (Un + Brt1Pn)

=X, +Y,+7Z,+A,,

where Ay, = (Bnt1 — g1 + g1 Bt 1Vn+1 + Brnt1Vn+1)Pr + (Vg1 — Qg1 + Qngp1Yns1)
U,. Thus {X,,+Y, + 2, — ZZ;S Ap}n>1 is a martingale. Furthermore, since |®,| <1,
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1
6”"'1 —Qngr T+ O‘n+lﬂn+l’}/n+1 + ﬁn-i-l’)/n-i-l =0 ﬁ and

1
T+l — Ont1 + Opp1Yn+1 = O 2 )

it follows that Y, _, Aj converges almost surely. This implies that the martingale {X,, +
Yo + Zn — > 4o Ak }n>1 is bounded and therefore convergent almost surely. Hence {X,, +
Y., + Z,}n>1 converges almost surely. [ |

PROOF OF THEOREM 2.2: In view of Theorem 2.3, we have X,, +Y,, + Z,, converges almost
surely. If we can further prove that both X,, —Y,, and Y,, — Z,, converge to 0 almost surely,
then the proof is complete since X, = [(X,, + Y, + Z,) + 2(X,, — Yo) + (Y, — Z,,)]/3. In
the following, we prove that both ¢, = X,, —Y,, and ¥,, =Y,, — Z,, converge to 0 almost
surely.

From (2.1)-(2.3), we have

(I)n-‘rl - (Dn + a7z+1(Un+1 - Xn) - ﬁn-{—l(‘/n-i-l - Yn) = (I)n + 6n+1;
\Iln—&-l - \I]n + ﬂn—&-l(Vn—&-l - Yn) - "Yn+1(Wn+1 - Zn) = \Ijn + Sn—&-la
where 5n+1 = O471—‘,—1((]71—}-1 - Xn) - ﬁn-‘rl(vn-&-l - Yn) and Sn—i—l = ﬂn-‘rl(‘/n-‘rl - Yn) — Tn+1

(Wit — Zn). Note that |6,41] < 2/(n+1) and [6,11| < 2/(n + 1). Using (2.7)~(2.9), we
have that

E[®} 1 | Fal = @ + El6, 1 | Fal + 200 E[5p41 | Ful = @5 + B[54 | Fol
+ 2@ {ant1[—(Pn + V) + Y1V + Bnt1¥n+1Pn] — Bny1®n}
= (1 = 2an41 — 2Bp4+1)®2 — 20,119, V,, + E[62, 1 | Fo
+ 200041V +1Pn Wi + 2004181 Y019 (2.22)

and

E[\Iji—&-l | }—n] = \Iji =+ E[‘§721+1 | ‘7:71] + Q\I/nE[sn-‘rl | ]:n]
= \1/121 + E[&%-&-l | fn] =+ 2an[5ﬂ+1®n - 'Yn—&-l(\:[ln + ﬂn+1q)n)]
= (1= 27941) P2 426,119,V + E[0% 1 | Ful = 2801174120 ¥, (2.23)
Since |®,|,|¥,| <1 and a,y1 =1/(n+1)+O0(1/n?), Bur1 =1/(n+1) +O(1/n?) and
Yna1 = 1/(n+1) + O(1/n?), we see that

2 1 3
205n+17n+1\:[1n + 2an+1/6n+17n+1(1)31 S (7 + 0 <> S (7

n+1)2 n3 n+1)2
and
2 1 3
P17 (n+1)2 * (n3> (n+1)2
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Applying the above inequalities and the facts [6,1| < 2/(n + 1) and |6,41] < 2/(n + 1) to
(2.22) and (2.23), we get that

E[®2,, + V2, | F

14
< (1= 2041 = 2Bn41) P2 + (1 — 29041) V2 + 2(Bns1 — @ng1)Pn ¥y + m
< Tt (P2 +U2) + 2(Bpy1 — 1) 0¥ P
> Tn+41 n n n+1 n+1 n<*n (Tl+1)27
where 7,41 = max{l — 2,41 — 20541, 1 — 29,41} Since
3 b am,
n — Qp, = -
+ T g0+ bma(n+1)  tao+ame(n+1)
tA}U/amc —tB,O/bmA
- (n+1)2
[tao—tBol
(n+1)2 ’
one can derive that
A
2 2 2 2
B[O 1+ Vo | Fol < 7na (95, +95) + CESEL (2.24)
where A =14 + 2[t4 0 — tB,0]-
Since 7, < 1, it follows from (2.24) that
A A A A
E | ®? p2 —— | F | <®2 4+ 02 <92 492 4 =
nt1 T "+1+n+1’}-] < P0 + "+(n+1)2+n+1 < @+ ”+n

Hence {®2 + W2 + )/ n},>0 is a nonnegative supermartingale. Thus, by supermartin-
gale convergence theorem, {®2 + W2 + \/n},>¢ converges almost surely and so does
{®2 + W2}, 50 because lim,,_,oo A\/n = 0.
Moreover, observe that
0 <7, =max{1l — 2ay, — 20,1 — 29, }

