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Abstract. We discuss numerical interpolation schemes used in Vlasov codes. An
improved conservative semi-Lagrangian scheme is compared with the latest non-
conservative and conservative schemes for a long run-time nonlinear problem of
the beam–plasma interaction with respect to the mass and energy conservation.

1. Introduction
Due to the low noise level, Vlasov codes are widely used to study nonlinear kinetic
processes in plasmas. Recent Vlasov codes use conservative or non-conservative
semi-Lagrangian interpolation schemes (Cheng and Knorr 1976; Nakamura and
Yabe 1999; Filbet et al. 2001; Umeda et al. 2003). Characteristics of the recent codes
for classical problems of plasma physics were studied by Filbet and Sonnendrucker
(2003). The purpose of this paper is twofold. The first is to develop an improved
conservative scheme for solving hyperbolic equations, and the second is to compare
the new scheme with the latest non-conservative and conservative schemes by
performing one-dimensional Vlasov simulations.

2. Numerical methods
In this study we solve the Vlasov equation with the time-advance algorithm called
the ‘splitting method’ (Cheng and Knorr 1976), in which the Vlasov equation
without magnetic fields splits into the following two advection equations:

∂fs

∂t
+ vx

∂fs

∂x
= 0, (2.1a)

∂fs

∂t
+

qs

ms
Ex

∂fs

∂vx
= 0, (2.1b)

where the subscript s represents particle species (e.g. electrons and ions). The
time advance of distribution functions fs(x, vx) is carried out by shifting the dis-
tribution function in the x direction (2.1a) with the time step ∆t/2, computing
spatial profiles of charge density ρ by integration the distribution functions over
vx, solving Poisson’s equation to obtain spatial profiles of electric field Ex, shifting
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the distribution function in the vx direction (2.1b) with the time step∆t, and again
shifting the distribution function in the x direction (2.1a) with the time step ∆t/2.
To solve the above two advection equations, we used the original (cubic) and

rational constrained interpolation profile (CIP) schemes which are high-accuracy
non-conservative semi-Lagrangian schemes widely used in many fields (Nakamura
and Yabe 1999; Yabe et al. 2001), the positive and flux conservative (PFC) scheme
which is a third-order conservative semi-Lagrangian scheme (Filbet et al. 2001), and
the third-order conservative polynomial interpolation (CPI-3) scheme which is an
improved version of the PFC scheme. Note that we used exactly the same numerical
procedure described in Nakamura and Yabe (1999) for the CIP-type Vlasov codes. A
detailed description of CIP-type schemes is given in Yabe et al. (2001) and references
therein, so it should not be repeated here, whereas the numerical procedure of a
conservative semi-Lagrangian scheme is briefly reviewed.
A solution to the one-dimensional advection equation ∂f/∂t + v∂f/∂x = 0 in a

conservative semi-Lagrangian scheme takes the following form

f t+∆t
i = f t

i + Ui−1/2(ν) − Ui+1/2(ν), (2.2)

where U represents a numerical flux, ν = v(∆t/∆x), and v is a constant advection
velocity, i.e. vx and (qs/ms)Ex in (2.1a) and (2.1b). It is easy to derive the third-
order numerical flux for a positive velocity ν > 0 with the following boundary
conditions, Ui+1/2(0) = 0, Ui+1/2(1) = fi, Ui+1/2(−1) = −fi+1, Ui+1/2(2) = fi +
fi−1. The third-order numerical flux takes the following cubic polynomial form,

Ui+ 1
2
(ν) = ν

[
fi + L

(1)
i

(1 − ν)(2 − ν)
6

+ L
(2)
i

(1 − ν)(1 + ν)
6

]
for v � 0, (2.3a)

Ui+ 1
2
(ν) = ν

[
fi+1 + L

(2)
i+1

(1 + ν)(2 + ν)
6

+ L
(1)
i+1

(1 − ν)(1 + ν)
6

]
for v < 0, (2.3b)

where L
(1)
i = fi+1 − fi and L

(2)
i = fi − fi−1.

It is well known that profiles interpolated by higher-order polynomials become
highly oscillatory. If ∂U/∂x is monotonic, the scheme becomes a total variational
diminishing (TVD) scheme. On the other hand, if the numerical flux Ui+1/2 is a
monotone increasing function, i.e. ∂U/∂x � 0, the value of fi becomes positive at
all times. To preserve positivity, Filbet et al. (2001) introduced the following flux
limiters or slope correctors for the PFC scheme,

L
(1)
i =

{
min[2(fi − fmin), (fi+1 − fi)] if fi+1 � fi

−min[2(fmax − fi), (fi − fi+1)] if fi+1 < fi
(2.4a)

