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Inequalities for martingales with bounded differences have recently proved to be very useful

in combinatorics and in the mathematics of operational research and computer science.

We see here that these inequalities extend in a natural way to ‘centering sequences’ with

bounded differences, and thus include, for example, better inequalities for sequences related

to sampling without replacement.

1. Centering sequences

Given a sequence X = (X1, X2, . . .) of (integrable) random variables the corresponding

difference sequence is Y = (Y1, Y2, . . .), where Yk = Xk − Xk−1 (and where we always set

X0 ≡ 0). Let µk(x) = E(Yk|Xk−1 = x). More formally, let the function µk(x) be such that

µk(Xk−1) is a version of E(Yk|Xk−1). Of course, µk(x) is not uniquely defined for all x, but

this will not cause any difficulties. We call the distribution of the sequence X centering if

for each k = 2, 3, . . . we may take µk(x) to be a non-increasing function of x.

A centering distribution is ‘self-balancing’ or ‘self-correcting’. If Xk is an individual’s

capital at time k, then having a centering distribution corresponds to the worthy maxim

‘the less you have the more you get on average’. Observe that a martingale is trivially

centering, since we may take each µk(x) ≡ 0. Also, various time series (economic or

other) that are controlled towards some target should be centering. Further, note that

if c and a1, a2, a3, . . . are constants and X1, X2, X3 . . . is a centering sequence then so is

cX1 + a1, cX2 + a2, cX3 + a3, . . . .

Inequalities for martingales with bounded differences due to Hoeffding [10] and others

and presented in [5, 18] have proved to be very useful in combinatorics and in the

mathematics of operational research and theoretical computer science. We shall see here

that these inequalities extend naturally and easily to centering sequences with bounded

differences. The most basic example for the martingale inequalities involves the binomial

distribution: here we include the hypergeometric distribution naturally in the same in-

equalities. Before we consider the inequalities let us discuss four examples of centering

sequences.
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Example 1: Sampling without replacement

Let 1 ≤ n ≤ N and let (x1, . . . , xN)εRN . Choose a random sample S of size n without

replacement from {1, . . . , N} and let X =
∑

jεS xj . Note that when each xj = 0 or 1 then

the random variable X has the hypergeometric distribution. Now EX = nr/N where

r =
∑N

j=1 xj. We are interested in bounding quantities like P (|X − EX| ≥ t).
Let (Z1, . . . , Zn) be a random n-tuple of distinct elements of {1, . . . , N}, all such n-

tuples being equally likely. Let Yj = xZj and Xk =
∑k

j=1 Yj. Of course, Xn has the same

distribution as X. The interesting fact for us here is that the sequence X = (X1, . . . , Xn) is

easily seen to be centering, since

µk(x) = E(Yk|Xk−1 = x) =
r − x

N − k + 1
,

which is a decreasing function of x.

When the results in the next section are applied to this problem of sampling without

replacement we obtain inequalities of Hoeffding (see Theorem 4 of [10]). Let us restrict

our attention now to the special case of the hypergeometric distribution (when each xj = 0

or 1). For a neat proof of such an inequality see [6]. From Theorem 2.2(c) below, it will

follow for example that for any ε > 0,

P (X ≤ (1− ε)EX) < exp(−1

2
ε2EX).

If we try to apply here the usual inequalities for martingales with bounded differences

[18] in the natural way we obtain an unwanted factor < 1 in the exponent in the bound.

Example 2: Occupancy problems

Suppose that we have N boxes, where box j has weight wj , and we throw balls one after

another uniformly at random into these boxes. Let Xk be the total weight of the empty

boxes after k balls have been thrown. Then the sequence X1, X2, . . . is centering, since

µk(x) = E(Xk −Xk−1|Xk−1 = x) = − x
N
.

The most interesting case is when each wj = 1. Theorem 2.2(b) below includes ‘occupancy

bound 2’ (Theorem 3) of [12]. (In occupancy bound 1 of that paper, we gain a factor 4

in the exponent of the bound if we use the bounded differences inequality Corollary 6.10

of [18] rather than Azuma’s inequality.)