=1- Qmin{ana ﬁnv’}/n}

1 1 1
<1—2min{ , , }
n+tao n+tpo n+ico

< n+t0—1
n+ 1o

)

where tg = max{ta0,tB,0,tc,0}. Then

k e ntto—1 t >
0< 1 <1 0o~ — o —0 and = < oo
i Ll < Jim T1 =200 = i g, =0 and D0 <o

Hence applying (2.24) and Lemma 2.1 which can be also found in [1] yields that lim,,
E[®2 + U2] = 0. Thus, by dominated convergence theorem, FE[lim,, . (®2 + ¥2)] =0
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and 8o lim,, . (®2 + ¥2) = 0 almost surely. Hence, we have both lim, .., ®, =0 and
lim,, o ¥,, = 0 almost surely.

LEMMA 2.4 (Chen et al.): Suppose {zn}n>0, {an}tn>1 and {b,}n>1 are nonnegative real
sequences satisfying Tp41 < Apy1Zn + bpy1, where 0 < a, <1 forn>1. If Hizl an — 0
and Y " by < o0, then x, — 0.

3. MORE THAN THREE-URN MODEL

In this section, we study an extension of the three-urn model to a g-urn model. Denote
the ¢ urns by Ag,..., A;. The dynamics of the g-urn model are analogous to the three-
urn model. After the nth action, let Xi(n),...,X,(n) be the respective fractions of red
balls in urns A,,...,A,. Denote the total number of balls in the jth urn by ¢;(n) and
a;j(n)=1—t;(n—1)/t;(n). Then for all j =1,2,...,q,

a;(n) :L+O(le)

As in the three-urn model, we have the following theorem.
THEOREM 3.1: In the g-urn model, lim, .. EX1(n) = --- = lim, o EX4(n).

PrOOF: Concerning the limits of EX1(n),..., EX,(n), one can adapt the argumentation
of Theorem 2.1, and we here outline the main steps and present the new ingredient of the
proof for the g-urn model. Let ®,(n) = X;(n) — X;+1(n) and let ¢;(n) = E®,(n) for all
n€Z"and j =1,2,...,q — 1. As the proof of Theorem 2.1,

$1(n+1) $1(n)
: = Mt :
¢q—1(n + 1) ¢q—1(n)

Since «j(n) =1/n+0(1/n*) for all j=1,2,...,q, M, can be decomposed as
M,, = N, + €,,, where N, =1—2/n, if ¢ = 2 and

o2 1 1 Lo 1
n n n n n n
1 1
— 1-—-— 0 0 0 0
n n
1 1
0 — 1—— 0 0 0
Nn: n n
1 1
0 0 0 - 1—-- 0
n n
1 1
0 0 0 - 0 S [
L n 'TL_

if ¢ > 3,and ¢, = (€;;(n))(g—1)x(¢—1) i@ ¢ — 1 X ¢ — 1 matrix with entries €;;(n) = O(1/n?).
If we can show that there exists some constant p > 1 such that

p

My — Ni|| < ——
125~ Nl <

(3.1)
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n k §
HNj Sp(n+1)

i=k

hold for all n, k with n > k, where § = 2sin’(7/q), then as the proof of Theorem 2.1,

¢1(n)
¢q—1(n)

n

+o | T | 1M = Nl

=2

¢1(7’L — 1)
: + | Nn || Mr—1 — Np—a|
Pg—1(n—1)
$1(0) n
+ 1 TT
¢q-1(0) =t

n n

<(g=1) | 1My = Nall + DN TT Vo || 1Me—1 = Nl + | TT ™

111
(3.2)
¢1 (?’L — 2)
¢q—1(.” - 2)
$1(0)
94-1(0)
j=1
(3.3)
(3.4)

k=2 ||j=k
1 kN1 1\’
< pXg—1 - —
spla—1) (n+1)2+k222<n+1> k2 (n+1)
2 _ n+1
<zl / dr ).
RV A=
Note that § = 1 if ¢ =4 and § # 1 otherwise. Thus (3.3) becomes
2/,
$1(n) plg=Dn(n+1) it q=4,
. n+1
S 2
: pg—1) 1 0—2 .
f 4
¢q,1(n) 51 |:TL—|—]_ (n+1)5 1 Q7é )
which implies that for all j =1,2,...,¢—1,
2(g—1)1 1
p~(q )+n1(n+ ) it g—4
n
§—1 |n+1 (n+1) 7%

and so lim,,_,o ¢;(n) =0 forall j =1,2,.

model, EXa(n + 1) = EX3(n) + az(n + 1)¢1(n) and so

m+n—1 m+n—1
S ask+ ek < Y
k=n k=n
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since ag(k +1) =1 —to(k)/t2(k + 1) < 1/(k + 1). Furthermore, using (3.4), we see that for

any q > 4,
m+n—1 m+n—1
[P1(R)] _ - In(k +1) 1
< —1
k; rr1 =Pl kz:% G+ 12 (A=0)(k+ 1o
[ ™" Inx 1 M dy
< 0*(q— - - —
<oy |[ ety [ ]
_ 2(g—1) [1+Inn  1+In(m+n) 1 1 1
| n m+n 5(1—=6) \n® (m+n)d
[1+1nn 1
< p*(q -
spla-1) | n * (5(1—5)715]