L
(2)
i =

{
min[2(fmax − fi), (fi − fi−1)] if fi � fi−1

−min[2(fi − fmin), (fi−1 − fi)] if fi < fi−1
(2.4b)

with fmax = f∞ ≡ maxI=1∼Nx
[fI ], fmin = 0. However, one can find that the profile

becomes oscillatory to have local maximum and/or minimum between f∞ and 0. A
TVD (i.e. monotonic) scheme proposed in this paper uses

fmax = max[fi+1, fi, fi−1], fmin = min[fi+1, fi, fi−1],

whereas a non-oscillatory (NO) scheme uses

fmax=max [fi+1, fi−1,min[2fi−1 − fi−2, 2fi − fi+1],min[2fi − fi−1, 2fi+1 − fi+2]] ,
fmin=min [fi+1, fi−1,max[2fi−1 − fi−2, 2fi − fi+1],max[2fi − fi−1, 2fi+1 − fi+2]] ,
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Figure 1. Simulation result: phase-space electron densities f(x, v) at ωpet = 1024 (top), time
histories of total energy (E(t) − E0)/E0 and electric field energy (middle), time histories of
total mass (M(t) − M0)/M0 (where M ≡

∑
i,j |f(xi, vj )| (bottom)); obtained with original

CIP, rational CIP, CPI-3 with TVD limiter and with NO limiter.

to detect the valid maximum or minimum. It is also noted that we can preserve
positivity if fmin � 0.

3. Vlasov simulations
We have performed simulation runs of the electron two-stream instability to study
the characteristics of the different interpolation schemes for a long run-time and
a strong nonlinear problem. We assume two electron beams having equal density
0.5 and equal initial thermal velocity Vt = 1.0. The two electron beams drift along
the ambient magnetic field with a drift velocity Vd = ±3.0Vt. The number of cells
in the x-direction is Nx = 256 and Nv = 256 in the v-direction, with vmax = 12Vt,
vmin = −12Vt. The grid spacing is equal to ∆x = Vt/ωpe, and the time step is equal
to ωpe∆t = 0.01. In the x direction we imposed the periodic boundary condition. In
the vx direction we imposed the open boundary condition where constant numerical
fluxes vmaxf(vmax) and vminf(vmin) are assumed while outgoing perturbations of
distribution functions are perfectly absorbed.
In the top panels of Fig. 1, we plot phase-space electron densities f(x, v) at

ωpet = 1024 obtained with the original CIP scheme, the rational CIP scheme, the
CPI-3 scheme with TVD limiter and the CPI-3 scheme with the NO limiter. In
the middle panels we plot the corresponding time histories of total energy E and
electric field energy. In the bottom panels we plot the corresponding time histories
of total mass M. Here we define the total mass as M ≡

∑
i,j |f(xi, vj)|. The energy

and mass histories are plotted as deviations from the initial values such that the
bottom panels show (E(t)− E0)/E0, and the middle panels show (M(t)− M0)/M0,
respectively. The electric field energy is normalized by E0.
For a long run-time nonlinear evolution, the electron two-stream instability

develops to form solitary electron phase-space holes. Although we started the test
runs with exactly the same initial conditions, the profiles of phase-space distribution
functions at ωpet = 1024 are different from each other. There are spurious oscil-
lations in the distribution function by the original CIP scheme. The CIP scheme
can produce apparent overshoot or undershoot which makes a positive gradient
in the velocity distribution function. The value of the distribution function can
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be negative, and the total mass increases in time as seen in Figure 1. The total
energy also increases to excite waves through a non-physical process, i.e. numerical
instability caused by the positive gradient in the velocity distribution function.
The histories of total energy and mass are similar to each other, which implies
that the property of energy conservation is strongly affected by the property of
mass conservation. The spurious oscillations in the distribution function can be
suppressed by using a rational function. However, the total energy decreases in the
early nonlinear stage as the total mass decreases. In the later nonlinear stage, on
the other hand, the total energy increases because the distribution becomes wider
due to numerical diffusion.
The large deviation in the total mass can be suppressed by using conservative

interpolation schemes. The total mass slightly decreases in time because of the open
boundary in the vx direction. The total energies by both TVD and NO conservative
schemes decrease through wave–particle interaction because the saturation level of
the instability becomes smaller than that by the CIP-type schemes due to higher
numerical diffusion as seen in the electric field energy histories. The increase in
the total energy for the long-time nonlinear evolution is also due to numerical
diffusion. We found that the total energy is conserved better by the NO scheme
than by the TVD scheme. The distribution function becomes flat-top/flat-down by
using the TVD limiter, because no local maximum or minimum exists in the TVD
scheme. The present NO scheme can maintain the maximum and minimum values
of the distribution function. The NO scheme provides the best property for the
energy conservation, and is more suitable for studies of long-time nonlinear kinetic
processes in plasmas.

4. Conclusion
We found that the total energy is conserved better with conservative schemes than
with non-conservative schemes. The mass conservation is an important feature and
has a direct influence on the energy conservation. In conclusion, NO conservative
schemes are more suitable for Vlasov simulations than TVD conservative schemes
or non-conservative schemes. A very high-order, positive, conservative, NO but non-
TVD scheme is essential for Vlasov simulations.
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