Example 3: Binary search trees

Consider a binary search tree formed by repeatedly inserting random keys, where the

keys are distinct and all linear orders on the keys are equally likely (see, for example,

[14, 17, 19]). Thus, after inserting two keys k, k′ there is a root containing k, and a

son (a leaf) containing k′ which is a leftson if k′ < k and a rightson if k < k′. Let Ln
be the number of leaves in the tree when it has n nodes, so that L1 = L2 = 1. Then

L = (L1, L2, . . .) is a Markov chain; and conditional on Lk−1 = x we have Lk = x with

probability 2x
k

and Lk = x+ 1 otherwise. Thus the sequence L is centering, since

µk(x) = E(Lk − Lk−1|Lk−1 = x) = 1− 2x

k
,

which is a decreasing function of x.
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We also have that ELk = 1 + (1 − 2
k
)ELk−1 and so ELk = k+1

3
for k ≥ 2 [16]. From

Theorems 2.2 or 2.3 below, it will follow that

P

( ∣∣∣∣Ln − n+ 1

3

∣∣∣∣ ≥ t) ≤ 2 exp

(
−2t2

n

)
for any n ≥ 2 and t > 0.

Now let N(i)
k denote the number of nodes with exactly i children when the tree has n

nodes, so that N(0)
k = Lk . Then N

(1)
k = k + 1 − 2Lk and N

(2)
k = Lk − 1. Hence, for each

i = 0, 1, 2 the sequence N(i)
1 , N

(i)
2 , N

(i)
3 , . . . is centering. Similar results hold for the ‘fringe

analysis’ of search trees, see for example [1] and the references in that paper.

Example 4: Urn models

An urn contains red and black balls. A ball is drawn at random from the urn and

removed. If the ball was red then n(r, r) red balls and n(r, b) black balls are added back

into the urn; and if the ball was black then n(b, r) red balls and n(b, b) black balls are

added. We shall assume that the numbers n(x, y) are each non-negative integers, and

n(r, r) + n(r, b) = n(b, r) + n(b, b) = c.

If we start with N balls then after n rounds there is a total of N+n(c−1) balls in the urn.

Let Rn be the number of red balls after n rounds. It is easily checked that the sequence

R1, R2, . . . is centering if and only if n(r, r) ≤ n(b, r) + 1. In the language of Feller (see [8]

V.2), we are interested not in ‘contagion’ (where we tend to see runs of similar events) but

in ‘safety campaigns’ (where we tend to see alternations).

The case when we start with r red balls and N − r black balls, and all the n(x, y) are

0, corresponds to sampling without replacement, as considered in the first example (with

each xj = 0 or 1). The case when we start with N red balls and no black ones, and let

n(r, r) = n(b, r) = 0 and n(b, b) = n(r, b) = 1 (that is, we always add back exactly one black

ball), corresponds to the occupancy problem considered in Example 2 (with each xj = 1).

Finally, consider the third example. Suppose that we start with two red balls and no

black balls. (Red balls correspond to external nodes that are sons of leaves and black

balls to other external nodes.) Let n(r, r) = n(r, b) = 1, n(b, r) = 2 and n(b, b) = 0. Then

R1, R2, R3, . . . has the same distribution as 2L1, 2L2, 2L3, . . ..

2. Inequalities for centering sequences with bounded differences

Theorem 2.1. Let X1, X2, . . . , Xn be a centering sequence with corresponding differences

Yk = Xk −Xk−1 satisfying 0 ≤ Yk ≤ 1 for each k. Let α = 1
n
E(Xn), and let ᾱ = 1− α. Then

for any 0 ≤ t < ᾱ,

P (Xn − EXn ≥ nt) ≤
((

α

α+ t

)α+t(
ᾱ

ᾱ− t

)ᾱ−t)n

.

This result will be proved in the next section. Note that it yields immediately the fact

that the same bound holds for P (Xn−EXn ≤ nt) if −α < t ≤ 0 (just consider the centering

sequence k −Xk). The following corollary is perhaps more useful.
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Theorem 2.2. As in Theorem 2.1 let X1, X2, . . . , Xn be a centering sequence with correspond-

ing differences Yk = Xk −Xk−1 satisfying 0 ≤ Yk ≤ 1 for each k.

(a) For any t > 0,

P (Xn ≥ EXn + t) ≤ exp(−2t2/n),

P (Xn ≤ EXn − t) ≤ exp(−2t2/n).