Then, as the proof of Theorem 2.1, one can derive that lim, .., EX;(n) exists for all

j=1...,q.
Note that (3.1) holds since the entries €;;(n) of €, satisfy €;;(n) = O(1/n?). To prove
(3.2), let
[ 2 1 1 1 1 1]
-1 1 0 0 0 0
0 -1 1 0 0 0
L =
0 0 0 -1 1 0
0 0 0 0 -1 1]
Then
L
J
and its eigenvalues are A1(j),...,A\q—1(j), where

1 2kmi
L, exp{ .M/q}v

Ae(4)=1— = k=1,...,qg—1,andi = v—1.
J J

Note that for all k =1,...,q—1,

o () )]
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and then, as the proof of Theorem 2.1, there exists a positive constant 7 independent on k
and n such that

n 4 4 Nz 1/2
Ny Ny Nell < ] |1 - s— 3 )i’ (5
j=k

q
/11
<nexp |—2 sin? <7r) Z < — 2)
/55 N\
= 1 "t
<nexp 2sin? (W> Z — | exp (—2 sin? (ﬂ-) / I)
/57 q) Jj=k <

=nex 71-—21112z i '
_nep 3S q ’TL+1 )

where § = 2sin?(7/q). Hence (3.2) holds. |

By calculating E| ;5.’:1 X,;(n + 1)|F,] and then adapting the argumentation of the proof
of Theorem 2.3, we have the following theorem and skip its proof here.

THEOREM 3.2: In the g-urn model, 23:1 X,;(n) converges almost surely.

Next, we further study the long-term behavior of the processes {X;(n)}n>1,

j=12,....q.
THEOREM 3.3: In the g-urn model, the fraction of red balls in urns A,..., A, converge
almost surely to the same limit, that is, lim, ..o X1(n) = --- = lim,,_. X,(n) almost surely.

PROOF: Since the proof of this theorem is similar to that of Theorem 2.1, and we here
outline the main steps and present the new ingredient of the proof for the g-urn model.
Recall that ®;(n) = X;(n) — X;11(n), n € Z* and j =1,2,...,q — 1. From the dynamics
of the g-urn model, we have that for all j =1,...,¢—1

O;(n+1)=2;(n)+d;(n+1),

where

Ju

q

Ebi(n+1) | Fp]l = — Zai(n +1)®1(n) —ai(n+1) )Y ®;(n)+0 (2)

n

Q

/|
v

i=1 j

and forall j=2,...,g—1

)

E[5;(n + 1) | Fal = aj(n + 1)®;_1(n) — a1 (n + 1)@;(n) + 0< ! ) |

n?
Note that [6;(n+1)| =|®;(n+1) — ®;(n)| <2/(n+1) for all j =1,...,¢— 1. More-
over,

E[®1(n+1)? | Fo] = ®1(n)? + 281 (n)E[61(n + 1)|F,] + E[(61(n + 1))?|F]

qg—1

= (1 - QZai(n + 1)) ®?(n) — 201 (n + 1)@ (n) Zéj(n) +0 (:2>

Jj=
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and for j=1,...,q—2

9

E[®j(n+1)* | Fu] = @;(n)? + 2@, (n) E[8; (n + 1)|Fu] + B[(8;(n +1))*|F]
= (1 — 2aj+1(n + 1))@3(71) + 20&j(’n + 1)<I>J_1(n)<I>J(n) + O <nl2> s

and so there are two sequences of positive constants {7, } and {\,} such that

3" B0, () | £
:(1—2204171—1—1) +qz (1—2a;41(n+1))03(n)

—23 ®;(n)[ar(n+1)@1(n) — a;(n+1)@;_1(n)] + O <an)
=2
q—1 A
= | W0 G

Here

q
Tat :max{l—ZZai(n—l—l),l—2a3(n+1),...,1—2aq(n—|—1)}
i=1
<max{l —2a1(n +1),1 —2a2(n+1),...,1 —2a,(n+1)}
< n 4+ to 7
“n+1l4tp

where to = max{t;(0),?2(0),...,t4(0)}. Next, adapting the argumentation of Theorem 2.2,
one can derive that lim,, ., ®;(n) = 0 almost surely for all j =1,2,...,¢— 1 and so, com-
bining with Theorem 3.2, the fractions of red balls in all urns converge almost surely to the
same limit. |

Remark 3.1: For the g-urn model, as in the three-urn model, we have ¢i(n)=---=

¢q(n) =01if 21(0) = --- = 24(0), and so EX;(n) = —EX()_xl()foraHneN We
also have that

le EXi(n)=---= ILm EX4(n)
= 23(0) + aa(1)$1(0) + Yo + oMMy --- My | © |,
a $4(0)

wherev=1[1 0 --- 0].
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