(b) For any ε > 0,

P (Xn ≥ (1 + ε)EXn) ≤ exp(−((1 + ε) log(1 + ε)− ε)EXn)

≤ exp(−(ε2/2− ε3/6)EXn)

≤ exp(−(ε2/3)EXn) if also ε ≤ 1.

(c) For any ε > 0,

P (Xn ≤ (1− ε)EXn) ≤ exp

(
−1

2
ε2EXn

)
.

The above results really refer to the case when we have a uniform bound on the range of

the differences Yk , that is we have constants c > 0 and a1, . . . , an such that ak ≤ Yk ≤ ak+c

for each k. For in this case, we may let Ŷk = (Yk − ak)/c so that 0 ≤ Ŷk ≤ 1 and let

X̂k =
∑k

j=1 Ŷj . Then X̂1, . . . , X̂n is centering and Xn − EXn = c(X̂n − EX̂n).

Our third and final theorem extends part (a) of Theorem 2.2 and extends Corollary

(6.9) of [18].

Theorem 2.3. Let X1, X2, . . . , Xn be a centering sequence with corresponding differences

Yk = Xk − Xk−1, and suppose that there are constants ak, bk such that ak ≤ Yk ≤ bk for

each k. Then for any t > 0,

P (Xn − EXn ≥ t) ≤ exp
(
−2t2/

∑
(bk − ak)2

)
,

P (Xn − EXn ≤ −t) ≤ exp
(
−2t2/

∑
(bk − ak)2

)
.

3. Proofs

We shall use the following well known inequality of Chebyshev (see [9] p. 43).

Lemma 3.1. Let X be a real-valued random variable, let f : R → R be a non-decreasing

function and let g : R→ R be a non-increasing function. Then

E(f(X)g(X)) ≤ E(f(X))E(g(X)).

(We assume here and elsewhere that all the functions involved are measurable and that

all expectations exist.)

Proof. Let Y be an independent copy of X. Note that

(f(X)− f(Y ))(g(X)− g(Y )) ≤ 0

almost surely, and take expectations.

https://doi.org/10.1017/S0963548396002854 Published online by Cambridge University Press

https://doi.org/10.1017/S0963548396002854


Centering Sequences with Bounded Differences 83

We need one more preliminary lemma which is taken from [10] (and which is also

contained in the proof of Lemma (5.8) of [18]).

Lemma 3.2. Let X be a real-valued random variable with EX = µ and a ≤ X ≤ b where

a and b are constants. Then for any h

E
(
ehX
)
≤

(
b− µ
b− a e

ha +
µ− a
b− a e

hb

)
≤ ehµ exp

(
1

8
h2(b− a)2

)
.

Now we reach the heart of the matter.

Lemma 3.3. Let X1, X2, . . . , Xn be a centering sequence with corresponding differences Yk =

Xk − Xk−1 with mean µk = EYk , and suppose that there are constants ak, bk such that

ak ≤ Yk ≤ bk for each k. Then for any h > 0

E(exp hXn) ≤
n∏
k=1

(
bk − µk
bk − ak

ehak +
µk − ak
bk − ak

ehbk
)
.

Proof. We may assume that µn(x) is a non-increasing function of x, where µn(Xn−1) =

E(Yn|Xn−1). For any h,

E(exp hXn) = E
(
exp(hXn−1)E

(
exp(hYn) | Xn−1

))
≤ E

(
exp(hXn−1)

(
bn − µn(Xn−1)

bn − an
ehan +

µn(Xn−1)− an
bn − an

ehbn
))

,

by Lemma 3.2. But for h > 0

b− t
b− ae

ha +
t− a
b− ae

hb

is an increasing function of t, and so the second factor in the expectation above is a

non-increasing function of Xn−1. Hence by Lemma 3.1, for h > 0

E(exp hXn) ≤ E(exp hXn−1)

(
bn − µn
bn − an

ehan +
µn − an
bn − an

ehbn
)

and we may complete the proof by induction on n.

Proof of Theorem 2.1. We apply Lemma 3.3 with each ak = 0 and bk = 1 and obtain:

E(exp hXn) ≤
n∏
k=1

(
(1− µk) + µke

h
)

≤
(
1− α+ αeh

)n
,

using the fact that the geometric mean is at most the arithmetic mean. Hence, for any

h > 0

P (Xn ≥ n(α+ t)) ≤ exp(−hn(α+ t))E(exp hXn)

≤
(
e−h(α+t)(1− α+ αeh)

)n
.
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We now obtain the desired bound by setting

eh =
(α+ t)ᾱ

α(ᾱ− t) .

Proof of Theorem 2.2. Parts (a) and (c) follow from Theorem 2.1, exactly as in [18]

the corresponding parts of Corollary (5.2) follow from Theorem (5.1). To prove part

(b) it is simpler to use the proof of Theorem 2.1. If we set t = εα and eh = (1 + ε)

there, and use the inequality 1 + x ≤ ex, we obtain the first inequality in (b) (see

also Appendix A of [2]). Now let f(x) = ((1 + x) log(1 + x) − x) − (x2/2 − x3/6) for

x ≥ 0. Then f(0) = 0, and f′(x) = log(1 + x) − (x − x2/2) > 0 for x > 0. Hence

f(x) > 0 for x > 0. The second inequality in (b) now follows, and the third is

trivial.

Proof of Theorem 2.3. Our proof here follows the lines of the proof of Theorem (6.7) in

[18]. By Lemmas 3.2 and 3.3, for h > 0

E(exp hXn) ≤
n∏
k=1

exp

(
hEYk +

1

8
h2(bk − ak)2

)
= exp(hEXn) exp

(
1

8
h2
∑

(bk − ak)2

)
.

Hence for h > 0

P (Xn − EXn ≥ t) ≤ e−htE(exp h(Xn − EXn))

≤ e−ht exp

(
1

8
h2
∑

(bk − ak)2

)
.

Now set h = 4t/
∑

(bk − ak)2 to obtain the former inequality in the theorem. To deduce

the latter replace X by −X. 2

4. Concluding remarks

4.1. Negative dependence

For a sequence of just two random variables X1, X2 our definition of centering is a

weakened form of Lehman’s [15] definition of negative regression dependence, and in

general the definition is like a weakened form of being conditionally decreasing in sequence

[7]. For related definitions see, for example, [3, 4, 7, 11, 15].

Recall that two random variables X and Y are said to be negative quadrant (or orthant)

dependent if P (X > x, Y > y) ≤ P (X > x)P (Y > y) for all x, y. If we have a sequence

X = (X1, X2, . . .) of random variables such that for each k = 2, 3, . . . the random variables

Xk−1 and Yk = Xk −Xk−1 are negative quadrant dependent, then it follows that

E(ehXn ) ≤
n∏
k=1

E(ehYk )

for any h. It follows that all our bounds for centering sequences hold also for such a

sequence X.
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4.2. Bounds on maxima

All the inequalities given in [18] for independent random variables and more generally for

martingale difference sequences, and all the inequalities given here for centering sequences,

are based on the Bernstein inequality, that P (X ≥ t) ≤ e−htE(ehX) for any h > 0. In Section

6(c) of [18], it is noted that, when we start with a martingale difference sequence, we

may thus use Doob’s maximal inequality for submartingales to strengthen some of the

inequalities, by replacing P (Xn−EXn ≥ t) by P (maxk(Xk−EXk) ≥ t). Here we are unable

to obtain such strengthenings.

4.3. Variances

Let X1, . . . , Xn be a centering sequence with differences Yk . By Lemma 3.1, the covariance

of Xk−1 and Yk satisfies

cov(Xk−1, Yk) = E
(
(Xk−1 − EXk−1)E(Yk|Xk−1)

)
≤ 0,

and so

var(Xn) ≤
n∑
k=1

var(Yk).

Assume now that ak ≤ Yk ≤ bk for constants ak, bk as in Theorem 2.3. Then var(Yk) ≤
1
4
(bk − ak)2, and so var(Xn) ≤ 1

4
s2 where s2 =

∑
(bk − ak)2.

Theorem 2.3 also yields a bound on var(Xn) but we lose the factor 1
4
. For

var(Xn) =

∫ ∞
0

P ((Xn − EXn)
2 ≥ t)dt

≤
∫ ∞

0

2 exp

(
−2t

s2

)
dt

= s2.

Using var(Xn) ≤ 1
4
s2 together with Chebyshev’s inequality gives better bounds on P (|Xn−

EXn| ≥ t) for small t than does Theorem 2.3 above, though of course the theorem is much

better for large t.
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